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Abstract—Tensor-based methods are receiving renewed atten-3
tion in recent years due to their prevalence in diverse real-world4
applications. There is considerable literature on tensor represen-5
tations and algorithms for tensor decompositions, both for dense6
and sparse tensors. Many applications in hypergraph analytics, ma-7
chine learning, psychometry, and signal processing result in tensors8
that are both sparse and symmetric, making them an important9
class for further study. Similar to the critical Tensor Times Matrix10
chain operation (TTMC) in general sparse tensors, the Sparse11
Symmetric Tensor Times Same Matrix chain (S3 TTMC) operation12
is compute and memory intensive due to high tensor order and13
the associated factorial explosion in the number of non-zeros. We14
present the novel Compressed Sparse Symmetric (CSS) format for15
sparse symmetric tensors, along with an efficient parallel algorithm16
for the S3 TTMC operation. We theoretically establish that S317
TTMC on CSS achieves a better memory versus run-time trade-off18
compared to state-of-the-art implementations, and visualize the19
variation of the performance gap over the parameter space. We20
demonstrate experimental findings that confirm these results and21
achieve up to 2.72× speedup on synthetic and real datasets. The22
scaling of the algorithm on different test architectures is also show-23
cased to highlight the effect of machine characteristics on algorithm24
performance.25

Index Terms—Compressed storage, sparse tensors, symmetric26
tensors, tensor times matrix chain.27

I. INTRODUCTION28

T ENSORS are higher dimensional generalizations of ma-29

trices, and are used to represent multi-dimensional data.30

Symmetric tensors are an important class of tensors, aris-31

ing in diverse fields such as psychometry, signal processing,32

machine learning, and hypergraph analytics [1], [2], [3], [4],33

[5], [6]. Estimating means of Gaussian graphical models and34

independent component analysis often utilize symmetric tensors35

for decompositions [3], [7], [8]. Hypergraphs, generalizations36

of graphs which allow edges to span multiple vertices, have37

become ubiquitous in understanding real world networks and38

multi-entity interactions [9], [10]. Affinity relations in a hy-39

pergraph can be represented as a high-order adjacency tensor40
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which is sparse and symmetric [3], [11], [12], [13]. While math- 41

ematical research on symmetric tensors is longstanding [14], 42

[15], [16], [17], emerging massive data in these applications has 43

sparked the demand for scalable, efficient algorithms that utilize 44

advances in numerical linear algebra, numerical optimization, 45

as well as high performance computing. State-of-the-art tensor 46

libraries [18], [19], [20] incorporate high performance tensor 47

methods for general sparse tensors; however, to the best of our 48

knowledge, they lack specialized algorithms for sparse tensors 49

that are symmetric. Exploiting symmetry can lead to faster and 50

memory-efficient algorithms than are possible for the general 51

case. 52

An important mathematical technique in dimensionality re- 53

duction and hypergraph clustering is tensor decomposition, and 54

we study the popular Tucker decomposition [21] in this work. 55

A key kernel in symmetric Tucker decomposition is the Sparse 56

Symmetric Tensor Times Same Matrix chain (S3 TTMC) oper- 57

ation1, a specialization of the fundamental tensor times matrix 58

chain operation (TTMc) for symmetric tensors. In symmetric 59

Tucker decomposition, instead of different matrix factors in the 60

chain, the same matrix is repeatedly used. 61

In high-performance algorithms for sparse tensor decompo- 62

sition, a balance between two desirable but competing goals is 63

pursued - (i) compressed storage format to represent the sparse 64

tensor, and (ii) efficient computation based on it to perform the 65

decomposition. For general sparse tensors, the two goals could 66

align well [18], [22], [23], [24] since when a sparse tensor is 67

stored compactly, the memory footprint of the tensor - poten- 68

tially a dominating factor of the memory traffic during computa- 69

tion - is reduced. Moreover, superior sparse tensor compression 70

1For notational convenience, we call S3 TTMC in lieu of SSTTSMc.
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Fig. 1. Trade-off between run-time and storage size for proposed S3 TTMC-
CSS computation to different algorithms and storage formats.

can co-exist with better data locality. For example, a compact71

Compressed Sparse Row (CSR) representation of a sparse ma-72

trix demonstrates better data locality from the reuse of row73

indices. A similar phenomenon occurs in Compressed Sparse74

Fibers (CSF) [18] and Hierarchical COOrdinate (HiCOO) [22]75

formats from different perspectives.76

For sparse symmetric tensors, efficient computation and com-77

pressed storage format are contending characteristics, espe-78

cially for high dimensional data. Fig. 1 illustrates the trade-79

off between efficiently computing S3 TTMC and the size of80

compressed storage data structures for symmetric tensors. The81

Unique COOrdinate (UCOO) representation achieves compact82

storage by saving the coordinates (indices) along with the value83

of each non-zero exactly once. However, the compression comes84

at the price of slow S3 TTMC computation, as retrieving all85

index permutations of every non-zero increases redundant com-86

putation and limits parallelism. On the other hand, by saving87

all index permutations of each non-zero, we can overcome the88

computation challenges in UCOO. Thus, S3 TTMC becomes a89

general TTMc where state-of-the-art high performance libraries,90

such as SPLATT [18] and ParTI! [19], can be leveraged. Un-91

fortunately, this approach leads to O(N !) increase in storage,92

whereN is the tensor order. With the pervasiveness of high order93

adjacency tensors representing massive hypergraphs, this mem-94

ory overhead is formidable. For example, an order-14 sparse95

symmetric tensor generated from Amazon reviews [25] (Details96

in Section VI-B) causes 14! = 8.7× 1010 factor increase in97

storage to save all index permutations. Thus, one is forced to98

choose between efficient algorithms that use storage formats99

that cannot be sustained for high-order tensors (SPLATT ), and100

efficient storage formats (UCOO) that do not permit efficient101

algorithms.102

In our previous work [26], we proposed a computation-aware103

compact storage format, termed the Compressed Sparse Sym-104

metric (CSS) format, which has storage requirement of the same105

order as UCOO while being able to perform S3 TTMC more106

efficiently than state-of-the-art TTMc implementations, such107

as SPLATT, as shown in Fig. 1. We also presented a novel108

shared-memory parallel algorithm S3 TTMC-CSS to efficiently109

perform S3 TTMC using CSS.110

In this work, we provide further insight into the construction111

and properties of the CSS, and inspect its space complexity112

bounded by 2N , asymptotically smaller than N !. We investigate 113

the cost model used to assess the performance of S3 TTMC-CSS, 114

and visualize the dependence of S3 TTMC rank and tensor 115

order on the performance improvement of S3 TTMC-CSS over 116

SPLATT. Finally, we demonstrate through experiments the per- 117

formance of our parallel algorithm achieves the twin advantages 118

illustrated in Fig. 1. The scaling performance of S3 TTMC-CSS 119

on different architectures helps understand the effect of cache 120

sizes and memory bottlenecks on parallelism in S3 TTMC-CSS. 121

Our main contributions are summarized as follows: 122! We propose the novel computation-aware CSS structure 123

for sparse symmetric tensors. (Section IV) 124! We design and implement an efficient multi-core parallel 125

S3 TTMC algorithm, called S3 TTMC-CSS, based on the 126

CSS format. (Section V) 127! We perform a thorough cost analysis of S3 TTMC-CSS and 128

outline a detailed comparison to baseline implementations 129

and their formats. (Sections IV-A and V-E) 130! Our S3 TTMC-CSS bridges the gap between efficient S3 131

