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The pion-nucleon sigma term from lattice QCD

Abstract:

This talk presents recent results obtained by the LANL Ilattice team on the

pilon-nucleon sigma term, o, that

mass generated by non-zero up and d

excited states, in particular multi-had

uantifies the amount of the nucleon
lown quark masses. We show that

ron N7t and N7t states, provide a

large contribution. Including these increases o, by almost 50% and
reconciles the long-standing difference between lattice results and
dispersive methods. Such a larger value increases the reach of direct
detection of dark matter by a factor of 2.25 1n the scalar channel.



0.y . plon—nucleon sigma term

Orn = mudgg”d = mud(N‘ﬂu + c?d‘N)

Fundamental parameter of QCD that quantifies the amount of
the nucleon mass generated by u and d quarks.

gé: enters in the scalar x-section of dark matter with nucleons
Important input in the search of BSM physics

Sensitive to the definition of m,4 (from I1° or 1) 2305.07045



https://arxiv.org/abs/2305.07045

Three methods to calculate o,y

Orn = mudgg:”d = mud(N‘ﬁu + c?d‘N)

 [Lattice: Direct calculation of (N |’L_Lu + Jd|N )

IMy

q
* Lattice: Feynman-Hellmann relation (g—s =5
S q

* Phenomenology: Connection to TN-scattering amplitude via

Cheng-Dashen low-energy theorem

All discussion here assumes 1sospin symmetry




Status of results for o, as of Dec 2020
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Ne¢=2
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Tension between lattice and phenomenology

* Lattice results favor ~40 MeV
* Phenomenology favors ~60 MeV

New results post FLAG 2021:

PNDME(PRL 127 (2021),242002 o, = 59.6(7.4)/41.9(4.9) MeV (Direct)
BMW (arXiv:2007.03319) o,y = 37.4(5.1) MeV (FH)

ETM (PRD 102 (2020) 054517) o,y =41.6(3.8) MeV (Direct method)
RQCD (JHEP 05 (2023) 035) o,y =43.9(4.7) MeV (FH)

Mainz (arXiv:2303.08741) o,y =43.6(3.8) MeV (Direct method)



Euclidean Field Theory: Wick rotation: t — it

e Converts a QFT into a statistical mechanics system

» Expectation values via path integral (0) = )., 0Oe™*

o elfit - ¢~Eit: Spectrum {E;} unchanged under t — it

* Fixed time matrix elements, (j|O|i), are the same 1n
Minkowski and Euclidean Time

Challenges (complex phase/sign problem)
* Response functions

* Real time dynamics

* Finite chemical potential




Lattice QCD (100* 4D grid)

Wick rotate the QCD path integral to Euclidean time: ¢ — it

Discretize QCD
on a4-D
hypercubic
space-time grid

T

o =T | Links: Uy x4y = e_iga’chf‘(E SU(3) matrices)
‘/r- ﬂ\‘ ﬂﬁﬂ Sites: P (x)

bl s=8, 48 =BRetr Yy, 1-U)+S
1|

LL%TLVE; 5= DI = ) T Wt

f

?
gluon quark

Rules of Grassman integration:

+ Jap=Jdp=0

» Jdyy=[dypyp =1

Integrate out the fermions: S = S, + ), s Ln det(Dg[U])

Generate gauge configurations using Boltzmann weight = e ™
(ensemble of configurations is a stochastic representation of the QCD vacuum)



Correlation functions: only U and Propagator needed

> L=N.a

Nucleon 2-point function

Iz =(Q ¢)

Z N(x,t) N(0,0)

= [ dydy; dU e {N(x,7) N(0,0)}

N = e®[qf" (x)Cysq3 (0)]af(x)

* Perform Wick contractions using:

. _—_jb Cia@ib
<Pty = DT = P
- P = Quark propagator obtained using
Krylov solvers for D P = n
* Correlation functions: tie together quark

propagators 1n all possible ways to get
quark line diagrams

ol

H



Quark propagator — nucleon 2pt

. b,]
Sy = (Qlq(x, £)g(0,0)|Q) = {x, t}

(0,0 D

Q Q

Wick contraction of I} =

z N(x, t) N(0,0)

Q Q

Z e[ (x)Cysq2 ()] a5 (x) (x,6) € [qf (x)Cysqs(0)]q) (x) (0,0)

J
L J
L J

—

X

€90 [T (x)Cysq2 (x)]qf (x)
(%) 3b[ (%) Eb540 (%) 15b] qw?




