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Direct numerical simulations (DNS) were conducted of a high-velocity flat plate boundary
layer with time-periodic fluctuating inflow. The DNS fluctuation growth and evolution over the
plate is then compared to the solution as computed using classical linear stability theory (LST)
and the parabolized stability equations (PSE) of a second mode eigenfunction. The decay rate
of the freestream perturbations is also compared to LST and the choice of shock-capturing
method and the associated dissipation rate is characterized. The agreement observed between
the eigenfunction from LST and the fundamental harmonic of the temporal Fourier transform
(FT) of the DNS simulation demonstrates the ability of the solver to capture the initiation
and linear growth of a hypersonic boundary layer instability. The work characterizes the
shock-capturing numerical dissipation for slow and second mode growth as well as provides
confidence in the numerical solver to study further development towards non-linear growth
and eventual transition to turbulence.

I. Nomenclature

BL = boundary layer

C = generic coeflicient

099 = 99% boundary layer thickness

DNS = direct numerical simulation

FT = Fourier transform

10 = input-output optimization

LST = Linear Stability Theory

M = Mach number

PSE = Parabolized Stability Equations

q = state vector of velocities and pressure

q = Fourier transform coefficient of state vector

RMS = root mean square

sdist = streamwise distance along the flat plate

SPARC = Sandia Parallel Aerodynamics and Reentry Code
STABL = Stability and Transition Analysis for hypersonic Boundary Layers
t = time (8)

u,v,w = streamwise, wall-normal, and spanwise velocities (m/s)
X, ¥,2 = streamwise, wall-normal, and spanwise dimensions (m)

II. Introduction
In hypersonic flight, the laminar to turbulent transition has a large impact on the heat transfer across an atmospheric
flight vehicle. As is outlined by Federov [1] the transition process changes as freestream disturbances are increased.
In the low disturbance environment of flight, eigenmode growth is believed to be the dominant process underlying
boundary layer transition. The path to transition shows how eigenmode growth is the dominant mechanism leading to
nonlinear breakdown and eventually transition to turbulence. In high-velocity flight conditions, stability theory indicates
that Mack’s second mode instabilities are often the dominant modes leading to the initial modal interactions. Modeling
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this growth can be done using a combination of linear stability theory (LST) and the parabolized stability equations
(PSE). Using these stability methods allows for predictions of the second mode growth and decay in laminar flow with
relatively low computational cost. These methods restrict one to pure laminar flow and small amplitude perturbations
that do not excite modal interactions or the transition process. In order to calculate the full transition process from
laminar to turbulent, one requires a more costly approach such as using direct numerical simulation (DNS). This DNS
approach allows for accurately capturing low-amplitude disturbances in a boundary layer and compares well with PSE
analysis. Additionally, the DNS approach can capture nonlinear interactions for high-amplitude disturbances and the
full transition process to turbulence. Modeling the full transition process will be valuable in understanding the various
sensitivities of the transition process in these flow regimes. To gain confidence in the simulation and methods, we turn
our attention in this work to the linear and low-amplitude perturbation growth.

In this work we utilize the Sandia Parallel Aerodynamics and Reentry Code (SPARC) [2] on a hypersonic flow
condition with perturbation growth in a boundary layer as the DNS solver. SPARC is a “next-generation” transonic and
hypersonic CFD code that supports high performance computing and performance portability for a variety of computer
architectures including GPU platforms. The software solves either the perfect gas or the reacting gas Navier-Stokes
equations and has several discretization methods capable of standard hypersonic numerics as well as low dissipation
methods for DNS. For these computations, we are using the perfect gas solver using Sutherland’s law for viscosity
and a constant Prandtl number for thermal conductivity. The inviscid fluxes were calculated using the kinetic energy
conserving fourth order scheme of Subbareddy-Candler [3]. The corresponding experiment uses nitrogen, therefore, the
gas simulated in these simulations uses the properties of nitrogen.

For the linear stability analysis, a suite of tools for stability calculations and analysis of hypersonic boundary layers
known as Stability and Transition Analysis for hypersonic Boundary Layers (STABL) [4] was utilized. The geometry of
interest in these calculations is a simple flat plate that is one meter long. Using STABL, a frequency matching the largest
second mode growth is chosen for the specified conditions. The inflow for the DNS cases is then set at this frequency
with a uniform in space and time-periodic perturbations. The freestream conditions of the flow over the flat plate
hypersonic boundary-layer are shown in Table 1. The wall was treated as isothermal with a temperature of 7, = 300 K.

My (-) | Re (10° 1/m) | Py (kPa) | Ty (kelvin)
7.9 13.4 4692.2 617.8

Table 1 Freestream conditions chosen for this study to compare to experiment in Table 1. of [5]. We include
the freestream Mach number, the Reynolds number, the stagnation pressure, and the stagnation temperature

This work presents further simulations and results from remaining questions outlined in previous work presented in
[6]. It was found in that previous work demonstrated the SPARC solvers ability to capture Mack’s second mode growth
for various conditions. The simulations in that study demonstrated some remaining transient behavior near the inflow
boundary along with some underprediction of the growth using a certain numerical treatment. Both of these behaviors
are discussed in further detail in this work.

II1. Methods
The outline of the conditions and methods for both LST and DNS for this compressible flow are used to estimate the
growth of the second mode eigenvalue in a boundary layer at the specified flow conditions is presented in the following.

A. Baseflow

In order to utilize LST and compute unstable modes, one must obtain a time averaged baseflow. The least expensive
approach would be to use a similarity solution [7]. The derivation and description was initially done by [7] and
summarized by [8] and is presented in Appendix A. The results from this similarity solution can be compared to the
DNS time-averaged solutions that are discussed in greater detail in section IV.A. The exact details of the DNS cases are
not vital to the general understanding that the time-averaged solutions from DNS generally agree well with the similarity
solution when using a variety of inflow boundary conditions.

