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3 Motivation: Image-based analysis
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Typical geometric reconstructions require a smoothing
or decimation process before modeling can commence.
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thread

chamfer

fillet

hermetic electrical 
connector 

stress field in glass seal 
after manufacturing 

• Domains typically contain many geometric features 
that must be removed before analysis.

• Heuristics are often used to defeature geometry.
• Heuristics are used to construct finite element mesh.

Motivation: Agile simulation of complex assemblies 
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geometry-adaptive tetrahedral 
mesher put fine mesh here 
based on blend radius but coarse 

mesh here

FEA discretization is intimately tied 
to domain geometry.

Motivation: Agile simulation
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original domain defeature defeature

Impact of domain defeaturing?  depends on goals of simulation

Motivation: Separate domain discretization from 
solution discretization
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original domain

Hybrid approach: fine-scale triangulation
create an element-free 
basis using triangulation.

fine-scale triangulation



9 Element-free basis functions

• Element-free basis functions 
automatically include geometric 
features at all scales.

• Solution discretization is separate 
from domain discretization.

• No need to defeature domain.
• PDE solution is insensitive to 

quality of fine-scale triangulation.



10 Hybrid approach: fine-scale triangulation
Tet-meshing methods
• Delaunay
• advancing front
• background grid
• envelope 

TetWild

CDFEM

ACM Trans. Graph. 2020 
vol. 39 Issue 4 Article 117



11 Moving Least Squares (Reproducing Kernel)

�I(X)The MLS shape functions            are defined as a 
spatial modulation of the nodal weight functions.
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where the modulation function           is found through a 
least square minimization process resulting in

cI(X)

where

circular or rectangular support<latexit sha1_base64="Dninx4p442V/3dYTRuXna9HBBcE=">AAACJHicbVDLSsNAFJ34rPEVdelmsAgVpCSlqCBCwY3dVbAPaEqYTCft0JkkzEyEEvoxbvwVNy584MKN3+KkzaK2Hhg4c8693HuPHzMqlW1/Gyura+sbm4Utc3tnd2/fOjhsySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3WZ++5EISaPwQY1j0uNoENKAYqS05FnXrky4V4epy5Ea+gHsTPTPPYduPKRevTSnn8Gb+TLT9KyiXbangMvEyUkR5Gh41ofbj3DCSagwQ1J2HTtWvRQJRTEjE9NNJIkRHqEB6WoaIk5kL50eOYGnWunDIBL6hQpO1fmOFHEpx9zXldmOctHLxP+8bqKCq15KwzhRJMSzQUHCoIpglhjsU0GwYmNNEBZU7wrxEAmElc41C8FZPHmZtCpl56Jcva8Wa5U8jgI4BiegBBxwCWrgDjRAE2DwBF7AG3g3no1X49P4mpWuGHnPEfgD4+cXavCivA==</latexit>X

I

XI �I(X) = X

<latexit sha1_base64="hDs11pTH5knxthrhDPtfblWtChw=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0Wom5KUom6Eghu7q2Af0IQwmU7aoZNJmJkIJXTrxl9x40IRt/6BO//GSZuFth64cDjnXu69J0gYlcq2v43S2vrG5lZ529zZ3ds/sA6PujJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILJje533sgQtKY36tpQrwIjTgNKUZKS74FXZlGfgu6yZj6rWrmRkiNgxD2Z+fwGjqm6VsVu2bPAVeJU5AKKND2rS93GOM0IlxhhqQcOHaivAwJRTEjM9NNJUkQnqARGWjKUUSkl80/mcEzrQxhGAtdXMG5+nsiQ5GU0yjQnfmhctnLxf+8QarCKy+jPEkV4XixKEwZVDHMY4FDKghWbKoJwoLqWyEeI4Gw0uHlITjLL6+Sbr3mXNQad41Ks17EUQYn4BRUgQMuQRPcgjboAAwewTN4BW/Gk/FivBsfi9aSUcwcgz8wPn8AFOGX8w==</latexit>X

I

�I(X) = 1
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visibility criterion visibility criterion

domain 
with slot

<latexit sha1_base64="OKKypbYkgLLMVaUfrpnzgQbmn44=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FL96sYD+gDWWznbZLdzdhdyOU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATT28zvPKE2PFSPdhahL+lY8RFn1KZSp38vcUxLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLcOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2VPcTrqLYomLLRaNYEBuS7Hcy5BqZFbOUUKZ5eithE6ops2lCWQje6svrpH1V9a6rtYdapVHP4yjCGZzDJXhwAw24gya0gMEUnuEV3pzIeXHenY9la8HJZ07hD5zPH5V4jw4=</latexit>

⌦

All these methods (visibility, transparency, diffraction) 
require use of computational geometry.



13 Manifold geodesic

https://en.wikipedia.org/wiki/Geodesic

Euclidean manifold with boundaryGeodesic:  path that provides the shortest 
distance along a manifold
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ACM Trans. Graph. 2013 Vol. 32 Issue 5 Pages Article 152
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<latexit sha1_base64="/VfoJsl2c7iaoPEAsyACvOwYym0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgBePEfOCZAmzk0kyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5Pb2Nza3snvFvb2Dw6PiscnLRMlmvEmi2SkOwE1XArFmyhQ8k6sOQ0DydvB5G7ut5+4NiJSDZzG3A/pSImhYBSt9Ni4dfvFklt2FyDrxMtICTLU+8Wv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8uTp2RC6sMyDDSthSShfp7IqWhMdMwsJ0hxbFZ9ebif143wWHVT4WKE+SKLRcNE0kwIvO/yUBozlBOLaFMC3srYWOqKUObTsGG4K2+vE5aV2Xvulx5qJRq1SyOPJzBOVyCBzdQg3uoQxMYjOAZXuHNkc6L8+58LFtzTjZzCn/gfP4An4eNWA==</latexit>

T = 0

<latexit sha1_base64="yGbJboy9hMEeTM8lgNStNiC4vew=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRStBuh4MZlhb6gCWUymbRDJzNhZiKU0J0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufeeIGFUacf5tkpr6xubW+Xtys7u3v6BfXjUVSKVmHSwYEL2A6QIo5x0NNWM9BNJUBww0gsmt7nfeyBSUcHbepoQP0YjTiOKkTbS0D71OAoYgm3o4VBomHkx0uMggnwGb6AztKtOzZkDrhK3IFVQoDW0v7xQ4DQmXGOGlBq4TqL9DElNMSOzipcqkiA8QSMyMJSjmCg/m/8xg+dGCWEkpCmu4Vz9PZGhWKlpHJjO/Eq17OXif94g1VHDzyhPUk04XiyKUga1gHkoMKSSYM2mhiAsqbkV4jGSCGsTXcWE4C6/vEq6lzX3qla/r1ebjSKOMjgBZ+ACuOAaNMEdaIEOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8we9ZZfr</latexit>rT · n = 0

Weight functions using heat flow

• Solve local transient heat 
conduction problem with 
certain I.C. and B.C.

