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Advantages/Disadvantages

Bayesian optimization in a nutshell
Bayesian optimization = Gaussian process + sampling strategy

Advantages:
optimize with uncertainty consideration (e.g. noisy observations)
active machine learning (balance exploration-exploitation)
derivative free (avoid computing Jacobian)
global optimization (convergence in probability to global optimum)
good convergence rate (provable asymptotic regret)

Disadvantages:
high-dimensionality
scalability: computational bottleneck O(n3)
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Bayesian optimization features

very versatile (can solve a lot of practical problems)
constrained on objectives (known + unknown constraints)
constrained GP by physics (monotonicity, boundedness, convexity,
symmetry)
multi-task/multi-output
multi-fidelity
multi-objective optimization (Pareto frontier/optimal, domination)
batch parallel optimization → asynchronous parallel optimization
gradient-enhanced
stochastic, heteroscedastic: non-Gaussian, student-t
time-series (forecasting)
mixed-integer, e.g. discrete/categorical
scalable to Big Data
latent variable model
high-dimensional
non-stationary
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Classical GP: Fundamentals

Let Dn = {xi , yi}n
i=1 denote the set of observations and x denote an

arbitrary test points

µn(x) = µ0(x) + k(x)T (K + σ2I)−1(y − m) (1)

σ2
n (x) = k(x, x)− k(x)T (K + σ2I)−1k(x) (2)

where k(x) is a vector of covariance terms between x and x1:n.
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Classical GP: Fundamentals
assuming stationary kernel → k(x, x′) only depends on r = ||x − x′||
the covariance matrix: symmetric positive-semidefinite matrix made
up of pairwise inner products

Kij = k(xi , xj) = k(xj , xi) = Kji (3)

kernel choice: assuming unknown function is smooth to some degree
Matérn kernels:

Ki,j = k(xi , xj) = θ20
21−ν

Γ(ν)
(
√
2νr)νKν(

√
2νr), (4)

Kν is a modified Bessel fuction of the second kind and order ν.
Common kernels:

ν = 1/2 : kMatérn1(x, x′) = θ20 exp (−r)
ν = 3/2 : kMatérn3(x, x′) = θ20 exp (−

√
3r)(1 +

√
3r),

ν = 5/2 : kMatérn5(x, x′) = θ20 exp (−
√
5r)

(
1 +

√
5r + 5

3
r2
)
,

ν → ∞ : ksq-exp(x, x′) = θ20 exp
(
− r2

2

)
Log (marginal) likelihood function:

log p(y|x1:n, θ) = −
n
2

log (2π)︸ ︷︷ ︸
data likelihood ↓ as n↑

−
1

2
log |Kθ

+ σ
2I|︸ ︷︷ ︸

“complexity” term
smoother covariance matrix

−
1

2
(y − mθ)

T
(Kθ

+ σ
2I)−1

(y − mθ)︸ ︷︷ ︸
“data-fit” term

how well model fits data
(5)
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Acquisition function: How to pick the next point(s)

how to pick the next point: exploitation (if σ2
A = σ2

B but µA > µB then
choose A) or exploration (if µA = µB but σ2

A > σ2
B then choose A). If

different flavors:
1 probability of improvement (PI) Mockus 1982

αPI(x) = Φ(γ(x)), (6)

where
γ(x) =

µ(x)− f (xbest)

σ(x)
, (7)

2 expected improvement (EI) scheme Huang et al. 2006; Mockus 1975

αEI(x) = σ(x)[γ(x)Φ(γ(x)) + φ(γ(x)] (8)
3 upper confidence bound (UCB) schemeSrinivas et al. 2009, 2012

αUCB(x) = µ(x) + κσ(x), (9)

where κ is a hyper-parameter describing the exploitation-exploration
balance.

4 pure exploration∗:
F maximal MSE σ2(x) ⇔ maximal entropy: 1

2 log
[
2πσ2(x)

]
+ 1

2
F maximal IMSE

∫
x∈X σ2(x)
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Acquisition function: Reparameterization

Reparameterization in deep learning by Wilson, Hutter, and Deisenroth
2018.

