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We introduce Sz spin-projection based on cluster mean-field theory and apply it to the ground state of strongly-
correlated spin systems. In cluster mean-field, the ground state wavefunction is written as a factorized tensor
product of optimized cluster states. In previous work, we have focused on unrestricted cluster mean-field, where
each cluster is Sz symmetry adapted. We here remove this restriction by introducing a generalized cluster mean-
field (GcMF) theory, where each cluster is allowed to access all Sz sectors, breaking Sz symmetry. In addition,
a projection scheme is used to restore global Sz, which gives rise to Sz spin-projected generalized cluster mean-
field (SzGcMF). Both of these extensions contribute to accounting for inter-cluster correlations. We benchmark
these methods on the 1D, quasi-2D, and 2D J1 − J2 and XXZ Heisenberg models. Our results indicate that the
new methods (GcMF and SzGcMF) provide a qualitative and semi-quantitative description of the Heisenberg
lattices in the regimes considered, suggesting them as useful references for further inter-cluster correlations,
which are discussed in this work.
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I. INTRODUCTION

Physical systems can frequently be separated into constituents that are only weakly correlated with one another. Electronic
structure theorists take advantage of this idea by using Hartree-Fock (HF) theory as the starting point for their calculations,
where the weakly-correlated components in this example are the electrons themselves. The limitations of this approach are
obvious under strong electron interactions. We can, however, also envision more complex individual constituents. For example,
the individual components might be two well-separated molecules: even if the individual molecules have complex chemistry, the
interactions between them when they are well-separated can be relatively straightforward to treat. Similarly, lattice models with
short-range localized interactions are another prototypical example: if the interactions between sites rapidly decay with distance,
the lattice sites may (but need not) separate into collections of weakly interacting "clusters" or "tiles".

In regular mean-field theory (HF), where the fundamental constituents are single electrons, the wavefunction can be written as
a product of variationally optimized spin-orbitals. Likewise, if the fundamental constituents are collections of particles, it makes
sense to imagine a wavefunction of cluster mean-field form, which is the product of variationally optimized wave functions on
each cluster.

In a recent paper,[1] we applied the unrestricted version of cluster-based mean-field methods (UcMF) to strongly correlated
spin systems, in which each cluster was allowed to break S2 but not Sz symmetry. We showed that this ansatz can be very
useful for the J1 − J2 Heisenberg model, and is a good starting point for other correlated methods. That work built upon our
formulation of cMF for fermionic systems.[2] In the present study, we delve into two improved versions of cMF. First, we allow
the individual clusters to break Sz symmetry, which we call the generalized cluster mean-field (GcMF). Second, because we
want the final cMF state to have good symmetry quantum numbers, we projectively restore Sz symmetry while simultaneously
optimizing the cMF state. We call the ansatz Sz-projected generalized cluster mean-field (SzGcMF), although the features that
we describe can be applied to a broad spectrum of symmetries.

The concept of allowing (spin) symmetries to break is not new, especially in the context of generalized Hartree-Fock
(GHF).[3–9] Restoration is similarly done with projection and it has been extensively studied in the context of HF (PHF),[10–
20] configuration interaction (CI),[21–23] Møller–Plesset perturbation theory (MP2),[24–27] coupled-cluster, [28–33] and few
determinants approximation (FED). [34–39] These projection operators, which are of the form

∫ 2π

0 dφeiφ Ŝz , are used to restore
spin symmetry by projecting out the spin component that violates symmetry and leaving only the component that has the correct
symmetry.

In related work, wavefunction approaches that make use of cluster concepts include block-correlated coupled-cluster (BCCC),
[40, 41], tensor product selected configuration interaction (TPSCI), [42] density matrix embedding theory (DMET), [43, 44]
active-space decomposition (ASD), [45] localized active space self-consistent field method (LASSCF), [46] and hierarchical
mean-field theory (HMF). [47] However, to the best of our knowledge, some of these methods are limited by requiring all of the
clusters to share the same ground state, and none of them has attempted (translational, S2, and Sz) symmetry-broken solutions,
or their restoration. Work similar to what we accomplish here has recently been presented by Ghassemi Tabrizi and Jiménez-
Hoyos in Ref. 48. In our work, however, we study both XXZ and J1 − J2 Heisenberg lattices, focusing on Sz-projection at
both the variation-after-projection and projection-after-variation levels, whereas Ref. 48 deals with total spin S and point-group
projection on clusters. For further information on the connection between cMF and other more advanced approaches, as well as
the advantages of cMF over these methods, we refer readers to Ref. 2 and references therein.