• Uses local tri-mesh within 
support radius.

<latexit sha1_base64="0IwScYhbRAjgg6BxMkF7aL2e3mo=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g0VwVZJS1I1Q0IXLCn1BG8pkOm2HTiZh5kaoofgrblwo4tb/cOffOGmz0NYDFw7n3Dtz7wliwTW47re1srq2vrFZ2LK3d3b39p2Dw6aOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHyT+a0HpjSPZB0mMfNDMpR8wCkBI/Wc424/grQ+xde4e8sEEFy37Z5TdEvuDHiZeDkpohy1nvNlnqFJyCRQQbTueG4MfkoUcCrY1O4mmsWEjsmQdQyVJGTaT2fbT/GZUfp4EClTEvBM/T2RklDrSRiYzpDASC96mfif10lgcOWnXMYJMEnnHw0SgSHCWRS4zxWjICaGEKq42RXTEVGEggksC8FbPHmZNMsl76JUua8Uq+U8jgI6QafoHHnoElXRHaqhBqLoET2jV/RmPVkv1rv1MW9dsfKZI/QH1ucPGTWTpg==</latexit>

Ṫ = �T



16 Weight functions using heat flow



17 Node placement

<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1

• uniform on boundary
• random close packing on interior (maximal 

Poisson sampling)

packing size:

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2



18 Weight function support size 

encloses underlying tri mesh

<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1

<latexit sha1_base64="QfZvXJBLr/pATPbtAdZ2lqFtVQo=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS89VrG10C4lm2bb0CS7JlmhLP0TXjwo4tW/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKOjRBHaJhGPVDfAmnImadsww2k3VhSLgNOHYHKT+Q9PVGkWyXszjakv8EiykBFsrNS9Q9eohpqlQbniVt050CrxclKBHK1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+f3ztCZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RITXvkpk3FiqCSLRWHCkYlQ9jwaMkWJ4VNLMFHM3orIGCtMjI0oC8FbfnmVdGpV76Jav61XGrU8jiKcwCmcgweX0IAmtKANBDg8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AGkjjjY=</latexit>

R = 2H

<latexit sha1_base64="XBRfRYxEte9Jv6mwwYozXSPazlA=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lqUS9CwUuPVewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/46bNQVsfDDzem2Fmnh9zprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xmfueJSsUi8aCnMfVCPBIsYARrI3Xv0Q26QI3SwC47FWcOtErcnJQhR3Ngf/WHEUlCKjThWKme68TaS7HUjHA6K/UTRWNMJnhEe4YKHFLlpfN7Z+jMKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17mfif10t0cO2lTMSJpoIsFgUJRzpC2fNoyCQlmk8NwUQycysiYywx0SaiLAR3+eVV0q5W3MtK7a5WrlfzOIpwAqdwDi5cQR0a0IQWEODwDK/wZj1aL9a79bFoLVj5zDH8gfX5A2qqjjc=</latexit>

R = 3H
<latexit sha1_base64="l+l+IniIoIH+x2rJW4o844ghIfE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS89VrG10C4lm2bb0CS7JlmhLP0TXjwo4tW/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKOjRBHaJhGPVDfAmnImadsww2k3VhSLgNOHYHKT+Q9PVGkWyXszjakv8EiykBFsrNS9Q9eojpqlQbniVt050CrxclKBHK1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+f3ztCZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RITXvkpk3FiqCSLRWHCkYlQ9jwaMkWJ4VNLMFHM3orIGCtMjI0oC8FbfnmVdGpV76Jav61XGrU8jiKcwCmcgweX0IAmtKANBDg8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AGwxjjg=</latexit>

R = 4H

linear

quadratic cubic

support size

packing size:
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weight 
functions

shape
functions
(basis)

`



20 Governing equations for solid mechanics (Lagrangian)

strong form

weak form

P is first Piola-Kirchhoff stress tensor

X

x

N

�0

⌦0

⌦

�

u = x�Xn

t0



21 Governing equations for linear elasticity

strong form

weak form

(uniform ellipticity)

(linear elastic)

a(u, v) =

Z

⌦e

ru : Crv d⌦with bilinear form
<latexit sha1_base64="om1A2+b92+VEkDkSe0AHvfHRCd4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahBSlJKepFKHjxWMF+QBvKZrtpl242cXcTKKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMizpS27W8rt7G5tb2T3y3s7R8cHhWPT9oqjCWhLRLyUHY9rChngrY005x2I0lx4HHa8SZ3c7+TUKlYKB71NKJugEeC+YxgbSQXl+PLpIJukVdOKoNiya7aC6B14mSkBBmag+JXfxiSOKBCE46V6jl2pN0US80Ip7NCP1Y0wmSCR7RnqMABVW66OHqGLowyRH4oTQmNFurviRQHSk0Dz3QGWI/VqjcX//N6sfZv3JSJKNZUkOUiP+ZIh2ieABoySYnmU0MwkczcisgYS0y0yalgQnBWX14n7VrVuarWH+qlRi2LIw9ncA5lcOAaGnAPTWgBgSd4hld4sxLrxXq3PpatOSubOYU/sD5/ADPekGQ=</latexit>

a(u, v) = b(v)abstract variational problem



22 How to do quadrature?

Observe that partition-of-unity property allows us to approximate any continuous function 
arbitrarily closely using only point evaluations as long as basis functions have local support.