The inflow conditions for each case are specified in section IV.A. The density, streamwise velocity, wall-normal
velocity, and temperature for the similarity and DNS solutions are shown in Figures 1, 2, 3, and 4. These figures all
demonstrate agreement for the flow over the plate at the desired flow conditions using the similarity transformation and
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Fig.1 Density solution over a flat plate at the specified flow conditions from Table 1. Solutions are shown from
left to right resulting from the similarity transformation, 2D acoustic inflow DNS case, and 2D BL DNS case.
The vertical blue dotted line indicates the inflow condition for the 2D BL DNS at x = 0.046.

the DNS with various inflows. There are a few minor differences that can be observed. The laminar flow condition has
no information regarding the shock weak shock location, but the STABL and SPARC simulations both contain shock
information as observed in Figure 3. The dotted blue lines on the figures designate the x = 0.046 streamwise location
which is the inflow location for the 2D BL DNS case as well as when the second mode becomes unstable as identified
using STABL. Further insight at these locations are presented and discussed in Figures 12-16 and section IV.A.

B. LST and PSE
LST and PSE are popular choices for estimating the eigenmode growth in a boundary layer due to the accuracy
afforded and the relatively inexpensive computation. For LST, we assume a locally parallel baseflow and the ansatz,

q=§)e" PO e, (D

is substituted into the linearized Navier-Stokes equations where c.c. indicates the complex conjugate. Neglecting
non-parallel and nonlinear terms leads to an eigenvalue problem of the form

Lq = o4q. )

The specific operators, normalization, and assumptions are discussed and presented by [4, 9] for both the LST and PSE
calculations for compressible flows. We solve this eigenvalue problem at a range of frequencies and locations along the
plate to get an idea of the expected growth and decay of various modes. Plotting the growth rate (imaginary part of the
eigenvalue @) gives the following stability diagram shown in Figure 5. The black dotted line in this figure indicates the
maximum growth at 91.21 kHz. The strong growth shown around that frequency range for the majority of the length
studies is caused by the second mode instability. Fluctuations in this frequency range tend to see large amplification and
in several high-speed flows, this is the dominant eigenmode observed.
PSE relaxes the parallel flow assumption of LST by utilizing a non-parallel baseflow and uses the ansatz

q = Qe ye'd adFen 4o 3)

Neglecting small and nonlinear terms from the disturbance Navier-Stokes equations we arrive at the PSE that can be
marched downstream using an integration technique [10]. It should be noted that the solution procedure is unstable due
to remaining ellipticity in the governing equations and a remedy must be used to eliminate the remaining ellipticity.
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Fig.2 Streamwise velocity solution over a flat plate at the specified flow conditions from Table 1. Solutions are
shown from left to right resulting from the similarity transformation, 2D acoustic inflow DNS case, and 2D BL.
DNS case. The vertical blue dotted line indicates the inflow condition for the 2D BL DNS at x = 0.046.
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Fig. 3 Wall-normal velocity solution over a flat plate at the specified flow conditions from Table 1. Solutions
are shown from left to right resulting from the similarity transformation, 2D acoustic inflow DNS case, and 2D
BL DNS case. The vertical blue dotted line indicates the inflow condition for the 2D BL DNS at x = 0.046.



0.008 o : 320.0

: 289.5

0.006 1 : 209.1

: 228.6
8 : 198.1 i
< 0.004 1 167.7 |~

137.2

0.002 A 106.7

76.3

0.000 . I . | . | 3

0.00 025 050 0.00 025 050 0.00 025 0.50
z (m) z (m) z (m)

Fig. 4 Temperature solution over a flat plate at the specified flow conditions from Table 1. Solutions are shown
from left to right resulting from the similarity transformation, 2D acoustic inflow DNS case, and 2D BL. DNS
case. The vertical blue dotted line indicates the inflow condition for the 2D BL DNS at x = 0.046.
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Fig. 5 STABL stability diagram for the given flight conditions. The black dotted line indicates the maximum
growth at 91.21 kHz over the domain.



A summary of these possible remedies can be found in [11]. Of the possible remedies suggested there, STABL uses
the pressure gradient suppression to stabilize the marching procedure. The PSE are used to march the eigenfunctions
identified in the LST analysis downstream and the mode with the largest overall growth is identified. The resulting LST
values near the leading edge of the plate is presented in Table 2.

x(m) | «a(rad/m) | B(1/m) | f= 5> (kHz)
0.05 | 591.2 +3.4i 0 91.2
Table 2 STABL parameters of the second mode instability. At the initial location the mode is stable.

1. Freestream LST

In a calorically perfect ideal gas, the compressible nondimensional Navier-Stokes equations are simplified and
re-arranged following the derivation by [12]. The equations become

Dp
2P pVou=0, 4
D TPVH 4)
Du 1
2 4 Vp=—V.
P *VP= RV T (5)
DT - HM?
2Ly 1y YO G Y g 6)

Dt Re PrRe

where Pr is the Prandtl number, 7 is the ratio of specific heats, and Re is the Reynolds number based on plate length L.
The heat flux vector g and the viscous stress tensor components are defined as

oT
= ko, 7
q o )
and 5
u;
i=ul—. 8
Tij ,u(axj) (8)

We also implement the ideal gas equation of state as p = pRT to close the system.
If we then introduce an ansatz for the two-dimensional primitive variables,