As described in our previous paper,[1] our focus is again on spin models, specifically the J1 −J2 and XXZ Heisenberg Hamil-
tonians. This choice is motivated by the fact that cMF is comparatively more straightforward and computationally efficient when
applied to spin lattices than to more complex fermionic systems. However, it should be noted that cMF has been successfully
employed in the analysis of fermionic systems, as demonstrated in prior research[2, 49]. Lastly, we should emphasize that the
primary objective of this study is to illustrate the utility of clusterization in connection with symmetry breaking and restora-
tion, rather than significantly advancing the understanding of spin systems. To evaluate our results, we compare them to those
obtained from the density matrix renormalization group (DMRG),[50] and exact diagonalization (FCI) for 1D and 2D finite
systems.

The remainder of the article is structured in the following manner. Section II discusses the Heisenberg models we will be
exploring, and details both cMF and symmetry projection. In section III, we describe some practical computational details
relevant to the calculations presented in this work. The outcomes of the UcMF, GcMF, and SzGcMF calculations for the 1D
chain and 2D square J1 − J2, and XXZ Heisenberg models are presented in section IV. Lastly, a brief discussion of the results
and some potential improvements to the approaches outlined in this paper are presented in section V.
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FIG. 1. Nearest (J1) and next-nearest neighbor (J2) interactions.

II. FORMALISM

A. Heisenberg model

Spin lattices, particularly Heisenberg models, hold significant chemical importance. One example is the treatment of iron-
sulfur clusters, like ferredoxins relevant to nitrogen fixation or photosynthesis, which have been modeled according to the
Heisenberg model. [51] Another example is single-chain magnets, for example, Cobalt(II) Thiocyanate, which has been modeled
after the XXZ chain[52] to study its properties. Additionally, certain electrides, conjugated hydrocarbons, and superconductors
have features that mimic Heisenberg exchange interactions.[53–55]

In this work, we examine the XXZ and the J1 - J2 Heisenberg models. Both models describe a collection of interacting
spins on a lattice of finite size N, but the XXZ model only considers interactions between nearest-neighbors and has anisotropic
interactions, which break S2, while the J1 - J2 model includes both nearest and next-nearest neighbor interactions and has
isotropic interactions where S2 remains a symmetry. Both models, when the lattice is one-dimensional, are exactly solvable
by Bethe ansatz.[56, 57] While the 2D cases are not exactly solvable, they have been extensively studied numerically (see, for
example, Refs. 58–75 for the J1 − J2 Hamiltonian and Refs. 76–82 for the XXZ model). Ref. 82 also discusses the effect of Sz
projection in coloring states for the XXZ model.

The Hamiltonian for the XXZ Heisenberg model is given by:

H = ∑
⟨i j⟩

[
1
2
(S+i S−j +S−i S+j )+∆Sz

i S
z
j

]
(1)

where S±i and Sz
i represent the usual spin- 1

2 operators acting on site i, ⟨i j⟩ denotes nearest neighbor interactions, and ∆ is
the parameter that denotes the anisotropy of the model. The exact ground state of the one-dimensional case of this model
has 3 distinct spin configurations:[76] For ∆ ≳ 1, the magnetic correlations are Néel antiferromagnetic, for ∆ ≲ − 1 they
are ferromagnetic, and for −1 ≲ ∆ ≲ 1, the system is in the XY phase characterized by gapless excitations and long-range
correlations.[83] Moreover, it should be emphasized that at ∆ = −1, the ground state of the system is a maximally entangled,
extreme antisymmetrized geminal power (AGP) state,[76, 84] with energy of E =−N/4, where N is the number of spins. Lastly,
the ferromagnetic phase can be perturbatively treated relatively easily starting from a product state (HF-like) where all spins are
aligned in the z-direction. Therefore, we mostly concentrate on the more demanding region of ∆ ≥−1.

The Hamiltonian for the J1 - J2 Heisenberg model can be written as:

H = J1 ∑
⟨i j⟩

S⃗i · S⃗ j + J2 ∑
⟨⟨i j⟩⟩

S⃗i · S⃗ j (2)

where S⃗i is the spin- 1
2 vector operator on site i, and J1 and J2 are the nearest-neighbor and next-nearest neighbor (denoted by

