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The leakage inductance of a transformer designed for a power electronic converter can drop significantly as the
switching frequency is increased due to skin and proximity effects. Although the magnetic image method-based
double-2-D model can predict the low-frequency leakage inductance of a partially-filled transformer with suf-
ficient accuracy, it is inherently a frequency-independent model. While Dowell’s 1-D model uses frequency-
dependent relations to account for both skin and proximity effects, its accuracy is severely affected by the
assumed winding geometry. In this paper, a semi-analytical hybrid model is proposed that uses superposition to
combine a modified Dowell’s model with the double-2-D model to predict the true leakage inductance of
partially-filled transformers at any given frequency. All three conductor types—round, foil, and litz wire—are
modeled and analyzed. The quasi-2-D model is further investigated on a variable inductance transformer (VIT)
whose winding geometry can be modified mechanically to vary its leakage inductance. With less than 5% error
throughout, the semi-analytically evaluated leakage inductances are in excellent agreement with the finite

element method (FEM) simulated and experimentally measured leakage inductances.

1. Introduction

Leakage inductance is a critical design element of a transformer in a
galvanically isolated power electronic converter. Being the byproduct of
the magnetic energy stored in the 3-D space in and around the trans-
former, its calculation involves the solution to a 3-D problem. Numerical
techniques to solve this 3-D problem are available in the form of FEM,
which is accurate but computationally inefficient Fouineau et al. (2018);
Sharma and Kimball (2021a). On the other hand, multi-objective opti-
mization-based designs of power electronic converters are gaining pace,
where cost, efficiency, power density, stability, reliability, etc. are some
of the key objectives Garcia-Bediaga et al. (2017); Gu et al. (2022).
Therefore, analytical or semi-analytical methods are highly desired that
can calculate the leakage inductance swiftly yet accurately Schlesinger
and Biela (2021).

In a transformer, the skin effect tends to confine 63% of the total
current to an area within one skin depth § from the outer surface of the
conductor when the diameter or thickness of the conductor is greater
than 246 at the switching frequency of the converter. If the winding layers
are placed very close to each other, then the proximity effect restricts the
current density to an even narrower region. For a given conductor size,

* Corresponding author.

these eddy current effects are more pronounced at higher frequencies as
§ shrinks further. This non-homogeneous current density reduces the
magnetic energy stored in the windings. As a result, the leakage
inductance exhibited by a transformer at 1 MHz can be significantly
smaller than that at 1 kHz Mogorovic and Dujic (2019). Therefore, it is
critical to model the leakage inductance at the specific operating fre-
quency range of the transformer, especially for frequency-controlled
resonant converters.

While litz wires with individual strand diameters less than § may
seem quite attractive to annul the eddy current effects in high-
frequency, high-power transformers, they are typically much more
expensive than single-stranded round wires and are also difficult to
manufacture. Consequently, single-stranded round wires are still a
preferred choice in many applications. Moreover, with the penetration
of wide band-gap devices, the switching frequencies of power converters
have reached the MHz region where even litz wires can exhibit skin and
proximity effects due to the lack of smaller strand sizes. Hence, both
round and Litz wire conductors must be investigated for skin and
proximity effects.

The analytical and semi-analytical methods available for calculating
the transformer leakage inductance can be broadly classified into either
LF or HF models, and either 1-D or 2-D models. In contrast to LF models,
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Nomenclature

FEM finite element method

HF high frequency or frequency-dependent
w inside window

LF low-frequency or frequency-independent
oW outside window

PEEC partial element equivalent circuit

TR transition region

VIT variable inductance transformer

d partial leakage length

dy, mean length turn (MLT)

S skin depth

A penetration ratio

Efonl stored magnetic energy in a foil

E magnetic energy per unit length

Eoi E across a foil

E,. E across the interwinding spaces

f frequency

fin threshold frequency

g change in the overlap between winding heights
Y propagation constant

h window height

h. height of a litz wire bundle

H, net magnetic field intensity

hy winding height

H,y radial or x-component of magnetic field intensity
H, axial or y-component of magnetic field intensity
L primary current

l leakage radius

L leakage inductance per unit length
Ly L' due to H, only

Ly, L' due to Hy only

Ly leakage inductance

u permeability

Ho permeability of free space

n number of litz strand

1 skin effect factor

@ proximity effect factor

Te radius of the circular winding leg
Ts radius of a litz strand

T'w radius of a round conductor

s side of a square conductor

c conductivity

0 leakage angle

t, thickness of a litz wire bundle

t thickness of a litz strand foil

ty thickness of a rectangular foil

w width of the IW plane

® angular frequency

(b) (©

Fig. 1. Magnetic field intensities in the IW plane at 100 kHz: (a) hy, =~ h, (b) hy,
< h with both windings overlapping each other completely, (c) h,, < h with one
of the windings vertically shifted resulting in a reduced overlap.