Pl |p p
“o el ] ellax+dy=wh) 4 ¢ ¢, )
v v 1
T |T T

we can further neglect nonlinear disturbance terms and viscous quantities to obtain the linearized Euler equations in
operator form as

A ap p 0

- 0
oEL A 0 aoR| 2| _ (10)
4RT 0 A AR| 9]

0 oT(y-1) AT(y-1) A|lT

where A = au + Av — w. Here, the bar indicates time and spatial averaged constant quantities. Rearranging this to solve
for the temporal eigenvalue problem gives the equation

@i + AV ap bYa 0 b b

aRT — — ~ A

RS au + Av 0 aR

i . NN (11)
= 0 au + Av AR k% P

0 al(y—=1) AT(y-1) au+v||T T



The resulting eigenvalue/eigenfunction pairs results in four waves. The vorticity and entropy waves are identified by
non-zero components of the eigenfunctions, €, and &,, and the slow and fast acoustic waves are identified by the
magnitude of the eigenvalues, w3z and w4. The four eigenvalue/eigenfunction pairs are

0
o -1
wy=au+dv, & = s (12a)
a
[ 0]
5
- 0
wy=au+dv, & = ol (12b)
| T |
12
wy=au+Av—aVa?+ A2, & = - Vars2 || (120)
~Vazii
Tty -1
and
I
aa
wy=au+ AV +ava? + A2, £, =| Vet | (12d)
Va2e22
T(y - 1)

Here, a is the speed of sound in the baseflow.
If we further assume that the baseflow is aligned with the streamwise direction, v = 0, and that the wave is
independent of the y direction, A = 0, then the eigenvalues and eigenfunctions become

0
wy=au, & = 0 (13a)
(04
0
By
wy=au, &= 8 (13b)
7
5
w3 =ali—a), &= _0“ (13¢)
T(y = D)
5
wi=a(@+a), & = g (13d)
T(y - 1)

It should be noted, that for the linearized Euler equations, that the phase velocity is completely real valued, thus there is
no decay existing in the system. Therefore, the disturbances would continue on without any decay or growth in time or



space. For high Reynolds number flows, this type of assumption is fairly accurate, as these waves decay very slowly. As
Reynolds numbers become lower, viscous effects become more pronounced and the decay rate is more observable for
the disturbance waves. For the flat plate, we observe small decay rates due to the high Reynolds numbers associated
with this flow of interest.

If we allow the viscous terms to remain in the system, we obtain the operator form of the governing equations and
the resulting eigenvalue problem with the additional terms

A o ap Ap 0 b 0
—“gT A - % (%0{2 + /12) 0 aR i i
_ . =w 14
ART 0 A—i(a%i/ﬂ) AR P p 14
P _ p_ 3 ) . R
0 aT(y - 1) ATy - 1) A- k(o2 + %) T T

where A = au + Av, k is the thermal conductivity, ¢, is the specific heat at constant volume, and i is the imaginary
number. Solving this eigenvalue problem leads to complex valued eigenvalues and eigenfunctions and is typically solved
numerically. For high Reynolds number flows, the complex valued eigenvalues are similar to the inviscid counterparts,
but they do contain imaginary component indicating decay over time as the mode is carried downstream at the specific
phase velocity. This viscous linear stability theory for freestream modes is used in comparison to the DNS results.

C.DNS

One major focus of this work is to validate the SPARC solver’s ability to calculate the linear growth of the second
mode instability present at these flow conditions. Therefore, SPARC was used to mimic the PSE process by calculating
the same flow conditions with a fluctuating inlet of different types. A series of case studies each with separate simulations
are presented with varying boundary conditions and complexity.

The first simulation type, referenced by the term acoustic, contains a single uniform acoustic perturbation given
ahead of the flat plate. The acoustic forcing inlet in SPARC is used for the first calculation and is outlined in [6]. This
uses the freestream eigenvalues and eigenfunctions for a slow acoustic mode as the inlet condition. The mesh contained
10.1 million control volumes and was made two-dimensional by making the spanwise periodic dimension only two cells
wide. This type of two-dimensional spanwise treatment is used for all cases that are labeled 2D.

The second simulation type consisted of a smaller domain where the inflow was altered to match the second mode
eigenfunction and matching frequency identified from STABL with the respective boundary layer. This reduced the
computational expense by decreasing the number of control volumes to roughly 5.4 million for the two-dimensional
grid. This simulation grid was used in several separate simulations with varying inlet profiles and streamwise locations
and were presented previously in [6]. One case study investigated one point just beyond the start of the leading edge of
the plate with varying magnitude of the perturbation. This location lies just before the neutral point in the LST modal
growth and corresponds to the values in Table 2. This case study provided confidence for SPARC to capture the linear
growth using these inflow conditions as well as observe some initial nonlinear growth.

The third domain started downstream of the neutral point, and contained significant spanwise resolution. The
increased resolution was used to validate the three-dimensional capability to capture the linear growth of the two-
dimensional eigenmode and matching growth. This grid contained roughly 679 million control volumes.

All domains consisted of a rectangular volume discretized using rectangular finite volumes. To ensure accuracy
of the calculation, the grid was clustered to the wall with a Ay* = 1 chosen in the boundary layer for the duration
of the plate assuming a laminar profile and associated friction velocity. The grid is also clustered to the start of the
plate and then the streamwise spacing is relaxed to include roughly 50 points per wavelength of the specified second
mode, resulting in a Ax* = Az* = 26 streamwise and spanwise grid resolution. The outlet of the domain contained
rapid growth in the streamwise cell sizes to act as a buffer layer and damp upstream traveling acoustic waves in the
simulation. Thus, any items plotted beyond a streamwise location of x = 0.54 should be considered as non-physical
due to the extreme stretching in the grid. A fourth order Runge-Kutta time integration was used to advance the flow
approximately 6 flow-through times allowing the perturbations advecting from the inlet to reach a consistent maximum
amplitude along the full length of the plate. The time-step used for the simulation allowed for 2000 steps per period of
the fundamental temporal frequency.