⟨⟨i j⟩⟩) coupling coefficients, respectively (see Fig. 1). In the following, we confine ourselves to the antiferromagnetic (AFM)
case J1,J2 > 0. It is important to note that for the one-dimensional case at J2/J1 = 0.5, which is called the Majumdar-Ghosh
point[85], the exact ground state is UcMF of nearest-neighbor dimers (i.e., clusters of two sites). On the other hand, the two-
dimensional (square) case is more complicated. This model has been studied extensively in the past two decades, using various
methods. It has been established that in the regime 0 ≲ J2/J1≲ 0.4, the ground state is an AFM phase with Néel order, due to the
dominance of the nearest-neighbor interactions J1. For J2/J1 ≳ 0.6, the ground state displays an AFM phase with striped long-
range order character due to the dominance of the next-nearest-neighbor coupling J2 (see Fig. 2). In the regime 0.4 ≲ J2/J1≲ 0.6,
which we refer to as the paramagnetic phase, the system is frustrated and the Néel and the striped orders compete. The precise
nature of this intermediate ground state is still a much-debated issue, as are the type of phase transitions and the transition points
(for a more extensive discussion see Refs. 47, 59, 69, 73, 86–93). The two extreme configurations are illustrated schematically
in Fig. 2. In finite systems, the same basic phenomena are observed, though of course without sharp transitions.
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FIG. 2. Néel (left) and striped (right) antiferromagnetic spin configurations of the square J1 − J2 Heisenberg model.

B. Cluster Mean-Field

The methodology employed in this study for cluster mean-field (cMF) builds on our group’s previous work in Ref. 2, to which
we direct the reader for a comprehensive introduction to the topic of cluster-based methods. Below, a general overview of the
framework and the current extensions are presented.

In regular mean-field, the wavefunction can be written as:

|ΦHF⟩= ⊗
orbs

|φi⟩ (3)

where φi is a state defined in spin-orbital i. Hartree-Fock optimizes the φi to minimize ⟨Φ|H |Φ⟩. A similar approach can be
followed to define the cMF wavefunction:

|ΦcMF⟩= ⊗
clusters

|φi⟩ (4)

where now φi are cluster wavefunctions chosen to minimize ⟨Φ|H |Φ⟩. Note that if the clusters consist of single sites, cMF
reduces to standard mean-field theory.

While in standard mean-field theory we do not have to worry about the size and shapes of the clusters because each cluster is a
single site, in the more general cMF case we obtain different results for different cluster sizes. It is therefore important to denote
the clusterization scheme. For this reason, we adopt the notation cMF[m] to indicate cMF with m-site clusters in 1 dimension,
cMF[m×n] to indicate cMF with m×n clusters in 2 dimensions, and so forth. Although cMF permits the clusters to be of any
shape and size, in this work we concentrate on dimers (clusters of 2) and tetramers (clusters of 4), as they are simpler to handle,
require less computational power, and capture the short-range nature of the interactions of the spin systems here considered.

In addition to dependence on the size and shape of the clusters, cMF also depends on the symmetry constraints imposed on
the clusters. As already mentioned, our previous investigations restricted each cluster to be an Sz eigenstate. In analogy with
unrestricted Hartree-Fock (UHF), we refer to this approach as unrestricted cluster mean-field (UcMF). In contrast, this work lifts
that restriction and permits the clusters to be in superpositions of Sz eigenstates, yielding generalized cMF (GcMF), in analogy
with generalized Hartree-Fock (GHF).

To see the difference between UcMF and GcMF, suppose we are considering a 4-site system in which sites 1 and 2 constitute
one cluster and sites 3 and 4 the other. In both UcMF and GcMF with 2-site clusters, the wavefunction is

|cMF [2]⟩= |Φ12⟩⊗ |Φ34⟩ (5)

In UcMF, when the system has global Sz = 0, the clusters individually do so as well, so the cluster states are∣∣ΦUcMF
i j

〉
= ci j

↑↓
∣∣↑i↓ j

〉
+ ci j

↓↑
∣∣↓i↑ j

〉
(6)

which yields

|UcMF [2]⟩=
∣∣ΦUcMF

12
〉
⊗

∣∣ΦUcMF
34

〉
(7)

= c12
↑↓ c34

↑↓ |↑↓↑↓⟩ + c12
↑↓ c34

↓↑ |↑↓↓↑⟩

+ c12
↓↑ c34

↑↓ |↓↑↑↓⟩ + c12
↓↑ c34

↓↑ |↓↑↓↑⟩
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Note that UcMF does not include any contributions from the configurations in which spins on sites 1 and 2 are parallel with one
another. In contrast, the GcMF cluster states (for any Sz) are:∣∣ΦGcMF

i j
〉
= ci j

↑↑
∣∣↑i↑ j

〉
+ ci j

↑↓
∣∣↑i↓ j

〉
(8)

+ ci j
↓↑

∣∣↓i↑ j
〉
+ ci j

↓↓
∣∣↓i↓ j

〉
and therefore

|GcMF [2]⟩=
∣∣ΦGcMF

12
〉
⊗

∣∣ΦGcMF
34

〉
(9)