Table: 1+/−: right-/left-continuous Heaviside step function; ReLU + sigmoid (σ)
+ softmax: activation function; Σ = LL>: Cholesky; γ ∼ N (0,Σ) residual

Abbr. Acquisition function L Reparameterization
EI Ey[max(ReLU(y − α))] Ez[max(ReLU(µ+ Lz − α))]

PI Ey[max(1−(y − α))] Ez[max(σ(µ+Lz−α
τ

))]
SR Ey[max(y)] Ez[max(µ+ Lz)]
UCB Ey[max(µ+

√
βπ
2
|γ|)] Ez[max(µ+

√
βπ
2
|Lz|)]

ES −Eya [H(Eyb |ya [1
+(yb − max(yb))])] −Eza [H(Ezb [softmax(µb|a+Lb|azb

τ
)])]

KG Eya [max(µb +Σb,aΣ
−1
a,a (ya − µa))] Eza [max(µb +Σb,aΣ

−1
a,a Laza)]

Anh Tran Enabling the fourth-paradigm of materials science with GP/BO [26 / 116] TMS MS&T 2022



1 Gaussian process / Bayesian optimization

2 ICME applications
Overview – MGI with ICME
Inverse problems in process-structure (kinetic Monte Carlo)
Inverse problems in composition-property (DFT + MD)
Inverse problems in structure-property (CPFEM)

3 Conclusion
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Process-structure-property relationship

process: x + δ, δ ∼ U [δ, δ] – deterministic, controllable within a
tolerance δ (in a manufacturing context)
(micro)structure – random/stochastic, spatio-temporal, microstructure
representations (physics-based vs. data-driven), image (i.e.
high-dimensional), limited/scarce data
property/performance: y = f (x) + ε, ε ∼ N (0, σ2) – deterministic
with Gaussian noisy observations

COMPOSITION PROCESS STRUCTURE PROPERTY PERFORMANCE
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Process-structure-property relationship

Nature of inverse problems
The nature of the input, i.e. deterministic or stochastic, determines the
methodology for solving the inverse problem in PSPP.

for deterministic variables in process → composition,
process→structure: Bayesian optimization (or any other optimization
methods)
for stochastic variables (typically affiliated with microstructure), such
as grain size distribution, orientation distribution, in
structure→property: Bayesian inference is more appropriate to infer a
distribution of features
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Multi-scale ICME models as forward models

Courtesy of Prof. Dierk Raabe. https://www.dierk-raabe.com/multiscale-modeling/.

Common ICME models: DFT, MD, PF, CPFEM, kMC, CA, DDD, CFD
Multi-physics ICME models: PF+CPFEM, kMC+CPFEM, kMC+PF,
DDD+CPFEM, MD+CPFEM, DFT+MD, etc.
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Beyond forward ICME models: MGI as inverse problems

MGI - June 11 National Science

and Technology Council (US)

2011

MGI - Dec 14 Holdren et al.

2014
MGI - Nov 21 Lander et al. 2021
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Beyond forward ICME models: MGI as inverse problems

The Fourth Paradigm: Data-Intensive

Scientific Discovery Hey, Tansley, Tolle,

et al. 2009.

The four paradigms of science: empirical, theoretical,

computational, and data-driven. Agrawal and Choudhary 2016.

ICME is the 3rd block and ML/AI is the 4th block.
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Beyond forward ICME models: MGI as inverse problems

Challenges:
optimization under (microstructure-induced) uncertainty
small + noisy datasets
high-dimensional
high computational cost for ICME models → sample efficient

Goals:
traditional approach: 20+ years
accelerate materials design by “2× at a fraction of the cost”

Boosters:
ICME developments: experimental2 → computational3

ML / AI: computational3 → ML4

COMPOSITION PROCESS STRUCTURE PROPERTY PERFORMANCE
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GP advantages

What are Gaussian process regression and Bayesian optimization useful for?

(multiscale) design optimization, e.g. manufacturing, chemical
processing, AM, materials discovery,
ICME model calibration (e.g. CPFE, DDD, kMC, MD, DFT, PF)
surrogate model for forward and inverse UQ.

Why are they useful?
flexible – easy to modify to suit your needs,
not too many hyper-parameters,
optimization under (microstructure-induced) uncertainty,
rigorous on mathematical ground: analytical convergence rate (both
GP and BO),
work well on small datasets with low- to intermediate-dimensional
problems.
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Inverse problems in process-structure
(joint work w/ Laura Swiler, John Mitchell, Tim Wildey, Theron Rodgers)

A formal problem statement:
there exists a forward tool f (·) to predict microstructure, u = f (x)
(represented as images)
given a target u∗ (represented as images)
task: find x∗ such that f (x∗) = u∗ ≈ u

≈ is defined in the sense of statistical equivalence for microstructures, pD
is the p.d.f. of statistical microstructure descriptors D, i.e.

pD : Ω → L1 : pD(u∗) ≈ pD(u) (10)

d
(

pD(u∗), pD(u)
)
≤ TOL (11)

Hint: quantitatively differentiate microstructures using statistical
microstructure descriptors