<latexit sha1_base64="7RqFzenvTjalPZXbVN1VTz9NUME=">AAACMHicbVBLSwMxGMz6rPVV9eglWIR6KbulqAhCwYNCLxXsA7rLkk2zbWh2NyRZaVn6k7z4U/SioIhXf4Vpu1RtHQhMZuYj+cbjjEplmq/G0vLK6tp6ZiO7ubW9s5vb22/IKBaY1HHEItHykCSMhqSuqGKkxQVBgcdI0+tfjf3mPRGSRuGdGnLiBKgbUp9ipLTk5q79QmJ7PhyMTqCNOBfRANoyDtwqnDluVXu8R93qT/biEvpub3bPurm8WTQngIvESkkepKi5uSe7E+E4IKHCDEnZtkyunAQJRTEjo6wdS8IR7qMuaWsaooBIJ5ksPILHWulAPxL6hApO1N8TCQqkHAaeTgZI9eS8Nxb/89qx8s+dhIY8ViTE04f8mEEVwXF7sEMFwYoNNUFYUP1XiHtIIKx0x+MSrPmVF0mjVLROi+Xbcr5SSuvIgENwBArAAmegAm5ADdQBBg/gGbyBd+PReDE+jM9pdMlIZw7AHxhf3+Pcpvo=</latexit>

f(x) ⇡
X

K

f(xK)�K(x) := fh(x)Given then it follows that 

It follows that

with

<latexit sha1_base64="mmgyLe20ICdAIYtYZazFY5xKUG4=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0WoICUpRV0W3Lizgn1AE8JkMmmHTjJhZiItob/jxl9xo6CoW3/EaZuFtj0wcDjnXObe4yeMSmVZX0ZhbX1jc6u4XdrZ3ds/MA+P2pKnApMW5oyLro8kYTQmLUUVI91EEBT5jHT84c3U7zwSISmPH9Q4IW6E+jENKUZKS57ZcGisYFjJHD+Eo8k5dC5g4NxFpI8gdFCSCD6C84w3WJXyzLJVtWaAy8TOSRnkaHrmmxNwnEYkVpghKXu2lSg3Q0JRzMik5KSSJAgPUZ/0NI1RRKSbzS6dwDOtBDDkQj+900z9O5GhSMpx5OtkhNRALnpTcZXXS1V47WY0TlJFYjz/KEwZVBxOa4MBFQQrNtYEYUH1rhAPkEBY6XJLugR78eRl0q5V7ctq/b5ebtTyOorgBJyCCrDBFWiAW9AELYDBE3gB7+DDeDZejU/jex4tGPnMMfgH4+cX3cikhw==</latexit>Z
f(x) d⌦ ⇡

Z
fh(x) d⌦

<latexit sha1_base64="vhB7YD8Zqg4HFmnv2qhh62m8Uwc="></latexit>����
Z

fh(x) d⌦�
Z

f(x) d⌦

���� 
Z

| fh(x)� f(x) | d⌦ 
Z

" d⌦ = V · "

<latexit sha1_base64="LaRcLs3L5kJz3lUFftBFfuzNq5E="></latexit>

For every " > 0 and x 2 ⌦, there exists h(") > 0 such that | fh(x)�f(x) | < ".Theorem:

<latexit sha1_base64="W9+WpdCpprihT4Ao7Aae/Gi2fpk=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahbkpSiroRCm6EbirYBzQhTKaTduhMEmYmYglduvFX3LhQxK2f4M6/cdpmoa0HLhzOuZd77wkSRqWy7W+jsLK6tr5R3DS3tnd296z9g7aMU4FJC8csFt0AScJoRFqKKka6iSCIB4x0gtH11O/cEyFpHN2pcUI8jgYRDSlGSku+dezKlPsN6CZD6jfKmRuE8GFyBuEVdEwTQt8q2RV7BrhMnJyUQI6mb325/RinnEQKMyRlz7ET5WVIKIoZmZhuKkmC8AgNSE/TCHEivWz2yASeaqUPw1joihScqb8nMsSlHPNAd3KkhnLRm4r/eb1UhZdeRqMkVSTC80VhyqCK4TQV2KeCYMXGmiAsqL4V4iESCCudnalDcBZfXibtasU5r9Rua6V6NY+jCI7ACSgDB1yAOrgBTdACGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gAfxpbD</latexit>X

K

�K(x) = 1

Can obtain rates of convergence using Taylor’s theorem.

non-interpolatory
approximation

Too expensive to use fine-scale triangulation for quadrature!
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f(x) = |2x� 1|
p
x

Approximation property

<latexit sha1_base64="ZaAwcbIKImR/E6MYGZgze3+FYMg=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQbkpSiropFNwIhVLBPqCJYTKdtEMnD2Ym0hK6d+OvuHGhiFt/wJ1/47TNQlsPXDiccy/33uNGjAppGN9aZmNza3snu5vb2z84PNKPTzoijDkmbRyykPdcJAijAWlLKhnpRZwg32Wk646v5373gXBBw+BOTiNi+2gYUI9iJJXk6HnPacIatETsO0mjZs7um9ArTpxGyYpG1GkUJyVHLxhlYwG4TsyUFECKlqN/WYMQxz4JJGZIiL5pRNJOEJcUMzLLWbEgEcJjNCR9RQPkE2Eni19m8FwpA+iFXFUg4UL9PZEgX4ip76pOH8mRWPXm4n9eP5belZ3QIIolCfBykRczKEM4DwYOKCdYsqkiCHOqboV4hDjCUsWXUyGYqy+vk06lbF6Uq7fVQr2SxpEFZyAPisAEl6AObkALtAEGj+AZvII37Ul70d61j2VrRktnTsEfaJ8/2rqY/g==</latexit>

fN =
NX

K=1

f(xK)�K(x)

function approximation

let
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Define quadrature weight as 

Quadrature

<latexit sha1_base64="WeK97g457bMI5PNmm0DCFaa83Y4="></latexit>Z
f(x) d⌦ ⇡

Z
fh(x) d⌦ =

Z X

K

f(xK)�K(x) d⌦ =
X

K

f(xK)

Z
�K(x) d⌦

<latexit sha1_base64="zq0teM6Aa1hq/i5ll8oLKWZKTFw="></latexit>Z
f(x) d⌦ ⇡

X

K

wKf(xK)