The growth of the respective fluctuations are also compared to the growth anticipated from LST. The N-factor for



the fluctuation quantities from SPARC can be computed by the wall pressure perturbations RMS value by

X 1 d ’
N=| — s gesc, (15)
X0 Prms dx
Here, the C coeflicient is used to shift the growth lines for comparison against the growth computed using LST from
STABL as shown in Equation 27. The x( value is now taken as an initial streamwise location at the inflow. Since this is
a linear growth analysis, this type of vertical shift can be used for comparison purposes only.

1. Dissipative flux
For shock-capturing schemes by Subbareddy-Candler, shock capturing is accomplished by adding a dissipative flux
[3] of the form
F},diss =adiSSDf’ (16)
where the prime indicates the projection of a vector onto the unit normal vector at a face, f indicates the values calculated
at a cell face. ay;,; is the dissipation switch which takes on values near zero in smooth regions of the flow and values
close to one at the shock. D is the dissipative portion of a standard shock capturing scheme and it has the form

1
Dy = =5 RINR™) - Wny — Up). o

Where U,,;,, indicates the state vector of the associated neighbor cell and U; indicates the state vector of the current cell.
Here, R is the right eigenvector matrix of the flux Jacobian A = 0F’/0U, A is the diagonal matrix of eigenvalues of A,
and U is the state vector of conserved variables in compressible flow.

If we take a periodic assumption for the slow acoustic mode U; = u + #i(t) sin(ax), then the difference between the
neighbor value and the i cell becomes

U,pr — U; = 04(t)(sin(a(x + Ax)) — sin(ax))
~ f(t)(sin(ax) + aAx cos(ax) — sin(ax)) (18)
=~ U(t)aAx cos(ax),
using small angle approximation. Here, Ax indicates the local grid spacing in the streamwise direction, and « is the
streamwise wavenumber. This equation states that the difference between the neighbor values and the i cell scales with

aAx. Since we know the eigenvalue associated with A to be w, we can then say the dissipation portion scales with this
eigenvalue, or in other words

, 1
Ff’dm, = agissDf ~ —Eard,-ssanw. (19)
Using the phase velocity, we find that the magnitude of the dissipation should decay by

X 1 2
IXO 5 @-Axagiss dx

(20)

M;ms(x) = u;ms(x =xp)e

Here, Ax is a function of the grid spacing, thus the decay rate changes as the grid spacing changes.
The @445 is also a function of the velocity shock-sensor technique. If one uses the Mach [13] dissipation-switch
(sensor 1) then the dissipation can be calculated by

AMZ+5" (1 —e*Ma)  when |AM| <=6

75
Qgiss = |AM| when § < [AM| <=1, .
1 when |[AM| > 1 @D
AM = My — Mg.

Here, M, is the arithmetic mean of left and right Mach numbers, the parameter x = 10 is a good empirical value
for supersonic cases, the parameter § = 0.5 is used for cases presented here. For a supersonic freestream periodic
perturbation, the terms AM? and e™*Ma are small and can be neglected, this leaves the minimum dissipation value for a
freestream low-amplitude disturbance in supersonic flow as being the minimum value of

P
@aiss = 5 = 0.25. (22)



Shock sensor Equation for a ;s min(@giss)
Sensor 1 [13] using %562 (1-e*Ma)  when |[AM| < 6 82025
Equation 21 |AM| when 6 < |AM| < 1 2

1 when [AM| > 1
Sensor 2 [14] using . 02
Equation 23 mim ( 02 +wite’ 1) !
Sensor 3 [15] using . _ .
Equation 25 max(min (W’ 1) » @min) Cmin

Table 3 Summary table of the shock sensor types used with the Subbareddy-Candler fluxes.

If @4iss 1s calculated from using another technique, such as the Ducros [14] shock detection switch (sensor 2), then

02
Qgiss =min | ———, 1. 23
diss (92 tl+e ) ( )
Here, w is the vorticity magnitude, 6 is the divergence of the velocity, and € is a small number to prevent division by
zero. In a freestream location where small linear perturbations are present, the compressibility effects are dominant
(represented by the dilatation) and thus the full magnitude of the dissipative flux is applied such that the minimum value
is

@giss = 1. (24)

In the boundary layer, however, vorticity magnitude increases and the dissipation magnitude becomes small. Thus,
capturing the growth of a perturbation wave in a boundary layer one would expect only minor numerical dissipation due
to this shock sensor. However, in the freestream, one would expect a significant amount of dissipation.

If ayiss is calculated from using a third technique such as a variation of the sensor from Reference [15] (sensor 3),
then

) -0
@giss = max(min | =———, 1|, &pin) (25)
5w+ ae

Here, w is the vorticity magnitude, 6 is the divergence of the velocity, € is a small number, and a is the speed of sound.
In a freestream location where small linear perturbations are present, then the speed of sound term is large, thus the
minimum dissipation is set by @,,;, for freestream location

Adiss = Umin- (26)

In the boundary layer, the vorticity magnitude becomes larger, and again the @,,;, value is found in that region of the
domain. This is advantageous as one has control over the added numerical dissipation in both the freestream and the
boundary-layer due to the shock sensor. In some cases of low disturbances, «,,;, can be set to zero to minimize any
extra dissipation outside of the shock location. It is observed, however, that setting «,,;;, to zero does introduce some
numerical difficulties where the solution can diverge if a good initial condition is not provided and some transient
behavior is needed to be propagated through the domain before finding the steady-state solution.

