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Structure Preservation

Typical high-level FEM codes ignore or discard structure in order to
maintain generality.

Example: using the standard Intrepid2 interface, if you want Jacobians
on an affine grid, you compute and store these at each quadrature
point, in a multi-dimensional array (a Kokkos View) with shape
(C,P,D,D). This is wasteful, and waste grows with polynomial order
and number of spatial dimensions.

By contrast, a custom implementation could store the same Jacobians
in a (C,D,D) array. For a uniform grid, this reduces to an array of
length (D).
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Structure Preservation

The new Intrepid2 Data class is a starting point for addressing this. It
stores just the unique data, but presents the same functor interface as
the standard View.

J(0, 0) =


1 0
0 1

�

<latexit sha1_base64="iQrLuUGDB4zl/wodOwBy+iQAIo0=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJCSEdFuhIIbcaVgq9ApJZOetqGZzJBkxDL0Tdz4Km5cKCLufBvTC6KtBwIf/38OOecPE8G1IeTLyc3NLywu5ZfdldW19Q1vc6um41QxqLJYxOoupBoEl1A13Ai4SxTQKBRwG/bOh/7tPSjNY3lj+gk0ItqRvM0ZNVZqeieXRXJIDvAZDkLocJmFETWKPwxcH+9jgoPAJRZ87AYgWz9u0yuQEhkVngV/AgU0qaum9xm0YpZGIA0TVOu6TxLTyKgynAkYuEGqIaGsRztQtyhpBLqRje4b4D2rtHA7VvZJg0fq74mMRlr3o9B22v26etobiv959dS0y42MyyQ1INn4o3YqsInxMCzc4gqYEX0LlClud8WsSxVlxkbq2hD86ZNnoXZU8knJvz4uVMqTOPJoB+2iIvLRKaqgC3SFqoihR/SMXtGb8+S8OO/Ox7g150xmttGfcr6+AVHMntc=</latexit><latexit sha1_base64="iQrLuUGDB4zl/wodOwBy+iQAIo0=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJCSEdFuhIIbcaVgq9ApJZOetqGZzJBkxDL0Tdz4Km5cKCLufBvTC6KtBwIf/38OOecPE8G1IeTLyc3NLywu5ZfdldW19Q1vc6um41QxqLJYxOoupBoEl1A13Ai4SxTQKBRwG/bOh/7tPSjNY3lj+gk0ItqRvM0ZNVZqeieXRXJIDvAZDkLocJmFETWKPwxcH+9jgoPAJRZ87AYgWz9u0yuQEhkVngV/AgU0qaum9xm0YpZGIA0TVOu6TxLTyKgynAkYuEGqIaGsRztQtyhpBLqRje4b4D2rtHA7VvZJg0fq74mMRlr3o9B22v26etobiv959dS0y42MyyQ1INn4o3YqsInxMCzc4gqYEX0LlClud8WsSxVlxkbq2hD86ZNnoXZU8knJvz4uVMqTOPJoB+2iIvLRKaqgC3SFqoihR/SMXtGb8+S8OO/Ox7g150xmttGfcr6+AVHMntc=</latexit><latexit sha1_base64="iQrLuUGDB4zl/wodOwBy+iQAIo0=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJCSEdFuhIIbcaVgq9ApJZOetqGZzJBkxDL0Tdz4Km5cKCLufBvTC6KtBwIf/38OOecPE8G1IeTLyc3NLywu5ZfdldW19Q1vc6um41QxqLJYxOoupBoEl1A13Ai4SxTQKBRwG/bOh/7tPSjNY3lj+gk0ItqRvM0ZNVZqeieXRXJIDvAZDkLocJmFETWKPwxcH+9jgoPAJRZ87AYgWz9u0yuQEhkVngV/AgU0qaum9xm0YpZGIA0TVOu6TxLTyKgynAkYuEGqIaGsRztQtyhpBLqRje4b4D2rtHA7VvZJg0fq74mMRlr3o9B22v26etobiv959dS0y42MyyQ1INn4o3YqsInxMCzc4gqYEX0LlClud8WsSxVlxkbq2hD86ZNnoXZU8knJvz4uVMqTOPJoB+2iIvLRKaqgC3SFqoihR/SMXtGb8+S8OO/Ox7g150xmttGfcr6+AVHMntc=</latexit><latexit sha1_base64="iQrLuUGDB4zl/wodOwBy+iQAIo0=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJCSEdFuhIIbcaVgq9ApJZOetqGZzJBkxDL0Tdz4Km5cKCLufBvTC6KtBwIf/38OOecPE8G1IeTLyc3NLywu5ZfdldW19Q1vc6um41QxqLJYxOoupBoEl1A13Ai4SxTQKBRwG/bOh/7tPSjNY3lj+gk0ItqRvM0ZNVZqeieXRXJIDvAZDkLocJmFETWKPwxcH+9jgoPAJRZ87AYgWz9u0yuQEhkVngV/AgU0qaum9xm0YpZGIA0TVOu6TxLTyKgynAkYuEGqIaGsRztQtyhpBLqRje4b4D2rtHA7VvZJg0fq74mMRlr3o9B22v26etobiv959dS0y42MyyQ1INn4o3YqsInxMCzc4gqYEX0LlClud8WsSxVlxkbq2hD86ZNnoXZU8knJvz4uVMqTOPJoB+2iIvLRKaqgC3SFqoihR/SMXtGb8+S8OO/Ox7g150xmttGfcr6+AVHMntc=</latexit>