=
∣∣ΦUcMF

12
〉
⊗

∣∣ΦUcMF
34

〉
+ c12

↑↑ c34
↓↓ |↑↑↓↓⟩ + c12

↓↓ c34
↑↑ |↓↓↑↑⟩

+ c12
↑↑ c34

↑↑ |↑↑↑↑⟩ + c12
↑↑ c34

↑↓ |↑↑↑↓⟩

+ ... + c12
↓↓ c34

↓↓ |↓↓↓↓⟩

where the rest of the states are all the contributions to the GcMF wave function which break global Sz symmetry. We see
that GcMF includes all possible 24 spin configurations, though with factorized coefficients. This provides significantly more
variational freedom, though at the cost of symmetry breaking. While the foregoing discussion was restricted to the 4-site case,
the basic features are generally true: GcMF includes UcMF as a special case and includes factorized coefficients on each of the
2N independent spin product states in an N-site lattice, many of which are simply omitted in UcMF. Lastly, because GcMF has
contributions from all Sz sectors, directly minimizing the energy will tend to select cluster states which approximate the global
minimum across all Sz quantum numbers. To study an Sz sector that does not correspond to the global minimum, we simply add
a Lagrange multiplier to enforce that GcMF has the correct ⟨Sz⟩.

C. The role of mean-field symmetry breaking and restoration

We have seen that while the GcMF wave function includes contributions beyond those present in UcMF, some of these
contributions break global Sz. These symmetry-breaking contributions are not present in the exact wave function (for finite
systems), and one would like to eliminate them. Cluster mean-field, that is, has the same symmetry dilemma[3] as does standard
mean-field theory: allowing symmetries to break affords greater variational flexibility but permits contributions from different
symmetry sectors to the trial state.

Similarly to what has been done extensively for GHF using projected Hartree-Fock theory,[4, 7] the current study goes beyond
previous work by developing the projected generalized cluster mean-field method (SzGcMF), which aims to restore Sz = 0 for
GcMF. SzcMF[1], that is, Sz-projected GHF, is equivalent to our recent spin-AGP[84] work. However, we need to emphasize that
any SzcMF calculation with clusters larger than 1 site, such as SzcMF[2] and SzcMF[2× 2], will always have more variational
flexibility and provide better estimates for the energy.

It is important to note that this method does not require the use of mathematical projection operators in a strict sense, and
instead only requires that the wavefunction P̂ |Φ⟩ is an eigenfunction of the relevant symmetry operators (in this case Ŝz), without
requiring that P̂ be either Hermitian or idempotent. While quite general symmetries can be projected, we will discuss only Sz
projection here. For a more detailed discussion of general symmetry projection, see Refs. 14, 94.

It should be noted that in spin systems that have S2 symmetry, it is possible to project not only Sz but also S2. Further details
on this topic can be found in Appendix A, but the essence is that the energy can be made invariant under rotations in spin space,
parameterized by three Euler angles. While Sz projection requires a one-dimensional numerical integration, full spin projection
involves a computational cost that is N2

grid times higher, where Ngrid represents the number of grid points required for one-
dimensional numerical integration. In this study, our focus is primarily on Sz projection due to its computational efficiency and
applicability to a wider range of Hamiltonians compared to S2 projection. However, we present a few selected results obtained
through fully spin-projected calculations to demonstrate the significant improvement in accuracy achieved when S2 projection is
feasible. Lastly, the reason that we choose Sz = 0 (and S2 = 0) is that we know that the ground state of the systems that we study
generally possess this quantum number, but in principle, this process can be used for any Sz (and any symmetry).

For the case of Sz = 0, the wavefunction that we get is

|SzGcMF⟩= P̂ |GcMF⟩ (10)

=
∫ 2π

0
dφeiφ Ŝz |GcMF⟩
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In practice, the integral is discretized. In this work, we use n = 2m equally spaced points in a simple trapezoidal rule, so

|SzGcMF⟩=
2n−1

∑
k=0

ei kπ
n Sz |GcMF⟩ (11)

=
m−1

∏
k=0

(1+ ei π

2k Ŝz) |GcMF⟩

For large enough m, the projection becomes exact. It is easiest to understand the product form of the projector given in Eqn. 11
by looking at which spin contaminants it eliminates. Retaining only the first term P ∼ 1+eiπSz eliminates all contaminants with
odd Sz and is equivalent to half-projection.[16] Adding the next term in the product is equivalent to adding the points π/2 and
3π/2 in the sum and eliminates contaminants with odd Sz/2, and so forth. A numerical comparison between the different levels
of projection will be explored in sections IV A and IV B.