The three shock sensors used in this work are summarized in Table 3. This shows the equation numbers for @ ;;;
and the freestream minimum dissipation expected for a small amplitude disturbance.

IV. Results

The final state of the boundary layer and streamwise perturbations are shown in Figure 6 for a specific time instant
for a 2D acoustic simulation. The other simulations have very similar qualitative appearance and are not shown for
brevity. In this figure, we observe the growth of the boundary layer alongside the initiation and growth of the second
mode instability. The colored circles in Figure 6 show the local maximum disturbance amplitude (in the wall-normal
dimension) at a few specified streamwise locations. We take the FT at each of these locations and plot the magnitude of
the coefficients as a function of the frequency. These colored circles match the colors of the FT coefficients shown in
Figure 7 for those same locations.

10
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Fig. 6 DNS results using SPARC with a uniform periodic inflow condition. Contour lines show the average
streamwise velocity at several boundary layer locations, colored domain shows streamwise perturbations at a
single time instant. The colored dots indicate the maximum wall-normal streamwise RMS value at various
streamwise locations. The colors of these dots match with the FT magnitude shown in Figure 7.

We can see the magnitude of the second harmonic in Figure 7 is orders of magnitude smaller than the fundamental
harmonic, thus it shows that for these cases a linear assumption is an adequate approximation. Since the nonlinear
coeflicients are small, comparison to linear growth is acceptable here as the second harmonics don’t alter the linear
growth in a significant manner. It should also be noted that the other simulations had lower-amplitude fluctuations and
thus were even more linear than this case as will be shown below. The following results will show similar plots and FT
analysis for two case studies.

A. Case study: acoustic, 2D, and 3D

The results and simulations presented in this case study were presented previously in [6] and are highlighted here
again for the reader. A comparison of the RMS of the streamwise fluctuation for the acoustic inflow simulation, the
2D eigenfunction inlet simulation, and a 3D eigenfunction inlet simulation can be seen in Figure 8. This figure also
presents a good visual of the three separate inflow locations. The vertical colored lines identify the various streamwise
locations where the second mode from STABL is compared to the FT fundamental harmonic of the matching frequency.
Figure 9 shows the magnitude of the FT coefficients at the indicated locations.

Figure 10 shows how the shape of the FT fundamental mode in the SPARC simulations compares well to the shape of
Mack’s second mode from STABL at various streamwise locations. We note here, that the magnitude of the individual
modes needed to be scaled for proper qualitative comparison. It is also observed that the magnitude of the fundamental
harmonic far from the boundary layer in the 2D acoustic simulation at a streamwise location x = 0.046 is much higher
than what is predicted by LST while still resembling the second mode in the boundary layer. This is due to the fact that
our inlet to this simulation is uniform in the wall-normal direction and retains some magnitude at locations far from
the boundary layer. However, as one moves further downstream, we observe that this acoustic mode dissipates away
far from the boundary layer and matches the LST prediction. Additionally, the 3D BL inlet profile at x = 0.26 seems
to retain some transient behavior as it doesn’t match what the LST predicts that well, however, as one moves further
downstream we see that it collapses back to the expected shape. This shows that after an initial transient behavior, that
the BL inlet allows for excellent agreement between LST and DNS simulations using SPARC.

The N factor is an estimate of the growth of the perturbation magnitude and can be used as an indicator for transition
scenarios. This N factor is estimated using PSE from the kinetic energy of the perturbation integrated along the

11
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Fig.7 FT coefficients in time as a function of temporal frequency of the DNS results using SPARC. The colored
dots match with the dots and locations shown in Figure 6 for the simulation domain.

wall-normal direction along with the growth rate integrated across the streamwise direction as

1 dE

o =—-a; + T (27a)
where
E=Jmm%m%wﬁal (27b)
and .
N = I o dx. (27¢)
X0

For the DNS calculations, the values of C for each case in Equation 15 is presented in Table 4. This same shifting is

Case ‘ C H Case ‘ C ‘
2D acoustic 2.402 2D BL inlet 0.934
3D BL inlet -1.408 Sensor 1, SPARC inflow 1.01

Sensor 3, acoustic inflow | -1.064 || Sensor 2, acoustic inflow | 6.718
Sensor 1, acoustic inflow | 2.157 Sensor 2, STABL inflow | -1.519
Table 4 Table of C coefficient values for each DNS case as presented in Figures 11, 18, and 20.

done in all following N-factor plots. Since DNS contains nonlinear calculations, this kind of shifting is not proper, but
is used for comparison purposes only.

Comparing the respective growth for the simulations and LST, in Figure 11, shows good agreement except for the
acoustic inflow simulation, which experiences less growth. This is due to the different dissipation switch used in this
simulation. The acoustic inflow case utilized the Mach dissipation switch [16] (sensor 1). The BL inlet simulations
utilized the second shock-sensor (sensor 2) [14] dissipation switch. The minimum dissipation level of the Mach switch is
noticeably higher than that of the sensor 2 switch in the boundary layer. It is most likely that this increase in dissipation
led to the lower growth rate observed in the acoustic simulation, but not in the other simulations. The initial transient at
the two eigenfunction inflow simulations can be observed, but the main growth of the second mode is easily comparable
across all simulations with the exception of the acoustic inflow simulation.
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acoustic case has the largest upstream domain. The vertical colored lines indicate the locations that match the
colored lines in Figure 10.
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Fig. 10 Fundamental frequency of the streamwise velocity FT from DNS results using SPARC for the third
case study shown in Section I'V.A. This is compared to the eigenfunction at the same streamwise locations as
computed using STABL. The color of the lines match the streamwise location of the vertical colored dotted lines
shown in Figure 8.
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Fig.11 STABL largest instability mode predicted N-factor compared to the N-factor from the DNS simulations.
The frequency is 91.2 kHz and spanwise wavenumber is 5 = 0/m.