the HF models account for the eddy current effects in transformer
windings, thereby making them suitable for HF transformer designs.
While the 1-D models consider only Hy, McLyman (2004), the 2-D models
consider both H, and H, for better accuracy. The magnetic image
method is commonly used in 2-D LF models Duppalli and Sudhoff
(2017); Eslamian and Vahidi (2012); Fouineau et al. (2018); Gomez and
de Leén (2011); Lambert et al. (2013); Margueron et al. (2007a,b);
Schlesinger and Biela (2020); Sharma and Kimball (2021a,b); Tan et al.
(2016). The closed-form solution of the image method can be obtained
either through Fourier expansion of Poisson’s and Laplace’s equations
for the magnetic vector potential Eslamian and Vahidi (2012); Gomez

and de Leén (2011); Lambert et al. (2013); Tan et al. (2016) or by using
PEEC Magot et al. (2004); Margueron et al. (2007a,b). A comparison of
different LF models can be found in Schlesinger and Biela (2021).

Among the LF models, the double-2-D model has drawn a lot of
attention lately due to its excellent adaptability to different winding
geometries and cores including partially-filled transformers Duppalli
and Sudhoff (2017); Eslamian and Vahidi (2012); Fouineau et al. (2018);
Gomez and de Leén (2011); Prieto et al. (2003); Schlesinger and Biela
(2020); Sharma and Kimball (2021a,b). It calculates the total leakage
inductance from the magnetic energy per unit length evaluated across an
IW and an OW plane of the transformer. Modeling the two planes is
found to be critical for accuracy concerns as the magnetic energy per
unit length evaluated across the IW plane is typically higher than its
average value around the transformer. Further, instead of using MLT,
the improved model in Sharma and Kimball (2021a,b) calculates the
depths of the two planes from the average magnetic energy per unit
length evaluated across the IW and OW planes.

A 2-D HF model currently does not exist. Dowell pioneered the
development of a 1-D model that addresses the eddy current effects in
transformer windings Dowell (1966); Villar (2010). Inspired by Dowell’s
work, Hurley and Wilcox (1994), Wilcox et al. (1988) and Niemela et al.
(1989) individually made some remarkable progress in solving the
Helmbholtz differential equation for the magnetic field intensity in the IW
plane of the transformer to compute the frequency-dependent leakage
inductance. These models are derived using the following key
assumptions:

(1) stored magnetic energy inside the core is zero,

(2) winding cross-sections are frequency-dependent while non-
winding spaces are frequency-independent regions,

(3) H, is zero throughout the IW plane,

(4) H, (= Hy) depends on the position of the winding layers along
x-axis only,

(5) variation of H, along y-axis is zero,
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Fig. 2. Double-2-D model: (a) shell-type transformer, (b) core-type transformer
Sharma and Kimball (2021a).
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Fig. 3. (a) 2-D axisymmetric transformer cross-section with three primary and
three secondary winding layers. Also shown are the corresponding FEM plots
across the marked cut-line at different frequencies: (b) current density, (c)
magnetic field intensity, (d) magnetic energy density.
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(6) variation of magnetic energy per unit length around the trans-
former is zero.

Assumptions (3)-(6) limit the scope of these models to fully-filled
transformers where h,, = h, as represented in Fig. 1(a), so that H, is
negligible. Although Bahmani and Thiringer (2015), Ouyang et al.
(2015) and Kaijia et al. (2019) made some improvements to Hurley’s
model, the assumptions remain unchanged. Ouyang et al. (2019) further
modeled the radial magnetic fields in planar transformers and developed
a 1-D model that ignores the axial fields completely. Mogorovic and
Dujic (2017, 2019) developed a 1-D model for litz wire transformers,
where each layer of litz wire is assumed as multiple layers of litz strands
that compose the wire. Recently, a new litz wire model was proposed in
Zhang et al. (2020), which accounts for the eddy current effects in in-
dividual strands. Rogowski’s factor and other porosity factors were
suggested in Guo et al. (2022); Mogorovic and Dujic (2017, 2019);
Villar (2010) for winding heights shorter than window height, but the
position of the foil along y-axis still remains unaccounted for.

In a partially-filled transformer with a smaller fill-factor, assumption
(3) is not valid because the fringing magnetic fields around the edges of
the windings contribute significantly to H, Schlesinger and Biela (2021).
Fig. 1(b) illustrates this point further. Moreover, in a VIT Sharma and
Kimball (2021a,b), a decrease in the overlap between the two winding
heights increases the effective leakage inductance due to an increase in
H,, as indicated by Fig. 1(c). As such, assumption (4) makes the existing
HF models completely insensitive to any variations in overlap, thus
leading to exponential errors. Furthermore, the magnetic energy per
unit length across the IW plane is typically higher than that across the
OW plane. As such, assumption (6) can overestimate the net leakage
inductance of the VIT considerably. In summary, an HF model that can
accurately predict the frequency-dependent leakage inductance of
partially-filled transformers including VITs is still missing in the
literature.