TTMC computation and compact storage - S3 TTMC-CSS 132

is (i) up to 2.72× faster than SPLATT while requiring 133

up to five orders of magnitude lesser memory, and (ii) at 134

least two orders of magnitude faster than S3 TTMC-UCOO 135

while only requiring up to 6× more memory than UCOO. 136

(Section VI) 137! We analyze the scaling characteristics of S3 TTMC-CSS 138

on different test architectures using hardware counters and 139

roofline model, and provide insight into scaling bottle- 140

necks. (Section VI-D) 141! We report the Tucker decomposition of an order-14 tensor 142

from a real world hypergraph. (Section VI-G) 143

II. BACKGROUND 144

A. Sparse Symmetric Tensors 145

An order-N symmetric tensor X has N modes or dimensions, 146

and is a general tensor with the special property that non-zero 147

values, X(i1,i2,...iN ) remains unchanged under any permutation 148

of its indices. We observe sparse symmetric tensors in several 149

contexts, one of which are those originating from hypergraphs. 150

A N -uniform hypergraph on I vertices, where every hyperedge 151

spanning multiple vertices has the same cardinality N , can 152

be represented as an order-N adjacency tensor X ∈ RI×I×...I 153

That is, for every hyperedge e = {vi1 , vi2 , . . . , viN } ∈ E with 154

weight w(e), Xσ(i) = w(e), where σ(i) denotes any of the N ! 155

permutations of the index tuple i = (i1, . . . , iN ). We refer to 156

a non-zero Xi ∈ unz(X) as an index-ordered unique (IOU) 157

non-zero if the index set i is ordered (i1 < i2 < . . . < iN ). Thus, 158

nz(X) is divided into a set of equivalence classes, unz(X) 159

of size unnz = nnz
N ! , under the permutation relation σ. The 160

IOU non-zero Xi represents an equivalence class containing all 161

permutations σ(i) of the index set i. A subtensor of a tensor 162

X is obtained by fixing indices along some dimensions while 163

varying along the others, denoted by ‘:’. The matricization of 164

symmetric tensor X along any mode flattens/unfolds the tensor 165

into a matrix X ∈ RI×IN−1
, and is obtained by arranging the 166

fibers of the tensor as columns of X. Note that for symmetric 167
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Algorithm 1. Symmetric HOOI for Tucker Decomposition
1: Output: Core tensor C, and orthonormal matrix U
2: while C not converged do
3: Y = X×−1 [U] //S3 TTMC

4: U← R left singular vectors of matricized Y
5: C = Y×1 U
6: end while

tensors, the matricization along any tensor mode yields the same168

matrix, as the fibers remain the same along all modes. Following169

Kolda and Bader [21], we denote vectors using bold lowercase170

letter (e.g., i, j), matrices using bold uppercase letters (e.g., U),171

and tensors using bold calligraphic letters (e.g., X).172

B. Sparse Tensor Formats173

Multiple compressed data structures, with varying levels174

of compactness, have been proposed for general sparse ten-175

sors. Popular among these include COO [21], CSF [18], MM-176

CSF [24], F-COO [23], HiCOO [27] and ALTO [28] formats177

The simplest storage format for sparse tensors is the COOr-178

dinate (COO) format. COO stores each non-zero as a tuple179

(i1, i2, . . . iN ; v), where ij , j = 1, . . . , N is an index coordinate180

and v is the non-zero value. The Compressed Sparse Fiber (CSF)181

format is a higher order analogue to the Compressed Sparse Row182

(CSR) sparse matrix format. It is a compressed storage format183

structured as a tree, where every level corresponds to a tensor184

mode. Every non-zero in a sparse tensor is represented by a root185

to leaf path. The CSS format for storing IOU non-zeros of sparse186

symmetric tensors also has a tree structure inspired from the CSF187

format (Section IV)188

C. Sparse Symmetric Tucker Decomposition189

Symmetric Tucker decomposition of an order-N sparse sym-190

metric tensor X ∈ RI×I...I finds a dense orthonormal ma-191

trix U ∈ RI×R and an order-N dense symmetric core tensor192

C ∈ RR×R...R such that argminC,U||X− C×1 U×2 U . . .193

×N U||. In hypergraph clustering and dimensionality reduction,194

the matrix rank R corresponds to number of clusters and size of195

reduced space respectively, and is usually a small value.196

We show the symmetric higher order iterations (HOOI) al-197

gorithm (Algorithm 1) by introducing the symmetry property198

into the popular HOOI approach to Tucker decomposition [21].199

The operation in Line 2, Sparse Symmetric Tensor Times Same200

Matrix chain (S3 TTMC), is observed to be computationally201

expensive in large data, and will be our focus.202

Y = X×−1 [UT ] = X×2 U
T ×3 U

T . . .×N UT (1)

matricize(Yk,:,..,:)=Y(k, :) =
∑

Xi∈nz(X)
i=(i1,...iN )

i1=k

Xi






N⊗

j=2

U(ij , :)






(2)

S3 TTMC, given by (1), is represented by a sequence of tensor 203

times matrix products (TTM) [29] on all but one mode of the 204

symmetric tensor X. TTM of an order-N symmetric tensor 205

X ∈ RI×I...I with a dense matrix U ∈ RI×R along mode n, 206

denoted by Z = X×n UT , is defined for r ∈ {1, . . . , R} as 207

Zi1...in−1rin+1...iN =
∑I

in=1 Xi1...in−1inin+1...iNUinr. 208

The Kronecker product of row vectors u ∈ R1×m and v ∈ 209

R1×n, denoted by u⊗ v ∈ R1×mn, is the vectorized outer 210

product [21]. The sparsity of X favors rewriting S3 TTMC 211

using Kronecker products in (2), similar to the approach used 212

in the work [29], [30], by only doing meaningful computation 213

corresponding to its non-zeros (with index permutations), thus 214

obtaining the matricized output, Y. 215

D. Other Related Work 216

State-of-the-art sparse tensor CANDECOMP/PARAFAC 217

(CP) decomposition [22], [24], [31] and Tucker decomposi- 218

tion [29], [32], [33] research targets general sparse tensors. 219

Kaya et al. proposed a dimension tree data structure [34] to 220

efficiently utilize intermediate results among TTM operations. 221

There are optimized approaches designed for dense symmetric 222

tensor methods [35], [36], [37], [38], [39], [40]. Our previous 223

work [26] is the first to effectively utilize symmetry in sparse 224

tensors for space- and performance-efficiency. 225

III. BASELINE IMPLEMENTATIONS 226

S3 TTMC performance has been evaluated using the three ex- 227

isting baselines described in our previous work [26] based on two 228

general sparse tensor formats. Two S3 TTMC implementations 229

- S3 TTMC-UCOO and Cyclops Tensor Framework (CTF) [20], 230

[41] - use the ‘unique COO’ format or UCOO that stores only 231

IOU non-zeros. The ‘full CSF’ format which stores all index 232

permutations has been termed FCSF and is used by SPLATT 233

[42] for S3 TTMC computation. 234

S3 TTMC-UCOO and CTF Consider an IOU non-zero t = 235

Xi1,...iN . t contributes to (N − 1)! terms in the summation in 236

(2) for rows Y(i1, :),Y(i2, :), . . . ,Y(iN , :). For instance, in 237

the example in Fig. 2, t = X1,2,3,9 contributes 6 terms to the 238

summation for row Y(1, :) 239

K(2, 3, 9) = U(2, :)⊗U(3, :)⊗U(9, :)