<latexit sha1_base64="tLLKpUgxr98aJc1IgbHbTKJ0r0Q="></latexit>

wK =

Z

⌦
�K(x) d⌦

<latexit sha1_base64="dnquyIQ9likFrtFthAKihNjdH84=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4EZwU8E+oDMMmTTThiaZIckoZSi48VfcuFDErT/hzr8x085CWw8ETs65l3vvCRNGlXacb2tpeWV1bb20Ud7c2t7Ztff22ypOJSYtHLNYdkOkCKOCtDTVjHQTSRAPGemEo6vc79wTqWgs7vQ4IT5HA0EjipE2UmAfeirlwQ3MPI70UHL4MDG/S9gulwO74lSdKeAicQtSAQWagf3l9WOcciI0Zkipnusk2s+Q1BQzMil7qSIJwiM0ID1DBeJE+dn0hgk8MUofRrE0T2g4VX93ZIgrNeahqcw3VfNeLv7n9VIdXfgZFUmqicCzQVHKoI5hHgjsU0mwZmNDEJbU7ArxEEmEtYktD8GdP3mRtGtV96xav61XGrUijhI4AsfgFLjgHDTANWiCFsDgETyDV/BmPVkv1rv1MStdsoqeA/AH1ucPoAyWKA==</latexit>X

K

wK = V

<latexit sha1_base64="LKiUK7nUMm8dU4SDa7z/RWj9YCE="></latexit>X

K

wK xK =

Z

⌦
x d⌦Can show that Now have a second-order integration scheme 

that can integrate linear functions exactly.and



25 Quadrature example

<latexit sha1_base64="OKKypbYkgLLMVaUfrpnzgQbmn44=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FL96sYD+gDWWznbZLdzdhdyOU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATT28zvPKE2PFSPdhahL+lY8RFn1KZSp38vcUxLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLcOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2VPcTrqLYomLLRaNYEBuS7Hcy5BqZFbOUUKZ5eithE6ops2lCWQje6svrpH1V9a6rtYdapVHP4yjCGZzDJXhwAw24gya0gMEUnuEV3pzIeXHenY9la8HJZ07hD5zPH5V4jw4=</latexit>

⌦
<latexit sha1_base64="xGlCLASb+yC12BoUEel4JKTv2tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF49V7Ae0oWy2m3bpZhN2J2Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuTaiFg94CThfkSHSoSCUbTS/VOpX664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YY1vypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVUv7y4r9VoeRxFO4BTOwYNrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ABq4jQ8=</latexit>x

<latexit sha1_base64="Wpung07FpH5XICTy00VComHaPfk=">AAAB6XicbVBNS8NAEJ2tX7V+VT16WSyCp5JI0R4LXjxWsR/QhrLZbtqlm03Y3Qgh9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5fiy4No7zjUobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5Zx3AjWD9WjIS+YD1/dpv7vSemNI/ko0lj5oVkInnAKTFWekgro2rNqTsL4HXiFqQGBdqj6tdwHNEkZNJQQbQeuE5svIwow6lg88ow0SwmdEYmbGCpJCHTXra4dI4vrDLGQaRsSYMX6u+JjIRap6FvO0NipnrVy8X/vEFigqaXcRknhkm6XBQkApsI52/jMVeMGpFaQqji9lZMp0QRamw4eQju6svrpHtVd6/rjftGrdUs4ijDGZzDJbhwAy24gzZ0gEIAz/AKb2iGXtA7+li2llAxcwp/gD5/ABw9jRA=</latexit>y

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2

<latexit sha1_base64="XE6SLQEziVujoi3Boy62SnORr4w=">AAACDXicbVDLSgMxFM3UV62vUZduglVoQepMKdqNUHDjsoJ9QFtKJs20oZnMkGSkw9AfcOOvuHGhiFv37vwbM+2A2nrgwsk595J7jxMwKpVlfRmZldW19Y3sZm5re2d3z9w/aEo/FJg0sM980XaQJIxy0lBUMdIOBEGew0jLGV8nfuueCEl9fqeigPQ8NOTUpRgpLfXNE7cwOYuK8Ap2JeWFbkDh5Lxc/HlpL9c381bJmgEuEzsleZCi3jc/uwMfhx7hCjMkZce2AtWLkVAUMzLNdUNJAoTHaEg6mnLkEdmLZ9dM4alWBtD1hS6u4Ez9PREjT8rIc3Snh9RILnqJ+J/XCZVb7cWUB6EiHM8/ckMGlQ+TaOCACoIVizRBWFC9K8QjJBBWOsAkBHvx5GXSLJfsi1LltpKvVdM4suAIHIMCsMElqIEbUAcNgMEDeAIv4NV4NJ6NN+N93pox0plD8AfGxzdqX5iX</latexit>

f(x, y) = sin(⇡x/2) sin(⇡y)

<latexit sha1_base64="PyMJJejmu+J5b2Adi/8iSW2wO/I="></latexit>

error :=

�����
X

K

wKf(xK) �
Z

⌦
f d⌦

�����



26 Quadrature example

<latexit sha1_base64="pr/8rEdo0Dzqos2SHQVNygfmZc0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CokU7UUoeOmxgv2ANpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDHret7OxubW9s1vYK+4fHB4dl05OWyZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfDyf3cbz9xbUSsHnGa8CCiIyWGglG0UrtO7ojnVvqlsud6C5B14uekDDka/dJXbxCzNOIKmaTGdH0vwSCjGgWTfFbspYYnlE3oiHctVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+b4rAaZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FdfXieta9e/cSsPlXKtmsdRgHO4gCvw4RZqUIcGNIHBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8Z9o4W</latexit>

H = 0.4
<latexit sha1_base64="J9kBC2Aezku7kzK06JwqvH5RUWg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JbivYiFLz0WMF+QLuUbJptQ7PJkmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UtrZ3dveK+6WDw6Pjk/LpWUfLVBHaJpJL1QuxppwJ2jbMcNpLFMVxyGk3nN4v/O4TVZpJ8WhmCQ1iPBYsYgQbK3Wb6A55bnVYrniutwTaJH5OKpCjNSx/DUaSpDEVhnCsdd/3EhNkWBlGOJ2XBqmmCSZTPKZ9SwWOqQ6y5blzdGWVEYqksiUMWqq/JzIcaz2LQ9sZYzPR695C/M/rpyaqBxkTSWqoIKtFUcqRkWjxOxoxRYnhM0swUczeisgEK0yMTahkQ/DXX94knarr37i1h1qlUc/jKMIFXMI1+HALDWhCC9pAYArP8ApvTuK8OO/Ox6q14OQz5/AHzucPFu6OFA==</latexit>