This paper proposes a hybrid model that overcomes the above
challenges to predict the true leakage inductance of a partially-filled
transformer at any given frequency. This quasi-2-D model uses super-
position to combine a modified HF Dowell’s model with the LF double-2-
D model. The proposed model is used to meet three main objectives:

1. evaluating the frequency-dependent leakage inductance of a trans-
former that is wound with round conductors and has a winding
height significantly smaller than the window height,

2. evaluating the frequency-dependent leakage inductance of a trans-
former that is loosely wound with litz wires along the winding
height,

3. evaluating the frequency-dependent leakage inductance of a VIT at
different overlaps.

The paper begins with a quick overview of the double-2-D and
Dowell’s 1-D models for background before diving deep into the chal-
lenging winding geometry of a VIT. Then, the hybrid model is proposed
and the geometrical modelings of different conductor types are
explained. Results fulfilling the three main objectives are presented and
further discussed. The paper finally ends with a concluding remark.

2. Double-2-D model

Evaluation of leakage inductance is inherently a 3-D problem. The
double-2-D model reduces this 3-D problem into two separate 2-D
problems, wherein E is evaluated across two planes—the IW plane
and the OW plane—using the fundamental equation Sharma and Kim-
ball (2021a,b),

E=%//mwwww M
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Fig. 6. Variable LF leakage inductance of a VIT Sharma and Kimball (2021a).
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H, = \/H;+H,

Fig. 2 illustrates the concept of the double-2-D model Sharma and
Kimball (2021a,b). The general form of this model is given by,

Ly gouble-2-D = Sc (L, aw)diaw) + L (ow)diow)) 2

o = 1, core-type transformer
¢ 2, shell-type transformer

The improved double-2-D model averages E across each plane to find
the corresponding [, which is then used to find d;. Please see Appendix A
for more details. Finally, the leakage inductance can be obtained by
using (2). The underlying assumptions are that L evaluated across a
plane is uniform in that region, and the stored magnetic energy inside
the core is zero.

The improved double-2-D model uses the magnetic image method to
calculate the magnetic energy per unit length across the two planes. As
per the image method, the transformer core acts as a reflective medium
for any current-carrying conductor placed near it. The IW plane that is
bounded by the core on all four sides results in an infinite series of image
conductors, while the OW plane that is bounded by the core on one side
only results in a single image conductor. Hence, the accuracy of the
double-2-D model depends on the number of image layers being
considered in the IW plane. Sharma and Kimball (2021a) suggests
modeling the nearest two image layers as a good choice.

3. Dowell’s 1-D model

Fig. 3 shows a 2-D axisymmetric transformer cross-section with
multiple rectangular foil layers that constitute the primary and sec-
ondary windings. It also shows the FEM simulated current density,
magnetic field intensity, and magnetic energy density at different fre-
quencies across the horizontal cut-line that bisects the IW plane. At 1
kHz, the current density is uniform; so the corresponding change in
magnetic field intensity is also linear across the foil cross-sections. But at
100 kHz, the skin and proximity effects cause a non-uniform current
density that further leads to a non-linear field intensity across the foil
cross-sections. These effects can be related to §, which is a measure of the
current density across the cross-section of the conductor, given by

1
=\ fo ®

Fig. 3 also suggests that the eddy current effects influence the magnetic
energy densities in the foil cross-sections only, not so much in the non-
winding spaces because the net current is conserved Villar (2010).
Hence, the winding cross-sections can be assumed as
frequency-dependent regions while the non-winding spaces as
frequency-independent regions.

Dowell investigated the orthogonality between the skin and prox-
imity effects and derived a simple 1-D model from the phasor integral of
the 1-D Helmholtz differential equation for Hy across the IW plane of the
transformer. For the rectangular foil shown in Fig. 4, the frequency-
dependent magnetic energy per unit length stored in it can be calcu-
lated using Villar (2010),

_ Hodyhyd

Efoil — a < (H;Xt + H;nt) 2(pl _ 2H€xtH;nt¢2) (4)

__sinh(2A) —ssin(24)
1= cosh(2A) — cos(2A)
__sinh(A) —sin(A)

$= cosh(A) — cos(A)

where H;',”‘ and H} are the internal and external magnetic field in-
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Fig. 7. Flowchart of the proposed hybrid model.

tensities in y-direction evaluated at x = int and x = ext respectively, and
A =t,/5. The mathematical derivation of (4) is given in Appendix B. A
module integral-based approach to solve the Helmholtz differential
equation can be found in Dang et al. (2022). Overall, Dowell’s model
performs fairly well when the foils are of equal height h,, ~ h, as indi-
cated in Fig. 3(a), so that H, due to the primary and secondary con-
ductors nearly cancel each other, and the net magnetic field intensity
H, ~ H,.

