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2 Motivation: Agile simulation of complex assemblies 

hermetic 
electrical 
connector 

stress field in glass seal 
after manufacturing 

• Goals of simulation can vary during design process.
• Heuristics are often used to defeature geometry.
• Heuristics are used to construct finite element mesh.



3 Motivation: Typical domain (geometry) features

In engineering applications, domains 
typically  contain numerous geometric 
features that are unimportant for the 
goals of the simulation.

thread

chamfer

fillet
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• GBCs provide framework for broad class of discretizations, 

both element based and element free.
• Can unify both classes of discretizations.

Motivation

element based element free
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(a) (b)

(a) (b)

(a) (b)

Motivation: element-based polyhedral 
discretizations
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von Mises stress field

(a) (b)

fixed (8 holes)

torque

Motivation: element-based polyhedral 
discretizations
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stress field (vm)nodes basis functions

Motivation: element-free discretizations

fixed
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1. motivation
2. GBC approximation
3. GBC application to quadrature
4. conjugate basis
5. element-based applications
6. element-free applications (weight functions using manifold geodesics)
7. summary

Outline



9 Geometry to function approximation
<latexit sha1_base64="fstHXXFzlTJlO+0ah6y+591aCzs=">AAACJnicbVDLSsNAFJ34rPUVdelmsAgVpCSlqCiFohuXFewDmhom00k7dDIJMxOhhHyNG3/FjYuKiDs/xUlbRFsPDBzOOZe593gRo1JZ1qextLyyurae28hvbm3v7Jp7+00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpecObzG89EiFpyO/VKCLdAPU59SlGSkuuWU2cAKmB58PrtKhO4GUVOjIO3IRWrfQh4Sn8CdRTl0LnCnraPOVZOu+aBatkTQAXiT0jBTBD3TXHTi/EcUC4wgxJ2bGtSHUTJBTFjKR5J5YkQniI+qSjKUcBkd1kcmYKj7XSg34o9OMKTtTfEwkKpBwFnk5mK8t5LxP/8zqx8i+6CeVRrAjH04/8mEEVwqwz2KOCYMVGmiAsqN4V4gESCCvdbFaCPX/yImmWS/ZZqXJXKdTKszpy4BAcgSKwwTmogVtQBw2AwRN4AWPwZjwbr8a78TGNLhmzmQPwB8bXN1w/o8w=</latexit>

B(t) :=
nX

i=0

Pi bi,n(t)

provide affine invariance (scaling, rotation)

<latexit sha1_base64="5Rq1PLPvk7L/kmGd47ixPmCfUwc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXBjcsK9gFtLZn0ThuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx4Jr47rfztr6xubWdmGnuLu3f3BYOjpu6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ6SHshNWM/II3ZwC0OSmW34s5BVomXkzLkaAxKX71hxJIQpWGCat313Nj0U6oMZwJnxV6iMaZsQkfYtVTSEHU/naeekXOrDEkQKfukIXP190ZKQ62noW8ns5B62cvE/7xuYoLrfsplnBiUbHEoSAQxEckqIEOukBkxtYQyxW1WwsZUUWZsUVkJ3vKXV0mrWvEuK7W7WrlezesowCmcwQV4cAV1uIUGNIGBgmd4hTfnyXlx3p2Pxeiak++cwB84nz98nZHO</latexit>

P0

<latexit sha1_base64="n2bYAv3XFqpR0sG23mMTiPVWuYo=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXBjcsK9gFtLZn0ThuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx4Jr47rfztr6xubWdmGnuLu3f3BYOjpu6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ6SHshNWM/II3ZwCsOSmW34s5BVomXkzLkaAxKX71hxJIQpWGCat313Nj0U6oMZwJnxV6iMaZsQkfYtVTSEHU/naeekXOrDEkQKfukIXP190ZKQ62noW8ns5B62cvE/7xuYoLrfsplnBiUbHEoSAQxEckqIEOukBkxtYQyxW1WwsZUUWZsUVkJ3vKXV0mrWvEuK7W7WrlezesowCmcwQV4cAV1uIUGNIGBgmd4hTfnyXlx3p2Pxeiak++cwB84nz9+IpHP</latexit>

P1

<latexit sha1_base64="LEvlw8btEDBXdF3x+7yir2RLYh4=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXBjcsK9gFtLZk004ZmMkNyRylD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx1IYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uTm8xvP3JtRKTucRrzfkhHSgSCUbTSQ9oLKY79gDRmg2pxUCq7FXcOskq8nJQhR2NQ+uoNI5aEXCGT1Jiu58bYT6lGwSSfFXuJ4TFlEzriXUsVDbnpp/PUM3JulSEJIm2fQjJXf2+kNDRmGvp2Mgtplr1M/M/rJhhc91Oh4gS5YotDQSIJRiSrgAyF5gzl1BLKtLBZCRtTTRnaorISvOUvr5JWteJdVmp3tXK9mtdRgFM4gwvw4ArqcAsNaAIDDc/wCm/Ok/PivDsfi9E1J985gT9wPn8Af6eR0A==</latexit>

P2

<latexit sha1_base64="p+02LsQ04CduHG9NC3i5p1iqZZo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqszUoi4LblxWsA9ox5JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTm8zvPFKlmRT3ZhpTP8IjwUJGsLHSQ9qPsBkHIWrOBhelQbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n85Tz9CZVYYolMo+YdBc/b2R4kjraRTYySykXvYy8T+vl5jw2k+ZiBNDBVkcChOOjERZBWjIFCWGTy3BRDGbFZExVpgYW1RWgrf85VXSrlW9y2r9rl5p1PI6inACp3AOHlxBA26hCS0goOAZXuHNeXJenHfnYzFacPKdY/gD5/MHgSyR0Q==</latexit>

P3

Bernstein polynomial
<latexit sha1_base64="L94tRbfi6tF3gz//qbLeJrH6BSU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSinosePFYwX5AG8pmu2mXbjZhdyKU0L/hxYMiXv0z3vw3btoctPXBwOO9GWbm+bHgGh3n2ypsbG5t7xR3S3v7B4dH5eOTjo4SRVmbRiJSPZ9oJrhkbeQoWC9WjIS+YF1/epf53SemNI/kI85i5oVkLHnAKUEjDfxhyq/kvIqXpdKwXHFqzgL2OnFzUoEcrWH5azCKaBIyiVQQrfuuE6OXEoWcCjYvDRLNYkKnZMz6hkoSMu2li5vn9oVRRnYQKVMS7YX6eyIlodaz0DedIcGJXvUy8T+vn2Bw66VcxgkySZeLgkTYGNlZAPaIK0ZRzAwhVHFzq00nRBGKJqYsBHf15XXSqdfc61rjoVFp1vM4inAG51AFF26gCffQgjZQiOEZXuHNSqwX6936WLYWrHzmFP7A+vwBSwaQgA==</latexit>

bi,n(t)

control points <latexit sha1_base64="uDCHel/hzOrGrdYQ0QiRBJjtdYU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxUUpSiroRCm5cVrAPaEKYTCbt0MlMnJkIJfQP3Pgrblwo4tatO//GpM1CWw9cOJxzL/fe48eMKm1Z30ZpZXVtfaO8Wdna3tndM/cPukokEpMOFkzIvo8UYZSTjqaakX4sCYp8Rnr++Dr3ew9EKir4nZ7ExI3QkNOQYqQzyTNPUydCeuSHsD31KITOfYICSOEVtGoOC4RWNcgrFc+sWnVrBrhM7IJUQYG2Z345gcBJRLjGDCk1sK1YuymSmmJGphUnUSRGeIyGZJBRjiKi3HT2zxSeZEoAQyGz4hrO1N8TKYqUmkR+1pkfrxa9XPzPGyQ6vHRTyuNEE47ni8KEQS1gHg4MqCRYs0lGEJY0uxXiEZII6yzCPAR78eVl0m3U7fN687ZZbTWKOMrgCByDM2CDC9ACN6ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+APjM8fGTyaFw==</latexit>

Pi i = 0, . . . , n

Bezier curve
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<latexit sha1_base64="ur3+OYOcFQO3s7muiiKv2ivyXqs=">AAAB6nicbVDLSgNBEOyNr7i+oh69DAbBU9gNQT0GvHiMaB6QLGF2MpsMmX0w0yuEJZ/gxYMiXv0ib/6Ns8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xr7+0fHB5Vjk86Ok4V420Wy1j1fKq5FBFvo0DJe4niNPQl7/rT29zvPnGlRRw94izhXkjHkQgEo2ikB7TtYaXq1JwFyDpxC1KFAq1h5Wswilka8giZpFr3XSdBL6MKBZN8bg9SzRPKpnTM+4ZGNOTayxanzsmFUUYkiJWpCMlC/T2R0VDrWeibzpDiRK96ufif108xuPEyESUp8ogtFwWpJBiT/G8yEoozlDNDKFPC3ErYhCrK0KSTh+CuvrxOOvWae1Vr3DeqzXoRRxnO4BwuwYVraMIdtKANDMbwDK/wZknrxXq3PpatJauYOYU/sD5/AEdijRk=</latexit>

t

<latexit sha1_base64="LHAPvgdSCozZ7tqzqYDNlwCe2j8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LBahgpSkFPVY8OKxgv2ANpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuGlz0NYHA4/3ZpiZ58ecKe0431ZhY3Nre6e4a+/tHxwelY5P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3eZ35lSqVgkHvUspl6IR4IFjGBtJM8fpOxKzCv6Etn2oFR2qs4CaJ24OSlDjuag9NUfRiQJqdCEY6V6rhNrL8VSM8Lp3O4nisaYTPCI9gwVOKTKSxdHz9GFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NZLmYgTTQVZLgoSjnSEsgTQkElKNJ8Zgolk5lZExlhiok1OWQju6svrpF2rutfV+kO93KjlcRThDM6hAi7cQAPuoQktIPAEz/AKb9bUerHerY9la8HKZ07hD6zPH6RBkKo=</latexit>

bi,n(t)
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<latexit sha1_base64="f/RicbMJc8LZlS62djzyxaMGpuI=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lK0R4LXjxWsK3YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N24+Dtj4YeLw3w8y8MJXCoOd9O4WNza3tneKuu7d/cHhUOj5pmyTTjLdYIhP9EFLDpVC8hQIlf0g1p3EoeScc38z8zhPXRiTqHicpD2I6VCISjKKVHnsoYm5I1XX7pbJX8eYg68RfkjIs0eyXvnqDhGUxV8gkNabreykGOdUomORTt5cZnlI2pkPetVRRuyjI5xdPyYVVBiRKtC2FZK7+nshpbMwkDm1nTHFkVr2Z+J/XzTCqB7lQaYZcscWiKJMEEzJ7nwyE5gzlxBLKtLC3EjaimjK0Ic1C8FdfXiftasW/qtTuauVGfRlHEc7gHC7Bh2towC00oQUMFDzDK7w5xnlx3p2PRWvBWc6cwh84nz/vSI/B</latexit>⇥2
<latexit sha1_base64="8yz6uokzXdzWZbfnSHQgR4lijD8=">AAAB8XicbVDLSgNBEOyNr7i+oh69DAbBU9iVoDkGvHiMYB6YLGF2MpsMmZ1dZnqFsOQvvHhQxKt/482/cfI4aGJBQ1HVTXdXmEph0PO+ncLG5tb2TnHX3ds/ODwqHZ+0TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbTSYw9FzA2pum6/VPYq3hxknfhLUoYlGv3SV2+QsCzmCpmkxnR9L8UgpxoFk3zq9jLDU8rGdMi7lipqFwX5/OIpubDKgESJtqWQzNXfEzmNjZnEoe2MKY7MqjcT//O6GUa1IBcqzZArtlgUZZJgQmbvk4HQnKGcWEKZFvZWwkZUU4Y2pFkI/urL66R1VfGvK9X7arleW8ZRhDM4h0vw4QbqcAcNaAIDBc/wCm+OcV6cd+dj0VpwljOn8AfO5w/yVI/D</latexit>⇥4

<latexit sha1_base64="c/WVtlGbfveX3e1OqoeMRcyTCqs=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0mkaI8FLx4r2A9sQ9lst+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJHCoOd9O4WNza3tneKuu7d/cHhUOj5pmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g4nt3O//cS1EbF6wGnCg4iOlBgKRtFKjz0UETek5rr9UtmreAuQdeLnpAw5Gv3SV28QszTiCpmkxnR9L8EgoxoFk3zm9lLDE8omdMS7lipqFwXZ4uIZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxzWgkyoJEWu2HLRMJUEYzJ/nwyE5gzl1BLKtLC3EjammjK0Ic1D8FdfXietq4p/XaneV8v1Wh5HEc7gHC7Bhxuowx00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx/4bI/H</latexit>⇥8
<latexit sha1_base64="8ulh8MLC92fgmCPEG4qCwet8Yvk=">AAAB8nicbVBNS8NAEN3Urxq/qh69LBbBU0mk1B4LXjxWsB/QhrLZbtqlm92wOxFK6M/w4kERr/4ab/4bN20O2vpg4PHeDDPzwkRwA5737ZS2tnd298r77sHh0fFJ5fSsa1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64Wzu9zvPTFtuJKPME9YEJOJ5BGnBKw0GAKPmcF+w3VHlapX85bAm8QvSBUVaI8qX8OxomnMJFBBjBn4XgJBRjRwKtjCHaaGJYTOyIQNLJXEbgqy5ckLfGWVMY6UtiUBL9XfExmJjZnHoe2MCUzNupeL/3mDFKJmkHGZpMAkXS2KUoFB4fx/POaaURBzSwjV3N6K6ZRoQsGmlIfgr7+8Sbo3Nb9Rqz/Uq61mEUcZXaBLdI18dIta6B61UQdRpNAzekVvDjgvzrvzsWotOcXMOfoD5/MHZ9qQAA==</latexit>⇥16

Geometry to function approximation
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Bernstein basis polynomials of degree n

Bernstein polynomial
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partition of unity

linear reproduction

Bernstein polynomial, a GBC-type approximation

<latexit sha1_base64="ur3+OYOcFQO3s7muiiKv2ivyXqs=">AAAB6nicbVDLSgNBEOyNr7i+oh69DAbBU9gNQT0GvHiMaB6QLGF2MpsMmX0w0yuEJZ/gxYMiXv0ib/6Ns8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xr7+0fHB5Vjk86Ok4V420Wy1j1fKq5FBFvo0DJe4niNPQl7/rT29zvPnGlRRw94izhXkjHkQgEo2ikB7TtYaXq1JwFyDpxC1KFAq1h5Wswilka8giZpFr3XSdBL6MKBZN8bg9SzRPKpnTM+4ZGNOTayxanzsmFUUYkiJWpCMlC/T2R0VDrWeibzpDiRK96ufif108xuPEyESUp8ogtFwWpJBiT/G8yEoozlDNDKFPC3ErYhCrK0KSTh+CuvrxOOvWae1Vr3DeqzXoRRxnO4BwuwYVraMIdtKANDMbwDK/wZknrxXq3PpatJauYOYU/sD5/AEdijRk=</latexit>

t

<latexit sha1_base64="LHAPvgdSCozZ7tqzqYDNlwCe2j8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LBahgpSkFPVY8OKxgv2ANpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuGlz0NYHA4/3ZpiZ58ecKe0431ZhY3Nre6e4a+/tHxwelY5P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3eZ35lSqVgkHvUspl6IR4IFjGBtJM8fpOxKzCv6Etn2oFR2qs4CaJ24OSlDjuag9NUfRiQJqdCEY6V6rhNrL8VSM8Lp3O4nisaYTPCI9gwVOKTKSxdHz9GFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NZLmYgTTQVZLgoSjnSEsgTQkElKNJ8Zgolk5lZExlhiok1OWQju6svrpF2rutfV+kO93KjlcRThDM6hAi7cQAPuoQktIPAEz/AKb9bUerHerY9la8HKZ07hD6zPH6RBkKo=</latexit>

bi,n(t)