J(2, 15) =


1 0
0 1

�

<latexit sha1_base64="ZErLDm9DutqfxP2t1GWJwz4n0Z4=">AAACIHicbZDLSgMxFIYzXut4q7p0EyxKBSkTUexGKLgRVxXsBTqlZNLTNjSTGZKMWIY+ihtfxY0LRXSnT2N6QbR6IPDx/+eQc/4gFlwbz/tw5uYXFpeWMyvu6tr6xmZ2a7uqo0QxqLBIRKoeUA2CS6gYbgTUYwU0DATUgv7FyK/dgtI8kjdmEEMzpF3JO5xRY6VW9uwqf3xETg/xOfYD6HKZBiE1it8NXYIPsId93/UsEOz6INvfbiub8wreuPBfIFPIoWmVW9l3vx2xJARpmKBaN4gXm2ZKleFMwND1Ew0xZX3ahYZFSUPQzXR84BDvW6WNO5GyTxo8Vn9OpDTUehAGttPu19Oz3kj8z2skplNsplzGiQHJJh91EoFNhEdp4TZXwIwYWKBMcbsrZj2qKDM2U9eGQGZP/gvV4wLxCuT6JFcqTuPIoF20h/KIoDNUQpeojCqIoXv0iJ7Ri/PgPDmvztukdc6ZzuygX+V8fgHX1p8Z</latexit><latexit sha1_base64="ZErLDm9DutqfxP2t1GWJwz4n0Z4=">AAACIHicbZDLSgMxFIYzXut4q7p0EyxKBSkTUexGKLgRVxXsBTqlZNLTNjSTGZKMWIY+ihtfxY0LRXSnT2N6QbR6IPDx/+eQc/4gFlwbz/tw5uYXFpeWMyvu6tr6xmZ2a7uqo0QxqLBIRKoeUA2CS6gYbgTUYwU0DATUgv7FyK/dgtI8kjdmEEMzpF3JO5xRY6VW9uwqf3xETg/xOfYD6HKZBiE1it8NXYIPsId93/UsEOz6INvfbiub8wreuPBfIFPIoWmVW9l3vx2xJARpmKBaN4gXm2ZKleFMwND1Ew0xZX3ahYZFSUPQzXR84BDvW6WNO5GyTxo8Vn9OpDTUehAGttPu19Oz3kj8z2skplNsplzGiQHJJh91EoFNhEdp4TZXwIwYWKBMcbsrZj2qKDM2U9eGQGZP/gvV4wLxCuT6JFcqTuPIoF20h/KIoDNUQpeojCqIoXv0iJ7Ri/PgPDmvztukdc6ZzuygX+V8fgHX1p8Z</latexit><latexit sha1_base64="ZErLDm9DutqfxP2t1GWJwz4n0Z4=">AAACIHicbZDLSgMxFIYzXut4q7p0EyxKBSkTUexGKLgRVxXsBTqlZNLTNjSTGZKMWIY+ihtfxY0LRXSnT2N6QbR6IPDx/+eQc/4gFlwbz/tw5uYXFpeWMyvu6tr6xmZ2a7uqo0QxqLBIRKoeUA2CS6gYbgTUYwU0DATUgv7FyK/dgtI8kjdmEEMzpF3JO5xRY6VW9uwqf3xETg/xOfYD6HKZBiE1it8NXYIPsId93/UsEOz6INvfbiub8wreuPBfIFPIoWmVW9l3vx2xJARpmKBaN4gXm2ZKleFMwND1Ew0xZX3ahYZFSUPQzXR84BDvW6WNO5GyTxo8Vn9OpDTUehAGttPu19Oz3kj8z2skplNsplzGiQHJJh91EoFNhEdp4TZXwIwYWKBMcbsrZj2qKDM2U9eGQGZP/gvV4wLxCuT6JFcqTuPIoF20h/KIoDNUQpeojCqIoXv0iJ7Ri/PgPDmvztukdc6ZzuygX+V8fgHX1p8Z</latexit><latexit sha1_base64="ZErLDm9DutqfxP2t1GWJwz4n0Z4=">AAACIHicbZDLSgMxFIYzXut4q7p0EyxKBSkTUexGKLgRVxXsBTqlZNLTNjSTGZKMWIY+ihtfxY0LRXSnT2N6QbR6IPDx/+eQc/4gFlwbz/tw5uYXFpeWMyvu6tr6xmZ2a7uqo0QxqLBIRKoeUA2CS6gYbgTUYwU0DATUgv7FyK/dgtI8kjdmEEMzpF3JO5xRY6VW9uwqf3xETg/xOfYD6HKZBiE1it8NXYIPsId93/UsEOz6INvfbiub8wreuPBfIFPIoWmVW9l3vx2xJARpmKBaN4gXm2ZKleFMwND1Ew0xZX3ahYZFSUPQzXR84BDvW6WNO5GyTxo8Vn9OpDTUehAGttPu19Oz3kj8z2skplNsplzGiQHJJh91EoFNhEdp4TZXwIwYWKBMcbsrZj2qKDM2U9eGQGZP/gvV4wLxCuT6JFcqTuPIoF20h/KIoDNUQpeojCqIoXv0iJ7Ri/PgPDmvztukdc6ZzuygX+V8fgHX1p8Z</latexit>

J(8, 6) =


1 0
0 1

�

<latexit sha1_base64="Mor5MCZ9BK4RVXY6WGkUr9LKLTU=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJAyI1K7EQpuxFUFe4FOKZn0tA3NZIYkI5ahb+LGV3HjQhFx17cxvSBaPRD4+P9zyDl/EHOmtOuOrczS8srqWnbd3tjc2t5xdvdqKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPRhcTfz6PUjFInGnhzG0QtITrMso0UZqO8WbfOm0eIIvsR9Aj4k0CImW7GFke/gYu9j3bdeAh20fROfbbTs5t+BOC/8Fbw45NK9K2/n0OxFNQhCacqJU03Nj3UqJ1IxyGNl+oiAmdEB60DQoSAiqlU7vG+Ejo3RwN5LmCY2n6s+JlIRKDcPAdJr9+mrRm4j/ec1Ed0utlIk40SDo7KNuwrGO8CQs3GESqOZDA4RKZnbFtE8kodpEapsQvMWT/0LtrOC5Be/2PFcuzePIogN0iPLIQxeojK5RBVURRY/oGb2iN+vJerHerY9Za8aaz+yjX2WNvwBpwp7l</latexit><latexit sha1_base64="Mor5MCZ9BK4RVXY6WGkUr9LKLTU=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJAyI1K7EQpuxFUFe4FOKZn0tA3NZIYkI5ahb+LGV3HjQhFx17cxvSBaPRD4+P9zyDl/EHOmtOuOrczS8srqWnbd3tjc2t5xdvdqKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPRhcTfz6PUjFInGnhzG0QtITrMso0UZqO8WbfOm0eIIvsR9Aj4k0CImW7GFke/gYu9j3bdeAh20fROfbbTs5t+BOC/8Fbw45NK9K2/n0OxFNQhCacqJU03Nj3UqJ1IxyGNl+oiAmdEB60DQoSAiqlU7vG+Ejo3RwN5LmCY2n6s+JlIRKDcPAdJr9+mrRm4j/ec1Ed0utlIk40SDo7KNuwrGO8CQs3GESqOZDA4RKZnbFtE8kodpEapsQvMWT/0LtrOC5Be/2PFcuzePIogN0iPLIQxeojK5RBVURRY/oGb2iN+vJerHerY9Za8aaz+yjX2WNvwBpwp7l</latexit><latexit sha1_base64="Mor5MCZ9BK4RVXY6WGkUr9LKLTU=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJAyI1K7EQpuxFUFe4FOKZn0tA3NZIYkI5ahb+LGV3HjQhFx17cxvSBaPRD4+P9zyDl/EHOmtOuOrczS8srqWnbd3tjc2t5xdvdqKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPRhcTfz6PUjFInGnhzG0QtITrMso0UZqO8WbfOm0eIIvsR9Aj4k0CImW7GFke/gYu9j3bdeAh20fROfbbTs5t+BOC/8Fbw45NK9K2/n0OxFNQhCacqJU03Nj3UqJ1IxyGNl+oiAmdEB60DQoSAiqlU7vG+Ejo3RwN5LmCY2n6s+JlIRKDcPAdJr9+mrRm4j/ec1Ed0utlIk40SDo7KNuwrGO8CQs3GESqOZDA4RKZnbFtE8kodpEapsQvMWT/0LtrOC5Be/2PFcuzePIogN0iPLIQxeojK5RBVURRY/oGb2iN+vJerHerY9Za8aaz+yjX2WNvwBpwp7l</latexit><latexit sha1_base64="Mor5MCZ9BK4RVXY6WGkUr9LKLTU=">AAACH3icbZDLSgMxFIYz9VbH26hLN8GiVJAyI1K7EQpuxFUFe4FOKZn0tA3NZIYkI5ahb+LGV3HjQhFx17cxvSBaPRD4+P9zyDl/EHOmtOuOrczS8srqWnbd3tjc2t5xdvdqKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPRhcTfz6PUjFInGnhzG0QtITrMso0UZqO8WbfOm0eIIvsR9Aj4k0CImW7GFke/gYu9j3bdeAh20fROfbbTs5t+BOC/8Fbw45NK9K2/n0OxFNQhCacqJU03Nj3UqJ1IxyGNl+oiAmdEB60DQoSAiqlU7vG+Ejo3RwN5LmCY2n6s+JlIRKDcPAdJr9+mrRm4j/ec1Ed0utlIk40SDo7KNuwrGO8CQs3GESqOZDA4RKZnbFtE8kodpEapsQvMWT/0LtrOC5Be/2PFcuzePIogN0iPLIQxeojK5RBVURRY/oGb2iN+vJerHerY9Za8aaz+yjX2WNvwBpwp7l</latexit>