LQCD is QCD (a Quantum Field Theory) discretized on a lattice.

Wick rotation turns QFT into a stochastic computational problem.
Simulations of LQCD provide

* The quantum vacuum of QCD

»ensembles of gauge configurations

* Hadrons & interactions are incorporated as
external probes

» N-point correlation functions

e Quantum wavefunctions of hadronic states

»Matrix elements: (N(pf)| 0(Q%) |N(pl-)) ./° i \.




Lattice Methodology for g 1s well

established

“connected” and “disconnected” 3-point correlation functions

Obtained nucleon charges g4, g7, and g5 from M

5 of local quark

bilinear operators q; I' ¢; within ground state nucleons: (N ‘671- I'q; ‘N )

{

—

Connected Disconnected

u+d u+d,conn + Zgl,disc

ds =Yg S



Spectral decomposition of I'3

Three-point function for matrix elements of axial current A,

(QIN A, (HN(0)[Q)
@ ———— - @

Insert T = e HAL Y |n;)(n;| at each At with T |n;) = e H#At|n;) = e Eillt|n,)

(QIN(7) - _HAtZ‘n] (n;| A,e HAtz:ln Wn;| - N(0)|Q)

Z(Q|N|n —Ej(z- t)( n;|A,ln;) e Et(n |N|Q)

A; Matnx Elements




Extracting Nucleon Charges
M2 = ZA’{Ai e kit M3 = Z A7A;(N;|O|N;)e~Eit e 7Es(T70)
L L,j

If only the ground state contributes (7 — o)

3 (QINA,N|Q)

T anne  WElA @ =0N®E)) - g4

0, = YysysyY

—_—
[3 :

—J9
2 A 110
F ‘ . t_) o 100 »55/(;5:%,)87,6;:(05,218 | ‘{4,3*} 3
’ z = o |
Otherwise, fit I'® taking the spectrum (energies E; e T

® A W’LLM =
l 40 AE’EX x B

& amplitudes A4, ) from the 2-point function I' wjins e we e s

t—1/2




Systematics 1n lattice calculations: overview

e Statistics

— Signal falls as e ~(MN=15Mn)T

— Signal 1n disconnected 1s noisier than in connected

» Excited state contributions (ESC)
— Towers of Nt /Nt multihadron states starting at ~1200 MeV
— Which (N /Nrr, radial, ...) states contribute?

— Fits using the spectral decomposition to connected plus
disconnected contributions keeping up to 3 states

 Chiral-Continuum-Finite-Volume extrapolation
- o,y(@,M;, ML) = o,;5(0,M,, = 135MeV, ) + -



Mes(T)

Signal-to-noise in the nucleon 2-point function I'2

.< =. Z
t N

N/

Signal: T'? = e Ent Variance: e ~3Ent
“(t)
Merr(®) =Ny
s ([ Eoihn T ar * The S2N degrades
Mo = 0.4153(21) 4
o | ok E D o exponentially e~ (MN-1.5Mn)t
ol 4 AR 2IER
0.50 [ ;§}127_=28.'71,p=o.80(2) ]
. * To resolve a small mass gap
o0 (M; — M, ) requires large ¢
0

16



What do data look like?