<latexit sha1_base64="Qo5xRQuzWcL+OQ0SpOM/C5Z+uzg="></latexit>

bi,n(t) :=

✓
n

i

◆
ti (1� t)n�i, i = 0, . . . , n

<latexit sha1_base64="WRZLiZxFvnxKzLmkJ2MBLvt7dNE=">AAACGnicbVDLSgMxFM3UVx1fVZdugkWoUMqMFBWhUHTjsoJthU4dMmnaBjOZIbkjlGG+w42/4saFIu7EjX9j+lio9UDgcM653NwTxIJrcJwvK7ewuLS8kl+119Y3NrcK2zstHSWKsiaNRKRuAqKZ4JI1gYNgN7FiJAwEawd3F2O/fc+U5pG8hlHMuiEZSN7nlICR/IJ77ssSHOKzGvZ0EvoprznZbSoz7AUMiC+xV8aBkcsyMznbtv1C0ak4E+B54s5IEc3Q8AsfXi+iScgkUEG07rhODN2UKOBUsMz2Es1iQu/IgHUMlSRkuptOTsvwgVF6uB8p8yTgifpzIiWh1qMwMMmQwFD/9cbif14ngf5pN+UyToBJOl3UTwSGCI97wj2uGAUxMoRQxc1fMR0SRSiYNscluH9Pnieto4p7XKleVYv1o1kdebSH9lEJuegE1dElaqAmougBPaEX9Go9Ws/Wm/U+jeas2cwu+gXr8xuV2p4H</latexit>

Bn(t) :=
nX

i=0

�n bi,n(t)
Bernstein polynomial

<latexit sha1_base64="L94tRbfi6tF3gz//qbLeJrH6BSU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSinosePFYwX5AG8pmu2mXbjZhdyKU0L/hxYMiXv0z3vw3btoctPXBwOO9GWbm+bHgGh3n2ypsbG5t7xR3S3v7B4dH5eOTjo4SRVmbRiJSPZ9oJrhkbeQoWC9WjIS+YF1/epf53SemNI/kI85i5oVkLHnAKUEjDfxhyq/kvIqXpdKwXHFqzgL2OnFzUoEcrWH5azCKaBIyiVQQrfuuE6OXEoWcCjYvDRLNYkKnZMz6hkoSMu2li5vn9oVRRnYQKVMS7YX6eyIlodaz0DedIcGJXvUy8T+vn2Bw66VcxgkySZeLgkTYGNlZAPaIK0ZRzAwhVHFzq00nRBGKJqYsBHf15XXSqdfc61rjoVFp1vM4inAG51AFF26gCffQgjZQiOEZXuHNSqwX6936WLYWrHzmFP7A+vwBSwaQgA==</latexit>

bi,n(t)

<latexit sha1_base64="z5JBJ0ETw12QA09S6NpLvekzg5g=">AAACBHicbZDLSsNAFIYn9VbjLeqym8EiuJCSlKJuCgU3LivYC7QxTKaTduhkEmYmQglZuPFV3LhQxK0P4c63cdJmoa0/DHz85xzOnN+PGZXKtr+N0tr6xuZWedvc2d3bP7AOj7oySgQmHRyxSPR9JAmjnHQUVYz0Y0FQ6DPS86fXeb33QISkEb9Ts5i4IRpzGlCMlLY8qzKUSeiltGln9xz6ms55BpvQMU3Ts6p2zZ4LroJTQBUUanvW13AU4SQkXGGGpBw4dqzcFAlFMSOZOUwkiRGeojEZaOQoJNJN50dk8FQ7IxhEQj+u4Nz9PZGiUMpZ6OvOEKmJXK7l5n+1QaKCKzelPE4U4XixKEgYVBHME4EjKghWbKYBYUH1XyGeIIGw0rnlITjLJ69Ct15zLmqN20a1VS/iKIMKOAFnwAGXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PRWvJKGaOwR8Znz+HBJYE</latexit> nX

i=0

bi,n = 1

<latexit sha1_base64="EPpWbym81RQt9k1gYKlG3mdIldo=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCSClJKeqmUHDjsoK9QBPLZDpph04mYWYilJB3cOOruHGhiFs37nwbJ20W2npg4OP/z+HM+f2YUals+9tYWV1b39gsbZnbO7t7+9bBYUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQ697sPREga8Ts1jYkXohGnAcVIaWlgnbsyCQcpbdjZPYduIBBOaZbyDLoV6GujorEBlWmaA6tsV+1ZwWVwCiiDoloD68sdRjgJCVeYISn7jh0rL0VCUcxIZrqJJDHCEzQifY0chUR66eymDJ5qZQiDSOjHFZypvydSFEo5DX3dGSI1loteLv7n9RMVXHkp5XGiCMfzRUHCoIpgHhAcUkGwYlMNCAuq/wrxGOlclI4xD8FZPHkZOrWqc1Gt39bLzVoRRwkcgxNwBhxwCZrgBrRAG2DwCJ7BK3gznowX4934mLeuGMXMEfhTxucPPcmcZA==</latexit> nX

i=0

i

n
bi,n = t

affine invariance

Note that              are not interpolating 
except at endpoints.

<latexit sha1_base64="L94tRbfi6tF3gz//qbLeJrH6BSU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSinosePFYwX5AG8pmu2mXbjZhdyKU0L/hxYMiXv0z3vw3btoctPXBwOO9GWbm+bHgGh3n2ypsbG5t7xR3S3v7B4dH5eOTjo4SRVmbRiJSPZ9oJrhkbeQoWC9WjIS+YF1/epf53SemNI/kI85i5oVkLHnAKUEjDfxhyq/kvIqXpdKwXHFqzgL2OnFzUoEcrWH5azCKaBIyiVQQrfuuE6OXEoWcCjYvDRLNYkKnZMz6hkoSMu2li5vn9oVRRnYQKVMS7YX6eyIlodaz0DedIcGJXvUy8T+vn2Bw66VcxgkySZeLgkTYGNlZAPaIK0ZRzAwhVHFzq00nRBGKJqYsBHf15XXSqdfc61rjoVFp1vM4inAG51AFF26gCffQgjZQiOEZXuHNSqwX6936WLYWrHzmFP7A+vwBSwaQgA==</latexit>

bi,n(t)
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Weierstrass approximation theorem: constructive proof that 
polynomials are dense in C[0,1].

Function approximation using Bernstein polynomials

<latexit sha1_base64="956vJLolr2GbYujTxSsVd6UzryM=">AAACFnicbVDLSgMxFM34rPVVdekmWIR2YZkpRd0IRTcuK9gHdMqQSTNtaCYzJHfUMvQr3Pgrblwo4lbc+Temj4W2Hrjcwzn3ktzjx4JrsO1va2l5ZXVtPbOR3dza3tnN7e03dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/qDq7HfvGNK80jewjBmnZD0JA84JWAkL3fiCh56qcSu4r0+EKWie+xyGcBwhC89WQiKhYcivsDBuHm5vF2yJ8CLxJmRPJqh5uW+3G5Ek5BJoIJo3XbsGDopUcCpYKOsm2gWEzogPdY2VJKQ6U46OWuEj43SxUGkTEnAE/X3RkpCrYehbyZDAn09743F/7x2AsF5J+UyToBJOn0oSASGCI8zwl2uGAUxNIRQxc1fMe0TRSiYJLMmBGf+5EXSKJec01LlppKvlmdxZNAhOkIF5KAzVEXXqIbqiKJH9Ixe0Zv1ZL1Y79bHdHTJmu0coD+wPn8AqL6drw==</latexit>

lim
n!1

Bn(f)(x) = f(x)

<latexit sha1_base64="+09URfe8UMkqlpyfVpKXlgHMiD0="></latexit>

Let f be a continuous function on the interval [0, 1]. Then the Bernstein
polynomial Bn(f)(x) given by

Theorem:

<latexit sha1_base64="+kuvrGZyJ+ZXKpT26e/oAIMMRe0="></latexit>

Bn(f)(x) :=
nX

i=0

f

✓
i

n

◆
bi,n(x)

<latexit sha1_base64="nJJbGLROD9k2OZ78kbO1xNHc8wk=">AAACIHicbZBNS0JBFIbn2pfZl9WyzZAGBiH3SmRLoU1Lg/wAvcjc8aiDc2cuM3MlEX9Km/5KmxZF1K5+TXPVRWkHBl7e9xzmnCeIONPGdb+c1Nr6xuZWejuzs7u3f5A9PKprGSsKNSq5VM2AaOBMQM0ww6EZKSBhwKERDG+SvDECpZkU92YcgR+SvmA9RomxVidbplLYvA8ax9aXKuRjbCTO9woP53ksBTYDwEwYUCPCcb7lXnh+vpjpZHNu0Z0VXhXeQuTQoqqd7Ge7K2kcgjCUE61bnhsZf0KUYZTDNNOONUSEDkkfWlYKEoL2J7MDp/jMOl1st7NPGDxzf09MSKj1OAxsZ0jMQC9niflf1opN79qfMBHFBgSdf9SLeUIgoYW7TAE1FkmXEaqY3RXTAVGEWh46geAtn7wq6qWid1W8vCvlKqUFjjQ6QaeogDxURhV0i6qohih6RM/oFb05T86L8+58zFtTzmLmGP0p5/sHMMOg+w==</latexit>

converges uniformly to f(x) on the interval [0, 1].

convergence is uniform
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f(x) = |2x� 1|
p
xLet

Example: Function approximation using 
Bernstein polynomials

0 0.2 0.4 0.6 0.8 1
x

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

f(x
)

<latexit sha1_base64="Lo5+UzBi/CV/rRsvQCQ5MEqkOxw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinosePFYwbSFNpTNdtMu3WzC7kYsob/BiwdFvPqDvPlv3KQ5aOuDgcd7M8zM82POlLbtb6u0sbm1vVPereztHxweVY9PuipKJKEuiXgk+z5WlDNBXc00p/1YUhz6nPb82W3m9x6pVCwSD3oeUy/EE8ECRrA2khvUny4ro2rNbtg50DpxClKDAp1R9Ws4jkgSUqEJx0oNHDvWXoqlZoTTRWWYKBpjMsMTOjBU4JAqL82PXaALo4xREElTQqNc/T2R4lCpeeibzhDrqVr1MvE/b5Do4MZLmYgTTQVZLgoSjnSEss/RmElKNJ8bgolk5lZEplhiok0+WQjO6svrpNtsOFeN1n2r1m4WcZThDM6hDg5cQxvuoAMuEGDwDK/wZgnrxXq3PpatJauYOYU/sD5/AJ++jd4=</latexit>

f(x) <latexit sha1_base64="/vFLA/p2TTLe1ij9FmV0H0lE44o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2A9oQ9lsN+3S3U3YnQil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O4WNza3tneJuaW//4PCofHzStlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd5nfeeLGikg/4jTmvqIjLULBKGbS7aBeGpQrbtVdgKwTLycVyNEclL/6w4glimtkklrb89wY/Rk1KJjk81I/sTymbEJHvJdSTRW3/mxx65xcpMqQhJFJSyNZqL8nZlRZO1VB2qkoju2ql4n/eb0Ewxt/JnScINdsuShMJMGIZI+ToTCcoZymhDIj0lsJG1NDGabxZCF4qy+vk3at6l1V6w/1SqOWx1GEMziHS/DgGhpwD01oAYMxPMMrvDnKeXHenY9la8HJZ07hD5zPH/DsjXo=</latexit>

B4

<latexit sha1_base64="+l4Gfe5POOa6hsFaMVCD1HFUhy4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lK0R6LXjxWsLXQhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgobm1vbO8Xd0t7+weFR+fikY6PEMN5mkYxMN6CWS6F5GwVK3o0NpyqQ/DGY3Gb+4xM3VkT6Aacx9xUdaREKRjGTbgaN0qBccavuAmSdeDmpQI7WoPzVH0YsUVwjk9TanufG6M+oQcEkn5f6ieUxZRM64r2Uaqq49WeLW+fkIlWGJIxMWhrJQv09MaPK2qkK0k5FcWxXvUz8z+slGDb8mdBxglyz5aIwkQQjkj1OhsJwhnKaEsqMSG8lbEwNZZjGk4Xgrb68Tjq1qndVrd/XK81aHkcRzuAcLsGDa2jCHbSgDQzG8Ayv8OYo58V5dz6WrQUnnzmFP3A+fwD3AI1+</latexit>

B8

<latexit sha1_base64="Rh/dKbOdfdT84i/AzByXGimMNkk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp1WPRi8cK9gPaUDbbabt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMviAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0LvM7T6g0j+SjmcXoh3Qs+YgzaqzUuR2kXn1eHJTKbsVdgKwTLydlyNEclL76w4glIUrDBNW657mx8VOqDGcC58V+ojGmbErH2LNU0hC1ny7OnZNLqwzJKFK2pCEL9fdESkOtZ2FgO0NqJnrVy8T/vF5iRjd+ymWcGJRsuWiUCGIikv1OhlwhM2JmCWWK21sJm1BFmbEJZSF4qy+vk3a14tUrtYdauVHN4yjAOVzAFXhwDQ24hya0gMEUnuEV3pzYeXHenY9l64aTz5zBHzifPyogjsM=</latexit>

B16

<latexit sha1_base64="vS6YVTf3+7sPmd0qPS7kO2m4Bik=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2FZoQ9lsN+3SzSbsTsRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvs78ziPXRsTqHicJ9yM6VCIUjKKV7p5K/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MqfCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtGtV76Jav61XGrU8jiKcwCmcgweX0IAbaEILGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ARjqjQk=</latexit>x

<latexit sha1_base64="BDHxRdo2qRpvvZ13C3p3xBN3eA0="></latexit>

Bn(x) :=
nX

i=0

f

✓
i

n

◆
bi,n(x)

Key observations:
• Bernstein basis polynomials have global support.
• Bernstein polynomials are not interpolatory, but still converge because of linear consistency.
• Approximation involves product of functional and basis.
• Can we generalize to any GBC? (yes!)