B. Case study: Shock-capturing and inflow boundary

We now turn our attention to comparing several DNS studies to LST and some previous results in [6]. A few
remaining questions in [6] are further investigated in the present study.

First, the initial inflow boundary condition seemed to yield an undesirable transient region in DNS. The inflow
condition in that prior work used a pure eigenfunction as calculated using STABL [4]. A modification to this boundary
condition is used where the Fourier transform is taken from a previous 2D simulation and is used as the inflow condition
to the next simulation. This is similar to the 2D eigenfunction inflow condition, just with a change in the shape of the
baseflow and associated shape function. It was shown that the shape of the disturbances in these two cases are very
similar. However, as it will be shown, it has a significant impact on the initial transient at the inflow condition. This is
largely due to the small differences in baseflow and the resulting eigenfunction from STABL. These small differences
is what causes the small transient behavior before the true second mode becomes the dominant growth mechanism
observed in the N-factor plots.

The baseflow at x = 0.046 is shown in Figures 12, 13, 14, 15, and 16. These figures show fairly good agreement
between the streamwise velocity and temperature. However, small subtle differences are observed when the density,
wall-normal velocity, and pressure are compared. The wall-normal velocity in Figure 14 shows a small deviation near
the boundary layer edge and above y = 0.007 m. This was the edge of the STABL simulation domain at this streamwise
location and so a constant valued extrapolation was used for values above this point when given as an inflow condition
for SPARC. It is expected that this small difference at this wall-normal distance would have a relaxation distance based
on the Mach angle of 6 cm before it impacted the growth rate and shape near the wall. Therefore, this difference in
inflow condition is not the leading cause of the initial transient behavior in the near-wall region at the beginning of
the DNS studies. The pressure in Figure 16 shows a small pressure pulse when using the STABL solution around
y = 0.0012 m. This small pressure pulse in the near-wall region also impacted the eigenfunction and disturbance
quantities in that vicinity as can be seen in Figure 17. We see there that the pressure is drastically different at the same
wall-normal location between the 2D acoustic case and STABL, which may be the reason for the significant wall-normal
velocity change during the initial transient period when using a STABL inflow condition. Thus, future investigations
must have smoother baseflow profiles to obtain more accurate eigenfunction inlet profiles before they can be used to
accurately capture second mode growth. A change to a previous SPARC simulation as an inflow condition also utilizes
the smoother profiles and eliminates the extra pressure pulse leading to the transient behavior.

The second question investigated had to do with the excessive damping that occurred when the dissipation switch
was altered. A series of DNS studies were then performed to investigate three separate dissipation switches along with a
few parameters.
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Fig.12 Baseflow density at x = 0.046 from the Laminar similarity solution, 2D acoustic inflow DNS from section
IV.A, 2D BL inlet DNS from section IV.A, and from STABL. The 2D BL inlet case uses the STABL solution as
the inflow boundary condition, what is plotted here as the 2D BL inlet is the first interior cell solution.
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Fig. 13 Baseflow streamwise velocity at x = 0.046 from the Laminar similarity solution, 2D acoustic inflow
DNS from section IV.A, 2D BL inlet DNS from section IV.A, and from STABL.
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Fig. 14 Baseflow wall-normal velocity at x = 0.046 from the Laminar similarity solution, 2D acoustic inflow
DNS from section IV.A, 2D BL inlet DNS from section IV.A, and from STABL.
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Fig. 15 Baseflow temperature at x = 0.046 from the Laminar similarity solution, 2D acoustic inflow DNS from
section IV.A, 2D BL inlet DNS from section I'V.A, and from STABL.

18



0008 - = Laminar |
2D acoustic x = 0.046 }
— -+ 2D BL inlet et
----- STABL —
0.006 A Pt -
000154 -
= 0.004 A ' 7 R I
/ ~0.0010 A /’
- 7
0.002 A / l :
S 595 600
0.000 : E : : : :
550 600 650 700 750 800

p (Pa)

Fig. 16 Baseflow pressure at x = 0.046 from the Laminar similarity solution, 2D acoustic inflow DNS from
section IV.A, 2D BL inlet DNS from section IV.A, and from STABL.

1. N factor growth

Using the wall-pressure root mean square, we can calculate the magnitude of the N factor. The N factors are shown
in Figures 18 and 19 for four DNS cases and is compared to the STABL LST calculation. The ‘acoustic inflow’ indicates
that the inflow condition is a simple uniform slow acoustic mode as described in [6]. The ‘SPARC inflow’ case indicates
that a previous 2D simulation was run, and the output was extracted and used at a location x = 0.22 downstream of the
leading edge of the flat plate and used as an inflow condition.

Since N factor is calculated using the wall-pressure, the local numerical dissipation from the shock sensor should be
small or non-existent for all three sensors used. However, as shown in Figure 18, the Mach sensor (sensor 1) adds a
significant amount of extra numerical dissipation to the disturbance in the boundary layer. This holds for both of the
inflow boundary conditions used. Sensor 2 and sensor 3, on the other hand, both capture the entire amplitude growth of
the second mode quite well. This shows that these two sensors do not add any excessive numerical dissipation in the
boundary layer.