Connected Disconnected

d
gs, 9gs 9%,9% 9%

TP (6D = QIR 00 N [10) = ) AjAy(il0]jpeFitE1=0
L,J



Data from physical M.,

~ 135 Mel/ ensemble @ a =

0.09fm, M,L = 3.9

u conn d,conn u+d,conn
s gs
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Noisy due to cancellations between

u and d. Need high statistics

T=16a =14fm

Also see “anatomy of ESC” in appendix D in S. Park, et al., Phys.Rev.D 105 (2022) 5, 054505



Physical M, Ensemble: a =~ 0.09f/m, M,= 135 MeV, M, L = 3.9

[ charge_jkr

“Appears” to converge for T = 16

0.8
0.6 [
04 L

02

02F
04 L
06

08 [

0Ff

Ldi u+d _ ,utd,conn l,disc
gl isc gSn _'g,S . +29¢
i "
1534445 | {4 |
%ioooi ¢®@@¢¢é% g
XS . 00y wa

“No” convergence even at T = 16

Excited-state contribution is large at realizable T = 1.5 fm




ds

. u,conn d,conn - .
ESCin g¢ and g are similar

ESC in g¥~¢ cancels
= need high statistics for excited-state fits

ESC in g¥* <™ add

= 7 dependence well-resolved

g% has a good signal

= Makes a big contribution

ESC in g4t2*+2! add

= 7 dependence well-resolved

vPT analysis indicates
N (E)n(—z) and
N(O)n(z)n(—z)
states have significant
coupling




Fits to spectral decomposition of 3-point function

Y 1|O[1) |A1|* _An,
3pt —  (0|O)0)| An|2e Mo 1 < AM;T
¢ 00101 40" ><[“L<0(90> A"
N (2(0[2) |Az 26—(A1\-12+A1\»'11)T
Ground-state matrix element - gg (0|010) |Ag|?
0|0O|1) |A g
+ 20 % Oi A; e~ M1z % 2cosh (A]\Jl(t — %))
e N creates all states with same quantum
t=0 t T numbers as the nucleon
—Q—— . .. o
g * Which make significant contribution?
iﬁi@c * Their mass gaps?
Exr-1) = Enoyn0)m(0)




Checks on the data

* Spectral decomposition of 3-point function tells us

— Data for a given T should be symmetric about 7/2

— Convergence should be monotonic for large enough 7

when only “one” excited state contribution is left
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without Nn/Nnm: My~ 1.6 GeV

[, disc

u+d __

gs =

9
u+d,conn

s

+Zg§,disc
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Which states contribute?

Data-driven method: 3-state fits to current data for I'3

with various plausible mass gaps (N, radial excitations)
* similar y*/dof
* very different results

Seek guidance from yPT

Develop and work with a variational N that includes N7z/Nmm operators



vPT analysis shows N (ﬁ)n(—ﬁ) and N (O)n(ﬁ)n(—ﬁ)
states give significant contributions.
Coupling of S to rm 1s large

3 g {J

04— g e 0 el o
LO NLO NLO N2LO
Why the disconnected \ %\ \

contribution is large

PRL 127 (2021) 242002



gs: ESC from Nm / Nmrrr in N°LO yPT

18 18
a=0.09 fm, M,; = 0.138 GeV
16 T 18 mm ground state
1=10a
= =122
h 14 e 1=14a
M 1=16a
12 a=0.09fm, r=16a 12
mm ground state
10 "mm NLO, | Mmax|=1 10
- N2LO, [NMmax|=1
8 NLO, [inae|=3 g
6 = APLO, [ Nmax|=3
- N2LO, [Nmax|=00 6
4 4
-5 0 5 -10 -5 0 5 0
(t-ri2)/a (t-1/2)/a

FIG. 6. (Left) Excited-state corrections from different truncations to the isoscalar scalar charge gs in xPT. (Right) Estimates
for Rs(7,t) from the N’LO analysis for the a09m130 ensemble, which should be compared to the data in Fig. 2 (and the
shape with that of the separate contributions shown in Fig. 7). We assume gs = 18 is the asymptotic value in both cases.

e The NLO and N?LO ESC can each reduce o, at a level of 10 MecV
fort=16 (1.4 fm)andt =8

PRL 127 (2021) 242002 a ~ 0.09fm; M,, ~ 135MeV




Renormalization and flavor mixing: ﬁfﬁ/) f

of =3

f

Zp-du-d 0 0 cll~ 0 0
Ir = 0 Zl‘gt+d u+d Zrl‘t+d,s — 1/ CF _ Zd _stl

0 zovre o gss —2d¥ —

P é@%

Connected: CF disconnected: df f!