Bernstein approximation
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f(x) = |2x� 1|
p
x

<latexit sha1_base64="ZaAwcbIKImR/E6MYGZgze3+FYMg=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQbkpSiropFNwIhVLBPqCJYTKdtEMnD2Ym0hK6d+OvuHGhiFt/wJ1/47TNQlsPXDiccy/33uNGjAppGN9aZmNza3snu5vb2z84PNKPTzoijDkmbRyykPdcJAijAWlLKhnpRZwg32Wk646v5373gXBBw+BOTiNi+2gYUI9iJJXk6HnPacIatETsO0mjZs7um9ArTpxGyYpG1GkUJyVHLxhlYwG4TsyUFECKlqN/WYMQxz4JJGZIiL5pRNJOEJcUMzLLWbEgEcJjNCR9RQPkE2Eni19m8FwpA+iFXFUg4UL9PZEgX4ip76pOH8mRWPXm4n9eP5belZ3QIIolCfBykRczKEM4DwYOKCdYsqkiCHOqboV4hDjCUsWXUyGYqy+vk06lbF6Uq7fVQr2SxpEFZyAPisAEl6AObkALtAEGj+AZvII37Ul70d61j2VrRktnTsEfaJ8/2rqY/g==</latexit>

fN =
NX

K=1

f(xK)�K(x)

Example: Function approximation using 
moving-least-squares basis
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x
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f(x
)

<latexit sha1_base64="Lo5+UzBi/CV/rRsvQCQ5MEqkOxw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinosePFYwbSFNpTNdtMu3WzC7kYsob/BiwdFvPqDvPlv3KQ5aOuDgcd7M8zM82POlLbtb6u0sbm1vVPereztHxweVY9PuipKJKEuiXgk+z5WlDNBXc00p/1YUhz6nPb82W3m9x6pVCwSD3oeUy/EE8ECRrA2khvUny4ro2rNbtg50DpxClKDAp1R9Ws4jkgSUqEJx0oNHDvWXoqlZoTTRWWYKBpjMsMTOjBU4JAqL82PXaALo4xREElTQqNc/T2R4lCpeeibzhDrqVr1MvE/b5Do4MZLmYgTTQVZLgoSjnSEss/RmElKNJ8bgolk5lZEplhiok0+WQjO6svrpNtsOFeN1n2r1m4WcZThDM6hDg5cQxvuoAMuEGDwDK/wZgnrxXq3PpatJauYOYU/sD5/AJ++jd4=</latexit>

f(x) <latexit sha1_base64="dnnJ5IXtUtAfX98gvtgm7WYk0+A=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KUoh4LXjxWMK3QhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nq77jSobm1vbO9VdZ2//4PCodnzS1UmmKPNpIhL1GBLNBJfMN9wI9pgqRuJQsF44vS383hNTmifywcxSFsRkLHnEKTFW8qNhy3GGtbrbcBfA68QrSR1KdIa1r8EooVnMpKGCaN333NQEOVGGU8HmziDTLCV0Ssasb6kkMdNBvjh2ji+sMsJRomxJgxfq74mcxFrP4tB2xsRM9KpXiP95/cxEN0HOZZoZJulyUZQJbBJcfI5HXDFqxMwSQhW3t2I6IYpQY/MpQvBWX14n3WbDu2q07lv1drOMowpncA6X4ME1tOEOOuADBQ7P8ApvSKIX9I4+lq0VVM6cwh+gzx9dDI2y</latexit>

f4
<latexit sha1_base64="7OACK0hLntBtTeVmXyM2bQZKqx0=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lK0R4LXjxWMG2hDWWz3bRLN5uwuxFK6G/w4kERr/4gb/4bN2kO2vpg4PHeDDPzgoQzpR3n26psbe/s7lX37YPDo+OT2ulZT8WpJNQjMY/lIMCKciaop5nmdJBIiqOA034wv8v9/hOVisXiUS8S6kd4KljICNZG8sJx27bHtbrTcAqgTeKWpA4luuPa12gSkzSiQhOOlRq6TqL9DEvNCKdLe5QqmmAyx1M6NFTgiCo/K45doiujTFAYS1NCo0L9PZHhSKlFFJjOCOuZWvdy8T9vmOqw7WdMJKmmgqwWhSlHOkb552jCJCWaLwzBRDJzKyIzLDHRJp88BHf95U3Sazbcm0broVXvNMs4qnABl3ANLtxCB+6hCx4QYPAMr/BmCevFerc+Vq0Vq5w5hz+wPn8AYySNtg==</latexit>

f8

<latexit sha1_base64="dCOO2qbab541FzwQPDOr25FMqtA=">AAAB73icbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp1WPBi8cK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u6U9d//g8Oi4fHLa0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3uZ+94kqzWL5YGYJDQQeSxYxgo2VetEw8xtz1x2WK17VWwCtE78gFSjQGpa/BqOYpIJKQzjWuu97iQkyrAwjnM7dQappgskUj2nfUokF1UG2uHeOLq0yQlGsbEmDFurviQwLrWcitJ0Cm4le9XLxP6+fmugmyJhMUkMlWS6KUo5MjPLn0YgpSgyfWYKJYvZWRCZYYWJsRHkI/urL66RTq/qNav2+XmnWijhKcA4XcAU+XEMT7qAFbSDA4Rle4c15dF6cd+dj2brhFDNn8AfO5w+Xzo77</latexit>

f16

Observations:
• Approximation still converges uniformly.
• Convergence is faster with local support.

<latexit sha1_base64="Cm9j1kOpVh9HlTnpjmIQve/Ob10=">AAAB8nicbVBNS8NAEN3Urxq/qh69LBahXkpSinoseBG8VLC1kIay2W7apZvdsDsRS+jP8OJBEa/+Gm/+G5M2B219MPB4b4aZeUEsuAHH+bZKa+sbm1vlbXtnd2//oHJ41DUq0ZR1qBJK9wJimOCSdYCDYL1YMxIFgj0Ek+vcf3hk2nAl72EaMz8iI8lDTglkktePx3xwW3s6t+1BperUnTnwKnELUkUF2oPKV3+oaBIxCVQQYzzXicFPiQZOBZvZ/cSwmNAJGTEvo5JEzPjp/OQZPsuUIQ6VzkoCnqu/J1ISGTONgqwzIjA2y14u/ud5CYRXfsplnACTdLEoTAQGhfP/8ZBrRkFMM0Ko5tmtmI6JJhSylPIQ3OWXV0m3UXcv6s27ZrXVKOIooxN0imrIRZeohW5QG3UQRQo9o1f0ZoH1Yr1bH4vWklXMHKM/sD5/AHZfkAU=</latexit>

�K(x) are MLS basis functions 
with local support

moving-least-squares 
approximation with local 
support



15 Function approximation using GBCs on 
general domains

<latexit sha1_base64="OKKypbYkgLLMVaUfrpnzgQbmn44=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FL96sYD+gDWWznbZLdzdhdyOU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATT28zvPKE2PFSPdhahL+lY8RFn1KZSp38vcUxLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLcOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2VPcTrqLYomLLRaNYEBuS7Hcy5BqZFbOUUKZ5eithE6ops2lCWQje6svrpH1V9a6rtYdapVHP4yjCGZzDJXhwAw24gya0gMEUnuEV3pzIeXHenY9la8HJZ07hD5zPH5V4jw4=</latexit>

⌦

<latexit sha1_base64="wqAcB89nxxvdw1os4fngpZfUYFo=">AAAB73icbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp6rHgQY8V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks77u7e/sFh+ei4reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucn9zhNVmsXywUwTGgg8kixiBBsrdfu3WAjsuoNyxat6c6BV4hekAgWag/JXfxiTVFBpCMda93wvMUGGlWGE05nbTzVNMJngEe1ZKrGgOsjm987QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE10HGZNJaqgki0VRypGJUf48GjJFieFTSzBRzN6KyBgrTIyNKA/BX355lbRrVf+yWr+vVxq1Io4SnMIZXIAPV9CAO2hCCwhweIZXeHMenRfn3flYtK45xcwJ/IHz+QPAv48W</latexit>

�

convergence is uniform
<latexit sha1_base64="vhj5qU7gBybzqPoYdAXEB8vnq/Q=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlKUTdCwY3LCvYBbQiT6aQZOpmEmYlaQv/Bjb/ixoUibt2482+cpFlo64HLPZxzLzP3eDGjUlnWt7G0vLK6tl7aKG9ube/smnv7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646vM794RIWnEb9UkJk6IRpz6FCOlJdc8HTAaumkAB4KOAoWEiO6hNYW+G1QfTuAl9HUr53DNilWzcsBFYhekAgq0XPNrMIxwEhKuMENS9m0rVk6KhKKYkWl5kEgSIzxGI9LXlKOQSCfNb5rCY60MoR8JXVzBXP29kaJQykno6ckQqUDOe5n4n9dPlH/hpJTHiSIczx7yEwZVBLOA4JAKghWbaIKwoPqvEAdIIKx0jFkI9vzJi6RTr9lntcZNo9KsF3GUwCE4AlVgg3PQBNegBdoAg0fwDF7Bm/FkvBjvxsdsdMkodg7AHxifP6cnmrg=</latexit>

lim
h!0

fh(x) = f(x)

Theorem:
<latexit sha1_base64="d0DLEMkK4C4bhhKcz5DO+xXcFp0="></latexit>

Let f be a continuous function on the domain ⌦. Suppose {�K(x),K =
1, . . . , N} forms a partition of unity and each function �K has local support of
size h. Then the GBC approximation fh(x) given by

<latexit sha1_base64="2/wMltE03Zr2bVbcHcoWTcHD94A=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VoNyUpxYogFNwI3VSwD2hCmEwn7dDJg5mJWEI/xY2/4saFIrrTr3HSRtHWAwOHc87lzj1uxKiQhvGh5VZW19Y38puFre2d3T19/6Ajwphj0sYhC3nPRYIwGpC2pJKRXsQJ8l1Guu74MvW7t4QLGgY3chIR20fDgHoUI6kkR697zqiUWK4H76ZleH4BLRH7ThN636LTLEMrGlGn+RMrKDh60agYM8BlYmakCDK0HP3dGoQ49kkgMUNC9E0jknaCuKSYkWnBigWJEB6jIekrGiCfCDuZHTiFJ0oZQC/k6gUSztTfEwnyhZj4rkr6SI7EopeK/3n9WHpndkKDKJYkwPNFXsygDGHaFhxQTrBkE0UQ5lT9FeIR4ghL1Wlagrl48jLpVCvmaaV2XSs2qlkdeXAEjkEJmKAOGuAKtEAbYHAPHsEzeNEetCftVXubR3NaNnMI/kD7/AJAYJ/X</latexit>

fh(x) :=
X

K

f(xK)�K(x)

<latexit sha1_base64="otB51P+YTjQYYb4mScAXATmRjlE="></latexit>

converges uniformly to f(x) on ⌦.
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GBC application to quadrature

Will be used in applications to PDE solution.
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with
<latexit sha1_base64="vhB7YD8Zqg4HFmnv2qhh62m8Uwc="></latexit>����
Z

fh(x) d⌦�
Z

f(x) d⌦

���� 
Z

| fh(x)� f(x) | d⌦ 
Z

" d⌦ = V · "

Can obtain rates of convergence using Taylor’s theorem.

Application to quadrature

<latexit sha1_base64="vhj5qU7gBybzqPoYdAXEB8vnq/Q=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlKUTdCwY3LCvYBbQiT6aQZOpmEmYlaQv/Bjb/ixoUibt2482+cpFlo64HLPZxzLzP3eDGjUlnWt7G0vLK6tl7aKG9ube/smnv7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646vM794RIWnEb9UkJk6IRpz6FCOlJdc8HTAaumkAB4KOAoWEiO6hNYW+G1QfTuAl9HUr53DNilWzcsBFYhekAgq0XPNrMIxwEhKuMENS9m0rVk6KhKKYkWl5kEgSIzxGI9LXlKOQSCfNb5rCY60MoR8JXVzBXP29kaJQykno6ckQqUDOe5n4n9dPlH/hpJTHiSIczx7yEwZVBLOA4JAKghWbaIKwoPqvEAdIIKx0jFkI9vzJi6RTr9lntcZNo9KsF3GUwCE4AlVgg3PQBNegBdoAg0fwDF7Bm/FkvBjvxsdsdMkodg7AHxifP6cnmrg=</latexit>

lim
h!0

fh(x) = f(x)Since
<latexit sha1_base64="IOlVPxRsTEJY0/BTSJ3djaQK4QY=">AAACQXicbVDLS8MwHE59zvmqevQSHMIEGe0Y6nHgxZsT3APWUdIs3cLStCS/qqPsX/Pif+DNuxcPinj1Yrf14B4fBD6+B0k+LxJcg2W9GSura+sbm7mt/PbO7t6+eXDY0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOkNrsd+84EpzUN5D8OIdQLSk9znlEAquWbL4RJc5zZgPYJ9t19MHM/HT6Mz7JzjbqZjR/FeH4hS4SOeKSyL5ydwzYJVsibAi8TOSAFlqLnmq9MNaRwwCVQQrdu2FUEnIQo4FWyUd2LNIkIHpMfaKZUkYLqTTBYY4dNU6WI/VOmRgCfq/0ZCAq2HgZcmAwJ9Pe+NxWVeOwb/qpNwGcXAJJ1e5McCQ4jHc+IuV4yCGKaEUMXTt2LaJ4pQSEcfj2DPf3mRNMol+6JUuasUquVsjhw6RieoiGx0iaroBtVQHVH0jN7RJ/oyXowP49v4mUZXjKxzhGZg/P4B4IOsqg==</latexit>Z

⌦
fh(x) d⌦ !

Z

⌦
f(x) d⌦uniformly, it follows that 
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Define quadrature weight as 

Quadrature

<latexit sha1_base64="tLLKpUgxr98aJc1IgbHbTKJ0r0Q="></latexit>

wK =

Z

⌦
�K(x) d⌦

<latexit sha1_base64="FoEt2bx7dEhJune8rYbx6BTIg8A=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VoNyUpxRcIBTdCNxXsA5oQJtNJM3TyYGYiltBvceOvuHGhqCvBjzFJo2jrgYHDOedy5x47ZFRITftQCkvLK6trxfXSxubW9o66u9cVQcQx6eCABbxvI0EY9UlHUslIP+QEeTYjPXt8mfq9W8IFDfwbOQmJ6aGRTx2KkUwkSz1zLLcSG7YD76ZVeH4BDRF5Vgs636LVqkIjdKnV+omVMlhqWatpGeAi0XNSBjnalvpmDAMcecSXmCEhBroWSjNGXFLMyLRkRIKECI/RiAwS6iOPCDPOTpzCo0QZQifgyfMlzNTfEzHyhJh4dpL0kHTFvJeK/3mDSDqnZkz9MJLEx7NFTsSgDGDaFxxSTrBkk4QgzGnyV4hdxBGWSatpCfr8yYukW6/px7XGdaPcrOd1FMEBOAQVoIMT0ARXoA06AIN78AiewYvyoDwpr8r7LFpQ8pl98AfK5xfLtJ//</latexit>

fh(x) :=
X

K

f(xK)�K(x)

<latexit sha1_base64="jZskihP2/ao7LI8C6alYZSwwtmE="></latexit>Z
fh(x) d⌦ =

X

K

f(xK)

Z
�K(x) d⌦then

<latexit sha1_base64="d5OFu89s86/IDYFxvlke+JR8uA4="></latexit>Z
fh(x) d⌦ =

X

K

wKf(xK) ⇡
Z

f(x) d⌦

<latexit sha1_base64="tLLKpUgxr98aJc1IgbHbTKJ0r0Q="></latexit>

wK =

Z

⌦
�K(x) d⌦
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Now have a second-order integration scheme that can integrate linear functions exactly.