Figure 20 adds an additional DNS case than was presented previously in Figures 18 and 19 that uses the inflow
condition from STABL. Here, the transient behavior can be compared when using an inflow condition from STABL or
an inflow condition from a previous simulation using SPARC. We can see that using a previous SPARC simulation nearly
removes the transient behavior altogether. This result suggests that significant care must be taken when using different
numerical results. STABL utilizes a separate baseflow solver and disturbance eigenfunction. The SPARC simulation
uses consistent discretization accuracy and terms from the governing equations. These small differences in the baseflow
and disturbance shape is what led to the observed transient behavior discussed previously and shown in Figure 20.

2. Freestream disturbances

We now turn our focus to dissipation of the disturbances in the freestream. As stated in Section III.B.1, in high
Reynolds number cases, the inviscid Euler equations are applicable and we only observe minor dissipation in freestream
acoustic modes. However, due to numerical dissipation owing to shock capturing techniques, one may introduce
significant decay to freestream disturbances when using a numerical method. This decay will be dependent on the grid
spacing used. This streamwise grid spacing for the 2D acoustic cases is shown in Figure 21 and 22. As discussed earlier,
we retain roughly 50 discrete control volumes per wavelength of the fundamental mode. Near the leading edge of the
flat plate, that increases to 500 points per wavelength.

A bank of simulations were run with various values for «,,;;, while using sensor 3 dissipation switch. This switch
allows for any value defined by the user. In complex settings, it may be useful to introduce some finite numerical
dissipation for numerical stability. In one case, we can completely suppress the dissipation by setting a@,,;, = 0. We can
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volume.
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Fig. 18 N factor growth of the DNS cases compared to LST. The magnitude of the DNS results were shifted
in the vertical axis to match the values downstream of x = 0.2. This allowed for fairer comparison of the rapid
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Fig. 19 Zoomed portion of Figure 18 to highlight the SPARC inflow solution.
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case used a Mach dissipation switch (sensor 1) with an inflow calculated from a previous 2D SPARC simulation
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Fig. 21 Streamwise grid spacing in the streamwise direction for the 2D acoustic cases. The grid was refined
near the leading edge of the flat plate.
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observe that the freestream disturbance theoretically has very negligible dissipation. The decay rate expected from LST
nearly matches the observed decay from the simulation when we use sensor 3 with zero minimum dissipation (no added
dissipation when no shock is sensed). Sensor 3 cases are shown in Figures 23 and 24 and compared to LST and the
anticipated numerical decay due to the shock-capturing techniques.

When we use sensor 3 with a finite minimum dissipation, we observe significant numerical dissipation introduced
throughout the domain. These figures also show the anticipated freestream numerical dissipation introduced by using
the inviscid flux and dissipation switch of sensor 3. The anticipated decay due to grid spacing (see Equation 20) and the
switch used in each case is shown to have excellent agreement with the resulting decay. The minimum a;5s values used
in Equation 20 for each case are shown in Table 3 for the freestream disturbances. Figure 25 shows several other cases
where the dissipation switch is changed to sensor 3 with values of @, as either 0 or 0.2, the sensor 2 switch where the
minimum freestream dissipation would be @y;5s = 1, or the Mach switch (sensor 1) where the minimum freestream
dissipation would be @ = 0.25. Again, we see excellent agreement where we have cases that are two-dimensional and
use the acoustic inflow condition. Additionally, a three-dimensional case that uses the Mach switch (sensor 1) with
an inflow condition from a previous 2D acoustic case shows fairly good agreement between the expected numerical
dissipation and the simulation.

3. One-Dimensional freestream disturbances at various conditions

A final aspect of this investigation was to calculate the freestream disturbance decay at various discretizations,
conditions, and numerics using sensor 3. Additionally, a linearized solver [17] (labeled IO) was utilized and compared to
high-fidelity simulations and compared to this inviscid theory (see Equation 20). Seven cases were run with the various
parameters outlined in Table 5. Each case has two simulations (one high-fidelity DNS and one lower-fidelity linearized
simulation) and one inviscid theory estimate (see Equation 20) for the numerical dissipation in a one-dimensional
freestream flow.

The high-fidelity direct numerical simulation (DNS) was conducted by solving the full unsteady compressible
Navier-Stokes equations with a time-varying and periodic acoustic mode superposed over the uniform inflow conditions
using SPARC [2]. The grid retained significant stretching at the outflow to reduce any noise in the solution. This same
grid was also used for the linearized solver. The linearized solver requires solving a steady state solution that only
contains the uniform steady-state inflow condition. Then the solve for the time-periodic mode at the specified frequency
is conducted to obtain the complex valued solution in the domain. The details of this direct solve are discussed in [17]
and are labeled by input-output (IO) in the following figures. This IO solver is significantly faster and less costly than the
high-fidelity DNS. It should be noted, however, that though this is part of the larger input-output optimization routine,
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only one forward direct solution was conducted on the acoustic mode in this work. This allowed for direct comparison
to the high-fidelity DNS simulation that had low-amplitude periodic acoustic mode at the inflow. The third solution for
each case is the inviscid theory presented in the previous sections in Equation 20. These results are shown in Figures 26
and 27. We see excellent agreement between all of the cases presented for the RMS of each disturbance quantity.

One interesting case performed was Case 6. In this case the steady-state solution for the linearized solver used a
larger minimum dissipation value (ag;ss = 0.2) in an effort to obtain the stead-state solution sooner. Since there are no
disturbances in this freestream 1D case it yielded faster convergence with no loss of accuracy. Then, the minimum
dissipation was altered to the a4;5s = 0.05 magnitude for the linearized solver. We see that the decay rate matches with
the solution of Case 2 where the dissipation value was consistent in both the steady state solution and in the linearized
solution. This type of splitting of baseflow and linearized solver allows for optimal conditions for capturing the baseflow
in an efficient manner as well as obtaining the linearized solution with minimal numerical dissipation.