Lastly, we should note the distinction between the projection-after-variation (PAV) and variation-after-projection (VAP) ap-
proaches. In PAV, the unprojected state |GcMF⟩ is variationally optimized in the absence of the projection operator, and the
symmetry projection is carried out after the variational optimization has been completed. In VAP, the unprojected state |GcMF⟩
is variationally optimized in the presence of the projection operator. As one may expect, VAP offers a more consistent approach
and greater accuracy, although at a higher computational cost. This comparison has been previously examined in the literature
specifically in the context of Hartree-Fock theory.[14, 25, 95–97] The present work will also delve into this comparison for
GcMF numerically in section IV A. Overall, PAV can manage to reach VAP accuracy in cases where Sz is severely broken, but
because VAP is fully variationally optimized and PAV is not, PAV tends to be significantly less accurate in other cases. Therefore,
all results in this paper have been obtained using the VAP method unless otherwise noted.

D. Matrix elements and cMF optimization

The evaluation of matrix elements for GcMF is similar to our previous work[1] but inclusion of states with varying values of
Sz yields a prefactor increase. The overall scaling is unaffected. We also note that variation-after-projection (VAP) calculations
are more expensive than projection-after-variation (PAV) because we must carry out symmetry projection at every iteration.
However, this too does not affect the overall scaling of the method.

III. COMPUTATIONAL DETAILS

In this work, our calculations were performed using a locally developed code that uses the ITensor[98] library to generate
the cMF states, which makes it easy to compute the required matrix elements. We initialized the cluster states randomly and
optimized the energy using the conjugate gradient[99] algorithm with numerical gradients. For GcMF, if we wish to constrain
⟨Sz⟩, we use the Lagrange multiplier penalty function method.

As we have noted earlier, we use dimers (2-site clusters) and tetramers (4-site clusters) in this work. These small clusters
have low computational cost of cMF and serve as natural building blocks for our lattices. In 2D, our tetramers are arranged in
the form of 2×2 clusters. This is because we use a square lattice, and it seems reasonable to insist that the clusters respect the
shape of the lattice in order to avoid biasing the method toward one spin arrangement or another. We note that the shapes of the
clusters we have chosen do not necessarily lead to the lowest cMF energy due to finite size effects. However, when the clusters
are large enough, their shape is less important.

The UcMF calculations were performed using an equal number of up and down spins inside each cluster (only 2 states for
dimers, and 6 for tetramers) to ensure that the clusters were Sz eigenfunctions with Sz = 0. In contrast, the GcMF and SzcMF
calculations used all 4 states for dimers and all 16 states for tetramers. When using periodic boundary conditions (PBC), although
each cluster is permitted to have different coefficients, the variational minimum in cMF tends to make each cluster identical. We
note that a more accurate result could be obtained by projectively restoring lattice symmetry, but we leave this to future work.

It is worth mentioning that when using GcMF and SzcMF, we expect our code to converge to the lowest energy state, as long as
there are no symmetries in the initial guess. This is not the case for UcMF, where different magnetic arrangements are obtained
with different initial guesses; in this case, we use coefficients that have a structure reflecting that of the magnetic arrangement
we wish to converge to (as was also done in Ref. 1).

IV. RESULTS

In this section, we present the results of calculations performed using the UcMF, GcMF, and SzGcMF methods on the one-
dimensional (1D), quasi-one-dimensional 2× n (ladder), and two-dimensional (2D) XXZ and J1 − J2 Heisenberg models dis-
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cussed in section II A. In section IV A, we compare our 1D results to those obtained using the density matrix renormalization
group (DMRG) method. In section IV B, we present our results for the ladder systems, and lastly, in section IV C, we present
and discuss the results of our calculations for the 2D lattices. For both quasi-one-dimensional and two-dimensional lattices, we
compare our results to exact diagonalization (FCI).

A. UcMF, GcMF and SzGcMF results for 1D Heisenberg

We begin with one-dimensional lattices, limiting ourselves to 2-site clusters. For these small clusters, the 1D J1 − J2 model
does not spontaneously break Sz symmetry, so UcMF[2] and GcMF[2] are equivalent. Therefore, in this subsection, we will
consider only the 1D XXZ model and will specialize to the 16-site XXZ Hamiltonian with periodic boundary conditions. The
results of our UcMF[2] and GcMF[2] calculations, along with the SzGcMF[2] and exact DMRG results, are presented in Fig. 3.

Before we proceed with the presentation of our findings, it is crucial to emphasize that the global ground state for a very
negative ∆ is an Sz = ±8 single configuration. Consequently, due to the fact that UcMF can be defined for any Sz sector, a
lower UcMF[2] energy may be found. However, selecting the eigenvalue of that sector for a general Hamiltonian poses a non-
trivial challenge. Therefore, in this study, we opted to utilize the Sz = 0 sector as it aligns most appropriately with the models
under investigation and is the ground state for ∆ > −1. Note also that the Sz = ±8 solution is a single determinant because the
corresponding sector of Hilbert space is 1-dimensional; such a simple wave function is of limited general interest.