[List of Lattice Parameters & Statistics

e All discussion based on Clover-on-HISQ data
Ensemble ID a (fm) M. (MeV)| (L/a)® xT/a MzyL| N2®. N Nip Nup| Nl Nie —Nip/Nip
al2m310 0.1207(11) 310(3) 243 x 64 4.55| 1013 1013 64 8 1013 5000 30
al2m?220 0.1184(10) 228(2) 323 x 64 4.38 | 959 744 64 4 958 11000 30
a09m310 0.0888(08) 313(3) 32% x 96 4.51| 2263 2263 64 4 - - -
a09m220 0.0872(07) 226(2) 48 x 96 4.79 | 964 964 128 8 712 8000 30
| a09m130 0.0871(06) 138(1) 64> x 96 3.90| 1274 1290 128 4 1270 10000 50 |
a06m310 0.0582(04 320(2) A8 % 144 4.52 | 977 500 128 4 808 12000 50
a06m220 0.0578(04 235(2) 64> x 144 4.41| 1010 649 64 4 1001 10000 50

)
)
L} L}
2pt and disconnected 3pt

Physical pion mass ensemble connected 3pt




Chlral Contlnuum fits

14N 34 ke 59.7(7.3) [1.56]
 {4,3") % 41.9(4. )[152]

' — PSR S T S S E S — | . ICC flt {2.! 213, ,3xsl 494L}
0 003 006 009 0.12 0.150 0.03 0.06 009 0.2
a [fm] M [GeV?)

Other colors
Oy = dyMZ + dSMZa + dIME + d, Myt + d, M log M2 | {4"7 3%} with N7t

d¥: fixed to yPT prediction Light gray
{4,3*}: without Nm




My [GeV]

F-H method gg = Zs;0My /dm,

Make a chiral fit to the data

1.2

1.1

1.0

0.9

08 L

I . b T T ] 12 [ X T T T ] 12 [ T T T ]
- Chiral fit {2,3} ! | Chiral fit {2,3,4} : - Chiral fit {2%,3% 4,4L.%) :
4 > L 4 > L 4
I ] o I ] ) I ]
- 1 S 10} 1 S 10} ]
I ] > I ] > I ]
; a12m310 o~ a09mi130 = ]| = i = [
- a12m220 -4 a06m310 o |- 09 [ 09 [
[ a09m310 ==~ albm220 =~ | | I ¢
‘ a09m2‘20 ava lExt‘rap‘ i | ] 0.8 I . o L 0.8 I ‘ o L ]
0 003 006 009 0.2 0 003 0.06 009 0.12 0 003 006 009 0.12
M [GeV?] M2 [GeV?] M [GeV?]

vPT ansatz for M, similar to that for o,y

I'he most constrained fit does yield a good description of the data

T'he resulting uncertainty in o,y via FH 1s too large to compete with the

C

1irect method



=24+1+1
|4
A

Tension 1n
F-H method.

This Work
BMW 20
ETM 19
ETM 14A

2+ 1 L‘f

Both with

N¢

JLQCD 18
¥QCD 15A
BMW 15

M. z 200
MeV data

7N scatt.

picd

Ruiz de Elvira 17
Hoferichter 15
Alarcon 11
Pavan 02
Gasser 91

10 20 30 40 50 60 70

MeV

PNDME(PRL 127 (2021), 242002 &,y = 59.6(7.4)/41.9(4.9) MeV (Direct)




Summary

u+d+21

» ESC are large in g¢

— Data show clear T dependence even at 7 = 1.5 fm

« ¥PT suggests large contribution of N & N7 states to gétd+2!

e N & Nmm contributions increase as M, — 135 MeV
o y?/dof of ES fits are equally good with/without N7 state

e 0,y changes from ~40 MeV to ~60 MeV on including the N«
and Nt excited states

« CCFV fits are consistent with coefficients predicted by yPT

* Need more points to improve the CCFV extrapolation of o,y



EXTRAS



u+d

Ys

vPT analysis indicates significant contributions from

e N(k)r(—k) [k >0] and >

e N(0)r(k)m(—k) [k=0 allowed]