Old way: 4 doubles per Jacobian per point per cell.
<latexit sha1_base64="nVL0gKhpj5zN3UvG3GUz/b4eBs0=">AAACHHicbVBNSwMxEM36WetX1aOXYBE8LbsqKJ4EL+LFCrYVaimz2VkNZpMlySql9Id48a948aCIFw+C/8Z024O2Pgi8vJnHzLwoE9zYIPj2pqZnZufmSwvlxaXlldXK2nrDqFwzrDMllL6KwKDgEuuWW4FXmUZII4HN6O5kUG/eozZcyUvbzbCdwo3kCWdgndSp7J2LmD5A94ju01jlzmZohpqeAVMRB1l8MsWlLRhDIfxOpRr4QQE6ScIRqZIRap3K53WsWJ6itEyAMa0wyGy7B9pyJrBfvs4NZsDu4AZbjkpI0bR7xXF9uu2UmCZKu+e2KNTfjh6kxnTTyHWmYG/NeG0g/ldr5TY5bPe4zHKLkg0HJbmgVtFBUjTmGpkVXUeAae52pewWNDDr8iy7EMLxkydJY9cPAz+82K0eH47iKJFNskV2SEgOyDE5JTVSJ4w8kmfySt68J+/Fe/c+hq1T3sizQf7A+/oBnm2gbQ==</latexit><latexit sha1_base64="nVL0gKhpj5zN3UvG3GUz/b4eBs0=">AAACHHicbVBNSwMxEM36WetX1aOXYBE8LbsqKJ4EL+LFCrYVaimz2VkNZpMlySql9Id48a948aCIFw+C/8Z024O2Pgi8vJnHzLwoE9zYIPj2pqZnZufmSwvlxaXlldXK2nrDqFwzrDMllL6KwKDgEuuWW4FXmUZII4HN6O5kUG/eozZcyUvbzbCdwo3kCWdgndSp7J2LmD5A94ju01jlzmZohpqeAVMRB1l8MsWlLRhDIfxOpRr4QQE6ScIRqZIRap3K53WsWJ6itEyAMa0wyGy7B9pyJrBfvs4NZsDu4AZbjkpI0bR7xXF9uu2UmCZKu+e2KNTfjh6kxnTTyHWmYG/NeG0g/ldr5TY5bPe4zHKLkg0HJbmgVtFBUjTmGpkVXUeAae52pewWNDDr8iy7EMLxkydJY9cPAz+82K0eH47iKJFNskV2SEgOyDE5JTVSJ4w8kmfySt68J+/Fe/c+hq1T3sizQf7A+/oBnm2gbQ==</latexit><latexit sha1_base64="nVL0gKhpj5zN3UvG3GUz/b4eBs0=">AAACHHicbVBNSwMxEM36WetX1aOXYBE8LbsqKJ4EL+LFCrYVaimz2VkNZpMlySql9Id48a948aCIFw+C/8Z024O2Pgi8vJnHzLwoE9zYIPj2pqZnZufmSwvlxaXlldXK2nrDqFwzrDMllL6KwKDgEuuWW4FXmUZII4HN6O5kUG/eozZcyUvbzbCdwo3kCWdgndSp7J2LmD5A94ju01jlzmZohpqeAVMRB1l8MsWlLRhDIfxOpRr4QQE6ScIRqZIRap3K53WsWJ6itEyAMa0wyGy7B9pyJrBfvs4NZsDu4AZbjkpI0bR7xXF9uu2UmCZKu+e2KNTfjh6kxnTTyHWmYG/NeG0g/ldr5TY5bPe4zHKLkg0HJbmgVtFBUjTmGpkVXUeAae52pewWNDDr8iy7EMLxkydJY9cPAz+82K0eH47iKJFNskV2SEgOyDE5JTVSJ4w8kmfySt68J+/Fe/c+hq1T3sizQf7A+/oBnm2gbQ==</latexit><latexit sha1_base64="nVL0gKhpj5zN3UvG3GUz/b4eBs0=">AAACHHicbVBNSwMxEM36WetX1aOXYBE8LbsqKJ4EL+LFCrYVaimz2VkNZpMlySql9Id48a948aCIFw+C/8Z024O2Pgi8vJnHzLwoE9zYIPj2pqZnZufmSwvlxaXlldXK2nrDqFwzrDMllL6KwKDgEuuWW4FXmUZII4HN6O5kUG/eozZcyUvbzbCdwo3kCWdgndSp7J2LmD5A94ju01jlzmZohpqeAVMRB1l8MsWlLRhDIfxOpRr4QQE6ScIRqZIRap3K53WsWJ6itEyAMa0wyGy7B9pyJrBfvs4NZsDu4AZbjkpI0bR7xXF9uu2UmCZKu+e2KNTfjh6kxnTTyHWmYG/NeG0g/ldr5TY5bPe4zHKLkg0HJbmgVtFBUjTmGpkVXUeAae52pewWNDDr8iy7EMLxkydJY9cPAz+82K0eH47iKJFNskV2SEgOyDE5JTVSJ4w8kmfySt68J+/Fe/c+hq1T3sizQf7A+/oBnm2gbQ==</latexit>

Kokkos::View
Cell 0<latexit sha1_base64="Mx2ASluyTTFEDr7pGN4lP0YpOZE=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygE8fvlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AnveOVg==</latexit><latexit sha1_base64="Mx2ASluyTTFEDr7pGN4lP0YpOZE=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygE8fvlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AnveOVg==</latexit><latexit sha1_base64="Mx2ASluyTTFEDr7pGN4lP0YpOZE=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygE8fvlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AnveOVg==</latexit><latexit sha1_base64="Mx2ASluyTTFEDr7pGN4lP0YpOZE=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygE8fvlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AnveOVg==</latexit>

Cell 1<latexit sha1_base64="0vDo4MCn+b44LV5v78HZjURyBWM=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygECfrlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AoHuOVw==</latexit><latexit sha1_base64="0vDo4MCn+b44LV5v78HZjURyBWM=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygECfrlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AoHuOVw==</latexit><latexit sha1_base64="0vDo4MCn+b44LV5v78HZjURyBWM=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygECfrlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AoHuOVw==</latexit><latexit sha1_base64="0vDo4MCn+b44LV5v78HZjURyBWM=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygECfrlil/1FyDrJMhJBXI0++Wv3kCxLEFpmaDGdAM/teGUasuZwFmplxlMKRvTIXYdlTRBE04X187IpVMGJFbalbRkof6emNLEmEkSuc6E2pFZ9ebif143s/FNOOUyzSxKtlwUZ4JYReavkwHXyKyYOEKZ5u5WwkZUU2ZdQCUXQrD68jpp16qBXw3uapX6WR5HEc7hAq4ggGuowy00oQUMHuEZXuHNU96L9+59LFsLXj5zCn/gff4AoHuOVw==</latexit>