Can extend to higher-order integration using higher-order reproducing conditions.

Quadrature

Note that

X

K

xK �K(x) = x

then

Also, since

<latexit sha1_base64="lJyLKJQEbZCirqQ2gPopgufMPzg="></latexit>X

K

wK =
X

K

Z

⌦
�K(x) d⌦ =

Z

⌦

X

K

�K(x) d⌦ =

Z

⌦
1 d⌦ = V

<latexit sha1_base64="dnquyIQ9likFrtFthAKihNjdH84=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4EZwU8E+oDMMmTTThiaZIckoZSi48VfcuFDErT/hzr8x085CWw8ETs65l3vvCRNGlXacb2tpeWV1bb20Ud7c2t7Ztff22ypOJSYtHLNYdkOkCKOCtDTVjHQTSRAPGemEo6vc79wTqWgs7vQ4IT5HA0EjipE2UmAfeirlwQ3MPI70UHL4MDG/S9gulwO74lSdKeAicQtSAQWagf3l9WOcciI0Zkipnusk2s+Q1BQzMil7qSIJwiM0ID1DBeJE+dn0hgk8MUofRrE0T2g4VX93ZIgrNeahqcw3VfNeLv7n9VIdXfgZFUmqicCzQVHKoI5hHgjsU0mwZmNDEJbU7ArxEEmEtYktD8GdP3mRtGtV96xav61XGrUijhI4AsfgFLjgHDTANWiCFsDgETyDV/BmPVkv1rv1MStdsoqeA/AH1ucPoAyWKA==</latexit>X

K

wK = V
<latexit sha1_base64="LKiUK7nUMm8dU4SDa7z/RWj9YCE="></latexit>X

K

wK xK =

Z

⌦
x d⌦

<latexit sha1_base64="xelyq18px7/qgU4ax6mo/NS16ZY="></latexit>X

K

wKxK =
X

K

Z

⌦
�K(x)xK d⌦ =

Z

⌦

X

K

xK�K(x) d⌦ =

Z

⌦
x d⌦



20 Quadrature example in 1D

<latexit sha1_base64="BDHxRdo2qRpvvZ13C3p3xBN3eA0="></latexit>

Bn(x) :=
nX

i=0

f

✓
i

n

◆
bi,n(x)

<latexit sha1_base64="BVgDSqTNJoou4maZKQY3ayWgh8c="></latexit>Z 1

0
bi, n(x) dx =

1

n+ 1
= wi

~ midpoint rule

<latexit sha1_base64="Tnti6/++Ep/sKbVaubKGpc97108="></latexit>Z 1

0
f(x) dx ⇡

Z 1

0
Bn(f)(x) dx =

1

n+ 1

nX

i=0

f

✓
i

n

◆

For Bernstein approximation:

recall

Of course, Gauss rules are much more efficient, 
but are not generalizable to arbitrary domains.

f(x) = |2x� 1|
p
xLet

100 101 102 103
10-4

10-3

10-2

10-1

error

<latexit sha1_base64="bOp4ifU9g+bKx+ksV7cg2Hq3PjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak1a+V6NY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1S+M6w==</latexit>n

1

2

Bernstein 
(global support) 

MLS  (local 
support) 



21 Quadrature example in 2D

<latexit sha1_base64="OKKypbYkgLLMVaUfrpnzgQbmn44=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FL96sYD+gDWWznbZLdzdhdyOU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATT28zvPKE2PFSPdhahL+lY8RFn1KZSp38vcUxLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLcOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2VPcTrqLYomLLRaNYEBuS7Hcy5BqZFbOUUKZ5eithE6ops2lCWQje6svrpH1V9a6rtYdapVHP4yjCGZzDJXhwAw24gya0gMEUnuEV3pzIeXHenY9la8HJZ07hD5zPH5V4jw4=</latexit>

⌦
<latexit sha1_base64="xGlCLASb+yC12BoUEel4JKTv2tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF49V7Ae0oWy2m3bpZhN2J2Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuTaiFg94CThfkSHSoSCUbTS/VOpX664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YY1vypUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66LqXVUv7y4r9VoeRxFO4BTOwYNrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ABq4jQ8=</latexit>x

<latexit sha1_base64="Wpung07FpH5XICTy00VComHaPfk=">AAAB6XicbVBNS8NAEJ2tX7V+VT16WSyCp5JI0R4LXjxWsR/QhrLZbtqlm03Y3Qgh9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5fiy4No7zjUobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5Zx3AjWD9WjIS+YD1/dpv7vSemNI/ko0lj5oVkInnAKTFWekgro2rNqTsL4HXiFqQGBdqj6tdwHNEkZNJQQbQeuE5svIwow6lg88ow0SwmdEYmbGCpJCHTXra4dI4vrDLGQaRsSYMX6u+JjIRap6FvO0NipnrVy8X/vEFigqaXcRknhkm6XBQkApsI52/jMVeMGpFaQqji9lZMp0QRamw4eQju6svrpHtVd6/rjftGrdUs4ijDGZzDJbhwAy24gzZ0gEIAz/AKb2iGXtA7+li2llAxcwp/gD5/ABw9jRA=</latexit>y

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2

<latexit sha1_base64="XE6SLQEziVujoi3Boy62SnORr4w=">AAACDXicbVDLSgMxFM3UV62vUZduglVoQepMKdqNUHDjsoJ9QFtKJs20oZnMkGSkw9AfcOOvuHGhiFv37vwbM+2A2nrgwsk595J7jxMwKpVlfRmZldW19Y3sZm5re2d3z9w/aEo/FJg0sM980XaQJIxy0lBUMdIOBEGew0jLGV8nfuueCEl9fqeigPQ8NOTUpRgpLfXNE7cwOYuK8Ap2JeWFbkDh5Lxc/HlpL9c381bJmgEuEzsleZCi3jc/uwMfhx7hCjMkZce2AtWLkVAUMzLNdUNJAoTHaEg6mnLkEdmLZ9dM4alWBtD1hS6u4Ez9PREjT8rIc3Snh9RILnqJ+J/XCZVb7cWUB6EiHM8/ckMGlQ+TaOCACoIVizRBWFC9K8QjJBBWOsAkBHvx5GXSLJfsi1LltpKvVdM4suAIHIMCsMElqIEbUAcNgMEDeAIv4NV4NJ6NN+N93pox0plD8AfGxzdqX5iX</latexit>

f(x, y) = sin(⇡x/2) sin(⇡y)

<latexit sha1_base64="PyMJJejmu+J5b2Adi/8iSW2wO/I="></latexit>

error :=

�����
X

K

wKf(xK) �
Z

⌦
f d⌦

�����



22 GBC element-free basis functions



23 Quadrature example

<latexit sha1_base64="pr/8rEdo0Dzqos2SHQVNygfmZc0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CokU7UUoeOmxgv2ANpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDHret7OxubW9s1vYK+4fHB4dl05OWyZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfDyf3cbz9xbUSsHnGa8CCiIyWGglG0UrtO7ojnVvqlsud6C5B14uekDDka/dJXbxCzNOIKmaTGdH0vwSCjGgWTfFbspYYnlE3oiHctVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+b4rAaZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FdfXieta9e/cSsPlXKtmsdRgHO4gCvw4RZqUIcGNIHBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8Z9o4W</latexit>

H = 0.4
<latexit sha1_base64="J9kBC2Aezku7kzK06JwqvH5RUWg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JbivYiFLz0WMF+QLuUbJptQ7PJkmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UtrZ3dveK+6WDw6Pjk/LpWUfLVBHaJpJL1QuxppwJ2jbMcNpLFMVxyGk3nN4v/O4TVZpJ8WhmCQ1iPBYsYgQbK3Wb6A55bnVYrniutwTaJH5OKpCjNSx/DUaSpDEVhnCsdd/3EhNkWBlGOJ2XBqmmCSZTPKZ9SwWOqQ6y5blzdGWVEYqksiUMWqq/JzIcaz2LQ9sZYzPR695C/M/rpyaqBxkTSWqoIKtFUcqRkWjxOxoxRYnhM0swUczeisgEK0yMTahkQ/DXX94knarr37i1h1qlUc/jKMIFXMI1+HALDWhCC9pAYArP8ApvTuK8OO/Ox6q14OQz5/AHzucPFu6OFA==</latexit>

H = 0.2
<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1
<latexit sha1_base64="ngZTiSKtorElZVDPLu0wmOY0pyM=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI1W6EgpsuK9gHtEPJpJk2NJMJSUYoQz/CjQtF3Po97vwbM+0stPVAyOGce7n3nkBypo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFxoghtk5jHqhdgTTkTtG2Y4bQnFcVRwGk3mN5nfveJKs1i8WhmkvoRHgsWMoKNlbrNO7fqXpeG5Yr9F0DrxMtJBXK0huWvwSgmSUSFIRxr3fdcafwUK8MIp/PSINFUYjLFY9q3VOCIaj9drDtHF1YZoTBW9gmDFurvjhRHWs+iwFZG2Ez0qpeJ/3n9xIR1P2VCJoYKshwUJhyZGGW3oxFTlBg+swQTxeyuiEywwsTYhLIQvNWT10nnqurdVGsPtUqjnsdRhDM4h0vw4BYa0IQWtIHAFJ7hFd4c6bw4787HsrTg5D2n8AfO5w8S8I4R</latexit>

H = 0.05

Evaluate error for 10 realizations.
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10-4

10-2

100

0.05 0.1 0.2 0.4
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100

0.05 0.1 0.2 0.4

10-6

10-4

10-2

100

0.05 0.1 0.2 0.4

10-6

10-4

10-2

100

2.1

6.0
4.5

8.6

Note:  seeing convergence rates greater than p + 1

linear quadratic cubic quartic
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Quadrature convergence

<latexit sha1_base64="KL7/gZelTWuGrcHX3olhNiaPkOY=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX33YPDo+OTyulZV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wdp/7vSeqNIvlo5knNBB4IlnECDa51HIRGlWqXs1bAm0SvyBVKNAeVb6G45ikgkpDONZ64HuJCTKsDCOcLtxhqmmCyQxP6MBSiQXVQba8dYGurDJGUaxsSYOW6u+JDAut5yK0nQKbqV73cvE/b5Ca6C7ImExSQyVZLYpSjkyM8sfRmClKDJ9bgoli9lZEplhhYmw8rg3BX395k3TrNf+m1nhoVJv1Io4yXMAlXIMPt9CEFrShAwSm8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwB7jI0t</latexit>

H
<latexit sha1_base64="KL7/gZelTWuGrcHX3olhNiaPkOY=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX33YPDo+OTyulZV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wdp/7vSeqNIvlo5knNBB4IlnECDa51HIRGlWqXs1bAm0SvyBVKNAeVb6G45ikgkpDONZ64HuJCTKsDCOcLtxhqmmCyQxP6MBSiQXVQba8dYGurDJGUaxsSYOW6u+JDAut5yK0nQKbqV73cvE/b5Ca6C7ImExSQyVZLYpSjkyM8sfRmClKDJ9bgoli9lZEplhhYmw8rg3BX395k3TrNf+m1nhoVJv1Io4yXMAlXIMPt9CEFrShAwSm8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwB7jI0t</latexit>

H
<latexit sha1_base64="KL7/gZelTWuGrcHX3olhNiaPkOY=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX33YPDo+OTyulZV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wdp/7vSeqNIvlo5knNBB4IlnECDa51HIRGlWqXs1bAm0SvyBVKNAeVb6G45ikgkpDONZ64HuJCTKsDCOcLtxhqmmCyQxP6MBSiQXVQba8dYGurDJGUaxsSYOW6u+JDAut5yK0nQKbqV73cvE/b5Ca6C7ImExSQyVZLYpSjkyM8sfRmClKDJ9bgoli9lZEplhhYmw8rg3BX395k3TrNf+m1nhoVJv1Io4yXMAlXIMPt9CEFrShAwSm8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwB7jI0t</latexit>

H
<latexit sha1_base64="KL7/gZelTWuGrcHX3olhNiaPkOY=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX33YPDo+OTyulZV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wdp/7vSeqNIvlo5knNBB4IlnECDa51HIRGlWqXs1bAm0SvyBVKNAeVb6G45ikgkpDONZ64HuJCTKsDCOcLtxhqmmCyQxP6MBSiQXVQba8dYGurDJGUaxsSYOW6u+JDAut5yK0nQKbqV73cvE/b5Ca6C7ImExSQyVZLYpSjkyM8sfRmClKDJ9bgoli9lZEplhhYmw8rg3BX395k3TrNf+m1nhoVJv1Io4yXMAlXIMPt9CEFrShAwSm8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwB7jI0t</latexit>

H

<latexit sha1_base64="PyMJJejmu+J5b2Adi/8iSW2wO/I="></latexit>

error :=

�����
X

K

wKf(xK) �
Z

⌦
f d⌦

�����
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Conjugate (dual) basis
Will be used in applications to PDE solution.
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bi-orthogonal

The projection can be written in terms of the conjugate (dual) basis
<latexit sha1_base64="L1eSD+uCj4xuX4uTcL1pUdFnF+s=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXsRTBfsBTVo22027dLMJuxulhP4PLx4U8ep/8ea/cdPmoK0PBh7vzTAzz485U9q2v63CxubW9k5xt7S3f3B4VD4+6agokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn95kfveRSsUi8aBnMfVCPBYsYARrIw3c1G1N2ODOnZcMhuWKXbUXQOvEyUkFcrSG5S93FJEkpEITjpXqO3asvRRLzQin85KbKBpjMsVj2jdU4JAqL11cPUcXRhmhIJKmhEYL9fdEikOlZqFvOkOsJ2rVy8T/vH6ig2svZSJONBVkuShIONIRyiJAIyYp0XxmCCaSmVsRmWCJiTZBZSE4qy+vk06t6jSq9ft6pVnL4yjCGZzDJThwBU24hRa0gYCEZ3iFN+vJerHerY9la8HKZ07hD6zPHztRkPw=</latexit>

{�J}

Consider a set of linearly independent GBCs 

It will be useful in the formulation of both element-based and element-free 
solutions of PDEs to project function gradients to this basis.