Chiral-Continuum fits

without N« with N
chiral fit {4, 3%} {aN7 3%}
da ds dg dar, c—)fj—f OxrN d2 d3 dy4 dar ﬁf—f OnN
(GeV™l) (GeV™2) (GeV™3) (GeV~3) (MeV) | (GeV™1) (GeV™2) (GeV~3) (GeV~3) (MeV)
xPT 4.44 —8.55 — 11.35 — — 4.44 —8.55 — 11.35 - -
{2, 3} 2.56(26) —2.77(98) — — 3.30(36) —5.1(1.3) — - 1.63 4 3
{2,3,4} 2.49(94) —2.1(8.1) —1(17) - 1 11 6.0(1.7) —27(13) 42(26) — 1.28
{2X,3X, 4} 4.44 —8.55 —3.11(75) — 13.4 H8.R 4.44 —8.55  —1.25(70) — 3.71 59.44
{2,3X,4,4L} | 2.84(53) —8.55 0.2(15.6) —7.0(9.3) 1 & 5.1(1.0) —8.55 41(23) 22(15) 1.21
{2,3X,4,4LX} | 3.84(15) —8.55 30.8(2.0) 11.35 1.82 44.6(2.2) | 4.45(20) —8.55 24.6(2.4) 11.35 1.03 53.5(2.9)
{2X,3X 4, 4L} 4.44 —8.55 43.3(6.3) 19.9(2.7) 3.11 48.6(1.4) 4.44 —8.55 25.4(7.0) 11.7(3.1) 1.02 53.2(1.6)
{2Xx,3X, 4, 4LX} 4.44 —8.55 23.40(75) 11.35 4.50 53.01(25) 4.44 —8.55 24.64(70) 11.35  0.82 53.42(23)
‘ da dg d3 dyq dar, ot ’ d3 dyg dar % onN
(Gev—1) (GeV™2) (Gev™3) (Gev—3) (Gev—l) (GeV™2) (GeV™3) (Gev—3) ATV~
{2, 2a, 3,4} 2.61(96) —0.3(5) —2.2(8.1) —1(17) 1.49 1 8(4 9 6.1(1.7) —0.3(4) —27(13) 42(26) - 1.65 £59.5(7.4)
{2,2a,3X,4,4L}| 2.95(57) —0.3(5) —8.55 0.6(15.6) —7. 0(9 3) 1.52 1 9(4 9 5.2(1.0) —0.3(4) —8.55 40(23) 21(15) 1.56 (59.7(7.3)

_ 2
O-nN — dZMn

Coefficients with N “consistent” with yPT predicted d;

+ d§M2a + diM3 + d, M} + d,; M log M2

d%: fixed to yPT prediction



Which excited states make significant contributions?

What are their energies in a finite box?

Calculations with the simple interpolating operator N = €%¢[q{7 (x)Cysq% (x) | qf (%)

Typical interpolating operators create
(annihilate) all states with the same
quantum numbers aa the Nucleon

u

All intermediate states with nucleon
quantum numbers are suppressed

only by A%e~(Mi=Mn)t

YuYsd

g;—é@\
—= 8

Towers of multihadron states
N(@)n(-p)
N(0)r(p)m(—p)
N(P)2n(—p)

+ radial excitations

Challenge: To get the matrix elements within the ground state of hadrons
(nucleons), the contributions of all excited states must be removed.




gs and the nucleon sigma-term

u+d,conn ldisc -

Signal in g¢ and g¢~ " 1s good
= T dependence well-resolved
ESC in g¥*%*2%! from u, d, disc terms adds
n-state fits to get the ground state ME are good
x?2 of ES fits are equally good with/without N7 state
ME (g¥*%+2%) depends strongly on with/without Nt state

yPT analysis implies significant contribution of Nm and Nmm state