+U(2, :)⊗U(9, :)⊗U(3, :)

+U(3, :)⊗U(2, :)⊗U(9, :)

+U(3, :)⊗U(9, :)⊗U(2, :) +U(9, :)

⊗U(2, :)⊗U(3, :) +U(9, :)⊗U(3, :)

⊗U(2, :)

Y(1, :)← Y(1, :) + X1,2,3,9K(2, 3, 9) (3)

Thus, for indices tuple i = (i1, . . . iN ) of t, every permu- 240

tation j = (j1, . . . jN ) = σ(i) corresponds to a term t(U(j2, : 241

)⊗ . . .⊗U(jN , :)) in the summation in (2) for Y(j1, :). From 242
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Fig. 2. CSS format for the sparse symmetric tensor in Table II. For the IOU non-zero (2, 3, 5, 8)with value 1, the pathsPil corresponding to l-length subsequences,
1 ≤ l < N of the IOU index set are highlighted in red. The left-out index along with the non-zero value (shown in blue) is stored by the leaf nodes at level N − 1.

the discussion above, we can rewrite (2) as follows:243

Y(ind, :) =
∑

Xi∈unz(X)
ind∈i

Xi

∑

j=σ(i\ind)

{
N⊗

k=2

U(jk, :)

}
(4)

The S3 TTMC-UCOO baseline iterates over only the IOU nonze-244

ros ofX in parallel by implementing (4). The CTF baseline com-245

putes S3 TTMC uses the existing Cyclops Tensor Framework246

(CTF) [20] which also represents the sparse symmetric tensor247

using the UCOO format. A disadvantage of both baselines is the248

absence of non-zero memoization, i.e., memoizing intermediate249

permutation results among IOU non-zeros250

SPLATT using FCSF format The third baseline directly uses251

SPLATT [18] - a fast state-of-the-art TTMc algorithm for sparse252

general tensors stored in the CSF format - for sparse symmetric253

tensors by storing all permutations of IOU non-zeros in the ‘full’254

CSF (FCSF) format. Storing only the IOU non-zeros in the CSF255

format, while being a more compact representation than UCOO,256

suffers from two major drawbacks - (i) the factorial number of257

traversals required for S3 TTMC computation due to the mode258

specificity of CSF format, and (ii) the absence of memoization259

between permutations of IOU non-zeros.260

IV. CSS STRUCTURE261

The CSS structure [26] is a compact storage format for sparse262

symmetric tensors that enables efficient S3 TTMC computa-263

tion. We include the introduction of CSS for completeness.264

It overcomes the memory explosion due to storing redundant265

symmetric information associated with the FCSF format by266

storing only the IOU non-zeros, which is sufficient as CSS can267

retrieve all non-zeros σ(Xi) of the equivalence class that are268

related to a given IOU nonzero Xi (Section II). The CSS for-269

mat facilitates non-zero memoization of intermediate Kronecker270

product results among IOU non-zeros and within permutations271

of an IOU non-zero, thus outperforming all our baselines for272

high-order tensors. For a symmetric tensor X ∈ RI×I×...I of273

order N , CSS is a forest with N − 1 levels constructed from274

IOU non-zeros, unz(X). A key advantage of using CSS is275

its computation-aware nature - by storing all ordered subse-276

quences of IOU non-zeros, intermediate results in the S3 TTMC277

computation can be easily memoized with minimal additional278

index information. The order-4 tensor in Table II consisting of 6279

non-zeros can be represented by the CSS format shown in Fig. 2.280

The non-zero value (shown in blue in Fig. 2 and Table II) and281

TABLE II
A SPARSE SYMMETRIC TENSOR X ∈ R10×10×10×10 WITH 6 IOU NONZEROS

the left-out index iN = i \ PiN−1 is stored at the leaf nodes at 282

level N − 1. Note that as any path Pil is a l-length subsequence 283

of the index tuple i of some IOU non-zero, each IOU non-zero 284

corresponds to multiple paths Pil to levels l = 1, 2, . . . N − 1. 285

For a single IOU non-zero, the number of nodes at level l is
(N
l

)
286

for CSS. We need to save both pointers and indices for every 287

level, which doubles the storage of CSS. The affiliated leaf level 288

indices and non-zero values are stored in each of the N nodes 289

at level (N − 1) generated by this non-zero. Thus, the space 290

complexity for storing one IOU non-zero unz in CSS is given by 291

(2N+1 − 4)βint +N(βint + βdbl) [26], and for storing unnz 292

non-zeros is given in Table III. CSS is constructed by recursing 293

over all paths Pil corresponding to non-empty subsequences of 294

indices of IOU non-zeros as shown in Algorithm 2, which uses 295

the following key property of CSS : 296

Property 1. Any path in the CSS forest exists only if it is a 297

subsequence of the index tuple of at least one IOU non-zero. 298

Moreover, the ordering of the node values in every path further 299

ensures unique representation of permutations of subsets of all 300

IOU non-zeros. 301

In the function InsertIOU, the vector argument r is con- 302

structed such that every node in Pparent is strictly smaller than 303

any element of r. As child nodes are selected from r, Algorithm 304

2 maintains the ordering of CSS. The number of nodes for 305

which InsertIOU is called with |r| = N − l + 1, 1 < l ≤ N 306

is given by
∑l−1

k=0

(l−1
k

)
. We use a binary search tree for inserting 307

nodes in CSS in order to maintain the ordering of nodes while 308

traversing depth-wise and level-wise through the CSS tree. Thus, 309

summing up over all values of |r| and over all IOU non-zeros 310

unnz, we get the complexity of constructing CSS 311

O



unnz
N∑

j=1

j−1∑

k=0

(
j − 1

k

)
(N−j) log I



= O(2Nunnz log I)

Lemma IV.1. There exists an injective mapping between a set 312

of IOU non-zeros of an order-N sparse symmetric tensor and 313

the CSS forest constructed from it. 314
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TABLE III
SUMMARY OF SPACE AND COST COMPLEXITY ANALYSIS OF S3 TTMC-CSS COMPARED TO BASELINE IMPLEMENTATIONS [26]

Algorithm 2: CSS Construction.
1: procedure InsertIOUparent, r, l, val

! Insertion at level l of r, where rj < rj+1 for
1 ≤ j < |r|
! Also, 1 ≤ |r| ≤ N − l + 1 for l > 1 and |r| = N
for l = 1

2: if l == N then
3: child = node(val)
4: Add child to children of parent return
5: end if
6: for j = 1, . . . |r| do
7: child = node(rj)
8: Add child to children of parent
9: c = (rj+1, rj+2, . . . , r|r|)

10: INSERTIOU(child, c, l + 1, val)
11: end for
12: end procedure
13: for i, val ∈ unz(X) do
14: INSERTIOU(root, i, 1, val)
15: end for