Conjugate basis

Define          as the Gram matrix for the basis<latexit sha1_base64="W/g/eKJ3a0wlqDhMUP/g3x41R/U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGED0GPPg4RTAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GF/N/PYTVZpJ8WAmMfUjPBQsZAQbK7Wu++nt3bRfLLlldw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx46adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtCplr1au3ldL9UoWRx5O4BTOwYMLqMMNNKAJBB7hGV7hzZHOi/PufCxac042cwx/4Hz+AD6rjuA=</latexit>

GIJ

<latexit sha1_base64="ta4wy+cx39iAFaEscw7op61fTKc=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqlJKUom6EghvbVQX7gCYNk8m0HTqZhJmJUEL3bvwVNy4UcesPuPNvTNostPXA5R7OuZeZe9yQUakM41tbW9/Y3NrO7eR39/YPDvWj444MIoFJGwcsED0XScIoJ21FFSO9UBDku4x03clN6ncfiJA04PdqGhLbRyNOhxQjlUiOXihZrTF1GmWY9kHzHF5DyyNMIacxiK1yc5Z39KJRMeaAq8TMSBFkaDn6l+UFOPIJV5ghKfumESo7RkJRzMgsb0WShAhP0Ij0E8qRT6Qdz2+ZwbNE8eAwEElxBefq740Y+VJOfTeZ9JEay2UvFf/z+pEaXtkx5WGkCMeLh4YRgyqAaTDQo4JgxaYJQVjQ5K8Qj5FAWCXxpSGYyyevkk61Yl5Uane1Yr2axZEDp6AASsAEl6AObkELtAEGj+AZvII37Ul70d61j8XompbtnIA/0D5/ADzcmJw=</latexit>

(�I ,�
J) = � J

I

<latexit sha1_base64="MG3y574BbSyEzlQcqniYUY75mAM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lKUY8FL3qrYD8gCWWz3bZLN7thdyKU0J/hxYMiXv013vw3btoctPXBwOO9GWbmRYngBlz32yltbG5t75R3K3v7B4dH1eOTrlGppqxDlVC6HxHDBJesAxwE6yeakTgSrBdNb3O/98S04Uo+wixhYUzGko84JWAlP8iC9oQP7oN5ZVCtuXV3AbxOvILUUIH2oPoVDBVNYyaBCmKM77kJhBnRwKlg80qQGpYQOiVj5lsqScxMmC1OnuMLqwzxSGlbEvBC/T2RkdiYWRzZzpjAxKx6ufif56cwugkzLpMUmKTLRaNUYFA4/x8PuWYUxMwSQjW3t2I6IZpQsCnlIXirL6+TbqPuXdWbD81aq1HEUUZn6BxdIg9doxa6Q23UQRQp9Ixe0ZsDzovz7nwsW0tOMXOK/sD5/AGTIpDA</latexit>

{�I}

<latexit sha1_base64="ESqCxIPH9Y8hdZ/pp5sQgXnkE98=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwISUpRUUQCi603VjBPqApYTKdtkMnkzAzEUrob7jxV9y4UMSlrvwbJ00X2nrgcg/n3MvMPX7EqFS2/W3klpZXVtfy6+bG5tb2jrW715RhLDBp4JCFou0jSRjlpKGoYqQdCYICn5GWP7pK/dYDEZKG/F6NI9IN0IDTPsVIacmz7GsvqdYm8OISupQrz70NyABBtz6kXjVrNeiewF5mmKZnFeyiPQVcJM6MFMAMdc/6dHshjgPCFWZIyo5jR6qbIKEoZmRiurEkEcIjNCAdTTkKiOwm08sm8EgrPdgPhS6u4FT9vZGgQMpx4OvJAKmhnPdS8T+vE6v+eTehPIoV4Th7qB8zqEKYxgR7VBCs2FgThAXVf4V4iATCSoeZhuDMn7xImqWic1os35ULldIsjjw4AIfgGDjgDFTADaiDBsDgETyDV/BmPBkvxrvxkY3mjNnOPvgD4+sHD7qdxw==</latexit>

GIJ :=

Z

⌦
�I�J d⌦

Can show that 
<latexit sha1_base64="x+Iiz1m2sX5xE7UihWf05Y3pIss=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkFHUjFFxou6pgH9CmYTKdtEMnkzAzEUrswl9x40IRt/6GO//GSZuFth64cOace5l7jxcxKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG1+nfvuBCElDfq8mEXECNOTUpxgpLbnmUa8xov0avII3/aRWn6ZPt15wzaJVsmaAy8TOSBFkaLjmV28Q4jggXGGGpOzaVqScBAlFMSPTQi+WJEJ4jIakqylHAZFOMtt/Ck+1MoB+KHRxBWfq74kEBVJOAk93BkiN5KKXiv953Vj5l05CeRQrwvH8Iz9mUIUwDQMOqCBYsYkmCAuqd4V4hATCSkeWhmAvnrxMWuWSfV6q3FWK1XIWRx4cgxNwBmxwAargFjRAE2DwCJ7BK3gznowX4934mLfmjGzmEPyB8fkDmFCUgQ==</latexit>

�I = GIJ�J

<latexit sha1_base64="le0gNs+5JthUS5gaKiU3AIxVkJ0=">AAAB/3icbVC7SgNBFL0bXzG+VgUbm8EgWIXdENRGCFhoUkUwiZCsy+xkNhky+2BmVghrCn/FxkIRW3/Dzr9xNkmhiQcunDnnXube48WcSWVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBKFNEvFI3HlYUs5C2lRMcXoXC4oDj9O2N7zM/PYDFZJF4a0axdQJcD9kPiNYack1D7qNAXNr6AJduWmtPs6e9/WCaxatkjUBWiT2jBRhhoZrfnV7EUkCGirCsZQd24qVk2KhGOF0XOgmksaYDHGfdjQNcUClk072H6NjrfSQHwldoUIT9fdEigMpR4GnOwOsBnLey8T/vE6i/HMnZWGcKBqS6Ud+wpGKUBYG6jFBieIjTTARTO+KyAALTJSOLAvBnj95kbTKJfu0VLmpFKvlWRx5OIQjOAEbzqAK19CAJhB4hGd4hTfjyXgx3o2PaWvOmM3swx8Ynz+Z7pSC</latexit>

�I = GIJ�
Jand GIJ = (GIJ)

�1where
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Conjugate basis example: Bernstein
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<latexit sha1_base64="ur3+OYOcFQO3s7muiiKv2ivyXqs=">AAAB6nicbVDLSgNBEOyNr7i+oh69DAbBU9gNQT0GvHiMaB6QLGF2MpsMmX0w0yuEJZ/gxYMiXv0ib/6Ns8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xr7+0fHB5Vjk86Ok4V420Wy1j1fKq5FBFvo0DJe4niNPQl7/rT29zvPnGlRRw94izhXkjHkQgEo2ikB7TtYaXq1JwFyDpxC1KFAq1h5Wswilka8giZpFr3XSdBL6MKBZN8bg9SzRPKpnTM+4ZGNOTayxanzsmFUUYkiJWpCMlC/T2R0VDrWeibzpDiRK96ufif108xuPEyESUp8ogtFwWpJBiT/G8yEoozlDNDKFPC3ErYhCrK0KSTh+CuvrxOOvWae1Vr3DeqzXoRRxnO4BwuwYVraMIdtKANDMbwDK/wZknrxXq3PpatJauYOYU/sD5/AEdijRk=</latexit>

t

<latexit sha1_base64="LHAPvgdSCozZ7tqzqYDNlwCe2j8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LBahgpSkFPVY8OKxgv2ANpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuGlz0NYHA4/3ZpiZ58ecKe0431ZhY3Nre6e4a+/tHxwelY5P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3eZ35lSqVgkHvUspl6IR4IFjGBtJM8fpOxKzCv6Etn2oFR2qs4CaJ24OSlDjuag9NUfRiQJqdCEY6 V6rhNrL8VSM8Lp3O4nisaYTPCI9gwVOKTKSxdHz9GFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NZLmYgTTQVZLgoSjnSEsgTQkElKNJ8Zgolk5lZExlhiok1OWQju6svrpF2rutfV+kO93KjlcRThDM6hAi7cQAPuoQktIPAEz/AKb9bUerHerY9la8HKZ07hD6zPH6RBkKo=</latexit>

bi,n(t)

Bernstein polynomial
<latexit sha1_base64="L94tRbfi6tF3gz//qbLeJrH6BSU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSinosePFYwX5AG8pmu2mXbjZhdyKU0L/hxYMiXv0z3vw3btoctPXBwOO9GWbm+bHgGh3n2ypsbG5t7xR3S3v7B4dH5eOTjo4SRVmbRiJSPZ9oJrhkbeQoWC9WjIS+YF1/epf53SemNI/kI85i5oVkLHnAKUEjDfxhyq/kvIqXpdKwXHFqzgL2OnFzUoEcrWH5azCKaBIyiVQQrfuuE6OXEoWcCjYvDRLNYkKnZMz6hkoSMu2li5vn9oVRRnYQKVMS7YX6eyIlodaz0DedIcGJXvUy8T+vn2Bw66VcxgkySZeLgkTYGNlZAPaIK0ZRzAwhVHFzq00nRBGKJqYsBHf15XXSqdfc61rjoVFp1vM4inAG51AFF26gCffQgjZQiOEZXuHNSqwX6936WLYWrHzmFP7A+vwBSwaQgA==</latexit>

bi,n(t)

conjugate functions
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<latexit sha1_base64="CmaVCHzbdLOWo7Bjkz/CHwrhvsQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXgQvK9gPaNeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo+up33qiSjMp7s04oUGMB4JFjGBjpWbXH7KH21654lbdGdAy8XJSgRx+r/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbgrf48jJpnlW982rtrlapX+VxFOEIjuEUPLiAOtyADw0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHMxeO5Q==</latexit>

�K

<latexit sha1_base64="11kceijD67dX+6tY9jRhEh3EQ5o=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqlJKUom6EghtpNxXsA5o0TCbTdujkwcxEKKFf4MZfceNCEbeu3fk3TtostPXA5R7OuZeZe9yIUSEN41tbW9/Y3NrO7eR39/YPDvWj444IY45JG4cs5D0XCcJoQNqSSkZ6ESfIdxnpupOb1O8+EC5oGNzLaURsH40COqQYSSU5erFktcbUaZZh2geNc3gNLY8wiZzmILHKjVlewdELRsWYA64SMyMFkKHl6F+WF+LYJ4HEDAnRN41I2gnikmJGZnkrFiRCeIJGpK9ogHwi7GR+zgwWleLBYchVBRLO1d8bCfKFmPqumvSRHItlLxX/8/qxHF7ZCQ2iWJIALx4axgzKEKbZQI9ygiWbKoIwp+qvEI8RR1iqBNMQzOWTV0mnWjEvKrW7WqFezeLIgVNwBkrABJegDm5BC7QBBo/gGbyCN+1Je9HetY/F6JqW7ZyAP9A+fwAAopjc</latexit>

(�K ,�J) = � J
K

basis vector dual basis vector

<latexit sha1_base64="7CqWasHVriSHEQT1xYVJjYpAKqk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF8FLBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN1O/9US1YUo+2HFCQ4EHksWMYOukZrc+ZL27XrniV/0Z0DIJclKBHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZrNrJ+jEKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUciEEiy8vk+ZZNbiont+fV2rXeRxFOIJjOIUALqEGt1CHBhB4hGd4hTdPeS/eu/cxby14+cwh/IH3+QM0nI7m</latexit>

�KNote:         has local support, but         has global support
<latexit sha1_base64="CmaVCHzbdLOWo7Bjkz/CHwrhvsQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXgQvK9gPaNeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo+up33qiSjMp7s04oUGMB4JFjGBjpWbXH7KH21654lbdGdAy8XJSgRx+r/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbgrf48jJpnlW982rtrlapX+VxFOEIjuEUPLiAOtyADw0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHMxeO5Q==</latexit>

�K

<latexit sha1_base64="Nw47qNm6x8bqNTqqYQxYkmUIxu0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FL4KXCvYD2lA22227dLMJuxOhhP4ILx4U8erv8ea/cdPmoK0PBh7vzTAzL4ilMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2UaMZbLJKR7gbUcCkUb6FAybux5jQMJO8E09vM7zxxbUSkHnEWcz+kYyVGglG0UqffnIjBfWlQrrhVdwGyTrycVCBHc1D+6g8jloRcIZPUmJ7nxuinVKNgks9L/cTwmLIpHfOepYqG3Pjp4tw5ubDKkIwibUshWai/J1IaGjMLA9sZUpyYVS8T//N6CY7qfipUnCBXbLlolEiCEcl+J0OhOUM5s4QyLeythE2opgxtQlkI3urL66R9VfWuq7WHWqVRz+MowhmcwyV4cAMNuIMmtIDBFJ7hFd6c2Hlx3p2PZWvByWdO4Q+czx9n147w</latexit>

�K

bi-orthogonal

Conjugate basis example: element free
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Application to PDEs (solid mechanics)

Also applicable to formulations in H(div) and H(curl)?



31 Governing equations (total-Lagrangian formulation)

strong form

weak form

P is first Piola-Kirchhoff stress tensor

X

x

N

�0

⌦0

⌦

�

u = x�Xn

t0



32 Governing equations for linear elasticity

strong form

weak form

(uniform ellipticity)

(linear elastic)

Show bilinear form?

a(u, v) =

Z

⌦e

ru : Crv d⌦
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Element-based discretizations (polyhedra)



35 Harmonic shape functions

1 0

0

r2�I = 0

XI



36 Harmonic shape functions

partition of unity

linear reproducibility

X

I

�I(x) = 1

X

I

xI �I(x) = x
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w1

A
= 0.201

w2

A
= 0.147

w3

A
= 0.110

w4

A
= 0.196

w5

A
= 0.138

w6

A
= 0.209

X

K

wK = Aquadrature weights wK =

Z

⌦e

�K(x) d⌦

A = area

Quadrature weights



38 Quadrature
error =

�����

Z
f �

X

i

wifi

�����

f(x, y) =

"
1�

✓
2x

Lx

◆2
#"

1�
✓
2y

Ly

◆2
#

x

y
10-2 10-1

10-6

10-5

10-4

10-3

10-2

error

element size, h

quadrature error

1

2
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Conjugate functions

bi-orthogonal
<latexit sha1_base64="ta4wy+cx39iAFaEscw7op61fTKc=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqlJKUom6EghvbVQX7gCYNk8m0HTqZhJmJUEL3bvwVNy4UcesPuPNvTNostPXA5R7OuZeZe9yQUakM41tbW9/Y3NrO7eR39/YPDvWj444MIoFJGwcsED0XScIoJ21FFSO9UBDku4x03clN6ncfiJA04PdqGhLbRyNOhxQjlUiOXihZrTF1GmWY9kHzHF5DyyNMIacxiK1yc5Z39KJRMeaAq8TMSBFkaDn6l+UFOPIJV5ghKfumESo7RkJRzMgsb0WShAhP0Ij0E8qRT6Qdz2+ZwbNE8eAwEElxBefq740Y+VJOfTeZ9JEay2UvFf/z+pEaXtkx5WGkCMeLh4YRgyqAaTDQo4JgxaYJQVjQ5K8Qj5FAWCXxpSGYyyevkk61Yl5Uane1Yr2axZEDp6AASsAEl6AObkELtAEGj+AZvII37Ul70d61j8XompbtnIA/0D5/ADzcmJw=</latexit>

(�I ,�
J) = � J

I



40 Consistency of discrete form (integration)

• For convergence of discrete approximation, need to ensure consistency of discrete and 
continuous bilinear forms.

• Requires polynomial consistency of shape-function gradients (including quadrature).
• To obtain quadrature consistency, project the DoF shape function gradients to the 

subspace of quadrature shape functions.
• Only performed once in a pre-processing step.

