
Convergence Rate of Model Reference Adaptive
Control with Application to Building HVAC Systems

Tumin Wu
Department of EECS

University of Tennessee
Knoxville, TN, USA
twu19@vols.utk.edu

Mohammed M. Olama
Computational Sciences and Engineering Division

Oak Ridge National Laboratory
Oak Ridge, TN, USA

olamahussemm@ornl.gov

Seddik M. Djouadi
Department of EECS

University of Tennessee
Knoxville, TN, USA

mdjouadi@utk.edu

Abstract—Model reference adaptive control (MRAC) has been
studied for decades and successfully applied in multiple areas, in-
cluding heating, ventilation, and air conditioning (HVAC) systems
for buildings. MRAC is efficient in capturing the time-varying
characteristics of buildings’ indoor temperatures and outdoor
weather environments. In this paper, the rate of convergence
of MRAC is investigated, where a direct adaptive control with
temperature set point reference tracking is used to regulate
the indoor temperatures for buildings. Numerical results show
that by controlling the HVAC systems of residential buildings
using MRAC, the indoor temperatures converge Q-sublinearly
to the desired temperature set points. In addition, the rate of
convergence for MRAC is compared with a baseline adaptive
model-free control method.

I. INTRODUCTION

Due to the high demand of electricity in the United
States for the industrial, commercial, and residential buildings’
consumption, there has recently been a grown interest in
improving the energy efficiency of buildings [1]. Heating,
ventilation, and air conditioning (HVAC) systems are the
most electricity/energy consumption units in buildings [2],
hence tremendous work has been devoted towards improving
their energy efficiency, in addition to improving their energy
flexibility in order to support ancillary grid services.

Adaptive control methods [3] [4] have been widely used for
controlling HVAC systems, as they address the time-varying
behaviors of buildings’ dynamics together with the existing
uncertainties. Various adaptive control methodologies have
been established over the years, and the Model Reference
Adaptive Control (MRAC) strategy is considered as one of
its main branches. MRAC has wildly been used in many other
industrial applications, such as in flight control [5] [6] and
cruise control for vehicles [7].
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MRAC aims at updating the parameters of the control
law in order to allow the corresponding closed-loop system
behavior to become as close as possible to a given reference
model. In particular, model-based adaptive control [2], [8],
[9], [10] and model predictive control [1], [11] strategies
have been introduced, where both control strategies require
accurate physical models that define the system dynamics,
which are hard to obtain in practice. Model-free adaptive
control strategies [12], [13] are data-driven strategies that
control dynamical (building HVAC) systems to maintain their
responses (indoor temperatures) as close as possible to the
desired reference signals (temperature set points).

The MRAC strategy is efficient in capturing the time-
varying characteristics of buildings’ indoor temperatures and
outdoor weather environments. Examining its convergence
helps us better understand how fast/slow it adapts to the time-
varying dynamic changes in the environments, such as the
changes in weather conditions (outdoor temperature and solar
radiation) and the changes of buildings’ indoor heat gains
and thermal activities. Fast convergence is preferable for fast
cooling/heating of building to improve occupants satisfaction.
In this paper, we investigate the speed of convergence of a
direct MRAC strategy, which maintains the room temperatures
of buildings as close as possible to the desired temperature
set points. Analytical formulation for the rate of convergence
of MRAC is derived. Numerical results show that the indoor
temperature for a residential building converges with order one
to the desired temperature set point. In addition, a comparison
is conducted between the proposed MRAC strategy and the
well-known adaptive model-free control (MFC) strategy in
[12].

This paper is organized as follows. Section II provides a
brief background about three topics addressed in this paper. It
initially introduces the thermal model of a residential building
HVAC system that is used to generate the simulated indoor
temperature data in this study. Then, the adaptive MFC strategy
in [12] is introduced, which is used as a baseline control
strategy for comparison. Finally, the mathematical definitions
of the order and rate of convergence for a sequence are



provided. In section III, we introduce the MRAC strategy
and investigate its rate of convergence. Section IV presents a
numerical case study that illustrates the rate of convergence of
the MRAC strategy and compares it with the baseline adaptive
MFC strategy. Finally, the conclusion is presented in Section
V.