Cell 2<latexit sha1_base64="a95yi0McTDilBV4Nrmnke2rW4x8=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygEqfXLFb/qL0DWSZCTCuRo9stfvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RS6cMSKy0K2nJQv09MaWJMZMkcp0JtSOz6s3F/7xuZuObcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15XXSrlUDvxrc1Sr1szyOIpzDBVxBANdQh1toQgsYPMIzvMKbp7wX7937WLYWvHzmFP7A+/wBof+OWA==</latexit><latexit sha1_base64="a95yi0McTDilBV4Nrmnke2rW4x8=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygEqfXLFb/qL0DWSZCTCuRo9stfvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RS6cMSKy0K2nJQv09MaWJMZMkcp0JtSOz6s3F/7xuZuObcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15XXSrlUDvxrc1Sr1szyOIpzDBVxBANdQh1toQgsYPMIzvMKbp7wX7937WLYWvHzmFP7A+/wBof+OWA==</latexit><latexit sha1_base64="a95yi0McTDilBV4Nrmnke2rW4x8=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygEqfXLFb/qL0DWSZCTCuRo9stfvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RS6cMSKy0K2nJQv09MaWJMZMkcp0JtSOz6s3F/7xuZuObcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15XXSrlUDvxrc1Sr1szyOIpzDBVxBANdQh1toQgsYPMIzvMKbp7wX7937WLYWvHzmFP7A+/wBof+OWA==</latexit><latexit sha1_base64="a95yi0McTDilBV4Nrmnke2rW4x8=">AAAB7XicbVA9TwJBEJ3DL8Qv/OhsNhITK3JHoyUJjSUmAiZwIXvLHKzs7V5290wI4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbVSmGbaYEko/RNSg4BJblluBD6lGmkQCO9G4Mfc7T6gNV/LeTlIMEzqUPOaMWie1GygEqfXLFb/qL0DWSZCTCuRo9stfvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RS6cMSKy0K2nJQv09MaWJMZMkcp0JtSOz6s3F/7xuZuObcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15XXSrlUDvxrc1Sr1szyOIpzDBVxBANdQh1toQgsYPMIzvMKbp7wX7937WLYWvHzmFP7A+/wBof+OWA==</latexit>

Cell 3<latexit sha1_base64="n0L/3epArU/ykq6gQXQwMqNkhQs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3HvQYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AaODjlk=</latexit><latexit sha1_base64="n0L/3epArU/ykq6gQXQwMqNkhQs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3HvQYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AaODjlk=</latexit><latexit sha1_base64="n0L/3epArU/ykq6gQXQwMqNkhQs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3HvQYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AaODjlk=</latexit><latexit sha1_base64="n0L/3epArU/ykq6gQXQwMqNkhQs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3HvQYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AaODjlk=</latexit>

Cell 4<latexit sha1_base64="VaoFdyXIG7ZvPmXuz/l680GXL3Y=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3CHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKUHjlo=</latexit><latexit sha1_base64="VaoFdyXIG7ZvPmXuz/l680GXL3Y=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3CHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKUHjlo=</latexit><latexit sha1_base64="VaoFdyXIG7ZvPmXuz/l680GXL3Y=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3CHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKUHjlo=</latexit><latexit sha1_base64="VaoFdyXIG7ZvPmXuz/l680GXL3Y=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3CHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKUHjlo=</latexit>

Cell 5<latexit sha1_base64="GR1SOR6TCTdlC85GilRJTN65SZo=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3IHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKaLjls=</latexit><latexit sha1_base64="GR1SOR6TCTdlC85GilRJTN65SZo=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3IHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKaLjls=</latexit><latexit sha1_base64="GR1SOR6TCTdlC85GilRJTN65SZo=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3IHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKaLjls=</latexit><latexit sha1_base64="GR1SOR6TCTdlC85GilRJTN65SZo=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3IHoM5OIxgnlAsoTZSW8yZnZnmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2AkmjbnfeUKluYwfzDRBP6KjmIecUWOldgOFINeDcsWtuguQdeLlpAI5moPyV38oWRphbJigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lsY0Qu1ni2tn5NIqQxJKZSs2ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw1s94nKQGY7ZcFKaCGEnmr5MhV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeqnlv17muV+lkeRxHO4QKuwIMbqMMdNKEFDB7hGV7hzZHOi/PufCxbC04+cwp/4Hz+AKaLjls=</latexit>

Cell 6<latexit sha1_base64="Ygcf6VBRzxjRKOdHI8z9vsKzOGs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3B/UYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AagPjlw=</latexit><latexit sha1_base64="Ygcf6VBRzxjRKOdHI8z9vsKzOGs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3B/UYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AagPjlw=</latexit><latexit sha1_base64="Ygcf6VBRzxjRKOdHI8z9vsKzOGs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3B/UYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AagPjlw=</latexit><latexit sha1_base64="Ygcf6VBRzxjRKOdHI8z9vsKzOGs=">AAAB7XicbVDLSgNBEOyNrxhf8XHzMhgET2E3B/UYyMVjBPOAZAmzk95kzOzOMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFSSCa+O6305hY3Nre6e4W9rbPzg8Kh+ftLVMFcMWk0KqbkA1Ch5jy3AjsJsopFEgsBNMGnO/84RKcxk/mGmCfkRHMQ85o8ZK7QYKQa4H5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyKVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5VPbfq3dcq9bM8jiKcwwVcgQc3UIc7aEILGDzCM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AagPjlw=</latexit>

Cell 7<latexit sha1_base64="Yeqz7fzjPk2bVw5fCmxFVoONvrI=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLBY8kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01462c8TlKDMVstClNBjCSL18mIK2RGzCyhTHF7K2ETqigzNqCSDcFbf3mTdGpVz61697VK4yKPowiXcAU34EEdGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qZOOXQ==</latexit><latexit sha1_base64="Yeqz7fzjPk2bVw5fCmxFVoONvrI=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLBY8kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01462c8TlKDMVstClNBjCSL18mIK2RGzCyhTHF7K2ETqigzNqCSDcFbf3mTdGpVz61697VK4yKPowiXcAU34EEdGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qZOOXQ==</latexit><latexit sha1_base64="Yeqz7fzjPk2bVw5fCmxFVoONvrI=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLBY8kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01462c8TlKDMVstClNBjCSL18mIK2RGzCyhTHF7K2ETqigzNqCSDcFbf3mTdGpVz61697VK4yKPowiXcAU34EEdGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qZOOXQ==</latexit><latexit sha1_base64="Yeqz7fzjPk2bVw5fCmxFVoONvrI=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLBY8kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01462c8TlKDMVstClNBjCSL18mIK2RGzCyhTHF7K2ETqigzNqCSDcFbf3mTdGpVz61697VK4yKPowiXcAU34EEdGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qZOOXQ==</latexit>