4, Variable inductance transformer

A VIT is a partially-filled transformer that allows users to vary its
leakage inductance mechanically. It was first introduced in Sharma and
Kimball (2021b). In a VIT, the winding height is significantly smaller
than the window height. By using a linear actuator, one of the windings
can be moved along the core leg. This reduces the overlap between the
two winding heights, thereby increasing the leakage inductance. Fig. 5
shows the 2-D model of a VIT. The improved double-2-D model proved
very effective in evaluating the variable LF leakage inductance of a VIT.
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Fig. 6 plots the variable LF leakage inductance as a function of g. A
maximum error of only 4.5% was observed at g = 10 mm when the
nearest three image layers (48 images) were considered in the IW plane
Sharma and Kimball (2021a).

In Fig. 6, Ly, + L'Hy =L'. This figure shows that an increase in g has a
negligible effect on Hy in either plan. Instead, the increase in leakage
inductance with g is an outcome of the increase in H, only, if partial
leakage lengths are assumed constant. The existing HF models being 1-D
ignore H, completely; hence using such models in a VIT result in a flat
horizontal curve for the evaluated leakage inductance at different g
values. Moreover, the increase in Ly, with g is much higher across the IW
plane than that across the OW plane, i.e. Ly, > gy, for g > 0 mm. As

such, analyzing the IW plane only with an existing HF model can
overestimate the total leakage inductance considerably.

5. Proposed hybrid model

In this paper, a semi-analytical hybrid model is proposed for evalu-
ating the frequency-dependent leakage inductance of partially-filled
transformers including VITs. This hybrid model is built on the double-
2-D model platform presented in (2) and uses superposition to
combine a modified Dowell’s model with the double-2-D model Sharma
and Kimball (2022). The modified Dowell’s model calculates the mag-
netic energy per unit length from the frequency-dependent winding
cross-sections, while the double-2-D model calculates the same from the
frequency-independent non-winding spaces. The proposed model uses
the following basic assumptions:

(1) stored magnetic energy inside the core is zero,

(2) winding cross-sections are frequency-dependent and non-
winding spaces are frequency-independent regions,

(3) magnetic energy per unit length across a plane is uniform along
its leakage length.

For simplicity, all primary and secondary foils are assumed to be of
equal height h,, < h. The modified Dowell’s model calculates the mag-
netic energy per unit length across the foil in Fig. 4 using,

i /’[05 u+hy

E i =

L (20 + B0 0 2B OH G ) dy ()

where u is the y-coordinate of the bottom edge of the concerned foil. (5)

can be adapted for two different partially-filled transformer winding
geometries:

(i) g =0, as shown in Fig. 1(b), where H, can be assumed negligible
across the foil cross-section so that H.(y) = H,(y), and

(i) g # 0, as shown in Fig. 1(c), where H, is no longer negligible
across the foil cross-section. However, resolving the convoluted
2-D Helmbholtz differential equation with the correct boundary
conditions will necessitate evaluating H, at the top and bottom
edges of the foil Gerling (2009). The solution becomes compu-
tationally more intensive particularly when the foil consists of
several round conductors arranged in a single layer, where H,
must be evaluated at the top and bottom edges of each conductor.
In order to reduce the computational burden without introducing
a substantial error to the calculated leakage inductance, a

(H(y) + Hy (y).
This simplification is validated in the results section through FEM
simulations and experimentation.

simplification is made here, where H,(y) =

H"(y) and H*(y) in (5) can be obtained from the double-2-D model
by evaluating H.(x,y) at x = int and x = ext, respectively. The integra-
tion in y-direction takes care of any deviations in H;(y) along the height
of the foil. (5) also permits the use of partial leakage length as the depth

Power Electronic Devices and Components 5 (2023) 100038

of the concerned plane for better accuracy.

The flowchart of the hybrid model is shown in Fig. 7. First, each layer
of round conductors is converted to a foil of thickness as prescribed in
Section 6. Next, the precise locations of the foils are determined, and H,
and H, due to each foil are modeled using the equations given in
Appendix C. Then, the image method is used to model the net H, and H,
due to all original and image foils in both IW and OW planes. Since non-
winding spaces are frequency-independent regions, (1) is used to
compute E . Next, the frequency-dependent E ¢ is determined across
each foil using (5). Then, using superposition, the net magnetic energy
per unit length across a plane at any given frequency can be calculated
using,

E =E.+ ZE,foil- (6)

all

E is scaled by 2/I% to compute L' across each plane. Since a change in
frequency barely changes the partial leakage length d;, the frequency-
independent E ¢ is evaluated across each foil using (1), which is then
added to E , to find the frequency-independent E across each plane.
This E is used to find d; across a plane using the equations given in
Appendix A. Finally, the frequency-dependent leakage inductance of the
transformer can be calculated using (2).