H = 0.2
<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1
<latexit sha1_base64="ngZTiSKtorElZVDPLu0wmOY0pyM=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI1W6EgpsuK9gHtEPJpJk2NJMJSUYoQz/CjQtF3Po97vwbM+0stPVAyOGce7n3nkBypo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFxoghtk5jHqhdgTTkTtG2Y4bQnFcVRwGk3mN5nfveJKs1i8WhmkvoRHgsWMoKNlbrNO7fqXpeG5Yr9F0DrxMtJBXK0huWvwSgmSUSFIRxr3fdcafwUK8MIp/PSINFUYjLFY9q3VOCIaj9drDtHF1YZoTBW9gmDFurvjhRHWs+iwFZG2Ez0qpeJ/3n9xIR1P2VCJoYKshwUJhyZGGW3oxFTlBg+swQTxeyuiEywwsTYhLIQvNWT10nnqurdVGsPtUqjnsdRhDM4h0vw4BYa0IQWtIHAFJ7hFd4c6bw4787HsrTg5D2n8AfO5w8S8I4R</latexit>

H = 0.05

Evaluate error for 10 realizations.



27 Quadrature weights
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boundary

corner

wK =

Z

⌦
�K(x)

<latexit sha1_base64="PyMJJejmu+J5b2Adi/8iSW2wO/I="></latexit>

error :=

�����
X

K

wKf(xK) �
Z

⌦
f d⌦

�����

0.05 0.1 0.2 0.4
10-3

10-2

10-1

100

1

2

<latexit sha1_base64="KL7/gZelTWuGrcHX3olhNiaPkOY=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX33YPDo+OTyulZV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wdp/7vSeqNIvlo5knNBB4IlnECDa51HIRGlWqXs1bAm0SvyBVKNAeVb6G45ikgkpDONZ64HuJCTKsDCOcLtxhqmmCyQxP6MBSiQXVQba8dYGurDJGUaxsSYOW6u+JDAut5yK0nQKbqV73cvE/b5Ca6C7ImExSQyVZLYpSjkyM8sfRmClKDJ9bgoli9lZEplhhYmw8rg3BX395k3TrNf+m1nhoVJv1Io4yXMAlXIMPt9CEFrShAwSm8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwB7jI0t</latexit>

H

error

10 samples
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quad-to-dof ratio = 42

Element-free approach to solve BVPs

Use two meshfree clouds:  one for solution discretization (DoF) and 
one for quadrature.

What ratio of quad points to dof points is needed for stability 
(coercivity of bilinear form)?

quadrature point
DoF point

+ fine-scale tri-mesh



29 Patch test (linear consistency)

<latexit sha1_base64="zRAz9g4lvtrTz43ujhUYhKpHI4Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAdsljA7mSRD5rHMzErCks/w4kERr36NN//GSbIHTSxoKKq66e6KE86M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xh8N/fbT1QbpuSjnSY0Engo2YARbJ0Udg0bCtzLJpNZr1zxq/4CaJ0EOalAjkav/NXtK5IKKi3h2Jgw8BMbZVhbRjidlbqpoQkmYzykoaMSC2qibHHyDF04pY8GSruSFi3U3xMZFsZMRew6BbYjs+rNxf+8MLWDWpQxmaSWSrJcNEg5sgrN/0d9pimxfOoIJpq5WxEZYY2JdSmVXAjB6svrpHVVDW6q1w/XlXotj6MIZ3AOlxDALdThHhrQBAIKnuEV3jzrvXjv3seyteDlM6fwB97nD9lTkZs=</latexit>�xx
1.05

0.95

1.00

error > 5%

uniaxial tension

E = 1.0

⌫ = 0.3
1 1



30 Consistency of discrete form (integration)

• For convergence of discrete approximation, need to ensure consistency of discrete and 
continuous bilinear forms.

• Requires polynomial consistency of shape-function gradients (including quadrature).
• To obtain quadrature consistency, project the DoF shape function gradients to the 

subspace of quadrature shape functions.
• Only performed once in a pre-processing step.

(L2projection)

<latexit sha1_base64="xzHJzPJi8Wdgp4j/Fa242yUrez0=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgopSkFHUjFNzYjVSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/Y9Jmoa0HLhzOuZd77/FiRqUyzW+ttLa+sblV3tZ3dvf2D4zDo56MEoFJF0csEgMPScIoJ11FFSODWBAUeoz0vcl17vcfiJA04vdqGhMnRCNOA4qRyiTXqNipHY+p267B9pVVs5kfKVm7hfZM112jatbNOeAqsQpSBQU6rvFl+xFOQsIVZkjKoWXGykmRUBQzMtPtRJIY4QkakWFGOQqJdNL5EzN4mik+DCKRFVdwrv6eSFEo5TT0ss4QqbFc9nLxP2+YqODSSSmPE0U4XiwKEgZVBPNEoE8FwYpNM4KwoNmtEI+RQFhlueUhWMsvr5Jeo26d15t3zWqrUcRRBhVwAs6ABS5AC9yADugCDB7BM3gFb9qT9qK9ax+L1pJWzByDP9A+fwB/A5YG</latexit>

{�I , I = 1, . . . , N}
<latexit sha1_base64="NLyOPAn9SHsuq+74aH6RwOKXnCU=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgopSkFHUjFNwIRahgH9CEMJlM2qGTSZiZCCV04cZfceNCEbd+hDv/xqTNQlsPXDiccy/33uPFjEplmt9aaW19Y3OrvK3v7O7tHxiHRz0ZJQKTLo5YJAYekoRRTrqKKkYGsSAo9Bjpe5Pr3O8/ECFpxO/VNCZOiEacBhQjlUmuUbFTuzOmbrsG21dWzWZ+pGTtFtozXXeNqlk354CrxCpIFRTouMaX7Uc4CQlXmCEph5YZKydFQlHMyEy3E0lihCdoRIYZ5Sgk0knnT8zgaab4MIhEVlzBufp7IkWhlNPQyzpDpMZy2cvF/7xhooJLJ6U8ThTheLEoSBhUEcwTgT4VBCs2zQjCgma3QjxGAmGV5ZaHYC2/vEp6jbp1Xm/eNautRhFHGVTACTgDFrgALXADOqALMHgEz+AVvGlP2ov2rn0sWktaMXMM/kD7/AFQcJXp</latexit>

{�K ,K = 1, . . . ,M}

DoF basis (shape functions)

Quadrature basis (shape functions)

<latexit sha1_base64="qbc6bvgkWK8331u8HxGnnEY9yTs="></latexit>

r�I := argmin

Z

⌦

 
r�I �

MX

K=1

aK�K

!2

d⌦
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covariant 
components

bi-orthogonal

contravariant
components

This ensures satisfaction 
of the patch test.