Cell 8<latexit sha1_base64="7seNgoQ5ynxaghfUk0Vm9KCEjZo=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLRY4kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01Y9zMeJ6nBmK0WhakgRpLF62TEFTIjZpZQpri9lbAJVZQZG1DJhuCtv7xJOrWq51a9+1qlcZHHUYRLuIIb8OAWGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qxeOXg==</latexit><latexit sha1_base64="7seNgoQ5ynxaghfUk0Vm9KCEjZo=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLRY4kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01Y9zMeJ6nBmK0WhakgRpLF62TEFTIjZpZQpri9lbAJVZQZG1DJhuCtv7xJOrWq51a9+1qlcZHHUYRLuIIb8OAWGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qxeOXg==</latexit><latexit sha1_base64="7seNgoQ5ynxaghfUk0Vm9KCEjZo=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLRY4kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01Y9zMeJ6nBmK0WhakgRpLF62TEFTIjZpZQpri9lbAJVZQZG1DJhuCtv7xJOrWq51a9+1qlcZHHUYRLuIIb8OAWGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qxeOXg==</latexit><latexit sha1_base64="7seNgoQ5ynxaghfUk0Vm9KCEjZo=">AAAB7XicbVDLTgJBEOzFF+ILHzcvE4mJJ7LLRY4kXDxiIo8ENmR26IWR2Z3NzKwJ2fAPXjxojFf/x5t/4wB7ULCSTipV3enuChLBtXHdb6ewtb2zu1fcLx0cHh2flE/POlqmimGbSSFVL6AaBY+xbbgR2EsU0igQ2A2mzYXffUKluYwfzCxBP6LjmIecUWOlThOFIPVhueJW3SXIJvFyUoEcrWH5azCSLI0wNkxQrfuemxg/o8pwJnBeGqQaE8qmdIx9S2Maofaz5bVzcm2VEQmlshUbslR/T2Q00noWBbYzomai172F+J/XT01Y9zMeJ6nBmK0WhakgRpLF62TEFTIjZpZQpri9lbAJVZQZG1DJhuCtv7xJOrWq51a9+1qlcZHHUYRLuIIb8OAWGnAHLWgDg0d4hld4c6Tz4rw7H6vWgpPPnMMfOJ8/qxeOXg==</latexit>

Intrepid2::Data

Kokkos::View
Diagonal Jacobian

<latexit sha1_base64="WO2UU9jae9mAt3ks485IO7xpjDo=">AAAB+nicbVA9TwJBEJ3DL8QvUDubjcTEitzRaEmihbHCRD4SIGRuWWDD3u5ld09DkJ9iY6Extv4SO/+NC1yh4EsmeXlvJjPzwlhwY33/28usrW9sbmW3czu7e/sH+cJh3ahEU1ajSijdDNEwwSWrWW4Fa8aaYRQK1ghHVzO/8cC04Ure23HMOhEOJO9zitZJ3XzhmuNASRTkFqkKOTqt6Jf8OcgqCVJShBTVbv6r3VM0iZi0VKAxrcCPbWeC2nIq2DTXTgyLkY5wwFqOSoyY6Uzmp0/JmVN6pK+0K2nJXP09McHImHEUus4I7dAsezPxP6+V2P5lZ8JlnFgm6WJRPxHEKjLLgfS4ZtSKsSNINXe3EjpEjdS6tHIuhGD55VVSL5cCvxTclYuV4zSOLJzAKZxDABdQgRuoQg0oPMIzvMKb9+S9eO/ex6I146UzR/AH3ucPtdaTew==</latexit><latexit sha1_base64="WO2UU9jae9mAt3ks485IO7xpjDo=">AAAB+nicbVA9TwJBEJ3DL8QvUDubjcTEitzRaEmihbHCRD4SIGRuWWDD3u5ld09DkJ9iY6Extv4SO/+NC1yh4EsmeXlvJjPzwlhwY33/28usrW9sbmW3czu7e/sH+cJh3ahEU1ajSijdDNEwwSWrWW4Fa8aaYRQK1ghHVzO/8cC04Ure23HMOhEOJO9zitZJ3XzhmuNASRTkFqkKOTqt6Jf8OcgqCVJShBTVbv6r3VM0iZi0VKAxrcCPbWeC2nIq2DTXTgyLkY5wwFqOSoyY6Uzmp0/JmVN6pK+0K2nJXP09McHImHEUus4I7dAsezPxP6+V2P5lZ8JlnFgm6WJRPxHEKjLLgfS4ZtSKsSNINXe3EjpEjdS6tHIuhGD55VVSL5cCvxTclYuV4zSOLJzAKZxDABdQgRuoQg0oPMIzvMKb9+S9eO/ex6I146UzR/AH3ucPtdaTew==</latexit><latexit sha1_base64="WO2UU9jae9mAt3ks485IO7xpjDo=">AAAB+nicbVA9TwJBEJ3DL8QvUDubjcTEitzRaEmihbHCRD4SIGRuWWDD3u5ld09DkJ9iY6Extv4SO/+NC1yh4EsmeXlvJjPzwlhwY33/28usrW9sbmW3czu7e/sH+cJh3ahEU1ajSijdDNEwwSWrWW4Fa8aaYRQK1ghHVzO/8cC04Ure23HMOhEOJO9zitZJ3XzhmuNASRTkFqkKOTqt6Jf8OcgqCVJShBTVbv6r3VM0iZi0VKAxrcCPbWeC2nIq2DTXTgyLkY5wwFqOSoyY6Uzmp0/JmVN6pK+0K2nJXP09McHImHEUus4I7dAsezPxP6+V2P5lZ8JlnFgm6WJRPxHEKjLLgfS4ZtSKsSNINXe3EjpEjdS6tHIuhGD55VVSL5cCvxTclYuV4zSOLJzAKZxDABdQgRuoQg0oPMIzvMKb9+S9eO/ex6I146UzR/AH3ucPtdaTew==</latexit><latexit sha1_base64="WO2UU9jae9mAt3ks485IO7xpjDo=">AAAB+nicbVA9TwJBEJ3DL8QvUDubjcTEitzRaEmihbHCRD4SIGRuWWDD3u5ld09DkJ9iY6Extv4SO/+NC1yh4EsmeXlvJjPzwlhwY33/28usrW9sbmW3czu7e/sH+cJh3ahEU1ajSijdDNEwwSWrWW4Fa8aaYRQK1ghHVzO/8cC04Ure23HMOhEOJO9zitZJ3XzhmuNASRTkFqkKOTqt6Jf8OcgqCVJShBTVbv6r3VM0iZi0VKAxrcCPbWeC2nIq2DTXTgyLkY5wwFqOSoyY6Uzmp0/JmVN6pK+0K2nJXP09McHImHEUus4I7dAsezPxP6+V2P5lZ8JlnFgm6WJRPxHEKjLLgfS4ZtSKsSNINXe3EjpEjdS6tHIuhGD55VVSL5cCvxTclYuV4zSOLJzAKZxDABdQgRuoQg0oPMIzvMKb9+S9eO/ex6I146UzR/AH3ucPtdaTew==</latexit>