Our results demonstrate that GcMF[2] yields much lower energies than UcMF[2], particularly for ∆ values smaller than 0.
This indicates that spin symmetry-breaking is necessary at the cMF[2] level to obtain not only a quantitatively accurate, but also
a qualitatively correct solution. We should pay particular attention to the point ∆ =−1. Here, as we have noted, the exact ground
state is an extreme AGP[84] and is not of GcMF form. However, all Sz sectors are degenerate at this point, and GcMF even with
single-site clusters (i.e., standard mean-field theory) delivers the exact energy. We note that as a consequence of this degeneracy,
correlating UcMF with cluster perturbation theory[1] by including all states of every cluster would fail since this degeneracy
leads to vanishing denominators in the perturbative expansion. It is worth noting that around ∆ = 1, the UcMF[2] and GcMF[2]
results are very close to each other, which was expected since this model is equivalent to the J1 − J2 model at J2/J1 = 0, which
also displays this property. Finally, it should be emphasized that when ∆ ≥ −1, the global minimum is achieved at Sz = 0,
rendering it unnecessary to impose any constraints on GcMF. However, for ∆ <−1, the global minimum for a system with, for
instance, 16 sites corresponds to Sz =±8, necessitating the constraint on GcMF to ensure that ⟨Sz⟩= 0.

To evaluate the energetic improvement of projection, in addition to the calculations just discussed, we conducted SzGcMF[2]
calculations for the same system with identical parameters. These calculations are also summarized in Fig. 3. There are three
key observations that we wish to emphasize. Firstly, as expected, the SzGcMF[2] results were overall lower in energy than the
GcMF[2], and they particularly improved for values smaller than ∆ = 0. This is most likely due to the fact that Sz is more
severely broken in that region, as depicted in the corresponding Fig. 5, and its restoration leads to much lower energy. Second,
at ∆ = −1, we obtained the exact wavefunction (AGP) after the projection, which would not have been feasible in any other
non-correlated way. And lastly, although this feature is only applicable for 1D XXZ lattices, SzGcMF[2] provides very accurate
estimates of the energy for ∆ <−1 (the ferromagnetic region).

Let us define the Sz fluctuations as ⟨Sz2⟩−⟨Sz⟩2. A fully projected state has zero fluctuations, and we consider the projection
adequate when the fluctuations are smaller than 10−3. We note that our algorithm with random initial guesses may not converge
well when we are not projecting onto the Sz sector with the lowest energy (e.g. for ∆ <−1) and a more sophisticated implemen-
tation using a penalty term may be necessary for best performance. However, for our purposes, we did not consider it necessary
to pursue further work in this direction, as it only occurs in a small part of the XXZ spectrum, which is also the least interesting,
as it can be easily solved by other means.[76]

One advantage of the sequential half-projections we have used is that we can decide how much spin contamination to remove
by simply truncating the product over k in Eqn. (11) at a smaller value. Truncating this product is useful because it decreases
the cost of the calculation, and should be done if it does not unduly compromise the quality of the projection. We examine this
issue in more detail in Appendix B.

Having addressed these, we first start by summarizing our general findings with regards to truncating the projection operator
in Figs. 4 and 5. All the computational parameters are the same as previously. The number after the dash refers to the number m
that corresponds to the number of grid points (n = 2m) used for the projection. We note two key observations. First, the number
of grid points required to achieve a relatively fully projected GcMF[2] depends significantly, as expected, on the spin fluctuations
of GcMF[2], which in turn are contingent on the Hamiltonian. This phenomenon is similar to what has been observed for PHF
and may serve as a useful tool for pre-selecting the number of grid points when calculations are computationally intensive.
Second, we focus on Fig.5 around ∆ = 1, where a somewhat counterintuitive observation emerges. Specifically, SzGcMF[2]-1
and SzGcMF[2]-2 exhibit greater spin fluctuations than GcMF[2], despite the former being projected. This is a consequence of
the VAP approach, which tends to increase the amount of symmetry breaking in the reference GcMF state in order to lower the
projected energy. This means that when the projection grid is poor, the amount of symmetry breaking may be larger than in the
unprojected state, though of course the fluctuations are driven to zero by making the projection more complete.
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Finally, a further characteristic of projection that warrants investigation pertains to the difference between VAP and PAV.
The significance of this finding is that if the results from PAV and VAP are comparable, then the relatively more expensive
and computationally intensive VAP calculation may be unnecessary and avoided in favor of PAV. To perform this analysis, we
conducted additional SzGcMF[2] calculations using PAV for the same system with the same parameters and varied the levels of
projection. These calculations are presented in Fig.6, alongside the results obtained through the VAP method. We should note
that these results are limited to the range −1 ≤ ∆ ≤ 2. Our analysis of Fig. 6 revealed two distinct regions where PAV and VAP
exhibit relatively similar and dissimilar behaviors, respectively. A particularly noteworthy finding is that the region where the
difference between VAP and PAV is most pronounced coincides with the region where Sz breaking is GcMF relatively minimal.
This result aligns with our expectations since PAV can effectively restore symmetry if deemed necessary, whereas VAP’s non-
orthogonal configuration interaction (NOCI) character is what primarily drives energy reduction. For this reason, using PAV in
the small ∆ region is sufficient, which significantly decreases the cost of the projection.