The projection can be written in terms of the dual or conjugate basis
<latexit sha1_base64="L1eSD+uCj4xuX4uTcL1pUdFnF+s=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXsRTBfsBTVo22027dLMJuxulhP4PLx4U8ep/8ea/cdPmoK0PBh7vzTAzz485U9q2v63CxubW9k5xt7S3f3B4VD4+6agokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn95kfveRSsUi8aBnMfVCPBYsYARrIw3c1G1N2ODOnZcMhuWKXbUXQOvEyUkFcrSG5S93FJEkpEITjpXqO3asvRRLzQin85KbKBpjMsVj2jdU4JAqL11cPUcXRhmhIJKmhEYL9fdEikOlZqFvOkOsJ2rVy8T/vH6ig2svZSJONBVkuShIONIRyiJAIyYp0XxmCCaSmVsRmWCJiTZBZSE4qy+vk06t6jSq9ft6pVnL4yjCGZzDJThwBU24hRa0gYCEZ3iFN+vJerHerY9la8HKZ07hD6zPHztRkPw=</latexit>

{�J}

<latexit sha1_base64="11kceijD67dX+6tY9jRhEh3EQ5o=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqlJKUom6EghtpNxXsA5o0TCbTdujkwcxEKKFf4MZfceNCEbeu3fk3TtostPXA5R7OuZeZe9yIUSEN41tbW9/Y3NrO7eR39/YPDvWj444IY45JG4cs5D0XCcJoQNqSSkZ6ESfIdxnpupOb1O8+EC5oGNzLaURsH40COqQYSSU5erFktcbUaZZh2geNc3gNLY8wiZzmILHKjVlewdELRsWYA64SMyMFkKHl6F+WF+LYJ4HEDAnRN41I2gnikmJGZnkrFiRCeIJGpK9ogHwi7GR+zgwWleLBYchVBRLO1d8bCfKFmPqumvSRHItlLxX/8/qxHF7ZCQ2iWJIALx4axgzKEKbZQI9ygiWbKoIwp+qvEI8RR1iqBNMQzOWTV0mnWjEvKrW7WqFezeLIgVNwBkrABJegDm5BC7QBBo/gGbyCN+1Je9HetY/F6JqW7ZyAP9A+fwAAopjc</latexit>

(�K ,�J) = � J
K

<latexit sha1_base64="Y0VcdhucPq1s3TLeuktDe0n5mdw="></latexit>

r�I =
X

K

(r�I ,�K)�K =
X

K

(r�I ,�
K)�K

Can prove polynomial consistency up to the order of the precision of 
<latexit sha1_base64="IiiWDInttF4WvB0TucTz2zRYg1Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FL4KXCvYDmlg22027dLMJuxulhP4PLx4U8ep/8ea/cZPmoK0PBh7vzTAzz485U9q2v63S2vrG5lZ5u7Kzu7d/UD086qookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn15nfu+RSsUica9nMfVCPBYsYARrIz24qduesOGtO68YDKs1u27nQKvEKUgNCrSH1S93FJEkpEITjpUaOHasvRRLzQin84qbKBpjMsVjOjBU4JAqL82vnqMzo4xQEElTQqNc/T2R4lCpWeibzhDriVr2MvE/b5Do4MpLmYgTTQVZLAoSjnSEsgjQiElKNJ8Zgolk5lZEJlhiok1QWQjO8surpNuoOxf15l2z1moUcZThBE7hHBy4hBbcQBs6QEDCM7zCm/VkvVjv1seitWQVM8fwB9bnDz5mkP4=</latexit>

{�K}

Theorem: for all 
<latexit sha1_base64="tos3MviRrzwHQJyH3Ou93rMOFUY="></latexit>Z

⌦
pr�I d⌦ =

Z

⌦
pr�I d⌦

<latexit sha1_base64="gqeioUoRxAvkEvQtMJJ0PRQuVVM=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlKUZcFN+6sYB/QhDCZTtqhk0mYmQgl5B/c+CtuXCji1o07/8ZJmoW2Hhg4c8693HuPHzMqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vc79/gMRkkb8Xs1i4oZozGlAMVJa8szz1AmRmvgBjDPoUA7nXz/tZN607tyGZIzOqgU8s2Y1rAJwmdglqYESHc/8ckYRTkLCFWZIyqFtxcpNkVAUM5JVnUSSGOEpGpOhphyFRLppcVMGT7UygkEk9OMKFurvjhSFUs5CX1fmG8tFLxf/84aJCq7clPI4UYTj+aAgYVBFMA8IjqggWLGZJggLqneFeIIEwkrHmIdgL568THrNhn3RaN21au1mGUcFHIMTUAc2uARtcAM6oAsweATP4BW8GU/Gi/FufMxLV4yy5wj8gfH5Az8Nm78=</latexit>

p 2 Pk(⌦)
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Replace the original bilinear form

GIJ

with this modified bilinear form Note: This modified bilinear form is still 
symmetric (Bubnov-Galerkin).