II. REVIEW OF BUILDING THERMAL MODEL, ADAPTIVE
MODEL-FREE CONTROL, AND RATE OF CONVERGENCE

A. Residential Building HVAC Thermal Model

The residential building HVAC thermal model is represented
by the widely-used typical one-dimensional thermal resistance-
capacitance (RC) model in [14], [15], in which the indoor
temperature is governed as follows:

Ṫ =
1

RC1
Tout −

1

RC1
T +

1

C1
Qout +

COP

C1
QHVAC (1)

where T , Tout, and Qout are, respectively, the indoor air
temperature, outdoor air temperature, and solar irradiance;
R and C1 are, respectively, the thermal resistance and
capacitance of the building; QHVAC is the cooling power of
the HVAC unit; and COP is the coefficient of performance
of the HVAC unit. We denote the state vector x = [T ], the
input of HVAC unit u = [QHVAC ], and the disturbances
w = [Tout, Qout]. Then, we write the state-space form of the
residential building thermal model as:

ẋ = Ax+Bu+Gw
y = Cx+Du

(2)

where the system matrices are parameterized as:

A = −1
RC1

, B = −COP
C1

,

G =
[

1
RC1

1
C1

]
, C = 1, D = 0,

(3)

and R = 1/200, C1 = 20advacp, COP = 4.5. Here ad =
1.225 kg/m3 is the air density, va = 550 m3 is the volume of
the air, and cp = 1033 J/kgC is the specific heat of air. The
continuous time HVAC thermal model in (2)-(3) is used in this
study as a discrete-time model with a 10-minute discretization
time step.

B. Model-free Control

The MFC strategy is adopted in this study as a baseline
for comparison. It was initially introduced in [16] and then
adapted for building load control and demand response in [12].
The single-input single-output (SISO) HVAC system model in
(2) is approximated by an ultra-local model as [16]:

ẏ = F + αu (4)

where u and y are the input (power input) and output (indoor
temperature) of the (building HVAC) system, F describes
the known/unknown system dynamics and is continuously

updated, α is a non-physical scaling parameter such that αu
and ẏ have the same magnitude. For the estimation, F is
approximated by a piece-wise constant function F̃ given as
[16]:

F̃ =
−6

L3

∫ L

t−L

[(L− 2σ)y(σ) + ασ(L− α)u(σ)]dσ (5)

Here, F̃ is estimated using the previous L measurements of
the system. Using the updated F , the ”intelligent” proportional
control law is expressed as [16]:

u = − F̃ − ẏ∗ +Kp (y − y∗)

α
(6)

where y∗ is the desired reference trajectory (indoor temper-
ature set point) and Kp is the proportional control gain. By
combining (4) and (6), we obtain the following error dynamics
[16]:

ė+Kpe = 0 (7)

Here, e = y − y∗ is the tracking error. The value of Kp is
obtained from the solution of the differential equation (7) and
updated at every time step. Hence, the tuning of the MFC
controller is straightforward, since only the parameters α and
L are required to be set. A sufficiently small value is needed
for the parameter L, and α can be determined from collected
input-output measurements as α = ẏ/u. For more details on
the adopted MFC strategy, we refer the reader to [12].

C. Rate of Convergence

The order of convergence and rate of convergence represent
how quickly a convergent sequence approaches its limit. A
sequence Tk that converges to T ∗ is said to have order of
convergence q > 1 and rate of convergence µ if [17]:

lim
k→∞

|Tk+1 − T ∗|
|Tk − T ∗|q

= µ (8)

And the sequence is said to converge Q-sublinearly to T ∗

(i.e. slower than linearly) if:

lim
k→∞

|Tk+1 − T ∗|
|Tk − T ∗|

= 1 (9)

A practical method to calculate the order of convergence
for a sequence is to calculate the following sequence, which
converges to q [18]:

q ≈
log

∣∣∣Tk+1−Tk

Tk−Tk−1

∣∣∣
log

∣∣∣ Tk−Tk−1

Tk−1−Tk−2

∣∣∣ (10)

In the next section, the MRAC strategy is introduced together
with the HVAC system model.