6. Conductor types
6.1. Round and foil conductors

Round and foil conductors are frequently used in transformer
windings. Mathematical formulations for calculating the magnetic field
intensity in x- and y-directions at any given point in and around a round
or a foil conductor are given in Sharma and Kimball (2021a). Since a
round conductor is difficult to model in the Cartesian coordinate system,
it may be favorable to convert it into a square conductor of an equivalent
area such that s = r,\/z. However, if the transformer is wound with
hundreds of round conductors that are densely packed along the wind-
ing height, it may be convenient to model each layer of round conduc-
tors as a rectangular foil. The accuracy is higher when the assumed
thickness of the foil t,, = r,v/7 Sharma and Kimball (2021a). Appendix C
gives the formulations for the magnetic field intensities due to a
current-carrying foil. For a transformer wound with round conductors
where hy,, < h, the LF double-2-D model presented an error as small as
0.09% when the round conductors were assumed as square conductors
of equivalent area, and 0.46% when a layer of round conductors was
assumed as a rectangular foil of thickness t,, both considering the
nearest two image layers (24 images) in the IW plane Sharma and
Kimball (2021a).

6.2. Litz wire

Litz wire is a multi-strand wire that is specifically designed to
minimize skin and proximity effects. To do so, r; < § must be selected.
The number of strands n, that make a litz wire bundle depends on the
ampacity of the strand as well as the rated transformer current Sullivan
(1999). In a precisely designed litz wire transformer, the skin and
proximity effects are negligible. As such, a single litz wire bundle can be
assumed as a round conductor having a radius r,, = ry\/n;. If the wires
are densely packed along the winding height, then the double-2-D model
can evaluate the frequency-independent leakage inductance if each
layer of litz wire is converted to a foil of thickness t, = ry\/am;.

At frequencies near and above f; whenr; = §, the skin and proximity
effects become visible across the cross-sections of each litz strand,
thereby leading to a smaller leakage inductance than that at a lower
frequency. If the wires are densely packed along the winding height,
then a layer of litz wires can be approximated as a foil having a thickness
ty, similar to Mogorovic and Dujic (2017). The magnetic energies per
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Fig. 9. Geometrical models of litz wire: (a) litz wire with 19 strands (p = 3), (b)
round conductor approximation, and (c) rectangular conductor approximation.

Table 1

Transformer I specifications.
Parameter Value
Turns ratio 1:1
Conductor type, size Round, AWG 19
Number of turns per layer 30
Number of layers per winding 3
Core geometry EC 70
Window height 45.50 mm
Winding height 31.50 mm
External diameter of the movable bobbin 19 mm
External diameter of the fixed bobbin 33 mm
Insulation gap between layers 0.20 mm
Gap between turns along winding height 0.14 mm
Fill-factor 19.04%
Maximum travel of the movable bobbin 11 mm
Test frequency range 1-200 kHz
Air cube 80° mm®

unit length across the non-winding spaces can be calculated using the
double-2-D model, while those across the foils can be calculated using
the modified Dowell’s model in (5), where the penetration ratio for the
current in an individual litz strand must be considered for accuracy.
Conceptually, a single foil of thickness t,, can be approximated as k. = t,,
/ts number of thin foils of thickness t; = ry\/7 and height h,, stacked
tightly without any insulation gap between them.

However, the litz wire transformer assumed for investigating the
proposed hybrid model is loosely wound along the winding height, as
shown in Fig. 8. In such a case, the magnetic energy per unit length
across the non-winding space between two consecutive bundles can be
significantly higher than that across the bundle at frequencies above f,.
So, converting a layer of litz wires into a foil can lead to an erroneous
result. In this paper, each litz wire bundle is modeled individually for
higher accuracy. For a hexagonal p — layered bundle, like the one shown
in Fig. 9, n, = 3p2 — 3p+ 1, where p = 1,2, 3, .... To use the hybrid

Table 2

Transformer II specifications.
Parameter Value
Turns ratio 1:1
Number of litz strands 19
Size of each litz strand AWG 30
Number of turns per layer 10
Number of layers per winding 2
Core geometry ETD 34
Window height 24.30 mm
Winding height 20.90 mm
External diameter of the bobbin 13.60 mm
Insulation gap between layers 0.20 mm
Insulation gap between windings 0.25 mm
Gap between turns along winding height 0.95 mm
Fill-factor 20.34%
Test frequency range 1 kHz-1 MHz
Air cube 50° mm®

Fig. 10. Experimental prototypes: (a) Transformer I, and (b) Transformer II

qgg—-——> 1 MHz LCR meter

Digital meter for
measuring distance

Transformer I
operated as a VIT

DC voltage source to
drive the VIT using a
linear actuator

Control circuit for
operating the actuator

Fig. 11. Experimental measurement setup with the VIT.

model, each bundle is converted to a rectangular conductor having a
thickness t, = 2r;{1+2(p —1)sin(z /3)} and height h. = 2r;(2p — 1), as
illustrated in Fig. 9. The magnetic energy per unit length across the non-
winding spaces is calculated using the double-2-D model. For calculating
the same across the rectangular conductors, the penetration ratio of
current in an individual litz strand is considered in (5), which is A = t;/5
and t; = rs+/7. Finally, the magnetic energy per unit length across one
complete bundle is obtained by scaling the above results by the factor
kr = |—tc / ts]-