<latexit sha1_base64="cDj0Wdp4bB7DEMH8xcAB8XUcKlI="></latexit>

a(u, v) =

Z

⌦

"
X

I

(ru,�I)�
I

#
C
"
X

J

(rv,�J)�
J

#
d⌦

<latexit sha1_base64="LYnHncYOLk90l5LBMhSk9igFnyk="></latexit>

a(u, v) =
X

I,J

(ru,�I)C (rv,�J)

Z

⌦e

�I�J d⌦

<latexit sha1_base64="aXi9c/QVHyHJkrxpQvMsVBV92Vk=">AAACKXicbVBdSwJBFJ3t0+zL6rGXIQkMRHZFKoJA8KW3DPIDXJG746iDs7PLzKwgi3+nl/5KLwVF9dofaVYNSjswcDjnXObe44WcKW3bH9bK6tr6xmZqK729s7u3nzk4rKsgkoTWSMAD2fRAUc4ErWmmOW2GkoLvcdrwhpXEb4yoVCwQ93oc0rYPfcF6jIA2UidThlyUH53ha+wyoTvurU/7gF0BHgcc4SvXBz3wvLgycfM/8ggb3p1F051M1i7YU+Bl4sxJFs1R7WRe3G5AIp8KTTgo1XLsULdjkJoRTidpN1I0BDKEPm0ZKsCnqh1PL53gU6N0cS+Q5gmNp+rviRh8pca+Z5LJ4mrRS8T/vFake5ftmIkw0lSQ2Ue9iGMd4KQ23GWSEs3HhgCRzOyKyQAkEG3KTUpwFk9eJvViwTkvlO5K2XJxXkcKHaMTlEMOukBldIOqqIYIekBP6BW9WY/Ws/Vufc6iK9Z85gj9gfX1DVo3pDY=</latexit>

a(u, v) =

Z

⌦
ru : Crv d⌦

<latexit sha1_base64="REQ/GiInk+/XQaZONx7KqqJb6QI="></latexit>

a(u, v) =

Z

⌦
ru : Crv d⌦

inverse of the 
Gram matrix
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GIJ = (GIJ)
�1

is the Gram matrix for the basis

Can show that 

where 
<latexit sha1_base64="NjGW+X1aKd84JnEiyxnnKD/7b8M="></latexit>

GIJ =

Z

⌦e

�I�J d⌦
<latexit sha1_base64="IiiWDInttF4WvB0TucTz2zRYg1Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FL4KXCvYDmlg22027dLMJuxulhP4PLx4U8ep/8ea/cZPmoK0PBh7vzTAzz485U9q2v63S2vrG5lZ5u7Kzu7d/UD086qookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn15nfu+RSsUica9nMfVCPBYsYARrIz24qduesOGtO68YDKs1u27nQKvEKUgNCrSH1S93FJEkpEITjpUaOHasvRRLzQin84qbKBpjMsVjOjBU4JAqL82vnqMzo4xQEElTQqNc/T2R4lCpWeibzhDriVr2MvE/b5Do4MpLmYgTTQVZLAoSjnSEsgjQiElKNJ8Zgolk5lZEJlhiok1QWQjO8surpNuoOxf15l2z1moUcZThBE7hHBy4hBbcQBs6QEDCM7zCm/VkvVjv1seitWQVM8fwB9bnDz5mkP4=</latexit>

{�K}

Can show that 
<latexit sha1_base64="x+Iiz1m2sX5xE7UihWf05Y3pIss=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkFHUjFFxou6pgH9CmYTKdtEMnkzAzEUrswl9x40IRt/6GO//GSZuFth64cOace5l7jxcxKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG1+nfvuBCElDfq8mEXECNOTUpxgpLbnmUa8xov0avII3/aRWn6ZPt15wzaJVsmaAy8TOSBFkaLjmV28Q4jggXGGGpOzaVqScBAlFMSPTQi+WJEJ4jIakqylHAZFOMtt/Ck+1MoB+KHRxBWfq74kEBVJOAk93BkiN5KKXiv953Vj5l05CeRQrwvH8Iz9mUIUwDQMOqCBYsYkmCAuqd4V4hATCSkeWhmAvnrxMWuWSfV6q3FWK1XIWRx4cgxNwBmxwAargFjRAE2DwCJ7BK3gznowX4934mLfmjGzmEPyB8fkDmFCUgQ==</latexit>

�I = GIJ�J

<latexit sha1_base64="le0gNs+5JthUS5gaKiU3AIxVkJ0=">AAAB/3icbVC7SgNBFL0bXzG+VgUbm8EgWIXdENRGCFhoUkUwiZCsy+xkNhky+2BmVghrCn/FxkIRW3/Dzr9xNkmhiQcunDnnXube48WcSWVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBKFNEvFI3HlYUs5C2lRMcXoXC4oDj9O2N7zM/PYDFZJF4a0axdQJcD9kPiNYack1D7qNAXNr6AJduWmtPs6e9/WCaxatkjUBWiT2jBRhhoZrfnV7EUkCGirCsZQd24qVk2KhGOF0XOgmksaYDHGfdjQNcUClk072H6NjrfSQHwldoUIT9fdEigMpR4GnOwOsBnLey8T/vE6i/HMnZWGcKBqS6Ud+wpGKUBYG6jFBieIjTTARTO+KyAALTJSOLAvBnj95kbTKJfu0VLmpFKvlWRx5OIQjOAEbzqAK19CAJhB4hGd4hTfjyXgx3o2PaWvOmM3swx8Ynz+Z7pSC</latexit>

�I = GIJ�
Jand

<latexit sha1_base64="tgrtgVumO0AMbZU1xyCtPBiLGn0="></latexit>

a(u, v) =
X

I,J

GIJ(ru,�I)C (rv,�J) =
X

K

(ru,�K)C (rv,�K)

Looks like a sum over 
quadrature points.

“raising” and 
“lowering” of indices
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Then

Can write                 as aL(u, v)

where which has the form of a discrete derivative at a 
quadrature point K.

where recall

Replace          with row-sum lumped version:  GIJ

<latexit sha1_base64="QV4PT/uG/CYl55Psl/2DidPyxhM="></latexit>

GL
IJ :=

X

J

GIJ = diag{wK}
<latexit sha1_base64="tLLKpUgxr98aJc1IgbHbTKJ0r0Q="></latexit>

wK =

Z

⌦
�K(x) d⌦

<latexit sha1_base64="SAoIkBaDn/hI5yHUeWFejw/KdYg="></latexit>

a(u, v) ! aL(u, v) =
X

K

1

wK
(ru,�K)C (rv,�K)

<latexit sha1_base64="U0LElsty0SERK1Gu4NCKOoEPZps="></latexit>

aL(u, v) =
X

K

wK (ru)K : C (rv)K

<latexit sha1_base64="jFLWANrDR6WcGn4VF0slwpMvwv4="></latexit>

(ru)K :=
1

wK

Z

⌦
(ru)�K d⌦

where
<latexit sha1_base64="f0aJZhIlTq03558Uh/eJb6KxBhI="></latexit>

(GL
IJ)

�1 = diag

⇢
1

wK

�

Our discrete bilinear form is now “sparse.”