The CSS format compresses a sparse symmetric tensor from315

two perspectives: First, rather than explicitly storing all per-316

mutations of an IOU non-zero, we cover the permutations by317

shorter lengths of CSS tree paths. Second, the CSS structure318

naturally hides the path overlapping among the permutations of319

one IOU non-zero, as well as among permutations of different320

IOU non-zeros. The redundancy in the CSS format in terms321

of storing subsequences of index tuples of IOU non-zeros is322

a necessity for efficient S3 TTMC computation (discussed in323

Section V).324

A. Comparison to Baselines325

UCOO Storing IOU non-zeros in UCOO is more compact326

than CSS, as can be seen in Table III. However, as we will327

demonstrate in Section VI, S3 TTMC using the CSS format is328

more work efficient than using UCOO.329

FCSF Unlike CSS, FCSF does not recognize the symmetry330

feature of a tensor - it stores all O(N !) permutations of every331

IOU non-zero - and hence has a space complexity given in Table332

III for nnz = unnz ·N ! non-zeros in X. nnz′l is the number of333

nodes at level l in the CSF format with nnz′1 < nnz′2 < . . . <334

nnz′N−1. This is in contrast to the the variation of the number of335

nodes nnzl with CSS depth l wherein, owing to the combinato-336

rial construction of the data structure, the nnzl follows the trend337

of the binomial coefficient i.e., nnz1 < nnz2 . . . < nnzN/2 >338

. . . > nnzN−1. While it is difficult to directly compare nnzl339

and nnz′l due to the significant overlapping among nodes, ex- 340

perimental results indicate significant space savings of CSS for 341

both synthetic and real world datsets (Section VI). 342

V. S3 TTMC COMPUTATION 343

S3 TTMC-CSS uses the CSS format which inherently sup- 344

ports efficient memoization to compute S3 TTMC for sparse 345

symmetric tensors. 346

A. Formulation 347

(4) iterates over only the IOU nonzeros of X, but still retains 348

the arithmetic redundancies from (2) which can be eliminated 349

by using the distributivity of Kronecker product. Consider the 350

vector function K 351

K(i) =

{
U(i, :) |i| = 1∑

j∈i1...il U(j, :)⊗K(i \ j) |i| = l > 1
(5)

Unrolling the recursion in (5) gives (6) i.e., K(i) is the sum of 352

Kronecker products of rows of U for every permutation j = 353

σ(i). Then, (4) can be succinctly factorized using (5), as seen in 354

(7). 355

K(i) =
∑

j=σ(i)

⊗kU(jk, :) (6)

Y(ind, :) =
∑

Xi∈unz(X)
ind∈i

Xi K(i \ ind) (7)

For example, (3) can be further factorized using the distributivity 356

of Kronecker product according to (5) as 357

K(2, 3, 9) = U(2, :)⊗K(3, 9) +U(3, :)⊗K(2, 9)

+U(9, :)⊗K(2, 3) (8)

The computation-aware property of the CSS format lends 358

itself to using (7) to achieve both forms of non-zero memoization 359

i.e., sharing intermediate K vectors across multiple IOU non- 360

zeros as well as within permutations of a given IOU non-zero. 361

The remainder of this section explores parallel approaches to 362

computing (7). 363

B. Naive Approach 364

Consider node il in the CSS data structure at level l with 365

path Pil = (i1, i2, . . . , il) storing K(Pil). A key insight from 366

(5) is that K(Pil) depends only on K(P−ikil
), 1 ≤ k ≤ l, where 367

K(P−ikil
) is the path of length l − 1 with nodes given by 368

il \ ik. This implies we need to aggregate results from nodes 369

P−ikil
(l − 1), 1 ≤ k ≤ l at level l − 1 in CSS format to compute 370

K at node il. Such level-wise memoization naturally suits a 371
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Fig. 3. Naive approach to computing K using the property that K(Pil ) depends only on K(P−ikil
), 1 ≤ k ≤ l, where K(P−ikil

) is the path of length l − 1 with
nodes given by il \ ik . K values for nodes at level 3 encircled in purple and yellow depend on the nodes in level 2 coloured in purple and yellow respectively.

Fig. 4. Reducing memory overhead of naive approach by traversing CSS depth-wise. The encircled nodes in level 3 only depend on shaded ancestor nodes to
their right, thus allowing us to discard previously memoized K. Retrieving K ancestor nodes can be done by the symbolic parent graph which is a union of DAGs.
One of the DAGs, indicated by red dashed edges and rooted at node 7 encircled in yellow, is shown in the figure. Node 3, annotated pm, has the largest number of
children among all nodes in level 2, and hence upper bounds the memory requirement for memoization.

breadth-first traversal of the CSS format, wherein we need to372

only store K results of level l − 1 to compute K at level l. Fig. 3373

shows a snapshot of the naive approach to computing K using374

the CSS format constructed from a subset of the non-zeros in375

Table II. Consider node 9 at level 3 on path (2, 3, 9) encircled in376

purple storing the chained Kronecker result shown in (3). Note377

that K(2, 3, 9) depends on K(2, 3),K(2, 9),K(3, 9) (8) which378

are stored in the nodes shaded in purple at level 2. However, such379

naive level-wise memoization is prohibitive due the binomial380

variation in the CSS level sizes (see Section IV-A) and the381

exponential increase in the size of K with increasing CSS depth.382

Moreover, while computing K for nodes at level l, the nodes383

at level l − 1 that contribute to the Kronecker product are not384

consecutive in memory, and this step becomes expensive due to385

the random accesses in a large K array. The upper bound on the386

memory required - determined by the level l (1 ≤ l < N − 2)387

with the largest nnzlRl + nnzl+1Rl+1 - can be made tighter by388

considering the ordering of the nodes in CSS, as described in389

Section V-C. The S3 TTMC-CSS algorithm (Algorithm 3) stores390

the minimum number of intermediate K(P) vectors needed391

to perform S3 TTMC on the CSS tree while still maintaining392

computational efficiency.393

C. Optimizations394

Memoization overhead Consider the set of l paths SP (Pil) =395

{P−ikil
: P−ikil

= Pil \ ik, 1 ≤ k ≤ l} for some path Pil in CSS.396

Then, SP (Pil) indicates the symbolic parents of node il at397

level l i.e for every P−ikil
∈ SP (Pil), computing K(Pil) at node 398

il requires K results from node P−ikil
(l − 1). Moreover, the 399

ordering of the CSS format ensures that every path in SP (Pil) 400

is either a subpath of Pil or, is to the right of Pil i.e., for any 401

P−ikil
∈ SP (Pil), node at level 1 ≤ l′ ≤ l − 1,P−ikil

(l′) is either 402

Pil(l
′) or to the right of Pil(l

′). For example, in Fig. 4, for 403

node 7 in level 3 given by the path (3, 5, 7), SP ((3, 5, 7)) = 404

{(3, 5), (3, 7), (5, 7)}. Note that the red directed edges from this 405

node, which indicate the last node of the paths in SP ((3, 5, 7)), 406

are either on the path (3, 5, 7)or to the right of it. This implies that 407

while computing K for node 7, we can discard all the memoized 408

results from level 2 that are to the left ofSP ((3, 5, 7)) i.e., results 409

from all nodes coloured purple in level 2 can be discarded. More 410

generally, for computing K(PiN−1), we store K vector of only 411

contributing paths in SP (Pil) for every level 2 ≤ l ≤ N − 1 412

and discard K vectors of paths that are to the left of K(PiN−1). 413

Given a set of IOU non-zeros, the size of memory that needs 414

to be allocated for this memoization strategy is determined by 415

the node pm at level N − 2 with the largest number of children. 416

That is, the maximum number ofK vectors that need to be stored 417

before at least one of them is discarded is the sum of the number 418

of K vectors required to compute K(j) for every child j of pm. 419

Symbolic parent graph In order to efficiently retrieve the 420

symbolic parents of a given node i.e., the nodes in the CSS data 421

structure that contribute to the partial Kronecker product at any 422

given node, we need an auxiliary data structure. To this end, we 423

construct an auxiliary data structure called the symbolic parent 424
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Algorithm 3: Rank-R S3 TTMC-CSS.