III. MODEL REFERENCE ADAPTIVE CONTROL STRATEGY

Initially, we assume that the buildings’ parameters are
known and constants, then an appropriate distributed strategy
is proposed to achieve the control objectives. This process
is helpful in order to find the appropriate structure for the
adaptive control strategy. In this study, we investigate the
convergence rate for a single building HVAC system. The
temperature tracking error is defined as e = T − Tref , which
needs to be minimized for the HVAC unit, where Tref is the
temperature set point. The tracking error dynamics are derived
from (1) and defined as follows:

ė = − 1

RC1
e− COP

C1
u+

1

RC1
Tout −

1

RC1
Tref (11)

The discretized version of the temperature error dynamics
in (11) using a sampling period of Ts is described by

e(k + 1) =αde(k) + bd[u(k)

+
1

RC1
Tout(k)−

1

R× COP
Tref (k)]

(12)

where e(k) is the value of e(t) at time t = kTs and α =
1

RC1
, αd = e−αTs , bd =

1
α (1−eαTs)(−COP )

C1
, Ts = 600 seconds

(10 minutes). The control strategy is designed based on the
discrete error dynamics (12), where the structure of each local
control input ui(k) is given by [8], [9]:

u(k) = −Kee(k)−K1Tout (k) +K2Tref (k) (13)

where Ke,K1,K2 are the control gains and can be computed
as:

Ke =
αm − αd

bd
,K1 =

1

R× COP
,K2 =

1

COP
(14)

and αm is a design parameter that determines the speed of
temperature change, which is set to be 0.5 in this study. In
reality, however, there will be many uncertainties which may
impact the system parameters. This leads us to consider a more
realistic model where the system parameters are time varying.
An adaptive control strategy should be able to track the
parameters’ variations and achieve the desired performance.
The control input of the local controller for the HVAC units
can thus be generalized to [8]:

ui(k) = −Ke(k)e(k)−K1(k)Tout (k) +K2(k)Tref (k) (15)

where (15) is based on the structure of the constant-gain
control input (13). The adaptive law to estimate the gains
Ke,K1,K2 directly enables the system to achieve the tem-
perature target when the system parameters change over time.
In other words, the gains Ke,K1,K2 are chosen such that
the controller cancels the effect of disturbances (outside tem-
perature and solar irradiance in our study) and ensures the
closed-loop stability of the system. In order to compute these
gains, we re-write the temperature error equation (12) in the
form of the following linear parametric model [8] [10]:

z(k) = Θ(k)⊤Φ(k) (16)

where

z(k) = e(k)− αme(k − 1)

Θ(k) = [bdKe(k) bdK1(k) bdK2(k)]
⊤

= [θ1(k) θ2(k) θ3(k)]
⊤

(17)

Φ(k) = [u(k − 1), Tout(k − 1), Tm(k − 1)] (18)

Then, the estimated control gains can be extracted as follows
[10]:

Ke(k) =
θ1(k)

bd
,K1(k) =

θ2(k)

bd
,K2(k) =

θ3(k)

bd
(19)

where

Θ(k) = [θ1(k), θ2(k), θ3(k)]
⊤

=Θ(k − 1) +
√
a(k)P (k)Φ(k)ϵ(k)

ε(k) =
e(k)− αme(k − 1)

m2(k)

P̂ (k) =
1

β(k)
[P (k − 1)

− a(k)P (k − 1)Φ(k)ΦT(k)P(k− 1)

m2(k) + a(k)ΦT(k)P(k− 1)Φ(k)
]

m(k) = 1 + TsΦ
TP (k − 1)Φ(k)

a ∈ (0, 1)

β ∈ (0, 1)

(20)

and Pi(0) = P0 = P⊤
0 > 0. We apply the discrete modified

least square (LS) algorithm to compute the estimated gains
(more details can be found in [3] [4]). Here, ai(k) and βi(k)
are the weighting factor and the forgetting factor, respectively.
ai(k) is used in the weighted least squares algorithm, while
βi(k) allows to give more weight (importance) to the most
recent measurements in the estimation algorithm. Both ai(k)
and βi(k) are positive numbers and also can be chosen as
constants.