(L2projection)

<latexit sha1_base64="xzHJzPJi8Wdgp4j/Fa242yUrez0=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgopSkFHUjFNzYjVSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/Y9Jmoa0HLhzOuZd77/FiRqUyzW+ttLa+sblV3tZ3dvf2D4zDo56MEoFJF0csEgMPScIoJ11FFSODWBAUeoz0vcl17vcfiJA04vdqGhMnRCNOA4qRyiTXqNipHY+p267B9pVVs5kfKVm7hfZM112jatbNOeAqsQpSBQU6rvFl+xFOQsIVZkjKoWXGykmRUBQzMtPtRJIY4QkakWFGOQqJdNL5EzN4mik+DCKRFVdwrv6eSFEo5TT0ss4QqbFc9nLxP2+YqODSSSmPE0U4XiwKEgZVBPNEoE8FwYpNM4KwoNmtEI+RQFhlueUhWMsvr5Jeo26d15t3zWqrUcRRBhVwAs6ABS5AC9yADugCDB7BM3gFb9qT9qK9ax+L1pJWzByDP9A+fwB/A5YG</latexit>

{�I , I = 1, . . . , N}
<latexit sha1_base64="NLyOPAn9SHsuq+74aH6RwOKXnCU=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgopSkFHUjFNwIRahgH9CEMJlM2qGTSZiZCCV04cZfceNCEbd+hDv/xqTNQlsPXDiccy/33uPFjEplmt9aaW19Y3OrvK3v7O7tHxiHRz0ZJQKTLo5YJAYekoRRTrqKKkYGsSAo9Bjpe5Pr3O8/ECFpxO/VNCZOiEacBhQjlUmuUbFTuzOmbrsG21dWzWZ+pGTtFtozXXeNqlk354CrxCpIFRTouMaX7Uc4CQlXmCEph5YZKydFQlHMyEy3E0lihCdoRIYZ5Sgk0knnT8zgaab4MIhEVlzBufp7IkWhlNPQyzpDpMZy2cvF/7xhooJLJ6U8ThTheLEoSBhUEcwTgT4VBCs2zQjCgma3QjxGAmGV5ZaHYC2/vEp6jbp1Xm/eNautRhFHGVTACTgDFrgALXADOqALMHgEz+AVvGlP2ov2rn0sWktaMXMM/kD7/AFQcJXp</latexit>

{�K ,K = 1, . . . ,M}

DoF basis (shape functions)

Quadrature basis (shape functions)

<latexit sha1_base64="qbc6bvgkWK8331u8HxGnnEY9yTs="></latexit>

r�I := argmin

Z

⌦

 
r�I �

MX

K=1

aK�K

!2

d⌦
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covariant 
components

bi-orthogonal

contravariant
components

This ensures satisfaction 
of the patch test.

The projection can be written in terms of the dual or conjugate basis
<latexit sha1_base64="L1eSD+uCj4xuX4uTcL1pUdFnF+s=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXsRTBfsBTVo22027dLMJuxulhP4PLx4U8ep/8ea/cdPmoK0PBh7vzTAzz485U9q2v63CxubW9k5xt7S3f3B4VD4+6agokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn95kfveRSsUi8aBnMfVCPBYsYARrIw3c1G1N2ODOnZcMhuWKXbUXQOvEyUkFcrSG5S93FJEkpEITjpXqO3asvRRLzQin85KbKBpjMsVj2jdU4JAqL11cPUcXRhmhIJKmhEYL9fdEikOlZqFvOkOsJ2rVy8T/vH6ig2svZSJONBVkuShIONIRyiJAIyYp0XxmCCaSmVsRmWCJiTZBZSE4qy+vk06t6jSq9ft6pVnL4yjCGZzDJThwBU24hRa0gYCEZ3iFN+vJerHerY9la8HKZ07hD6zPHztRkPw=</latexit>

{�J}

<latexit sha1_base64="11kceijD67dX+6tY9jRhEh3EQ5o=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqlJKUom6EghtpNxXsA5o0TCbTdujkwcxEKKFf4MZfceNCEbeu3fk3TtostPXA5R7OuZeZe9yIUSEN41tbW9/Y3NrO7eR39/YPDvWj444IY45JG4cs5D0XCcJoQNqSSkZ6ESfIdxnpupOb1O8+EC5oGNzLaURsH40COqQYSSU5erFktcbUaZZh2geNc3gNLY8wiZzmILHKjVlewdELRsWYA64SMyMFkKHl6F+WF+LYJ4HEDAnRN41I2gnikmJGZnkrFiRCeIJGpK9ogHwi7GR+zgwWleLBYchVBRLO1d8bCfKFmPqumvSRHItlLxX/8/qxHF7ZCQ2iWJIALx4axgzKEKbZQI9ygiWbKoIwp+qvEI8RR1iqBNMQzOWTV0mnWjEvKrW7WqFezeLIgVNwBkrABJegDm5BC7QBBo/gGbyCN+1Je9HetY/F6JqW7ZyAP9A+fwAAopjc</latexit>

(�K ,�J) = � J
K

<latexit sha1_base64="Y0VcdhucPq1s3TLeuktDe0n5mdw="></latexit>

r�I =
X

K

(r�I ,�K)�K =
X

K

(r�I ,�
K)�K

Can prove polynomial consistency up to the order of the precision of 
<latexit sha1_base64="IiiWDInttF4WvB0TucTz2zRYg1Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FL4KXCvYDmlg22027dLMJuxulhP4PLx4U8ep/8ea/cZPmoK0PBh7vzTAzz485U9q2v63S2vrG5lZ5u7Kzu7d/UD086qookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn15nfu+RSsUica9nMfVCPBYsYARrIz24qduesOGtO68YDKs1u27nQKvEKUgNCrSH1S93FJEkpEITjpUaOHasvRRLzQin84qbKBpjMsVjOjBU4JAqL82vnqMzo4xQEElTQqNc/T2R4lCpWeibzhDriVr2MvE/b5Do4MpLmYgTTQVZLAoSjnSEsgjQiElKNJ8Zgolk5lZEJlhiok1QWQjO8surpNuoOxf15l2z1moUcZThBE7hHBy4hBbcQBs6QEDCM7zCm/VkvVjv1seitWQVM8fwB9bnDz5mkP4=</latexit>

{�K}

Theorem: for all 
<latexit sha1_base64="tos3MviRrzwHQJyH3Ou93rMOFUY="></latexit>Z

⌦
pr�I d⌦ =

Z

⌦
pr�I d⌦

<latexit sha1_base64="gqeioUoRxAvkEvQtMJJ0PRQuVVM=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlKUZcFN+6sYB/QhDCZTtqhk0mYmQgl5B/c+CtuXCji1o07/8ZJmoW2Hhg4c8693HuPHzMqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vc79/gMRkkb8Xs1i4oZozGlAMVJa8szz1AmRmvgBjDPoUA7nXz/tZN607tyGZIzOqgU8s2Y1rAJwmdglqYESHc/8ckYRTkLCFWZIyqFtxcpNkVAUM5JVnUSSGOEpGpOhphyFRLppcVMGT7UygkEk9OMKFurvjhSFUs5CX1fmG8tFLxf/84aJCq7clPI4UYTj+aAgYVBFMA8IjqggWLGZJggLqneFeIIEwkrHmIdgL568THrNhn3RaN21au1mGUcFHIMTUAc2uARtcAM6oAsweATP4BW8GU/Gi/FufMxLV4yy5wj8gfH5Az8Nm78=</latexit>

p 2 Pk(⌦)
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Replace the original bilinear form

GIJ

with this modified bilinear form Note: This modified bilinear form is still 
symmetric (Bubnov-Galerkin).

<latexit sha1_base64="cDj0Wdp4bB7DEMH8xcAB8XUcKlI="></latexit>

a(u, v) =

Z

⌦

"
X

I

(ru,�I)�
I

#
C
"
X

J

(rv,�J)�
J

#
d⌦

<latexit sha1_base64="LYnHncYOLk90l5LBMhSk9igFnyk="></latexit>

a(u, v) =
X

I,J

(ru,�I)C (rv,�J)

Z

⌦e

�I�J d⌦

<latexit sha1_base64="aXi9c/QVHyHJkrxpQvMsVBV92Vk=">AAACKXicbVBdSwJBFJ3t0+zL6rGXIQkMRHZFKoJA8KW3DPIDXJG746iDs7PLzKwgi3+nl/5KLwVF9dofaVYNSjswcDjnXObe44WcKW3bH9bK6tr6xmZqK729s7u3nzk4rKsgkoTWSMAD2fRAUc4ErWmmOW2GkoLvcdrwhpXEb4yoVCwQ93oc0rYPfcF6jIA2UidThlyUH53ha+wyoTvurU/7gF0BHgcc4SvXBz3wvLgycfM/8ggb3p1F051M1i7YU+Bl4sxJFs1R7WRe3G5AIp8KTTgo1XLsULdjkJoRTidpN1I0BDKEPm0ZKsCnqh1PL53gU6N0cS+Q5gmNp+rviRh8pca+Z5LJ4mrRS8T/vFake5ftmIkw0lSQ2Ue9iGMd4KQ23GWSEs3HhgCRzOyKyQAkEG3KTUpwFk9eJvViwTkvlO5K2XJxXkcKHaMTlEMOukBldIOqqIYIekBP6BW9WY/Ws/Vufc6iK9Z85gj9gfX1DVo3pDY=</latexit>

a(u, v) =

Z

⌦
ru : Crv d⌦

<latexit sha1_base64="REQ/GiInk+/XQaZONx7KqqJb6QI="></latexit>

a(u, v) =

Z

⌦
ru : Crv d⌦
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GIJ = (GIJ)
�1

is the Gram matrix for the basis

Can show that 

where 
<latexit sha1_base64="NjGW+X1aKd84JnEiyxnnKD/7b8M="></latexit>

GIJ =

Z

⌦e

�I�J d⌦
<latexit sha1_base64="IiiWDInttF4WvB0TucTz2zRYg1Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FL4KXCvYDmlg22027dLMJuxulhP4PLx4U8ep/8ea/cZPmoK0PBh7vzTAzz485U9q2v63S2vrG5lZ5u7Kzu7d/UD086qookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn15nfu+RSsUica9nMfVCPBYsYARrIz24qduesOGtO68YDKs1u27nQKvEKUgNCrSH1S93FJEkpEITjpUaOHasvRRLzQin84qbKBpjMsVjOjBU4JAqL82vnqMzo4xQEElTQqNc/T2R4lCpWeibzhDriVr2MvE/b5Do4MpLmYgTTQVZLAoSjnSEsgjQiElKNJ8Zgolk5lZEJlhiok1QWQjO8surpNuoOxf15l2z1moUcZThBE7hHBy4hBbcQBs6QEDCM7zCm/VkvVjv1seitWQVM8fwB9bnDz5mkP4=</latexit>

{�K}

Can show that 
<latexit sha1_base64="x+Iiz1m2sX5xE7UihWf05Y3pIss=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkFHUjFFxou6pgH9CmYTKdtEMnkzAzEUrswl9x40IRt/6GO//GSZuFth64cOace5l7jxcxKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG1+nfvuBCElDfq8mEXECNOTUpxgpLbnmUa8xov0avII3/aRWn6ZPt15wzaJVsmaAy8TOSBFkaLjmV28Q4jggXGGGpOzaVqScBAlFMSPTQi+WJEJ4jIakqylHAZFOMtt/Ck+1MoB+KHRxBWfq74kEBVJOAk93BkiN5KKXiv953Vj5l05CeRQrwvH8Iz9mUIUwDQMOqCBYsYkmCAuqd4V4hATCSkeWhmAvnrxMWuWSfV6q3FWK1XIWRx4cgxNwBmxwAargFjRAE2DwCJ7BK3gznowX4934mLfmjGzmEPyB8fkDmFCUgQ==</latexit>

�I = GIJ�J

<latexit sha1_base64="le0gNs+5JthUS5gaKiU3AIxVkJ0=">AAAB/3icbVC7SgNBFL0bXzG+VgUbm8EgWIXdENRGCFhoUkUwiZCsy+xkNhky+2BmVghrCn/FxkIRW3/Dzr9xNkmhiQcunDnnXube48WcSWVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBKFNEvFI3HlYUs5C2lRMcXoXC4oDj9O2N7zM/PYDFZJF4a0axdQJcD9kPiNYack1D7qNAXNr6AJduWmtPs6e9/WCaxatkjUBWiT2jBRhhoZrfnV7EUkCGirCsZQd24qVk2KhGOF0XOgmksaYDHGfdjQNcUClk072H6NjrfSQHwldoUIT9fdEigMpR4GnOwOsBnLey8T/vE6i/HMnZWGcKBqS6Ud+wpGKUBYG6jFBieIjTTARTO+KyAALTJSOLAvBnj95kbTKJfu0VLmpFKvlWRx5OIQjOAEbzqAK19CAJhB4hGd4hTfjyXgx3o2PaWvOmM3swx8Ynz+Z7pSC</latexit>

�I = GIJ�
Jand

<latexit sha1_base64="tgrtgVumO0AMbZU1xyCtPBiLGn0="></latexit>

a(u, v) =
X

I,J

GIJ(ru,�I)C (rv,�J) =
X

K

(ru,�K)C (rv,�K)

Looks like a sum over 
quadrature points.
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Then

Can write                 as aL(u, v)

where which has the form of a discrete derivative at a 
quadrature point K.

where recall

Replace          with row-sum lumped version:  GIJ

<latexit sha1_base64="QV4PT/uG/CYl55Psl/2DidPyxhM="></latexit>

GL
IJ :=

X

J

GIJ = diag{wK}
<latexit sha1_base64="tLLKpUgxr98aJc1IgbHbTKJ0r0Q="></latexit>

wK =

Z

⌦
�K(x) d⌦

<latexit sha1_base64="SAoIkBaDn/hI5yHUeWFejw/KdYg="></latexit>

a(u, v) ! aL(u, v) =
X

K

1

wK
(ru,�K)C (rv,�K)

<latexit sha1_base64="U0LElsty0SERK1Gu4NCKOoEPZps="></latexit>

aL(u, v) =
X

K

wK (ru)K : C (rv)K

<latexit sha1_base64="jFLWANrDR6WcGn4VF0slwpMvwv4="></latexit>

(ru)K :=
1

wK

Z

⌦
(ru)�K d⌦

where
<latexit sha1_base64="f0aJZhIlTq03558Uh/eJb6KxBhI="></latexit>

(GL
IJ)

�1 = diag

⇢
1

wK

�

Our discrete bilinear form is now “sparse.”