1: Output: Matricized S3 TTMC, Y ∈ RI×RN−1

2: Construct symbolic parent graph SG
3: pm = argmaxj∈nzN−2 |child(j)|
4: Allocate memoization workspace WS =∑N−2

l=1 Rl|{n : n ∈ T SG
j , n ∈ nzl∀j ∈ child(pm)}|

5: parfor iN−1 = 1, . . . nnzN−1 do
6: while ul ∈ nodes(T SG

iN−1) at level l do
7: if l < 2 then
8: K(ul) = U(ul)
9: else

10: for P ′ ∈ SP (ul) do
11: n = Pul \ P ′
12: K(Pul)← K(Pul) +U(n, :)⊗K(P ′)
13: end for
14: end if
15: end while
16: end parfor
17: parfor iN−1 = 1, . . . nnzN−1 do
18: while ind ∈ nonzero array of node iN−1 do
19: P = (i1, . . . iN−1)
20: AtomicAdd(Y(ind, :),K(P) · X(P,ind))
21: end while
22: end parfor

graph SG(V,E) from elements in SP (Pil) for every path il in425

CSS data structure, where426

V =
N−1⋃

l=1

Vl

E = {(u, v) : u ∈ Vj+1, v ∈ Vj ∩ {P ′(j),P ′ ∈ SP (Pu)},

1 ≤ j < N − 1}

427

Here, Vl is the set of all nodes of the CSS tree at level428

l, and for every node u in level l, deg(u) = l. Moreover,429

SG(V,E) is a union of nnzN−1 directed acyclic graphs, i.e.,430

SG =
⋃nnzN−1

i=1 T SG
i , where T SG

i is the DAG with node i as431

the first node in its topological sorting. For example, Fig. 4432

shows T SG
7 . The space complexity of this auxiliary graph is433

SSG = βint
∑N−1

l=2 l · nnzl. The time complexity of SG(V,E)434

construction is O(|V |+ |E|) = O(
∑N−1

l=2 l · nnzl), which is435

smaller than the S3 TTMC cost by O(Rl) per CSS level ((11)).436

D. Parallelism437

The construction of the SG(V,E) indicates that we can438

distribute the DAGs T SG
i , 1 ≤ i ≤ nnzN−1 between p threads,439

and compute the intermediate K(P) results using a parallel440

depth-wise traversal of CSS. Each thread allocates its own441

memoization workspace based on the node pm identified for442

the set of DAGs T SG
i assigned to it, as described in Section443

V-C. Since theK computations are independent between threads,444

there is no need for explicit synchonization to compute K. Thus,445

the leaf nodes of CSS are distributed over p threads, each of 446

which is responsible for computing K(P) for all of its leaf 447

nodes, as shown in Algorithm 3. We can propagate intermediate 448

Kronecker products in parallel to nodes down the levels of the 449

CSS tree using the edges of SG without any synchronization 450

overheads. However, at the leaf nodes at level N − 1, aggre- 451

gating results into the matricized output Y requires atomic 452

operations as multiple nodes at level N − 1 can index into the 453

same row ofY S3 TTMC-CSS can be directly used in Algorithm 454

1 to gain better performance for Tucker decomposition. 455

E. Cost Comparison With Baselines 456

We compare the number of floating point operations in S3 457

TTMC-CSS (CCSS) to SPLATT (CSPLATT ) and S3 TTMC- 458

UCOO (CUCOO) 2. We provide a cost model for each of the 459

algorithms, and analyze their performance for rankR-S3 TTMC. 460

Flop count of S3 TTM C-CSS We assume nnzl ≈
(N
l

)
unnz 461

for N − 1 ≥ l ≥
⌈
N
2

⌉
. The assumption stems from two obser- 462

vations on the CSS structure - (i) the number of nodes at level l 463

is proportional to the number of distinct subsequences of length 464

l from the set of IOU non-zeros [26] , and (ii) for high-order 465

tensors, frequency of overlap of subsequences between IOU 466

non-zeros reduces deeper down the tree i.e., branching in the 467

tree decreases deeper into the CSS structure. As level ,N/2- 468

has the largest number of nodes, we restrict our assumption to 469

N − 1 ≥ l ≥
⌈
N
2

⌉
. The cost of computing K(Pil) for any path 470

Pil is the sum of Kronecker productsK(P ′k)⊗U(ik, :) for each 471

path P ′k ∈ SP (Pil), 1 ≤ k ≤ l. Moreover, as K(P ′k) ∈ RRl−1
, 472

the cost of each Kronecker product computation is Rl. Thus, we 473

get 474

c(l;N,R) = nnzl · cost(K(Pil))

= nnzl ·
∑

P ′k∈SP (Pil
)

1≤k≤l

cost(K(P ′k)⊗U(ik, :))

= nnzl (2l − 1)Rl

︸ ︷︷ ︸
#flops to sum l Kronecker product results,
with each product computed using vectors

of length Rl−1 and R

(9)

Note that for l <
⌈
N
2

⌉
, we have nnzl < nnzl+1 (Section IV), 475

and thus c(l) < c(l + 1). We focus on the flop count at level 476

l ≥
⌈
N
2

⌉
, as shown in (10). We then write the total flop count of 477

S3 TTMC computation as the sum of K(Pil) computation cost 478

c(l) over all levels of the CSS tree, along with the cost of scaling 479

the K vectors at level N − 1 by the non-zero value, as shown in 480

(11) 481

c(l;N,R) = (2l − 1)Rl

(
N

l

)
unnz (10)

2Since CTF targets sparse symmetric tensor contractions, a more general case
compared to TTM, and S3 TTMC-UCOO outperforms CTF in Section VI, we
ignore its analysis.
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CCSS =
N−1∑

l=2

c(l;N,R) + 2 · unnz ·NRN−1
︸ ︷︷ ︸
#flops to compute (7) given

K at level N − 1

(11)

For l ≥
⌈
N
2

⌉
, we analyze the extrema of c(l;N,R) to obtain the482

level l0 for which CCSS is dominated by c(l0;N,R). We have483

log c(l;N,R) = log
(
RlN !(2l − 1)

)
− log (Γ (l + 1))

− log (Γ (N − l + 1))

Since the gamma function is log-convex, c(l;N,R) is a log-484

concave function. Moreover, the gradient is given by485

d

dl
log c =

2

2l − 1
+logR−ψ(l + 1)+ψ(N−l + 1)

(12)

=
2

2l − 1
+ logR+HN−l −Hl (13)

d

dl
log c(l)

∣∣∣∣
l=,N

2 -
≥ 2

N
+ logR− 2

N + 1
> 0 (14)

d

dl
log c(l)

∣∣∣∣
l=N−1

= logR−
(
HN−1 −

2N − 1

2N − 3

)
(15)

where ψ(x) is the digamma function, and Hn is the nth486

Harmonic number [43]. Thus, there exists a level l0, with487

[log c(l)]′|l=l0 , whose contribution to the total computation cost488

of S3 TTMC dominates. We know that Hn closely approximates489

the natural logarithm function i.e., values of the sequence Hn −490

log n decreases monotonically towards the Euler–Mascheroni491

constant γ. Thus, we can write492

lim
N→∞

HN−1 −
2N − 1

2N − 3
= γ + lim

N→∞
log {N − 1}→∞ (16)