Reference
Anh Tran et al. (2020a). “An active-learning high-throughput
microstructure calibration framework for process-structure linkage in
materials informatics”. In: Acta Materialia 194, pp. 80–92
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Inverse problems in process-structure
(joint work w/ Laura Swiler, John Mitchell, Tim Wildey, Theron Rodgers)

An asynchronous parallel Bayesian optimization workflow for inverse problems in process-structure linkage.
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Inverse problems in process-structure
(joint work w/ Laura Swiler, John Mitchell, Tim Wildey, Theron Rodgers)

Collecting local + global statistical microstructure
descriptors given a microstructure.
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Inverse problems in process-structure
(joint work w/ Laura Swiler, John Mitchell, Tim Wildey, Theron Rodgers)

Reverse engineering an AM specimen through kinetic Monte Carlo (SPPARKS).
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Inverse problems in composition-property
(joint work w/ Julien Tranchida, Aidan Thompson, Tim Wildey)

Reference
Active learning from chemical composition space to material property
Anh Tran et al. (2020b). “Multi-fidelity machine-learning with uncertainty
quantification and Bayesian optimization for materials design: Application
to ternary random alloys”. In: The Journal of Chemical Physics 153 (7),
p. 074705.

Main ideas:
Forward models:

I MD-MLIAP: low-fidelity (low accuracy, low cost)
I DFT: high-fidelity (high accuracy, high cost)

Exploit correlation between low- and high-fidelity models
Input: chemical composition
Output/QoI: bulk modulus B0

What chemical composition would optimize the QoI?
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Inverse problems in composition-property
(joint work w/ Julien Tranchida, Aidan Thompson, Tim Wildey)

Ab-initio:
DFT implemented in Quantum
ESPRESSO
high cost + high accuracy
→ high-fidelity

MD:
MD with ML interatomic
potential (SNAP)
orders of magnitude faster
low cost + low accuracy
→ low-fidelity

Birch-Murnaghan polynomials for B0:

E(V ) = E0+
9V0B0

16

B′
0

( V0

V

) 3
2 − 1

3

+

( V0

V

) 3
2 − 1

2 6 − 4

( V0

V

) 3
2


(12)

EOS calculations for 6 configs. red line: DFT; blue

line: MD + SNAP
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Inverse problems in composition-property
(joint work w/ Julien Tranchida, Aidan Thompson, Tim Wildey)

R2 = 0.7122: not exactly the same
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Low-fidelity: MD with SNAP potential.
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Multi-fidelity GP ≈ high-fidelity: DFT.

Anh Tran Enabling the fourth-paradigm of materials science with GP/BO [67 / 116] TMS MS&T 2022
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Inverse problems in structure-property
(joint work w/ Tim Wildey)

Reference
Monday AM | October 10, 2022
310 | David L. Lawrence Convention Center
9:20 AM
Solving Stochastic Inverse Problems for Property–structure Linkages:
Using Data-consistent Inversion and Machine Learning: Tim Wildey1 ;
Anh Tran1 ; 1 Sandia National Labs
Anh Tran and Tim Wildey (2020). “Solving stochastic inverse problems for
property-structure linkages using data-consistent inversion and machine
learning”. In: JOM 73, pp. 72–89

Anh Tran Enabling the fourth-paradigm of materials science with GP/BO [100 / 116] TMS MS&T 2022



Conclusion

Takeaway message
Gaussian process is a versatile machine learning, uncertainty quantification,
and optimization toolbox for ICME applications.

This talk: two parts
a gentle tutorial to Gaussian process and Bayesian optimization
multiscale ICME applications

I density functional theory: Quantum ESPRESSO
I molecular dynamics: LAMMPS
I kinetic Monte Carlo: SPPARKS
I crystal plasticity finite element: DREAM.3D + DAMASK
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Thank you for your time and listening.
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Big Data

p(·): true pdf
q(·): approximate pdf

Assume the fully independent training conditional
(FITC) Quiñonero-Candela and Rasmussen 2005; Quiñonero-Candela,
Rasmussen, and Williams 2007, augment the joint model p(f∗, f) as

p(f∗, f) =
∫

p(f∗, f, u)du =

∫
p(f∗, f|u)p(u)du, (13)

u: inducing variables at m locations Xu. The training and testing
conditionals are

p(f|u) = N (m + Kf,uK−1
u,u(u − m), Kf,f − Qf,f), (14)

and
p(f∗|u) = N (m + K∗,uK−1

u,u(u − m), K∗,∗ − Q∗,∗), (15)

where
Qa,b := Ka,uK−1

u,uKu,b. (16)