45 Verification:  elasticity patch test
uniaxial tension

hexagon mesh

subtriangle quadrature

projection based quadrature

max stress error = 2%

max stress error = 3 x 10-15

E = 1.0

⌫ = 0.3



46 Verification:  elasticity, hole-in-plate tension

uniaxial tension

• exact tension prescribed 
corresponding to infinite plate

• plane strain
• quarter symmetry model used

mapped hexagon mesh
von Mises stress invariant

E = 1.0

⌫ = 0.3



47 Verification:  elasticity, hole-in-plate tension

Optimal rates of convergence

10-2 10-1
10-3

10-2

10-1

1 pt per sub triangle
3 pts per sub triangle
projection

en
er

gy
 n

or
m

h

energy norm

1

1

10-2 10-1
10-7

10-6

10-5

10-4

10-3

10-2

10-1

1 pt per sub triangle
3 pts per sub triangle
projection

L 2
no

rm

h

L2 norm

1

2



48 Application example:  hyperelastic, hole-in-plate

uniaxial extension

• plane strain
• quarter symmetry model used

mapped hexagon meshquad mesh

compressible neo-Hookean material

��� =
µ

J
(FFT � I) +

�

ln J
I

J = detF F =
@x

@X
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0 50 100 150
0

100

200

300

400

500

600
quad mesh
poly mesh

extension

load

load vs. extension
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plastic strain field

Application example:  elastic-plastic, hole-in-plate

0 5 10 15 20 25 30
0

5

10

15

20

25
quad mesh
poly mesh

extension

load

load vs. extensionyield surface

�(�) =

⇢
1

2

�
|�1 � �2|2 + |�1 � �3|2 + |�2 � �3|2

��1/2

(Use F-bar methods for inf-sup stability.)
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• Currently solving for derivative projection using a sub-
triangulation and FEA.

• Can also use Green’s identities to calculate these if shape 
functions are harmonic. 

Calculation of (r�I ,�K)
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Element-free discretizations
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original domain defeature defeature

Impact of domain defeaturing?  depends on goals of simulation

Motivation: Separate domain discretization from 
solution discretization
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• Domain defeaturing is needed to control FEA discretization quality, size, and critical 
time step (explicit dynamics)

• Domain defeaturing typically requires human intervention (heuristics).
• For FEA, domain discretization and solution discretization are synonymous 

(isoparametric).
• Geometric features can require a fine local discretization while solution does not.
• Heuristics are often used in domain defeaturing and mesh design.
• Meshes are typically designed with goal in mind, thus making it cumbersome to reuse.
• Adaptivity requires going back to domain model (geometry).

Motivation: Separate domain discretization from 
solution discretization
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finite-element approach
• defeature domain geometry based on goals
• create a mesh based on goals
• mesh discretizes domain and solution
• quadrature of weak form is easy
• visualization of results using mesh
• adaptivity of mesh is hard

mesh-free approach
• no defeaturing of domain geometry
• no discretization of domain
• connectivity of domain is undefined (need 

computational geometry)
• quadrature of weak form is very hard
• visualization of results is cumbersome

Alternative hybrid approach:  separate domain discretization and 
solution approximation using an element-free formulation.

A hybrid element-free approach
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original domain

Hybrid approach: fine-scale triangulation
• Use a fine-scale triangulation 

to discretize domain.
• Define element-free basis 

using this triangulation.



57 Element-free basis functions

• Element-free basis functions automatically 
include geometric features at all scales.

• Solution discretization is separate from domain 
discretization.

• No need to defeature domain.



58 Hybrid element-free approach

pros
• symmetric, Galerkin
• linear or nonlinear
• implicit or explicit dynamics
• can do higher order
• can do direct or mixed formulation
• adaptivity is seamless
• can use poor quality tet mesh
• adaptivity is facilitated
• should work for H(div) and H(curl) spaces
• reduced order modeling through coarse discretizations

cons
• constant material properties within a domain
• material interfaces:  have to use weak 

enforcement such as mortar method
• less sparse

• no defeaturing of domain
• discretize domain using fine-scale triangulation (a mesh, but poor quality is okay)
• use hp-cloud to define solution discretization (GBC, RK)
• use second hp-cloud to define quadrature and ensure coercivity
• projection of solution gradient to obtain polynomial consistency
• visualization of results using fine-scale mesh



59 Hybrid element-free approach



60 Moving Least Squares (Reproducing Kernel)

�I(X)The MLS shape functions            are defined as a 
spatial modulation of the nodal weight functions.

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

w

−r

nodal weight function

(sum over neighbors)

(linear reproducibility)

where the modulation function           is found through a 
least square minimization process resulting in

cI(X)

where

Note: shape function construction is algebraic.

circular or rectangular support
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<latexit sha1_base64="xCaQqigRUBC1NFut9RNXQMXyjlI=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZSZUtSNUHAjdFPBPqAzDJk004YmmSHJiLUUf8WNC0Xc+h/u/BvTdhbaeuDC4Zx7ufeeMGFUacf5tnIrq2vrG/nNwtb2zu6evX/QUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/99j2RisbiTo8S4nPUFzSiGGkjBfaRp1Ie1KGXDGhQLz2cwSvoBnbRKTszwGXiZqQIMjQC+8vrxTjlRGjMkFJd10m0P0ZSU8zIpOCliiQID1GfdA0ViBPlj2fXT+CpUXowiqUpoeFM/T0xRlypEQ9NJ0d6oBa9qfif1011dOmPqUhSTQSeL4pSBnUMp1HAHpUEazYyBGFJza0QD5BEWJvACiYEd/HlZdKqlN3zcvW2WqxVsjjy4BicgBJwwQWogRvQAE2AwSN4Bq/gzXqyXqx362PemrOymUPwB9bnDxfGk6U=</latexit>X

K

�K(x) = 1 <latexit sha1_base64="NIYtr1/1WXv0pt5IkYAPoRMgCe0=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpSkFHUjFNwI3VSwD2himEyn7dCZJMxMpCV06cZfceNCEbd+gjv/xmmahVYP3MvhnHuZucePGJXKsr6M3NLyyupafr2wsbm1vWPu7rVkGAtMmjhkoej4SBJGA9JUVDHSiQRB3Gek7Y+uZn77nghJw+BWTSLicjQIaJ9ipLTkmYeOjLlXh+O7iu7OKXSiIfXqpfEJvExFs2iVrRTwL7EzUgQZGp756fRCHHMSKMyQlF3bipSbIKEoZmRacGJJIoRHaEC6mgaIE+km6SFTeKyVHuyHQlegYKr+3EgQl3LCfT3JkRrKRW8m/ud1Y9W/cBMaRLEiAZ4/1I8ZVCGcpQJ7VBCs2EQThAXVf4V4iATCSmdX0CHYiyf/Ja1K2T4rV2+qxVoliyMPDsARKAEbnIMauAYN0AQYPIAn8AJejUfj2Xgz3uejOSPb2Qe/YHx8AwzEl2Q=</latexit>X

K

x2
K �K(x) = x2

<latexit sha1_base64="zIx5JuLs3kKEobD3Z3GWER8HG9g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkFHUjFNwI3VSwD2hCmEwn7dDJJMxMpCV048ZfceNCEbf+gzv/xknbhbYeuHA4517uvcePGZXKsr6N3Mrq2vpGfrOwtb2zu2fuH7RklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vMr/9QISkEb9X45i4IepzGlCMlJY889iRSejV4UiXcw6deEC9eml0Bq/hqOCZRatsTQGXiT0nRTBHwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjEwKTiJJjPAQ9UlXU45CIt10+sUEnmqlB4NI6OIKTtXfEykKpRyHvu4MkRrIRS8T//O6iQqu3JTyOFGE49miIGFQRTCLBPaoIFixsSYIC6pvhXiABMJKB5eFYC++vExalbJ9Ua7eVYu1yjyOPDgCJ6AEbHAJauAWNEATYPAInsEreDOejBfj3fiYteaM+cwh+APj8wfcspYw</latexit>X

K

xK �K(x) = x

<latexit sha1_base64="xCaQqigRUBC1NFut9RNXQMXyjlI=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZSZUtSNUHAjdFPBPqAzDJk004YmmSHJiLUUf8WNC0Xc+h/u/BvTdhbaeuDC4Zx7ufeeMGFUacf5tnIrq2vrG/nNwtb2zu6evX/QUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/99j2RisbiTo8S4nPUFzSiGGkjBfaRp1Ie1KGXDGhQLz2cwSvoBnbRKTszwGXiZqQIMjQC+8vrxTjlRGjMkFJd10m0P0ZSU8zIpOCliiQID1GfdA0ViBPlj2fXT+CpUXowiqUpoeFM/T0xRlypEQ9NJ0d6oBa9qfif1011dOmPqUhSTQSeL4pSBnUMp1HAHpUEazYyBGFJza0QD5BEWJvACiYEd/HlZdKqlN3zcvW2WqxVsjjy4BicgBJwwQWogRvQAE2AwSN4Bq/gzXqyXqx362PemrOymUPwB9bnDxfGk6U=</latexit>X

K

�K(x) = 1 <latexit sha1_base64="zIx5JuLs3kKEobD3Z3GWER8HG9g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkFHUjFNwI3VSwD2hCmEwn7dDJJMxMpCV048ZfceNCEbf+gzv/xknbhbYeuHA4517uvcePGZXKsr6N3Mrq2vpGfrOwtb2zu2fuH7RklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vMr/9QISkEb9X45i4IepzGlCMlJY889iRSejV4UiXcw6deEC9eml0Bq/hqOCZRatsTQGXiT0nRTBHwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjEwKTiJJjPAQ9UlXU45CIt10+sUEnmqlB4NI6OIKTtXfEykKpRyHvu4MkRrIRS8T//O6iQqu3JTyOFGE49miIGFQRTCLBPaoIFixsSYIC6pvhXiABMJKB5eFYC++vExalbJ9Ua7eVYu1yjyOPDgCJ6AEbHAJauAWNEATYPAInsEreDOejBfj3fiYteaM+cwh+APj8wfcspYw</latexit>X

K

xK �K(x) = x

<latexit sha1_base64="xCaQqigRUBC1NFut9RNXQMXyjlI=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZSZUtSNUHAjdFPBPqAzDJk004YmmSHJiLUUf8WNC0Xc+h/u/BvTdhbaeuDC4Zx7ufeeMGFUacf5tnIrq2vrG/nNwtb2zu6evX/QUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/99j2RisbiTo8S4nPUFzSiGGkjBfaRp1Ie1KGXDGhQLz2cwSvoBnbRKTszwGXiZqQIMjQC+8vrxTjlRGjMkFJd10m0P0ZSU8zIpOCliiQID1GfdA0ViBPlj2fXT+CpUXowiqUpoeFM/T0xRlypEQ9NJ0d6oBa9qfif1011dOmPqUhSTQSeL4pSBnUMp1HAHpUEazYyBGFJza0QD5BEWJvACiYEd/HlZdKqlN3zcvW2WqxVsjjy4BicgBJwwQWogRvQAE2AwSN4Bq/gzXqyXqx362PemrOymUPwB9bnDxfGk6U=</latexit>X

K

�K(x) = 1

<latexit sha1_base64="5qQxMZXXFZBYGt+p4oTASjkLL34=">AAAB73icbVBNSwMxEJ34WetX1aOXYBHqpeyWoh4LXjxWsB/QLiWbZtvQbHZNsmJZ+ie8eFDEq3/Hm//GbLsHbX0w8Hhvhpl5fiy4No7zjdbWNza3tgs7xd29/YPD0tFxW0eJoqxFIxGprk80E1yyluFGsG6sGAl9wTr+5CbzO49MaR7JezONmReSkeQBp8RYqduPx7zydFEclMpO1ZkDrxI3J2XI0RyUvvrDiCYhk4YKonXPdW LjpUQZTgWbFfuJZjGhEzJiPUslCZn20vm9M3xulSEOImVLGjxXf0+kJNR6Gvq2MyRmrJe9TPzP6yUmuPZSLuPEMEkXi4JEYBPh7Hk85IpRI6aWEKq4vRXTMVGEGhtRFoK7/PIqadeq7mW1flcvN2p5HAU4hTOogAtX0IBbaEILKAh4hld4Qw/oBb2jj0XrGspnTuAP0OcP7TqPMw==</latexit>

�(x)

Moving Least Squares

<latexit sha1_base64="vS6YVTf3+7sPmd0qPS7kO2m4Bik=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2FZoQ9lsN+3SzSbsTsRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvs78ziPXRsTqHicJ9yM6VCIUjKKV7p5K/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MqfCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtGtV76Jav61XGrU8jiKcwCmcgweX0IAbaEILGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ARjqjQk=</latexit>x <latexit sha1_base64="vS6YVTf3+7sPmd0qPS7kO2m4Bik=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2FZoQ9lsN+3SzSbsTsRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvs78ziPXRsTqHicJ9yM6VCIUjKKV7p5K/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MqfCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtGtV76Jav61XGrU8jiKcwCmcgweX0IAbaEILGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ARjqjQk=</latexit>x <latexit sha1_base64="vS6YVTf3+7sPmd0qPS7kO2m4Bik=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2FZoQ9lsN+3SzSbsTsRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvs78ziPXRsTqHicJ9yM6VCIUjKKV7p5K/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MqfCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtGtV76Jav61XGrU8jiKcwCmcgweX0IAbaEILGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ARjqjQk=</latexit>x



62

visibility criterion visibility criterion

domain 
with slot

<latexit sha1_base64="OKKypbYkgLLMVaUfrpnzgQbmn44=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FL96sYD+gDWWznbZLdzdhdyOU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATT28zvPKE2PFSPdhahL+lY8RFn1KZSp38vcUxLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLcOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2VPcTrqLYomLLRaNYEBuS7Hcy5BqZFbOUUKZ5eithE6ops2lCWQje6svrpH1V9a6rtYdapVHP4yjCGZzDJXhwAw24gya0gMEUnuEV3pzIeXHenY9la8HJZ07hD5zPH5V4jw4=</latexit>

⌦



63

diffraction method transparancy method

All these methods (visibility, 
transparency, diffraction) require 
use of computational geometry.