From (16), we can infer that as tensor order increases, there exists493

a level N − 1 > l0 ≥
⌈
N
2

⌉
where c(l;N,R) reaches a maxima,494

and dominatesCCSS . On the other hand, if (15) is non-negative,495

log-concavity of c(l;N,R) implies that the cost contribution of496

the last level toward CCSS is the largest.497

Comparison to S3 TTMC-UCOO: S3 TTM C -UCOO im-498

plements (4) without any memoization of intermediate Kro-499

necker products shared between IOU non-zeros. Its cost model500

is given by CUCOO = 2RN−1N !unnz. Irrespective of the501

level contributing the largest cost to CCSS , it is clear that502

log
(

CCSS

CUCOO

)
< 0. S3 TTMC-CSS performs less work than S3503

TTMC-UCOO for high-order sparse symmetric tensors.504

Comparison to SPLATT: The cost model of SPLATT in terms505

of the number of floating point operations is given by (17)506

CSPLATT =
N−1∑

l=2

2RN−l+1nnz′l + 2 · unnz ·N ! ·R (17)

The dominant term in (17) is the computation at level N [29]507

due to the growth of the factorial term with increasing tensor508

order. In order to compare cost of CSS with SPLATT, we look at509

the dominant costs of both algorithms. As the dominant cost for510

CCSS depends on the sign of (log c(l))′, we will consider both511

cases for the comparison. We demonstrate that for S3 TTMC rank 512

and tensor order chosen such that (15) is negative, we outperform 513

the FCSF baseline. 514

Theorem V.1. S3 TTMC-CSS outperforms SPLATT in terms 515

of number of floating point operations for rank R-S3 TTMC op- 516

eration on order-N sparse symmetric tensors, if (15) is negative. 517

Proof. Based on the sign of (15), we compare the flop counts 518

of S3 TTMC-CSS and SPLATT baseline. 519

(15) is negative, implying that there exists a level N − 1 > 520

l0 ≥
⌈
N
2

⌉
such that c(l0;N,R) is the dominant term, i.e., 521

(log c(l))′ = 0 at l = l0. This ensures that R is non-negative 522

523

d

dl
log c(l)

∣∣∣∣
l=l0

= 0 (18)

logR = Hl0 −HN−l0 −
2

2l0 − 1

=
l0∑

k=N−l0+1

1

k
− 2

2l0 − 1
(19)

≥ 2(2l0 −N)

N + 1
− 2

2l0 − 1
(20)

using AM-HM inequality. Requiring thatR > 1 further restricts 524

the feasible values of l0 to N
2 + 1 ≤ l0 < N − 1. Using the 525

main condition for this case, i.e., logR < HN−1 − 2N−1
2N−3 , we 526

can write 527

log

(
CCSS

CSPLATT

)
= log

(2l0 − 1)Rl0
(N
l0

)
unnz

RN !unnz

Moreover, we know that 528

log n! ∼ n log n− n+ log
√
2πn (Stirling′s approx)

lim
n→∞

(Hn − lnn) = γ (Euler-Mascheroni const, γ ≈ 0.57)

Substituting, 529

log

(
CCSS

CSPLATT

)
< log(2l0 − 1)

+ (l0 − 1)

(
log(N − 1)− 2N − 1

2N − 3

)

+
(
l0 − l0 log l0 − log

√
2πl0

)

+
(
(N − l0)− (N − l0) log (N − l0)− log

√
2π(N − l0)

)

= log(2l0 − 1) + (l0 − 1) log(N − 1)−
(
l0 +

1

2

)
log l0

−
(
N − l0 +

1

2

)
log(N − l0)

+

(
N − (l0 − 1)(2N − 1)

2N − 3
− log 2π

)

:= q(l0, N) (21)
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TABLE IV
S3 TTMC-CSS OUTPERFORMS SPLATT WHEN ITS TENSOR ORDER

N ≥ Nmin AND MATRIX RANK R ≤ Rmax

Inspecting q(l0, N), for ,N/2- ≤ l0 < N − 1 and N →∞530

∂

∂l0
q = log

(
(N − 1)(N − l0)

l0

)
+

2

2l0 − 1
− 2N − 1

2N − 3

+
l0 − N

2

(N − l0)l0
> 0

Thus, the maximum value of q(., N) is at l0 = N − 2531

q(N − 2, N) = log(2N − 5) + (N − 3) log(N − 1)

−
(
N − 3

2

)
log(N − 2) +

4N − 3

2N − 3
− C

Using L’Hôpital’s rule532

lim
N→∞

q(N − 2)=log 2+1− 1

2
log lim

N→∞
(N − 2) + 2− C < 0

(22)

So, for large N533

log

(
CCSS

CSPLATT

)
< 0

(15) is non-negative, implying that the dominant term in CCSS534

is c(N − 1;N,R). Then, for large N535

log

(
CCSS

CSPLATT

)
= log

(
(2N − 1)NRN−1unnz

RN !unnz

)

= log(2N − 1) + (N − 2) logR+ (N − 1)

− (N − 1) log(N − 1)− 1

2
log(N − 1)− 1

2
log 2π

> log(2N − 1) + (N − 2)

(
log(N − 1) + γ − 2N − 1

2N − 3

)

−
(
N − 1

2

)
log(N − 1)− 1

2
log 2π

= log

(
2N − 1

N − 1

)
− 1

2
log(N − 1)

+ (N − 2)

(
γ − 2N − 1

2N − 3

)
> 0

Thus, for S3 TTMC, if rank and tensor order satisfy logR <536

HN−1 − 2N−1
2N−3 , our algorithm is more cost-efficient than537

SPLATT. "538

Using (15), Table IV lists a range of (N,R) pairs using539

Nmin and Rmax values such that for tensors with order N ≥540

Nmin, performance of S3 TTMC-CSS is theoretically superior541

to SPLATT for rank R-S3 TTMC when R < Rmax.542

Fig. 5. Visualization of (N, l0, R) space for the case where S3 TTMC-CSS
performs better than SPLATT (Analysis of Case 1 in Theorem V.1). For different
values ofR < Rmax(N), the level l0 contributing the dominant cost is obtained
theoretically as well as experimentally, and is visualized on the contour plot of
q(l0,N).