B. UcMF, GcMF and SzGcMF results for quasi-1D (ladder) Heisenberg lattices

In this subsection, we aim to explore the potential of our theories further by performing numerical tests on the ladder XXZ and
J1 − J2 Heisenberg lattices. The performance of UcMF[2×2] and GcMF[2×2] in these quasi-1D systems is similar compared
to the 1D case for the XXZ Hamiltonian, and in addition, Sz does not break spontaneously for the J1 − J2 model. For these
reasons, we will not show any UcMF[2×2] calculations. We will, however, explore the overall improvement that the projection
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offers and investigate the size-extensivity of GcMF[2×2] and SzGcMF[2×2].
We start by performing calculations for both models on 2× 12 ladders with PBC. We can think of this calculation as six

2×2 clusters in a line. The results of our calculations, along with exact diagonalization (FCI) results, for the XXZ and J1 − J2
models are presented in Fig. 7 and 8 respectively. We show XXZ results only for −1 ≤ ∆ ≤ 2 for the same reasons mentioned
in the previous subsection. Overall, the conclusions drawn from the previous subsection remain valid, with one exception being
that SzGcMF[2× 2] does not yield as precise energy estimates for ∆ < −1 (the ferromagnetic region) as it did before. We do
not show or discuss this data here but will examine this shortcoming further in the subsequent subsection, which focuses on
genuinely 2D systems. Nonetheless, two crucial observations still deserve attention. First, although Sz is not explicitly broken
by the J1 − J2 Hamiltonian at the GcMF[2× 2] level, the energy can be greatly improved by utilizing SzGcMF[2× 2]. This is
particularly more pronounced for the striped antiferromagnetic phase but holds for all the spectrum. As previously discussed,
this is mainly attributed to the fact that the projection, implemented via VAP, can be thought of as a linear combination of
Sz-broken GcMF[2× 2] wavefunctions, which may only break Sz in the presence of each other and is responsible for energy
reduction. Secondly, for both Hamiltonians, SzGcMF[2× 2] results in smoother curves, leading to more accurate qualitative
(and quantitative) descriptions, in comparison with GcMF[2×2]. This observation is critical since the ultimate objective of this
paper is to develop a more advanced ansatz that can improve not only the energy estimates but also other qualitative features,
which will allow correlated methods to work with less effort. However, it should be pointed out that the smooth character of the
FCI solution is due to finite-size effects, and in the thermodynamic limit there are genuine phase transitions.
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Regarding the size-extensivity of the projected wavefunctions, it is well-known that projected methods are typically not size-
extensive, meaning that they are unable to provide accurate results when studying thermodynamic limit properties (as discussed
in Ref. 14). More precisely, the size-extensive component of a projected wave function is the same as that of the unprojected
state, so that in the thermodynamic limit SzGcMF and GcMF should yield identical energies per cluster. However, for our
purposes, this may not necessarily be an issue. Firstly, real chemical systems are finite, and thus projected methods can still
provide valuable insights into energy properties. Additionally, projected methods can accurately predict quantum numbers even
if the energy estimates are not very accurate. For these reasons, we aim to explore the size-extensivity of the GcMF methods in
our study.

To achieve this, we performed calculations for the J1 − J2 Hamiltonian using 2×N = 6,8,10,12 ladders with PBC, and our
results are presented in Fig. 9. We observed two distinct cases even though spontaneous Sz breaking never occurs; the behavior of
SzGcMF[2×2] significantly changes at J2/J1 ≈ 0.7 as the method is significantly more accurate for the striped antiferromagnetic
case.

The important and interesting observation was that the significance of the projection decreases as the system size increases.
However, the extent to which this occurs varies depending on the phase, which, in turn, depends on the Hamiltonian. For
instance, the diminishing quality of the projection is much more pronounced for the striped antiferromagnetic region of J1 − J2
compared to the rest of the spectrum. However, there is no clear explanation for why and when this occurs, as it requires an
extensive study of the exact solution of the Hamiltonian.
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FIG. 10. Energy per site obtained in GcMF[2×2] and SzGcMF[2×2] for the 2D XXZ Heisenberg lattice.