New way: 2 doubles.
<latexit sha1_base64="K3tfYQhQocH6fZkuA2L9s7LuNCk=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkk3FlcFN66kgn1AG8pkMmmHTjJhZmIJof6KGxeKuPVD3Pk3TtsstPXAwOGce7h3jp9wprTjfFsbm1vbO7ulvfL+weHRsX1y2lEilYS2ieBC9nysKGcxbWumOe0lkuLI57TrT27mfveRSsVE/KCzhHoRHsUsZARrIw3tyh2doinOrlEdBSI1MVUb2lWn5iyA1olbkCoUaA3tr0EgSBrRWBOOleq7TqK9HEvNCKez8iBVNMFkgke0b2iMI6q8fHH8DF0YJUChkObFGi3U34kcR0plkW8mI6zHatWbi/95/VSHDS9ncZJqGpPlojDlSAs0bwIFTFKieWYIJpKZWxEZY4mJNn2VTQnu6pfXSadec52ae1+vNhtFHSU4g3O4BBeuoAm30II2EMjgGV7hzXqyXqx362M5umEVmQr8gfX5AyW1k8A=</latexit><latexit sha1_base64="K3tfYQhQocH6fZkuA2L9s7LuNCk=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkk3FlcFN66kgn1AG8pkMmmHTjJhZmIJof6KGxeKuPVD3Pk3TtsstPXAwOGce7h3jp9wprTjfFsbm1vbO7ulvfL+weHRsX1y2lEilYS2ieBC9nysKGcxbWumOe0lkuLI57TrT27mfveRSsVE/KCzhHoRHsUsZARrIw3tyh2doinOrlEdBSI1MVUb2lWn5iyA1olbkCoUaA3tr0EgSBrRWBOOleq7TqK9HEvNCKez8iBVNMFkgke0b2iMI6q8fHH8DF0YJUChkObFGi3U34kcR0plkW8mI6zHatWbi/95/VSHDS9ncZJqGpPlojDlSAs0bwIFTFKieWYIJpKZWxEZY4mJNn2VTQnu6pfXSadec52ae1+vNhtFHSU4g3O4BBeuoAm30II2EMjgGV7hzXqyXqx362M5umEVmQr8gfX5AyW1k8A=</latexit><latexit sha1_base64="K3tfYQhQocH6fZkuA2L9s7LuNCk=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkk3FlcFN66kgn1AG8pkMmmHTjJhZmIJof6KGxeKuPVD3Pk3TtsstPXAwOGce7h3jp9wprTjfFsbm1vbO7ulvfL+weHRsX1y2lEilYS2ieBC9nysKGcxbWumOe0lkuLI57TrT27mfveRSsVE/KCzhHoRHsUsZARrIw3tyh2doinOrlEdBSI1MVUb2lWn5iyA1olbkCoUaA3tr0EgSBrRWBOOleq7TqK9HEvNCKez8iBVNMFkgke0b2iMI6q8fHH8DF0YJUChkObFGi3U34kcR0plkW8mI6zHatWbi/95/VSHDS9ncZJqGpPlojDlSAs0bwIFTFKieWYIJpKZWxEZY4mJNn2VTQnu6pfXSadec52ae1+vNhtFHSU4g3O4BBeuoAm30II2EMjgGV7hzXqyXqx362M5umEVmQr8gfX5AyW1k8A=</latexit><latexit sha1_base64="K3tfYQhQocH6fZkuA2L9s7LuNCk=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkk3FlcFN66kgn1AG8pkMmmHTjJhZmIJof6KGxeKuPVD3Pk3TtsstPXAwOGce7h3jp9wprTjfFsbm1vbO7ulvfL+weHRsX1y2lEilYS2ieBC9nysKGcxbWumOe0lkuLI57TrT27mfveRSsVE/KCzhHoRHsUsZARrIw3tyh2doinOrlEdBSI1MVUb2lWn5iyA1olbkCoUaA3tr0EgSBrRWBOOleq7TqK9HEvNCKez8iBVNMFkgke0b2iMI6q8fHH8DF0YJUChkObFGi3U34kcR0plkW8mI6zHatWbi/95/VSHDS9ncZJqGpPlojDlSAs0bwIFTFKieWYIJpKZWxEZY4mJNn2VTQnu6pfXSadec52ae1+vNhtFHSU4g3O4BBeuoAm30II2EMjgGV7hzXqyXqx362M5umEVmQr8gfX5AyW1k8A=</latexit>

Same access pattern for both old and new:
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Our interest is not primarily in reducing storage costs, but in enabling
structure-aware algorithms, such as sum factorization.
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Motivation: Sum Factorization

Assembly/Evaluation Costs1

Storage Assembly Evaluation
Full Assembly + matvec O(p2d) O(p3d) O(p2d)
Sum-Factorized Full Assembly + matvec O(p2d) O(p2d+1) O(p2d)
Partial Assembly + matrix-free action O(pd) O(pd) O(pd+1)

For hexahedral elements in 3D:

■ standard assembly: O(p9) flops

■ sum factorization: O(p7) flops in general; O(p6) flops in special cases.

■ partial assembly: O(p4) flops (but need matrix-free solver)

Savings increase for higher dimensions. . .
Basic idea: save flops by factoring sums.

Adds Multiplies Total OpsPN
i=1

PN
j=1 aibj N2 − 1 N2 2N2 − 1PN

i=1 ai

PN
j=1 bj 2N− 2 N 3N− 2

1
Table 1 in Anderson et al, MFEM: A modular finite element methods library. doi: 10.1016/j.camwa.2020.06.009.
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Intrepid2’s Basis Class

■ Principal method: getValues() — arguments: points, operator,
Kokkos View for values

■ Fills View with shape (P) or (P,D) with basis values at each ref. space
quadrature point.

Structure has been lost:

■ points: flat container discards tensor structure of points.

■ values: each basis value is the product of tensorial component bases; we
lose that by storing the value of the product.

Both points and values will generally require (a lot) more storage than a
structure-preserving data structure would allow.

But our major interest is in supporting algorithms that take advantage of
structure: we add a getValues() variant that accepts a BasisValues
object (see next slide).
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Structure-Preserving Data Classes in Intrepid2

■ CellGeometry: general class for specifying geometry, with support
for low-storage specification of regular grids, as well as arbitrary meshes.

■ Data: basic data container, with support for expression of regular
and/or constant values without requiring redundant storage of those.

■ TensorData: tensor product of Data containers; allows storage of
tensor-product basis evaluations such as those from H1 value basis
evaluation.

■ VectorData: vectors of TensorData, possibly with multiple families
defined within one object. Allows storage of vector-valued basis
evaluations.

■ TensorPoints: tensor point container defined in terms of component
points.

■ BasisValues: abstraction from TensorData and VectorData;
allows arbitrary reference-space basis values to be stored.

■ TransformedBasisValues: BasisValues object alongside a
transformation matrix, stored in a Data object, that maps it to physical
space.
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Two Sum Factorization Approaches

In N-dimensional hypercube integration, we can have N+ 2 nested
summations; we want to compute and store these in an efficient
manner.
We implement two sum factorization algorithms:

1 Basis-indexed:
■ standard approach (see e.g. Mora & Demkowicz)
■ loop nesting structure: point loops contain basis loops
■ intermediates are indexed by basis ordinals, with implicit reference
to quadrature indices

2 Point-indexed:
■ our design, based on Intrepid2 data layout: we attempt to improve
data locality.

■ loop nesting: basis loops contain point loops
■ intermediates are indexed by point ordinals, with implicit reference
to basis ordinals
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Estimated Flops for Each Algorithm

We use Poisson assembly on a 163 grid, with elementwise integrals of
the form

Kij =

Z
K

∇ϕi ·∇ϕj ∂K,

as our test problem. We implement a flop estimator (counting each
add or multiply as one flop), with results:

p Standard Basis-Indexed Speedup Point-Indexed Speedup
1 1.6e+07 2.7e+07 0.60x 2.9e+07 0.55x
2 5.3e+08 3.6e+08 1.5x 3.8e+08 1.4x
3 6.7e+09 2.4e+09 2.8x 2.5e+09 2.7x
4 4.9e+10 1.1e+10 4.5x 1.1e+10 4.5x
5 2.5e+11 3.7e+10 6.8x 3.9e+10 6.4x
6 1.0e+12 1.1e+11 9.1x 1.1e+11 9.1x
7 3.3e+12 2.7e+11 12x 2.7e+11 12x
8 9.6e+12 6.0e+11 16x 6.1e+11 16x

(Speedup values here are theoretical, based only on flop counts.)
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Poisson Results: Serial
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Figure: Serial (Intel Xeon W, 2.3 GHz) timing comparison for 3D Poisson
integration, 4096 elements. (Optimal workset sizes for each case determined
experimentally.)
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Poisson Results: OpenMP
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Figure: OpenMP (Intel Xeon W, 2.3 GHz, 16 threads) timing comparison for
3D Poisson integration, 4096 elements. (Optimal workset sizes for each case
determined experimentally.)
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Poisson Results: CUDA P100
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Figure: CUDA (P100) timing comparison for 3D Poisson integration, 4096
elements. (Optimal workset sizes for each case determined experimentally.)