7. Results

The proposed hybrid model is formulated to meet the three main
objectives stated in section I, and thus to demonstrate the applicability
of the model to any transformer winding geometry. Two partially-filled
transformers with different winding and core geometries are considered.
Transformer I is wound with round conductors and has a winding height
significantly smaller than the window height. It also functions as a VIT.
Transformer II is loosely wound with multi-strand litz wires along the
winding height. The specifications of the two transformers are provided
in Tables 1 and 2. Since the net primary leakage inductance is a scalar
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Fig. 14. Magnetic energy densities across the IW plane of Transformer II: (a)
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Fig. 13. Leakage inductances of Transformer I.

multiple (square of the turns ratio) of the net secondary leakage
inductance, only unity turns ratio transformers are modeled in this paper
to avoid any redundant results.

Fig. 10 shows the experimental prototypes of the two transformers,
while Fig. 11 demonstrates the measurement setup with the VIT.
MATLAB R2019a is used to calculate all semi-analytical leakage in-
ductances. The 2-D FEM results are obtained using COMSOL Multi-
physics 5.5, where the IW and OW planes of the two transformers are
modeled individually to find the leakage inductance per unit length
across them as well as the corresponding partial leakage lengths. Finally,
the leakage inductances are calculated using the double-2-D model
presented in (2). These results are considered the standards for deter-
mining the accuracy of the proposed model. Results fulfilling the three
stated objectives are presented in the following subsections.
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Fig. 15. Leakage inductances of Transformer II.
7.1. Transformer I: round conductor (g = 0)

The primary and secondary windings of Transformer I are wound
with a single strand of round conductors that has a threshold frequency
of 20.4 kHz. Although Transformer I can be used as a VIT, results pre-
sented in this subsection pertain to the case when g = 0 so that H,(y) in
(5) can be replaced with Hy (y). Fig. 12 plots the FEM simulated magnetic
energy densities across the IW plane at 1 and 200 kHz. A visual com-
parison between the two plots verifies the reduction in magnetic energy
density across the winding cross-sections at 200 kHz due to skin and
proximity effects. Here, the maximum test frequency is limited to 200
kHz so that the influence of the interwinding capacitance on the
measured leakage inductance can be avoided.

Fig. 13 plots the leakage inductances of Transformer I as a function of
frequency obtained from the hybrid, FEM, and experimental models. For
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Fig. 17. Variation of leakage inductance with g at 1 and 50 kHz.

comparison, it also plots the leakage inductances evaluated using
Dowell’s Villar (2010) and Zhang’s Zhang et al. (2020) 1-D models, both
considering porosity factors. Both Dowell’s and Zhang’s models over-
estimate the leakage inductances throughout the entire test frequency
range. While Dowell’s 1-D model shows a peak error of 13.12% at 30
kHz, Zhang’s model presents a peak error of 15.09% at 50 kHz. In
contrast, with the hybrid model, a peak error of only 4.93% is observed
at 50 kHz if the nearest two image layers are considered in the IW plane.
The errors are seen to be higher between 30 and 50 kHz where the slope
of the decreasing leakage inductance is at its peak. These errors can be
reduced by modeling the third image layer which decreases the peak
error at 50 kHz to just 2.89%. Hence, it can be concluded that the pro-
posed hybrid model can prove very effective in calculating the
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Fig. 19. Variation of leakage inductance with g at 30 and 200 kHz.

Table 3
Errors for transformer I at g = 11 mm considering different number of image
layers in the IW plane.

Frequency Number of Leakage Error Computation
(kHz) image layers inductance (uH) (%) time (p.u.)
30 1 240.95 6.49 1
2 245.16 4.86 3.5
3 259.93 -0.88 7.5
4 256.49 0.46 14.1
50 1 229.30 6.37 1
2 233.08 4.82 3.5
3 246.90 -0.82 7.5
4 243.64 0.51 14.1

frequency-dependent leakage inductance of partially-filled transformers
wound with round conductors, thus fulfilling the first main objective.
Additionally, the experimental leakage inductance curve completely
overlaps with its FEM counterpart throughout the test frequency range,
thereby highlighting the precise construction of the experimental pro-
totype. Overall, the leakage inductance of the experimental prototype
dropped by 18.5% between 1 and 200 kHz.

7.2. Transformer II: litz wire (g = 0)

The primary and secondary windings of Transformer II are loosely
wound with two layers of 19-strand litz wires. The threshold frequency
of the litz strand is 261.4 kHz. The FEM-generated magnetic energy
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densities across the IW plane of the transformer at 100 kHz and 1 MHz
are plotted in Fig. 14. Please note that the insulation thickness of the
enameled litz strands is not taken into account. Besides, in a practical
transformer, the layout of the strands will vary from the ideal layout
shown in Fig. 9 due to the twisting inherent to litz construction.