Since the error equation (12) is a linear time varying
system, its solution in terms of the state transition matrix is
given as:

e(k) = Ψ(k, 1)e(1) +

k−1∑
τ=1

Ψ(k, τ + 1)B(τ)g(τ) (21)

where Ψ is the following state transition matrix

Ψ(k, k0) =

{
I, if k = k0∏k

n=k0
A′(n) if k > k0

(22)

A′(n) := αd − bdKe(n) is the system matrix,

B(τ) :=

[
1

R× COP
− θ2(τ)

θ1(τ)

θ3(τ)

θ1(τ)
− 1

R× COP

]
(23)
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Fig. 1. A sample pair of outdoor temperature and solar irradiance profiles.

and

g(τ) := [Tout(τ) Tm(τ)] (24)

IV. SIMULATION RESULTS

A. Weather and Solar Irradiance Profiles

The outdoor temperature and solar irradiance weather pro-
files were collected from the typical meteorological year 3
(TMY3) weather data of Las Vegas, NV [19]. Only outdoor
temperature and solar irradiance profiles in a summer season
are considered. Fig. 1 shows a sample pair of outdoor temper-
ature and solar irradiance profiles for a typical summer day
which are fed as the system disturbances. Next, simulation
results will be presented and discussed.

B. Results of MRAC

In this section, numerical results for applying MRAC on
residential HVAC system are presented. The performance of
MRAC is compared with the baseline MFC approach intro-
duced in Section II-B. Fig. 2 shows that using MRAC the
indoor temperature tracks a sinusoidal reference temperature
set point very well. Only small tracking error is observed in the
peaks and valleys of the sinusoidal reference signal. Note that
there is no external disturbance applied while generating the
results in Fig. 2. Next, we fix the temperature set point at 23◦C
and apply the external disturbances (outdoor temperature and
solar irradiance profiles in Fig. 1) to the residential building
model. In this case, Fig. 3 shows the tracking error for MRAC
using both the discrete-time temperature error equation in (12)
and its solution in terms of the state transition matrix in
(21). It is observed that using MRAC the indoor temperature
converges to the temperature set point, but it is sensitive to
the external disturbances in the middle of the day, especially
to the outdoor temperature. It is also observed that the results
generated using (12) and (21) coincide with each other; this
validates the correct analytical derivation of (21), which is
further used in determining the speed of convergence of the
MRAC.

Fig. 4 compares the performance of MRAC with that of MFC.
It is observed that the indoor temperature using MRAC con-
verges faster than MFC to the temperature set point. However,
as observed, MFC is less sensitive to external disturbances at
the middle of the day than that of MRAC. Fig. 5 shows the
rate of convergence for both MRAC and MFC. We observe
that µMRAC > µMFC at the beginning of the day, after
that µMRAC converges to almost 1, which means the indoor
temperature converges Q-sublinearly (i.e. slower than linearly)
to the temperature set point 23◦C. Fig. 6 shows the order
of convergence for MRAC. It is observed that it is less than
1 most of the time; this explains the sensitivity to the large
external disturbances at the middle of the day.
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Fig. 2. Indoor temperature tracking performance using MRAC without
external disturbances.
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V. CONCLUSION

In this paper, we investigated the speed of convergence
for MRAC while taking into consideration the time-varying
characteristics of thermal buildings’ behaviors. The rate of
convergence for MRAC was compared with that of MFC.
Numerical results showed that the convergence rate for MRAC
was higher than that of MFC, however, it was more sensitive
to external disturbances. In addition, MRAC required more
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Fig. 4. Indoor temperature comparison between MRAC and MFC.

5 10 15 20 25

Time of Day (Hour)

0

0.5

1

1.5

2

2.5

3

MRAC

MFC

Fig. 5. Rate of convergence of MRAC and MFC.

computational cost than MFC. Future work is to investigate
the performance of MRAC in real buildings.
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