64 Manifold geodesic

https://en.wikipedia.org/wiki/Geodesic

Euclidean manifold with boundaryGeodesic:  path that provides the shortest 
distance along a manifold



65
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66

<latexit sha1_base64="/VfoJsl2c7iaoPEAsyACvOwYym0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgBePEfOCZAmzk0kyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5Pb2Nza3snvFvb2Dw6PiscnLRMlmvEmi2SkOwE1XArFmyhQ8k6sOQ0DydvB5G7ut5+4NiJSDZzG3A/pSImhYBSt9Ni4dfvFklt2FyDrxMtICTLU+8Wv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8uTp2RC6sMyDDSthSShfp7IqWhMdMwsJ0hxbFZ9ebif143wWHVT4WKE+SKLRcNE0kwIvO/yUBozlBOLaFMC3srYWOqKUObTsGG4K2+vE5aV2Xvulx5qJRq1SyOPJzBOVyCBzdQg3uoQxMYjOAZXuHNkc6L8+58LFtzTjZzCn/gfP4An4eNWA==</latexit>

T = 0

<latexit sha1_base64="yGbJboy9hMEeTM8lgNStNiC4vew=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRStBuh4MZlhb6gCWUymbRDJzNhZiKU0J0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufeeIGFUacf5tkpr6xubW+Xtys7u3v6BfXjUVSKVmHSwYEL2A6QIo5x0NNWM9BNJUBww0gsmt7nfeyBSUcHbepoQP0YjTiOKkTbS0D71OAoYgm3o4VBomHkx0uMggnwGb6AztKtOzZkDrhK3IFVQoDW0v7xQ4DQmXGOGlBq4TqL9DElNMSOzipcqkiA8QSMyMJSjmCg/m/8xg+dGCWEkpCmu4Vz9PZGhWKlpHJjO/Eq17OXif94g1VHDzyhPUk04XiyKUga1gHkoMKSSYM2mhiAsqbkV4jGSCGsTXcWE4C6/vEq6lzX3qla/r1ebjSKOMjgBZ+ACuOAaNMEdaIEOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8we9ZZfr</latexit>rT · n = 0

Weight functions using heat flow



67 Weight functions using heat flow



68 “Point” placement

<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1

• uniform on boundary
• random close packing on interior (maximal 

Poisson sampling)

packing size:

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="3IFzoD1R80ff2ArGt4vgjyrBLvk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB680KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8frPiMwg==</latexit>

1

<latexit sha1_base64="RkeJvh5UGcGT/ZMg2Zn6cP1iiu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJbeZ3nlBpHstHM03Qj+hI8pAzaqz0UCsNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwLnpX6qMaFsQkfYs1TSCLU/W1w6JxdWGZIwVrakIQv198SMRlpPo8B2RtSM9aqXif95vdSEN/6MyyQ1KNlyUZgKYmKSvU2GXCEzYmoJZYrbWwkbU0WZseFkIXirL6+Tdq3qXVXr9/VKo5bHUYQzOIdL8OAaGnAHTWgBgxCe4RXenInz4rw7H8vWgpPPnMIfOJ8/rn2Mww==</latexit>

2



69 Weight function support size 

encloses underlying tri mesh

<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1

<latexit sha1_base64="QfZvXJBLr/pATPbtAdZ2lqFtVQo=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS89VrG10C4lm2bb0CS7JlmhLP0TXjwo4tW/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKOjRBHaJhGPVDfAmnImadsww2k3VhSLgNOHYHKT+Q9PVGkWyXszjakv8EiykBFsrNS9Q9eohpqlQbniVt050CrxclKBHK1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+f3ztCZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RITXvkpk3FiqCSLRWHCkYlQ9jwaMkWJ4VNLMFHM3orIGCtMjI0oC8FbfnmVdGpV76Jav61XGrU8jiKcwCmcgweX0IAmtKANBDg8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AGkjjjY=</latexit>

R = 2H

<latexit sha1_base64="XBRfRYxEte9Jv6mwwYozXSPazlA=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lqUS9CwUuPVewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/46bNQVsfDDzem2Fmnh9zprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xmfueJSsUi8aCnMfVCPBIsYARrI3Xv0Q26QI3SwC47FWcOtErcnJQhR3Ngf/WHEUlCKjThWKme68TaS7HUjHA6K/UTRWNMJnhEe4YKHFLlpfN7Z+jMKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17mfif10t0cO2lTMSJpoIsFgUJRzpC2fNoyCQlmk8NwUQycysiYywx0SaiLAR3+eVV0q5W3MtK7a5WrlfzOIpwAqdwDi5cQR0a0IQWEODwDK/wZj1aL9a79bFoLVj5zDH8gfX5A2qqjjc=</latexit>

R = 3H
<latexit sha1_base64="l+l+IniIoIH+x2rJW4o844ghIfE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS89VrG10C4lm2bb0CS7JlmhLP0TXjwo4tW/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKOjRBHaJhGPVDfAmnImadsww2k3VhSLgNOHYHKT+Q9PVGkWyXszjakv8EiykBFsrNS9Q9eojpqlQbniVt050CrxclKBHK1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+f3ztCZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RITXvkpk3FiqCSLRWHCkYlQ9jwaMkWJ4VNLMFHM3orIGCtMjI0oC8FbfnmVdGpV76Jav61XGrU8jiKcwCmcgweX0IAmtKANBDg8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AGwxjjg=</latexit>

R = 4H

linear

quadratic cubic

support size

packing size:



70

weight 
functions

shape
functions
(basis)

`
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quad-to-dof ratio = 42

Element-free approach to solve BVPs

Use two meshfree clouds:  one for solution discretization (DoF) and 
one for quadrature.

What ratio of quad nodes to dof nodes is needed for stability 
(coercivity of bilinear form)?

quadrature nodes
DoF node



72 Patch test (linear consistency)

<latexit sha1_base64="zRAz9g4lvtrTz43ujhUYhKpHI4Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAdsljA7mSRD5rHMzErCks/w4kERr36NN//GSbIHTSxoKKq66e6KE86M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xh8N/fbT1QbpuSjnSY0Engo2YARbJ0Udg0bCtzLJpNZr1zxq/4CaJ0EOalAjkav/NXtK5IKKi3h2Jgw8BMbZVhbRjidlbqpoQkmYzykoaMSC2qibHHyDF04pY8GSruSFi3U3xMZFsZMRew6BbYjs+rNxf+8MLWDWpQxmaSWSrJcNEg5sgrN/0d9pimxfOoIJpq5WxEZYY2JdSmVXAjB6svrpHVVDW6q1w/XlXotj6MIZ3AOlxDALdThHhrQBAIKnuEV3jzrvXjv3seyteDlM6fwB97nD9lTkZs=</latexit>�xx
1.05

0.95

1.00

uniaxial tension

E = 1.0

⌫ = 0.3

error > 5%



73 Consistency of discrete form (integration)

• For convergence of discrete approximation, need to ensure consistency of discrete and 
continuous bilinear forms.

• Requires polynomial consistency of shape-function gradients (including quadrature).
• To obtain quadrature consistency, project the DoF shape function gradients to the 

subspace of quadrature shape functions.
• Only performed once in a pre-processing step.

(L2projection)

<latexit sha1_base64="xzHJzPJi8Wdgp4j/Fa242yUrez0=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgopSkFHUjFNzYjVSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/Y9Jmoa0HLhzOuZd77/FiRqUyzW+ttLa+sblV3tZ3dvf2D4zDo56MEoFJF0csEgMPScIoJ11FFSODWBAUeoz0vcl17vcfiJA04vdqGhMnRCNOA4qRyiTXqNipHY+p267B9pVVs5kfKVm7hfZM112jatbNOeAqsQpSBQU6rvFl+xFOQsIVZkjKoWXGykmRUBQzMtPtRJIY4QkakWFGOQqJdNL5EzN4mik+DCKRFVdwrv6eSFEo5TT0ss4QqbFc9nLxP2+YqODSSSmPE0U4XiwKEgZVBPNEoE8FwYpNM4KwoNmtEI+RQFhlueUhWMsvr5Jeo26d15t3zWqrUcRRBhVwAs6ABS5AC9yADugCDB7BM3gFb9qT9qK9ax+L1pJWzByDP9A+fwB/A5YG</latexit>

{�I , I = 1, . . . , N}
<latexit sha1_base64="NLyOPAn9SHsuq+74aH6RwOKXnCU=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgopSkFHUjFNwIRahgH9CEMJlM2qGTSZiZCCV04cZfceNCEbd+hDv/xqTNQlsPXDiccy/33uPFjEplmt9aaW19Y3OrvK3v7O7tHxiHRz0ZJQKTLo5YJAYekoRRTrqKKkYGsSAo9Bjpe5Pr3O8/ECFpxO/VNCZOiEacBhQjlUmuUbFTuzOmbrsG21dWzWZ+pGTtFtozXXeNqlk354CrxCpIFRTouMaX7Uc4CQlXmCEph5YZKydFQlHMyEy3E0lihCdoRIYZ5Sgk0knnT8zgaab4MIhEVlzBufp7IkWhlNPQyzpDpMZy2cvF/7xhooJLJ6U8ThTheLEoSBhUEcwTgT4VBCs2zQjCgma3QjxGAmGV5ZaHYC2/vEp6jbp1Xm/eNautRhFHGVTACTgDFrgALXADOqALMHgEz+AVvGlP2ov2rn0sWktaMXMM/kD7/AFQcJXp</latexit>

{�K ,K = 1, . . . ,M}

DoF basis (shape functions)

Quadrature basis (shape functions)

<latexit sha1_base64="qbc6bvgkWK8331u8HxGnnEY9yTs="></latexit>

r�I := argmin

Z

⌦

 
r�I �

MX

K=1

aK�K

!2

d⌦



74 Patch test (linear consistency)

<latexit sha1_base64="zRAz9g4lvtrTz43ujhUYhKpHI4Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAdsljA7mSRD5rHMzErCks/w4kERr36NN//GSbIHTSxoKKq66e6KE86M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xh8N/fbT1QbpuSjnSY0Engo2YARbJ0Udg0bCtzLJpNZr1zxq/4CaJ0EOalAjkav/NXtK5IKKi3h2Jgw8BMbZVhbRjidlbqpoQkmYzykoaMSC2qibHHyDF04pY8GSruSFi3U3xMZFsZMRew6BbYjs+rNxf+8MLWDWpQxmaSWSrJcNEg5sgrN/0d9pimxfOoIJpq5WxEZYY2JdSmVXAjB6svrpHVVDW6q1w/XlXotj6MIZ3AOlxDALdThHhrQBAIKnuEV3jzrvXjv3seyteDlM6fwB97nD9lTkZs=</latexit>�xx
1.05

0.95

1.00

uniaxial tension pure shear

1.05

0.95

1.00

<latexit sha1_base64="c/8+Uy0WHMGe2TI8wFs9qJjxruo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9IQ9lsN+3S3U3Y3Ygh9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wejv3e49UaRbLB5MlNBB4LFnECDZW8geajQUe5k/ZbFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE+RYGUY4nVUGqaYJJlM8pr6lEguqg3xx8gxdWGWEoljZkgYt1N8TORZaZyK0nQKbiV715uJ/np+aqBnkTCapoZIsF0UpRyZG8//RiClKDM8swUQxeysiE6wwMTalig3BW315nXSv6t51vXHfqLWaRRxlOINzuAQPbqAFd9CGDhCI4Rle4c0xzovz7nwsW0tOMXMKf+B8/gDa2JGc</latexit>�xy

no projection

with projection

error < 10-13

error > 5%
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<latexit sha1_base64="pr/8rEdo0Dzqos2SHQVNygfmZc0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CokU7UUoeOmxgv2ANpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDHret7OxubW9s1vYK+4fHB4dl05OWyZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfDyf3cbz9xbUSsHnGa8CCiIyWGglG0UrtO7ojnVvqlsud6C5B14uekDDka/dJXbxCzNOIKmaTGdH0vwSCjGgWTfFbspYYnlE3oiHctVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+b4rAaZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FdfXieta9e/cSsPlXKtmsdRgHO4gCvw4RZqUIcGNIHBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8Z9o4W</latexit>

H = 0.4

<latexit sha1_base64="J9kBC2Aezku7kzK06JwqvH5RUWg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JbivYiFLz0WMF+QLuUbJptQ7PJkmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UtrZ3dveK+6WDw6Pjk/LpWUfLVBHaJpJL1QuxppwJ2jbMcNpLFMVxyGk3nN4v/O4TVZpJ8WhmCQ1iPBYsYgQbK3Wb6A55bnVYrniutwTaJH5OKpCjNSx/DUaSpDEVhnCsdd/3EhNkWBlGOJ2XBqmmCSZTPKZ9SwWOqQ6y5blzdGWVEYqksiUMWqq/JzIcaz2LQ9sZYzPR695C/M/rpyaqBxkTSWqoIKtFUcqRkWjxOxoxRYnhM0swUczeisgEK0yMTahkQ/DXX94knarr37i1h1qlUc/jKMIFXMI1+HALDWhCC9pAYArP8ApvTuK8OO/Ox6q14OQz5/AHzucPFu6OFA==</latexit>

H = 0.2

<latexit sha1_base64="IXIzT2Ba7DA26pvRqR2IhzJufC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh4KXHCvYD2lA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18bzvp3CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6oRUo+ASm4YbgZ1EIY1Cge1wcj/320+oNI/lo5kmGER0JPmQM2qs1K6TO+K5fr9c8VxvAbJO/JxUIEejX/7qDWKWRigNE1Trru8lJsioMpwJnJV6qcaEsgkdYddSSSPUQbY4d0YurDIgw1jZkoYs1N8TGY20nkah7YyoGetVby7+53VTM6wGGZdJalCy5aJhKoiJyfx3MuAKmRFTSyhT3N5K2JgqyoxNqGRD8FdfXietK9e/ca8friu1ah5HEc7gHC7Bh1uoQR0a0AQGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AFWqOEw==</latexit>

H = 0.1

<latexit sha1_base64="zRAz9g4lvtrTz43ujhUYhKpHI4Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAdsljA7mSRD5rHMzErCks/w4kERr36NN//GSbIHTSxoKKq66e6KE86M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOjA3lTNKmZZbTTqIpFjGn7Xh8N/fbT1QbpuSjnSY0Engo2YARbJ0Udg0bCtzLJpNZr1zxq/4CaJ0EOalAjkav/NXtK5IKKi3h2Jgw8BMbZVhbRjidlbqpoQkmYzykoaMSC2qibHHyDF04pY8GSruSFi3U3xMZFsZMRew6BbYjs+rNxf+8MLWDWpQxmaSWSrJcNEg5sgrN/0d9pimxfOoIJpq5WxEZYY2JdSmVXAjB6svrpHVVDW6q1w/XlXotj6MIZ3AOlxDALdThHhrQBAIKnuEV3jzrvXjv3seyteDlM6fwB97nD9lTkZs=</latexit>�xx

exact

Example: plate with hole

uniaxial tension

• plane strain
• quarter symmetry

E = 1.0

⌫ = 0.3

<latexit sha1_base64="pr/8rEdo0Dzqos2SHQVNygfmZc0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CokU7UUoeOmxgv2ANpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDHret7OxubW9s1vYK+4fHB4dl05OWyZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfDyf3cbz9xbUSsHnGa8CCiIyWGglG0UrtO7ojnVvqlsud6C5B14uekDDka/dJXbxCzNOIKmaTGdH0vwSCjGgWTfFbspYYnlE3oiHctVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+b4rAaZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FdfXieta9e/cSsPlXKtmsdRgHO4gCvw4RZqUIcGNIHBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8Z9o4W</latexit>

H = 0.4
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0.1 0.2 0.3 0.4 0.5

10-3

10-2

10-1

2.3

1

2

1.9

0.1 0.2 0.3 0.4 0.5
10-2

10-1

1

1

1.3

1.0

h h

L2 norm energy norm

L2 norm energy 
norm

Example: plate with hole

no 
correction

with 
correction

no 
correction

with 
correction



77 Example

fixed
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stress field (vm)dof nodes basis functions
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80 Nearly incompressible limit

• Can extend approach to handle nearly incompressible materials
• Use a “generalized” B-Bar/F-bar approach.
• Project dilatational portion of deformation gradient to smaller subspace, e.g. use 

original DOF points as quadrature basis.

deviatoric quadrature node
DoF node and dilatational quadrature node



81 Summary

1. Showed applications of GBCs to both element-based and element-free PDE 
discretizations

2. GBCs enable formulation of a diverse set of polyhedral discretizations.
3. GBCs enable element-free discretization on complex disconnected domains 

without resource to computational geometry.
4. Element-free weight function used manifold geodesic (heat map)
5. GBCs also induce quadrature schemes for both element-based and element-free 

methods.
6. GBCs facilitate gradient projection schemes for PDE consistency.
7. Applications to multiresolution (wavelet) on complex shapes?