Note: The p = 8 case has a dramatic slowdown for standard (for this case, the only

workset size that ran to completion was 1); we exclude it from the speedup plot so

as to not to throw off the scaling.
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The 3D3V (3 space dimensions + 3 velocity dimensions)
Vlasov-Poisson equations take the form:

∂f

∂t
+ v ·

∂f

∂x
+

q

m
E ·

∂f

∂v
= 0 (1)

∇ ·E =
q

ϵ0

Z
fd3v (2)

E+∇ϕ = 0 (3)

Here, we have introduced a potential ϕ such that E = −∇ϕ

(convenient for BCs). We can simplify further by restricting to 1D1V:

∂f

∂t
+ vx

∂f

∂x
+

q

m
E ·

∂f

∂vx
= 0 (4)

∂E

∂x
=

q

ϵ0

Z
fdvx (5)

E+
∂ϕ

∂x
= 0 (6)
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Vision for DPG Vlasov Solver

The goal: flexible, robust, accurate plasma physics solver for regimes
that PIC does not address well.

Our approach: DPG for Vlasov.

DPG has many attractive features:

■ discrete stability is automatic

■ almost total flexibility in solution basis (can go high-order)

■ “minimum-residual method”: solution error is minimized in an
energy norm

■ comes with a built-in error indicator: AMR is natural and robust
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Vlasov in Camellia

Camellia is my Trilinos-based FEM library, with support for DPG +
AMR.

■ For Vlasov, we need hyper-dimensional meshes, up to 7D total.
■ Key feature: allow orthogonal extrusion of any mesh in new
dimensions.

■ Assume orthogonal: simplifies Jacobian computations, etc.
■ Do not assume uniform divisions: allow AMR in the new
dimensions.
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Camellia: Support for Structured Data

■ Camellia aims to be quite general, with support for arbitrary
PDEs on unstructured grids.

■ Working to add mechanisms to preserve structure for improved
performance.

■ A work in progress: foundation laid for e.g. using Intrepid2’s sum
factorization, but not yet implemented.

■ Two examples: Function and ExtrudedMeshTopology
classes.

WCCM: July 31 - August 5, 2022 23



Function Class and Structured Data
The Function class represents an arbitrary function, which may be
mesh-dependent; subclasses include:

■ ConstantScalarFunction - a constant scalar value.

■ SimpleSolutionFunction - mesh-based solution for a specified
variable.

■ Sin ax - sine of ax, where a is a constant.

values() method: accepts an object representing the
computational/geometric context (e.g., which cells and points to compute
values for), and outputs a multi-dimensional array with shape (C,P) (for
scalar-valued functions).

Two key additions for structure preservation:

■ a version of values() that outputs to an Intrepid2::Data object
(alongside methods that allow the subclass to specify the structure of
the data)

■ a bit-packed member variable variesInDimension that allows
subclasses to specify in which spatial dimensions the Function varies
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ExtrudedMeshTopology

Camellia’s MeshTopology maintains the geometry of the mesh, including
neighbor and parent-child relationships. (Contrast with Mesh, which
additionally includes degrees of freedom for each cell.)

ExtrudedMeshTopology is a subclass of MeshTopology that supports
orthogonal extrusion of a lower-dimensional MeshTopology in arbitrary
dimensions.

■ constructor takes a root-level/unrefined MeshTopology and a set of
coordinates in each extruded dimension.

■ maintains a 1D MeshTopology object for each extrusion dimension,
with the rule that this is at least as fine as any corresponding
phase-space cell in that dimension.

■ overrides addCell() method (a bottleneck for refinements), and
maintains maps from phase-space cells to cells in each extrusion
dimension (and back).
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Challenges: Computational Cost and the Curse

The curse of dimensionality looms. We have three key mitigations:

1 Adaptive Mesh Refinement
■ Full support for isotropic h-adaptivity.
■ Anisotropic adaptivity: necessary for performance in high
dimensions.

2 Underway: Hyperdimensional Serendipity bases2

3 Smart Assembly
■ Structure of Vlasov allows most terms to be integrated in lower
dimensions, and multiplied by a pre-computed integral
corresponding to remaining dimensions.

■ Not yet implemented.

1Serendipity basis support in Intrepid2; Trilinos master SHA1 22d0482, 7/7/22.
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Space-Time Formulation: Vlasov

We may write the 1D1V Vlasov equation as:

∇xtv ·




vxf

f
q
mExf


 = 0.

Multiplying by test w ∈ H1 and integrating by parts:

⟨t̂n,w⟩−






vxf

f
q
mExf


 ,∇xtvw


 = 0,

where formally

t̂n = tr






vxf

f
q
mExf


 ·



nx

nt

nv




 .

We use the graph norm on the test space.
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Space-Time Formulation: Poisson

Our space-time Poisson Formulation:

⟨V̂E, τnx⟩− (VE,∂xτ) + (Ex, τ) = 0

⟨Êx,qnx⟩− (Ex,∂xq) =

�
ρ

ϵ0
,q

�
.

Note that the traces V̂E, Êx are only defined at the spatial interfaces
(those for which nx ̸= 0). Note also that ρ is two-dimensional: it
varies in time as well as space. The usual situation is that BCs are
imposed on V̂E at the left and right boundaries; for the cold diode, we
impose V̂E = 0 at each.

We use the graph norm on the test space.
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Solution Strategy: Fixed Point Iteration

We use a fixed-point iteration with a set maximum number of
iterations:

■ up to 15 fixed-point iterations per solve, with early exit if the
relative norm of the update falls below a tolerance (10−6).

■ Linear solves performed with Geometric-Multigrid-preconditioned
conjugate gradient solver, tolerance between 10−7 and 10−9.
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The Cold Diode Problem

In the cold diode problem, a beam of electrons is emitted across a 1D
anode-cathode gap, with an applied voltage across the gap.