F. Model Analysis 543

We can evaluate the performance gain of S3 TTMC-CSS when 544

R < Rmax for a given order-N tensor by analyzing q(l0, N) 545

(21) as it serves as a proxy to the entire scaled c(l0;N,R). That 546

it, more negative q(l0, N) indicates a larger cost-gap between 547

S3 TTMC-CSS and SPLATT. Moreover, by (15), as c(l0;N,R) 548

is maximized at some l0 < N − 1, the domain of q is further 549

restricted to N − 1 > l0 ≥
⌈
N
2

⌉
at each N . Fig. 5 shows the 550

density plot of q(l0, N), with the dashed lines indicating the 551

boundary of its domain, and regions (I) and (II) not belonging 552

to the domain of q. 553

Note that in the derivation of (21), decreasing (log c(l))′l=N−1 554

results in improving performance of S3 TTMC-CSS over 555

SPLATT. That is, S3 TTMC rank R is preferred over R′ if 556

l0(R) < l0(R′) due to q(., N) being an increasing function. We 557

also see this fact reflected in Fig. 5 - for a given tensor order N , 558

smaller values of R result in c(l) maximizing at higher levels of 559

the CSS forest, thereby decreasing q(l0, N) and increasing the 560

performance gap between S3 TTMC-CSS and SPLATT. 561

In order to examine the empirical confirmation of our model, 562

we compute the level l0 contributing the largest cost to S3 TTMC 563

computation using (19), and compare it to l0 obtained empiri- 564

cally by directly evaluating c(l;N,R) for datasets in Table VI. 565

Fig. 5 plots theoretical and experimentally observed variation 566

of l0(N) for different R < Rmax(N). For a given tensor order, 567

we observe an exact agreement for smaller R, and a difference 568

of at most one level for larger R < Rmax(N). Note that as 569

R→ Rmax, the maximum contributing level l0 → N − 2 as 570

(15) approaches zero. However, experimentally, the value of 571

q(N − 2, N) is no longer negative for smaller tensor orders 572

since the limit in (22) is no longer satisfied. Thus, we see that 573

l0 = N − 1 experimentally for R = Rmax(N) for the smaller 574

tensor orders. 575

VI. EXPERIMENTS 576

A. Platform and Experimental Configurations 577

We conducted experiments using a single node on three differ- 578

ent machines - (i) Summit supercomputer, each node containing 579
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TABLE V
MACHINE CONFIGURATIONS

TABLE VI
DESCRIPTION OF SYMMETRIC SPARSE TENSORS AND IMPLEMENTATIONS THAT CAN SUCCESSFULLY COMPUTE S3 TTMC WITHIN A REASONABLE TIME LIMIT ON

ANDES SUPERCOMPUTER. AS CTF ALSO USES THE UCOO FORMAT FOR S3 TTMC COMPUTATION, THE ABSENCE OF NON-ZERO MEMOIZATION RESULTS IN LACK
OF SCALING TO LARGE AND HUGE DATASETS

2TB DDR4 RAM and two POWER9 sockets with 21 cores each,580

(ii) Andes supercomputer, each node containing 1TB RAM and581

two Intel Xeon E5-2695 processors with 14 cores each, and (iii)582

POD Computing node with 512GB RAM and 2 AMD EPYC583

processors each with 23 cores, as detailed in Table V. The code584

is written in C++ and parallelized using OpenMP, configured to585

double-precision floating point arithmetic and 64-bit unsigned586

integers. It is compiled with GCC 8.3.0 and Netlib LAPACK587

3.8.0 for linear algebra routines.588

B. Datasets589

We tested ten synthetic and two real-world symmetric tensors590

used in [26] of varying orders and number of IOU non-zeros,591

as shown in Table VI. The Walmart and Amazon datasets are592

constructed from real-world hypergraphs, and have been used593

to evaluate the performance of hypergraph clustering algorithms.594

Walmart, an order-8 symmetric tensor [44], is generated from595

a hypergraph representing Walmart’s user relations where hy-596

peredges are co-purchased products. Amazon, an order-14 sym-597

metric tensor [25], is extracted from a user-review hypergraph598

with product reviews as hyperedges, and nodes are labelled with599

product categories. Only one CSF tree and the fastest leaf-to-600

root TTMc algorithm outlined in the work [29] are used from601

SPLATT owing to the symmetry feature. CTF [20], [41] is run602

with LAPACK 3.8.0 [45] and HPTT 1.0.5 [46] functionalities.603

The twelve datasets have been divided into three categories604

- small, large, and huge - depending on the ability of each605

implementation to compute S3 TTMC successfully within a606

reasonable time limit. The choice of R for rank-R S3 TTMC607

on each dataset is determined by our cost analysis in Section608

V-E. Among all datasets in small and large categories, except 609

for dataset S5, R is set to the largest Rmax. We chose R = 3 610

for S5 with the purpose to demonstrate a case where SPLATT 611

outperforms S3 TTMC-CSS and verify Theorem V.1. 612

C. Overall Performance 613

We compare the performance of our S3 TTMC-CSS with 614

SPLATT, S3 TTMC-UCOO and CTF for all three categories of 615

datasets on Andes. 616

Small datasets Fig. 7(a) demonstrates the trade-off in the 617

runtime of the S3 TTMC operations and the size of the symmetric 618

tensor storage format observed in each of the implementations. 619

The size of the symmetric tensors chosen is small enough to en- 620

sure that all baseline implementations run successfully without 621

timing out. We observe three groups in Fig. 7(a) - (i) S3 TTMC- 622

UCOO and CTF implementations, which are the most compact 623

but exhibit high runtimes; (ii) SPLATT using FCSF, which has 624

a massive memory overhead but is significantly faster than S3 625

TTMC-UCOO and CTF using UCOO; and (iii) S3 TTMC-CSS, 626

which is comparable to UCOO in terms of storage requirement 627

while still being faster than SPLATT, S3 TTMC-UCOO and 628

CTF. Fig. 7(a) aligns perfectly with Fig. 1 and shows that S3 629

TTMC-CSS does an effective trade-off between storage and 630

efficient computation. S3 TTMC-CSS is faster than SPLATT for 631

S6 and S7 datasets, as the rank R chosen satisfies Theorem V.1. 632

However, as we have chosen R > exp(H4 − 1.285) ((15)), S3 633

TTMC-CSS performs more work than SPLATT and is hence 634

slower. 635

Large and huge datasets The lack of scalability of both S3 636

TTMC-UCOO and CTF with increasing tensor order in Fig. 637
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Fig. 6. (a) Scaling performance for representative datasets across different architectures. Hyperthreading has been enabled for Intel processor runs (indicated
by dashed lines) as the machine has only 28 cores available. (b) Naïve roofline model to understand the superior speedup of S3 TTMC-CSS on Power9 when
compared to Intel and AMD using L9 as representative dataset. S3 TTMC-CSS is bandwidth-bound on Intel (without hyperthreading) and AMD processors,
but compute-bound on Power9. (c) Hyperthreading performance of representative L9 dataset on Intel processor (d) Hardware counters on Power9 to compare
completion stalls on execution units with cache miss stalls for S3 TTMC-CSS run on L9 dataset.