The solution presented earlier in this article was for a first order reconstruction at each cell face. This means that
the U, — U; is the difference in the state vectors at the cell boundaries between two cells. However, if we were to
use a second order reconstruction, we would incorporate gradient information for each cell. In this case of freestream
disturbances the second order reconstruction uses a gradient away from each cell face to obtain the difference. Thus each
velocity uses two cells that are away from the cell face of interest to obtain the estimated state at the cell face. Thus, a
stencil of four cells are utilized for each face reconstruction (two for each side). Upon utilizing small angle approximation
we obtain an estimation of zero added dissipation for an acoustic mode using the second order reconstruction. The
result is shown in Case 7 and compared to first order reconstruction estimate at similar conditions shown in Figure 27
and shows very minimal dissipation compared to the first order counterpart.

V. Summary

Several simulations were conducted to understand two outstanding questions related to the compressible Mack’s
second mode from work presented in [6]. The transient behavior observed in the inflow region was solely due to the
subtle differences in the numerical methods used to obtain the inflow fields using the two CFD solvers. When the
inflow condition was changed to use data from the same CFD solver, the transient behavior disappeared. The second
outstanding question had to do with the under-prediction of Mack’s second mode in the boundary layer. It was shown
that the excessive dissipation was due to the shock-capturing technique that led to the damped growth of the second
mode. This numerical dissipation was both observed in the near-wall region as well as the freestream decay. An
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Case | Number of points per period Qdiss Inflow acoustic type | M | Order
1 50 0.2 Slow 9.8 15t
2 50 0.05 Slow 9.8 15t
3 25 0.2 Slow 9.8 15
4 25 0.2 Fast 9.8 15
5 25 0.1 Slow 4.9 15!
6 50 0.2 then 0.05 Slow 9.8 15
7 25 0.05 Slow 9.8 | 2nd

Table 5 Case and parameter descriptions for the one-dimensional freestream disturbances. The columns
describe the Case identifier, the discretization of the number of points per period, the shock capturing numerical
minimum dissipation values, type of inflow acoustic sent at the inflow, the Mach number, and the order of the
reconstruction at the face locations.

expression for the simple decay rate due to numerical dissipation was derived and shown to be in excellent agreement
for various minimum dissipation values and the three dissipation switches studied. Additionally, the one-dimensional
freestream disturbance showed remarkable agreement for various parameters and conditions to the derived numerical
dissipation and the linearized direct solve for a single aligned acoustic mode.

A. Illingworth Similarity Solution
The similarity solution to obtain the baseflow described in Section III. A is discussed in this appendix. The Illingworth
transformation uses the stream function ¥ (x, y) as defined by

oy
Gy P (28)
and ou
i -pv, 29)
where we can split the stream function using two similarity variables (£, r7) as
Y(&.mn) = qu dy = G(&)f(m), (30)
where
G&) =2, (31)
&= IO Pe(Xite(X)pe(x) dx = £(x), (32)
and
Ue Y —r ’
n= EJ p(Y) dy" =n(x, y). (33)
0

The subscript e indicates a boundary layer edge quantity. For the cases we examine here, & can be further simplified to a
zero-pressure gradient flow, or
& = PelleleX. (34)

We can also split the enthalpy using this similarity transformation as

h(x,y) = he(£)g(m). (35)

Substitution of these terms into the momentum and energy equations assuming an ideal and perfect-gas assumption
yields the coupled differential equation

Cf"Y +ff" =B -9, (36)
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(Cg'Y +Prfg’ =PrC(y - DM2f'", (37)

where 9F dM
_ _f c C= PH zg"_l, (38)
M, d§ Pele
For the zero-pressure gradient flat plate in a Nitrogen system, we can further reduce 8 = 0 and n = 2/3. The boundary
conditions for the system are

f0)=0, f/(0)=0, f'(c0)=1.0, (39)
for the velocity at the wall and freestream and
8(0)=gw, g'(e0)=1.0, (40)

for the isothermal boundary conditions. Once this solution is found by integrating the system, the physical quantities of
interest can be found by the following relations. The density, streamwise and wall-normal velocities, and temperature are

P = L&) 1)
gm

aE,n) = @) f (), “2)

) V2E (2pepex s +\2EQx [y R dy' = [y 5 vy f)
W = - — , (43)

HePeX"p
and _

T(&,n) = T(©)300). (44)

In order to obtain the wall-normal velocity, the expressions

2 (7 ,
Y=*\%s Lgdn, (45)
X

_ an
Lok (46)
0x g2
and
i 6_77 +ﬁpe”eg/ @ __ﬁue/_) (47)
dy\ox| 2 &g \ox] 4 xy&

can be utilized. Here, Re, is the Reynolds number based on the downstream location x. This similarity solution is
solved at the conditions specified in Table 1 and presented in Figures 12-16.
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Fig. 26 RMS of the disturbances as calculated using high-fidelity simulations (DNS), linearized disturbance
solver (I0), and the inviscid theory for the various parameters outlined in Table 5. We see excellent agreement
between all three estimates for the RMS of the disturbances in a one-dimensional flow. Thus, the numerical
dissipation introduced by the shock-capturing scheme yields the anticipated theoretical result and is matched in
both the high-fidelity and linearized solvers.
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Fig. 27 Similar description as seen in Figure 26, except only outlining the seventh case. This case was special
in that the inviscid theory predicted no added numerical dissipation for small amplitude acoustic modes using
the second-order reconstruction. We observe here that using both the high-fidelity and linearized system we see
very minimal numerical dissipation compared ot the first-order counterpart.
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