Fig. 15 plots the leakage inductances of Transformer II as a function
of frequency obtained from the hybrid, FEM, and experimental models.
In the case of hybrid model, only the nearest two image layers are
considered in the IW plane. For comparison, it also plots the leakage
inductances evaluated using Mogorovic’s 1-D model for litz wires that
considers Rogowski’s factor Mogorovic and Dujic (2017, 2019).
Mogorovic’s model underestimates the leakage inductances by more
than 15% throughout the test frequency range. The peak error is noticed
at 1 MHz, which is 31.5%. The prime reason behind this large error is
found to be the magnetic energy across the non-winding spaces between
successive turns within a layer that is ignored by modeling the layer as a
foil. On the other hand, the leakage inductances calculated using the
hybrid model concur very well with the FEM and experimental results
leading to a peak error of only 2.68% observed at 1 and 10 kHz, which
are below f. This fulfills the second main objective of the paper. Be-
tween 1 kHz and 1 MHz, the leakage inductance of the experimental
prototype dropped by 23.4%.

7.3. Variable inductance transformer (g # 0)

Having a winding height shorter than the window height makes
Transformer I utilizable as a VIT. Although either bobbin may be used as
the movable one, it is recommended to use the narrower one for me-
chanical reasons, as indicated in Fig. 5. Here, the maximum travel of the
movable bobbin is limited to 11 mm, and the complete experimental
setup with the VIT, linear actuator, 1 MHz LCR meter, and Arduino-
based control circuitry is already presented in Fig. 11. Only the near-
est two image layers are considered in the IW plane for evaluating the
semi-analytical leakage inductances. Fig. 16 plots the magnetic energy
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densities across the IW plane of the VIT at 1 and 200 kHz obtained from
the FEM model at g = 11 mm. A visual inspection between the density
plots in Figs. 12 and 16 suggests the increase in magnetic energy with g
as well as its decrease with frequency.

Figs. 17-19 plots the semi-analytically evaluated, FEM simulated,
and experimentally measured leakage inductances for the full range of
overlap at different frequencies. These plots reiterate the fact that the
effective leakage inductance of a VIT increases with g while it decreases
with frequency. In fact, the leakage inductance at g = 11 mm is about
80% higher than that at g = 0 mm across all frequencies. The existing HF
models cannot evaluate this increase in frequency-dependent leakage
inductance with g and thus yield a constant leakage inductance at all
overlaps due to assumptions (3) and (4) stated in section I, thereby
resulting in an error as high as 80% at g = 11 mm.

Figs. 17-19 indicate that the FEM and the experimental leakage
inductance curves nearly overlap each other at all frequencies. However,
a small error ranging between 3.86 and 4.93% is observed between the
semi-analytical and FEM curves at 30 and 50 kHz. When compared to
Fig. 13 that plots the frequency-dependent leakage inductance of the
same Transformer I at g = 0 mm, 30-50 kHz is the frequency range
where the error and the slope of the decreasing leakage inductance are
maximum. These errors can be further improved by modeling the third
image layer in the IW plane, as indicated by Table 3. Nevertheless, the
peak error is still observed at g = 0 mm. An error smaller than the peak
error at g > 0 mm justifies the simplification made in (5) for winding
geometries where g # 0. Furthermore, these errors decrease with fre-
quency and become negligible at 100 and 200 kHz. Hence, it can be
concurred that the proposed hybrid model can calculate the variable
frequency-dependent leakage inductance of a VIT with sufficient accu-
racy, thus fulfilling the third and final objective of the paper.

8. Discussion

The hybrid model proposed in this paper uses superposition to
combine a modified Dowell’s model with the double-2-D model, thus
making it a quasi-2-D model. In contrast to the existing HF models, the
proposed model accounts for the actual positions of all winding layers in
both the IW and OW planes of the transformer. Secondly, it accounts for
both the radial and axial components of magnetic field intensity in the
non-winding spaces. These two considerations make the hybrid model
naturally more promising for any partially-filled transformer. Such
winding geometries are becoming increasingly popular in isolated
power converters that utilize the leakage inductance of the transformer
to meet the desired series inductance for efficient power conversion. The
possibilities of transformer winding geometries are truly immense,
which makes the hybrid model even more attractive. Needless to say, the
model can also be extended to transformers carrying multi-layer inter-
leaved windings. Although the model is developed keeping in mind the
challenging winding geometry of partially-filled transformers, it can
certainly be applied to fully-filled transformers.

Built on the double-2-D platform, the accuracy of the hybrid model
depends on the number of image layers being considered in the IW
plane. Table 3 presents the errors for Transformer Iatg =11 mm, and at
30 and 50 kHz where the errors are found to be typically larger. While a
higher number of image layers may seem very attractive for better ac-
curacy, it also adds to the total computation time. Thus, selecting this
number involves a trade-off. With the nearest two image layers, the peak
error was found to be less than 5% for both Transformers I and II.
Therefore, it is recommended to model the nearest two image layers for
an optimal balance between computation time and accuracy.