Since                                   is dense: GIJ = (GIJ)
�1



35 Patch test (linear consistency)

<latexit sha1_base64="zRAz9g4lvtrTz43ujhUYhKpHI4Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAdsljA7mSRD5rHMzErCks/w4kERr36NN//GSbIHTSxoKKq66e6KE86M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xh8N/fbT1QbpuSjnSY0Engo2YARbJ0Udg0bCtzLJpNZr1zxq/4CaJ0EOalAjkav/NXtK5IKKi3h2Jgw8BMbZVhbRjidlbqpoQkmYzykoaMSC2qibHHyDF04pY8GSruSFi3U3xMZFsZMRew6BbYjs+rNxf+8MLWDWpQxmaSWSrJcNEg5sgrN/0d9pimxfOoIJpq5WxEZYY2JdSmVXAjB6svrpHVVDW6q1w/XlXotj6MIZ3AOlxDALdThHhrQBAIKnuEV3jzrvXjv3seyteDlM6fwB97nD9lTkZs=</latexit>�xx
1.05

0.95

1.00

uniaxial tension pure shear

1.05

0.95

1.00

<latexit sha1_base64="c/8+Uy0WHMGe2TI8wFs9qJjxruo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9IQ9lsN+3S3U3Y3Ygh9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wejv3e49UaRbLB5MlNBB4LFnECDZW8geajQUe5k/ZbFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE+RYGUY4nVUGqaYJJlM8pr6lEguqg3xx8gxdWGWEoljZkgYt1N8TORZaZyK0nQKbiV715uJ/np+aqBnkTCapoZIsF0UpRyZG8//RiClKDM8swUQxeysiE6wwMTalig3BW315nXSv6t51vXHfqLWaRRxlOINzuAQPbqAFd9CGDhCI4Rle4c0xzovz7nwsW0tOMXMKf+B8/gDa2JGc</latexit>�xy

no projection

with projection

error < 10-13

error > 5%
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<latexit sha1_base64="pr/8rEdo0Dzqos2SHQVNygfmZc0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CokU7UUoeOmxgv2ANpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDHret7OxubW9s1vYK+4fHB4dl05OWyZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfDyf3cbz9xbUSsHnGa8CCiIyWGglG0UrtO7ojnVvqlsud6C5B14uekDDka/dJXbxCzNOIKmaTGdH0vwSCjGgWTfFbspYYnlE3oiHctVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+b4rAaZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FdfXieta9e/cSsPlXKtmsdRgHO4gCvw4RZqUIcGNIHBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8Z9o4W</latexit>

H = 0.4

<latexit sha1_base64="J9kBC2Aezku7kzK06JwqvH5RUWg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JbivYiFLz0WMF+QLuUbJptQ7PJkmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UtrZ3dveK+6WDw6Pjk/LpWUfLVBHaJpJL1QuxppwJ2jbMcNpLFMVxyGk3nN4v/O4TVZpJ8WhmCQ1iPBYsYgQbK3Wb6A55bnVYrniutwTaJH5OKpCjNSx/DUaSpDEVhnCsdd/3EhNkWBlGOJ2XBqmmCSZTPKZ9SwWOqQ6y5blzdGWVEYqksiUMWqq/JzIcaz2LQ9sZYzPR695C/M/rpyaqBxkTSWqoIKtFUcqRkWjxOxoxRYnhM0swUczeisgEK0yMTahkQ/DXX94knarr37i1h1qlUc/jKMIFXMI1+HALDWhCC9pAYArP8ApvTuK8OO/Ox6q14OQz5/AHzucPFu6OFA==</latexit>

H = 0.2

<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1

<latexit sha1_base64="zRAz9g4lvtrTz43ujhUYhKpHI4Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAdsljA7mSRD5rHMzErCks/w4kERr36NN//GSbIHTSxoKKq66e6KE86M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xh8N/fbT1QbpuSjnSY0Engo2YARbJ0Udg0bCtzLJpNZr1zxq/4CaJ0EOalAjkav/NXtK5IKKi3h2Jgw8BMbZVhbRjidlbqpoQkmYzykoaMSC2qibHHyDF04pY8GSruSFi3U3xMZFsZMRew6BbYjs+rNxf+8MLWDWpQxmaSWSrJcNEg5sgrN/0d9pimxfOoIJpq5WxEZYY2JdSmVXAjB6svrpHVVDW6q1w/XlXotj6MIZ3AOlxDALdThHhrQBAIKnuEV3jzrvXjv3seyteDlM6fwB97nD9lTkZs=</latexit>�xx
exact

Example: plate with hole
uniaxial tension

E = 1.0

⌫ = 0.3
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fixed
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40 Example:  hyperelastic, hole-in-plate

uniaxial extension

• plane strain
• quarter symmetry model used

mapped hexagon meshquad mesh

compressible neo-Hookean material

��� =
µ

J
(FFT � I) +

�

ln J
I

J = detF F =
@x

@X
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extension

load

load vs. extension
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Example:  hyperelastic, hole-in-plate
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plastic strain field

Example:  elastic-plastic, hole-in-plate
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43 Summary

1. Separate domain discretization from solution discretization (fine-scale domain 
triangulation with coarse-scale solution discretization).

2. Example of discretization-based reduced order model.
3. Generation of meshfree weight functions using manifold geodesics.
4. New approach to quadrature for meshfree methods based on secondary basis.  
5. Projected shape-function gradients using dual basis for polynomial consistency.
6. Observed optimal convergence rates for 2D elasticity.
7. Applicable to nonlinear solid mechanics too (plasticity).
8. Examples here were in H1, also can be extended to H(div) and H(curl).
9. Use VMS (LoD) for material interfaces and multiscale.
10.Adaptivity framework