7(a) makes them an infeasible baseline for comparison on large638

datasets. While CTF runs out of memory for all datasets, S3639

TTMC-UCOO does not complete in reasonable time for order-7640

tensors and higher, as can be seen in Fig. 7(b). For the best641

thread configuration, we achieve up to 2.72× speedup over642

SPLATT, the fastest state-of-the-art baseline (details in Section643

III). Moreover, our algorithm is always faster than SPLATT for644

large symmetric tensors. For huge datasets, SPLATT runs out645

of memory, and only S3 TTMC-CSS can be used to compute S3646

TTMC. H8 dataset has the largest memory requirement of all647

datasets, with CSS storage requirement of 1.66GB.648

D. Performance Across Architectures649

Fig. 6(a) demonstrates the scaling performance of S3 TTMC-650

CSS on POWER9, AMD EPYC, and Intel Xeon processors, for651

the large and huge datasets in Table VI.652

Performance impact of hyperthreading Note that the perfor- 653

mance of S3 TTMC-CSS decreases on the Intel processor for 654

32 and 42 cores due to hyperthreading, since every node on 655

Andes machine has 28 cores in total. Fig. 6(c) compares the 656

hyperthreading performance metrics for S3 TTMC-CSS on L9 657

dataset. Using two threads per core instead of one shifts the S3 658

TTMC-CSS from memory-bound to core-bound, which makes 659

sense as execution units are a shared resource between threads 660

per core. Moreover, owing to small number of execution gaps in 661

the pipeline, the penalty due to increased resource contention 662

with hyperthreading outweighs time saved by utilizing idle 663

resources. The utilization levels of the core’s execution units 664

is measured through efficiency i.e., the ratio of the number of 665

instructions retired and the total number of micro-operation slots 666

per core. Decreasing efficiency coincides with increasing port 667

pressure, which is the fraction of cycles the CPU performance 668

was limited due to core computation issues like low Instruction 669
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Fig. 7. Comparison of overall performance of S3 TTMC-CSS with SPLATT, S3 TTMC-UCOO and CTF for datasets in Table VI across different architectures.
(a) Storage-runtime trade off of all algorithms for small tensors. The grouping of runtimes and storage size is similar to Fig. 1. (b) S3 TTMC runtime for large
tensors. S3 TTMC-UCOO completes only for dataset L6. The speed-up of S3 TTMC-CSS over each of the baselines is indicated over the corresponding bar.
(c) Multithreading scalability of S3 TTMC-CSS compared to SPLATT for order-10 tensor L10. The speed-up of CSS over SPLATT is specified above the blue bars.
Ideal runtime of S3 TTMC-CSS and SPLATT for p cores is the ratio of the sequential runtime to the number of cores, p.

Level Parallelism(ILP) or contention on multiply units. This is670

to be expected due the large number of multiplication operations671

in the Kronecker product computations in S3 TTMC-CSS.672

Note that on AMD and Power9 processors, SMT is not en-673

abled. The algorithm is faster on AMD EPYC processors than674

Power9 and Intel Xeon because of the following factors - (i) the675

memory-intensive workload resulting in worse performance on676

NUMA systems like Power9, (ii) AMD having faster processor677

than Power9, and higher peak performance than Intel Xeon, and678

(iii) AMD having lower last-level cache latency than Intel due679

to the fragmented L3 cache. On the other hand, S3 TTMC-CSS680

shows best scalability on POWER9 processors since POWER9681

offers much higher memory bandwidth than AMD and Xeon682

processors, which serves to reduce the memory bottleneck in S3683

TTMC-CSS. While the loosely coupled parallel execution in S3684

TTMC-CSS is usually bandwidth-bound, it is compute-bound685

on Power9 processor, as can be seen for the representative686

L9 dataset in Fig. 6(b) and (d). This implies that as the size687

of available cache increases with the number of cores, low688

DRAM access latency associated with intermediate Kronecker689

product prefetching on Power9 results in fewer cache misses,690

and thus we see better scalability for S3 TTMC-CSS on Power9691

processor than Intel or AMD. We also observe better than ideal692

speedup on POWER9 for the smallest large dataset considered693

- L6 - until 16 cores. The overhead associated with forking694

and synchronization outweighs the parallelism gains for larger695

number of cores as the dataset is small enough to fit entirely in the696

cache, and any further increase in cache size does not improve697

performance.698

E. Thread Scalability699

We analyze thread scalability of S3 TTMC-CSS and SPLATT700

for a representative order-10 tensor, L10. Note that we have701

excluded S3 TTMC-UCOO and CTF as they do not run to702

completion for any of the large datasets, owing to their lack703

of scalability with increasing tensor order. SPLATT and S3704

TTMC-CSS show similar scalability due to the similarities in705

tree layout of the data structure, and its depth wise traversal706

to compute S3 TTMC, as can be seen in Fig. 7(c). Though S3707

TTMC-CSS is faster than SPLATT, the scaling becomes poor708

Fig. 8. Effect of (i) matrix rank R on S3 TTMC-CSS for order-11 tensor L11,
(ii) tensor order N for rank 2-S3 TTMC on tensors having 1M IOU non-zeros,
and (iii) number of IOU non-zeros in order-7 tensor on S3 TTMC-CSS with
R = 3.

for higher order tensors using more cores, as can be seen in 709

Fig. 7(c), because of the size of memory allocated per thread 710

increases, resulting in degrading data locality and cache behav- 711

ior. Another effect of increasing thread memory is the worsening 712

data locality in the Kronecker product computations. Though the 713

memoization strategy described in Algorithm 3 minimizes the 714

number of stored partial Kronecker products, the overhead due 715

to random accesses in the intermediate workspace still remains, 716

and manifests as suboptimal scaling. 717

F. Parameter Sweep 718

We analyze the behavior of S3 TTMC-CSS as a function 719

of three key parameters affecting the S3 TTMC operation - (i) 720

rank R chosen for S3 TTMC, (ii) tensor order, and (iii) number 721

of IOU non-zeros in the tensor. We compare the number of 722

floating point operations performed by S3 TTMC-CSS with the 723

theoretical number of FLOPs defined in (11). Note that empirical 724

observations closely follow our cost model in Section V-E. 725

Fig. 8(i) shows the behavior of the S3 TTMC operation with 726

varying matrix rank for order-11 tensor, L11. From (11), we see 727
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that CCSS grows exponentially with R for a given symmetric728

tensor, and we correspondingly observe nonlinear scaling in729

Fig. 8(i). This is different from the close to linear scalability730

of general sparse TTMc [32]. Similarly, a non-linear growth in731

the number of FLOPs is observed with increasing tensor order732

(Fig. 8(ii)). We have chosen R = 2 - which is Rmax for order-6733

tensors (Table IV) - as it satisfies Theorem V.1 for all tensor734

orders considered in the figure. It is difficult to estimate the735

ideal scaling trend with both R and N from (11) due to the736

dependence on the level of the CSS tree that dominates the cost737

ofCCSS . For the number of IOU non-zerosunnz, (11) indicates738

linear scaling, the same as observed in Fig. 8(iii) for rank-3 S3739

TTMC on order-7 tensor. With increasingunnz, we also observe740

non-linear growth in storage size, similar to FCSF; though size741

of UCOO increases linearly. There is, however, less significant742

change in the size of CSS format with increasing mode size I743

due to the inherent sparsity of the tensor.744

G. Symmetric Tucker Decomposition745

We compute symmetric Tucker decomposition on the largest746

real-world dataset in Table VI, the Amazon dataset. As all the747

three baselines run out of memory, we use S3 TTMC-CSS to748

compute S3 TTMC for the decomposition (Line 2 in Algorithm749

1). We are able to run rank-2 symmetric Tucker decomposition750

for the order-14 Amazon dataset in ∼ 1.78hrs, which shows751

the applicability of this work in the analysis of real world752

hypergraphs. S3 TTMC-CSS provides a practical framework to753

use symmetric Tucker decomposition in a hierarchical clustering754

approach to hypergraph analytics.755

VII. CONCLUSION756

This work focuses on the S3 TTMC operation - the specializa-757

tion of the frequently used tensor times matrix chain operation758

to symmetric tensors - used in symmetric tensor decomposition.759

We propose a computation-aware storage format CSS designed760

for symmetric tensors, with which we can efficiently perform S3761

TTMC in parallel. We underscore the utility of our algorithm by762

demonstrating a better trade-off between memory and run-time763

over SPLATT, S3 TTMC-UCOO, and CTF for multiple synthetic764

and real-world datasets. In the future, we intend to explore765

the applicability of CSS to other tensor operations like the766

Matricized Tensor Times Khatri-Rao Product (MTTKRP) and767

decompositions like tensor train. We plan to improve the access768

patterns of intermediate results while executing S3 TTMC-CSS769

in parallel, adopt operation memoization, and apply our efficient770

S3 TTMC operation to hypergraph analytics.771
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