Here, the hybrid model is formulated very comprehensively using
fewer assumptions than the existing HF models to demonstrate its
applicability to any conductor type and winding geometry. Nonetheless,
it is capable of undergoing many simplifications depending on the
winding geometry and conductor type to meet the desired computa-
tional efficiency. Therefore, the proposed hybrid model can be very
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useful in multi-objective optimization-based designs of power electronic
converters employing transformers with integrated magnetics. It may
also be extended to planar transformers. However, special attention
must be paid to all geometrical dimensions, since planar transformer
windings typically have a larger width-to-height aspect ratio of the
conductor cross-section when compared to traditional transformer
windings.

9. Conclusion

In this paper, a hybrid model is proposed for calculating the
frequency-dependent leakage inductance of partially-filled trans-
formers. This quasi-2-D model uses fewer assumptions than the existing
1-D models and combines the evergreen Dowell’s 1-D model with the
versatile double-2-D model through superposition. A modified Dowell’s
model calculates the leakage inductance contributions from the
frequency-dependent winding cross-sections, while the double-2-D
model calculates the same from the frequency-independent non-wind-
ing spaces. Results verify the efficacy of the hybrid model in partially-
filled transformers including VITs wound with round, rectangular, and
litz wires. With all errors being less than 5%, it is recommended to model
the nearest two image layers in the winding window for a perfect bal-
ance between computation time and accuracy. Although formulated
very comprehensively, the hybrid model is capable of undergoing the
simplifications needed to meet the desired computational efficiency.
Therefore, the hybrid model can serve as an effective tool in multi-
objective optimization-based designs of isolated power converters
employing high-frequency transformers with integrated magnetics.
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Appendix A. Calculation of partial leakage lengths in double 2-D model Sharma and Kimball (2021a)

In Fig. 2(a), the energy-weighted leakage radius [ for the IW and OW planes can be calculated using,

2 [ [x-H(x,y)dxdy

I=r.+
2 [ [ HX(x,y)dxdy

)

Then the leakage angles across the IW, OW, and transition (TR) regions can be calculated using,

’
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) (w T rc>

6rr) = arcsin <L> _ %)
w law) +liow) 2

21 — s, (g(lW) + 26(TR))

Se

Oow) =

Finally, the partial leakage lengths can be calculated using,
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Appendix B. Derivation of Dowell’s 1-D model Ouyang et al. (2015); Villar (2010)

Maxwell’s equations for a divergence-free linear isotropic homogeneous medium with zero displacement current are,

o0H
VXE= “Hoy

V x H =o¢-E.

13

14

For the rectangular foil in Fig. 4, assuming that the electric field intensity E has only z — component and the magnetic field intensity H has only
y-component, E and H become functions of x only. Then, the Maxwell’s equations in phasor form can be expressed as,
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dE.

dx~ = jou,H, (15)
H,

ddx) =oE.. (16)

Using the above two equations, the Helmholtz second-order differential equation is reached below,

&*H,
dx2

= jopgoH,. an

The general solution of the Helmholtz equation is given by,

Hy(x) = Hie” + Hye ™ (18)

where y is the propagation constant expressed as,

, oLt 19

and H; and H are constants that can be obtained from the boundary conditions of the foil as,

He o1t _ [Jint o=VXext
y y

H, = 20
! 2sinh(y1,,) (20)
Hi”’ey""" _ H;xtewrm/
H=———————— 21
: 2sinh(y1,,) (21

By substituting H; and H, in the general solution above, a frequency-dependent expression is reached that considers only the axial component of
magnetic field intensity across the foil,
cosinh(rx) L sinh(y(x — 1,))

H,(x) = H, sinh(yt,) —H sinh(yt,,) 22)

Finally, the frequency-dependent magnetic energy across the foil shown in Fig. 4 can be calculated using,

hod, [
Egii = %T/ H)Zv (x) dx (23)
0

After some mathematical manipulations, (4) can be reached.
Appendix C. Modeling of rectangular foils Sharma and Kimball (2021a)

With reference to Fig. 20, the magnetic field intensity at any point N(x,y) inside or outside the cross-sectional area of the foil of height 2a and
thickness 2b, whose center is located at (p, q) is given by,

=t (<yfq+b><mfﬂz)f@fq—b)(alfaz).

N " 8rab
24
S S1
4+ (x—p+ah=-— (x—p—a)ln—)
r r
Hy = e 6=+ OB = @) = (=~ ), - ).
(25)
52 L)
A+ (y—g+bn—=— (yqub)ln—)
51 r
where I is the current through the foil. 1, a2, 1, f; must be strictly maintained within (—z, z) range.
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