<latexit sha1_base64="iWd0NtqzyeVpFbpxrTmaNMfn5h4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQLyUrol6EghePFewHbJeSTbNtaDZZklmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0qlsEDIt1dYW9/Y3Cpul3Z29/YPyodHLaszw3iTaalNJ6KWS6F4EwRI3kkNp0kkeTsa3c389hM3Vmj1COOUhwkdKBELRsFJQTcdiio5x7eY9MoVUiNz4FXi56SCcjR65a9uX7Ms4QqYpNYGPkkhnFADgkk+LXUzy1PKRnTAA0cVTbgNJ/OTp/jMKX0ca+NKAZ6rvycmNLF2nESuM6EwtMveTPzPCzKIb8KJUGkGXLHFojiTGDSe/Y/7wnAGcuwIZUa4WzEbUkMZuJRKLgR/+eVV0rqo+Vc1/+GyUid5HEV0gk5RFfnoGtXRPWqgJmJIo2f0it488F68d+9j0Vrw8plj9Afe5w/rRY+n</latexit>

�(0) = 0
<latexit sha1_base64="/gz0iyrCNRaKhkIjpjYnhP/vUuM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiol6EghePFewHpKFsNpt26WY37E6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDAV3IDrfjultfWNza3ydmVnd2//oHp41DEq05S1qRJK90JimOCStYGDYL1UM5KEgnXD8d3M7z4xbbiSjzBJWZCQoeQxpwSs5PfTEa9H5/gWu4NqzW24c+BV4hWkhgq0BtWvfqRoljAJVBBjfM9NIciJBk4Fm1b6mWEpoWMyZL6lkiTMBPn85Ck+s0qEY6VtScBz9fdEThJjJkloOxMCI7PszcT/PD+D+CbIuUwzYJIuFsWZwKDw7H8ccc0oiIklhGpub8V0RDShYFOq2BC85ZdXSeei4V01vIfLWtMt4iijE3SK6shD16iJ7lELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AOyiP2w==</latexit>

�(d) = 0

<latexit sha1_base64="kEpKJbRmoK2x8fS75GeUbiIMpIw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LQ9aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3eR+6xGV5rF8MOME/YgOJA85o8ZK90/Xbq9ccavuFGSZeHNSqcEM9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ9NQJObFKn4SxsiUNmaq/JzIaaT2OAtsZUTPUi14u/ud1UhNe+RmXSWpQstmiMBXExCT/m/S5QmbE2BLKFLe3EjakijJj0ynZELzFl5dJ86zqXVS9u/NKzZ3HUYQjOIZT8OASanALdWgAgwE8wyu8OcJ5cd6dj1lrwZnPHMIfOJ8/KhCNsQ==</latexit>

x = 0

<latexit sha1_base64="440FS3M4RZ2tOb+ROLwQwbwHHv8=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFcCFlRkRdFkRwWcE+oDOUTJq2oUlmSDJCGWbjr7hxoYhbP8Odf2Om7UJbDwQO59zDzT1Rwpk2nvftLC2vrK6tlzbKm1vbO7vu3n5Tx6kitEFiHqt2hDXlTNKGYYbTdqIoFhGnrWh0U/itR6o0i+WDGSc0FHggWZ8RbKzUdQ99DwVnaHTbRFmgRMEjG8+7bsWrehOgReLPSKUGU9S77lfQi0kqqDSEY607vpeYMMPKMMJpXg5STRNMRnhAO5ZKLKgOs8kBOTqxSg/1Y2WfNGii/k5kWGg9FpGdFNgM9bxXiP95ndT0r8OMySQ1VJLpon7KkYlR0QbqMUWJ4WNLMFHM/hWRIVaYGNtZ2Zbgz5+8SJrnVf+y6t9fVGrerI4SHMExnIIPV1CDO6hDAwjk8Ayv8OY8OS/Ou/MxHV1yZpkD+APn8wfXnJSk</latexit>

10 kEV beam

<latexit sha1_base64="E5OSVxSuGEamOt3wKY3VuA1fi/w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFcSEhE1E2h4MZlBfuAJpTJZNIOnZmEmYlYQn/DjQtF3Poz7vwbp4+Fth64cDjnXu69J8o408bzvp2V1bX1jc3SVnl7Z3dvv3Jw2NJprghtkpSnqhNhTTmTtGmY4bSTKYpFxGk7Gt5O/PYjVZql8sGMMhoK3JcsYQQbKwVPtbjmej4KzpHoVaqe602Blok/J9U6zNDoVb6COCW5oNIQjrXu+l5mwgIrwwin43KQa5phMsR92rVUYkF1WExvHqNTq8QoSZUtadBU/T1RYKH1SES2U2Az0IveRPzP6+YmuQkLJrPcUElmi5KcI5OiSQAoZooSw0eWYKKYvRWRAVaYGBtT2YbgL768TFoXrn/l+veX1bo3j6MEx3ACZ+DDNdThDhrQBAIZPMMrvDm58+K8Ox+z1hVnPnMEf+B8/gDgPJBA</latexit>

x = d = .01 m

■ We have an exact solution due to Jaffé.

■ EMPIRE-PIC has very accurate results for this problem.

■ Tom Smith provided me the Python scripts used in EMPIRE’s
analysis; I’ve adapted these.
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The Cold Diode Problem and Vlasov

Some notes on our approach:

■ We nondimensionalize for computations, such that v∗beam = 1 and
t∗final = 1.

■ We rescale on output for comparison to exact solution.

■ Inflow BC: approximated with a Maxwellian with thermal velocity
σ = 0.025 vbeam.

■ σ > 0 =⇒ solving a slightly different problem; can expect some
error due to that difference.

■ Important to resolve the BC; we perform initial refinements to
resolve to a given tolerance.

■ We also introduce a linear temporal “ramp”, phasing in the
injection BC between t = 0 and t = 0.25.
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Space-Time Results: Uniform Refinement Studies

Table: Relative L2 errors

f order Mesh Size E err. ϕ err. ne err. vx err.
0 4× 40× 40 2.458E-01 2.228E-01 2.276E-02 2.386E-02
0 8× 80× 80 1.228E-01 1.133E-01 1.130E-02 1.198E-02
0 16× 160× 160 6.137E-02 5.690E-02 5.630E-03 5.998E-03
1 4× 20× 40 2.481E-03 2.505E-02 2.446E-03 2.200E-03
1 8× 40× 80 7.065E-04 6.266E-03 6.660E-04 6.212E-04
1 16× 80× 160 3.924E-04 1.605E-03 3.641E-04 3.399E-04
2 4× 10× 40 5.021E-04 4.206E-04 2.586E-03 6.109E-04
2 8× 20× 80 3.660E-04 3.673E-04 4.753E-04 3.365E-04
2 16× 40× 160 3.618E-04 3.635E-04 4.016E-04 3.138E-04
3 4× 5× 40 6.151E-03 2.189E-03 2.614E-02 3.178E-03
3 8× 10× 80 3.624E-04 3.632E-04 4.126E-04 3.133E-04
3 16× 20× 160 3.619E-04 3.637E-04 3.353E-04 3.126E-04

Uniform refinement study for space-time, for poly orders from 0 to 3. As with our finest
time-marching solves, we see error of roughly 3× 10−4 in each variable, due to the nonzero
value for σ. Note that the second dimension is time; we use coarser discretizations in time
for higher polynomial orders so that we have roughly the same number of temporal nodes
as in the time-marching scheme.
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Adaptive Space-Time Results

For this AMR run, we perform a set of initial refinements, driven by
the error in the boundary condition, until that error is less than a
specified tolerance in the relative L2 norm on the boundary. In this
run, we use the following setup:

■ coarse mesh: 2× 4× 10 elements

■ σ = 0.025

■ BC tol: 10−5

■ quadratic field variables

■ test space enrichment ∆p = 4

■ greedy refinement parameter θ = 0.2
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 0 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the the cold diode problem, after 1 energy-error
refinement. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 2 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 3 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 4 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.

WCCM: July 31 - August 5, 2022 44



Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 5 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 6 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 7 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Adaptive Space-Time Results: Vlasov

Vlasov solution for the cold diode problem, after 8 energy-error
refinements. Time dimension is coming out of the screen; the left side
is the spatial outflow.
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Conclusion

■ The more structured the problem, the greater gains we can
achieve by taking advantage of that structure.

■ Intrepid2 has a new, rich set of foundational classes for preserving
structure through FEM computations.

■ We have begun to take advantage of these in Camellia,
particularly in the context of the Vlasov problem.

Thanks for your attention!
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