The likelihood and inducing priors remain the same, i.e.
p(y|f) = N (f, σ2I), and p(u) = N (m,Ku,u).
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Sparse variational GP

FITC training prior based on the inducing priors is modified as

q(f|u) =
n∏

i=1

p(fi |u) = N (m + Kf,uK−1
u,u(u − m),Diag[Kf,f − Qf,f]) (17)

and keeping the testing prior the same

q(f∗|u) = p(f∗|u) = N (m + K∗,uK−1
u,u(u − m), K∗,∗ − Q∗,∗), (18)

the effective prior under the FITC assumption is

q(f, f∗) = N
([

m
m

]
,

[
Qf,f − Diag[Qf,f − Kf,f] Qf,∗

Q∗,f K∗,∗

])
, (19)

which implies the testing distribution as

q(f∗|y) = N (m + Q∗,f(Qf,f + Λ)−1(y − m),K∗,∗ − Q∗,f(Qf,f + Λ)−1Qf,∗)
= N (m + K∗,uΣKu,fΛ

−1(y − m),K∗,∗ − Q∗,∗ + K∗,uΣKu,∗)
,

(20)
where Σ = [Ku,u + Ku,fΛ

−1Kf,u]
−1 and Λ = Diag[Kf,f − Qf,f + σ2I].
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Sparse variational GP

The marginal likelihood conditioned on the inducing inputs is therefore

q(y|Xu) =

∫ ∫
p(y|f)q(f|u)p(u|Xu)dudf =

∫
p(y|f)q(f|Xu)df, (21)

which implies the log marginal likelihood as

log q(y|Xu) = −n
2

log(2π)− 1

2
log |Qf,f+Λ|− 1

2
(y−m)>[Qf,f+Λ]−1(y−m),

(22)
where Λ = Diag[Kf,f − Qf,f] + σ2I.
Cost complexity: O(nm2) Li, Kwok, and Lü 2010; Williams and Seeger
2001. (Note: do not multiply matrices directly – cf. Section
14.3 Martinsson and Tropp 2020).
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Variational inference

Mostly follow Titsias 2009a; Titsias 2009b and Bonilla, Krauth, and Dezfouli 2019.
Definition of conditionally independent condition:

p(f|u, y) = p(f|u), (23)

which implies p(f, u|y) = p(f|u, y)p(u|y) ≈ q(f, u) = p(f|u)q(u), where q(u) is the approximate
variational posterior. Main tool: Jensen’s inequality.

log q(y|Xu) = log
∫ ∫

p(y|f)q(f|u)p(u|Xu) × q(u,f)
q(u,f) dudf

≥
∫ ∫

q(u, f) log p(y|f)q(f|u)p(u|Xu)
q(u,f) dudf

=
∫ ∫

p(f|u)q(u) log p(y|f)��q(f|u)p(u|Xu)
��p(f|u)q(u) dudf

=
∫

q(u)
{∫

p(f|u) log p(y|f)df + log p(u|Xu)
q(u)

}
du

=
∫

q(u)
{

log G(u, y) + log p(u|Xu)
q(u)

}
du

=
∫

q(u)
{

log G(u,y)p(u|Xu)
q(u)

}
du := FV (Xu, u),

(24)

log G(u, y) =
∫

p(f|u) log p(y|f)df
=

∫
p(f|u)

{
− n

2
log(2πσ2) − 1

2σ2 Tr
[
yy> − 2yf> + ff>

]}
df

= − n
2

log(2πσ2) − 1
2σ2 Tr

[
yy> − 2yα> + αα> + Qf,f − Kf,f

]
= N (y|α, σ2I) − 1

2σ2 Tr[Cov(α)],

(25)
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Variational inference

where α = f|u, with

E[α] = E[f|u] = m + Kf,uK−1
u,u(u − m) (26)

and
Cov[α] = Cov[f|u] = Kf,f − Qf,f = Kf,f − Kf,uK−1

u,uKu,f. (27)

Reverse Jensen’s inequality to maximize the variational evidence lower
bound FV (Xu, u) w.r.t. q(u)

FV (Xu, u) =
∫

q(u)
{

log G(u,y)p(u|Xu)
q(u)

}
du

≤
∫

log G(u, y)p(u|Xu)du
= log[N (y|m, σ2I + Qf,f)]− 1

2σ2 Tr
[
Kf,f − Kf,uK−1

u,uKu,f
]
=: FV (Xu)

(28)
Train sparse GP by maximizing FV (Xu). See also Vanhatalo et al. 2012,
2013, Bauer, Wilk, and Rasmussen 2016; Burt, Rasmussen, and Wilk
2020, Matthews et al. 2016.
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