C. UcMF, GcMF and SzGcMF results for 2D Heisenberg

In the final subsection of our results, we aim to explore the accuracy of GcMF[2× 2] and SzGcMF[2× 2] as viable ansatze
even in the context of two-dimensional (2D) models. This is achieved by presenting our findings for the 4× 6 J1 − J2 and
XXZ Heisenberg models and comparing them with exact diagonalization (FCI) results (see Figs. 10 and 11). Our previous
observations still hold true, as both methodologies yield accurate estimates of the energy for the XXZ model, particularly within
the small ∆ region. In addition, the largest discrepancy is noted at ∆ ≈ 1 (which corresponds to J2/J1 ≈ 0). In the J1 −J2 model,
SzGcMF results in a curve which, in contrast to those from GcMF or UcMF, has a similar shape to the exact one and seems
to have similar accuracy for the three different magnetic structures (the Néel antiferromagnet, the paramagnet, and the striped
antiferromagnet).

V. DISCUSSION

In section II, we discussed the cluster mean-field method for addressing strongly-correlated spin systems. We have here
further developed this approach by introducing the generalized cluster mean-field formalism, which allows for Sz breaking
within each cluster, and subsequently, the SzGcMF projection formalism. Both methods partially account for the inter-cluster
correlations that are absent in UcMF. These extensions can be employed as variational ansatze for the ground state wavefunction
and have been shown to yield more accurate variational estimates than the UcMF approach. In sections IV A, IV B and IV C,
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our results demonstrate that the cluster-based approaches, especially GcMF and SzGcMF, can quantitatively capture very well
the ground state physics of the benchmark models, especially the 1D, ladder, and 2D square XXZ Heisenberg model, but can
also provide a qualitatively accurate ansatz for the J1 − J2 Heisenberg models. In the same sections, we have also discussed
the size-extensivity of these methods and the different levels of projection in terms of grid points used, as well as compared the
variation-after-projection (VAP) with the projection-after-variation (PAV) schemes. These results further provide evidence that
these cluster-based wavefunctions can be used for qualitatively describing spin lattices in general, and could serve as references
for more advanced correlated methods.

In previous work, we have discussed correlating UcMF,[1, 2] and all of these ideas can straightforwardly be applied to GcMF
as well. Loosely, these approaches rely on the analogy between cMF and Hartree-Fock to introduce cluster-based versions
of perturbation theory or coupled-cluster theory. One could anticipate that due to the breaking of the Sz symmetry by GcMF,
the process of correlating it becomes notably more challenging. However, in practical applications, the calculation of matrix
elements between separate cluster states remains straightforward, albeit with an increased number of matrix elements that need
to be computed. On the other hand, correlating the projected state is more complicated. Considerable effort has been devoted to a
correlate-then-project approach in which one correlates the broken-symmetry mean-field with standard methods, then symmetry-
projects the resulting wave function.[29, 100–102] These ideas could in principle be used with cMF, although they are technically
rather challenging. Alternatively, we could employ Jastrow-like operators, which have been attempted for the antisymmetrized
geminal power (AGP) wavefunction [103, 104] and have demonstrated promising results. Incorporating such operators may
further improve the accuracy of our cluster-based wavefunctions and enable their application to more complex systems. Lastly,
we can use a similar approach to the few determinant approximation (FED), [34–39] but instead of determinants we can utilize
cluster product states and optimize them in a NOCI manner.

Our results have been presented only for spin lattices, but they show that cMF is promising for these demanding model
Hamiltonians. We emphasize that the same basic techniques we have described here can be used in general chemical systems.
One could envision, for example, choosing the clusters as different functional groups in an organic molecule. GcMF can be
especially useful when it comes to chemical systems, where the cluster Sz eigenvalues cannot be predetermined. Another
occasion is when there are external magnetic fields involved, which can alter Sz significantly, and require such a general approach.
The results presented here suggest the promise of these kinds of techniques and also imply that the best accuracy requires
permitting each cluster to break any or even all symmetries of the global Hamiltonian.
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Appendix A: S2 projection

Here we provide a brief overview of S2 projection. For a more detailed discussion, see Refs. 14, 94.
To restore S2, the projection has to make the energy invariant under rotations in spin space, parameterized by three Euler

angles. Contrary to Sz, where only the one-dimensional numerical integration was required, for S2 a three-dimensional numer-
ical integration is required, because of the three Euler angles. For the case of S2 = 0, similarly to eq. 10, we can write the
wavefunction as ∣∣S2GcMF

〉
= P̂ |GcMF⟩ (A1)

=
∫ 2π

0
dαeiα Ŝz

∫
π

0
sin(β )dβeiβ Ŝy

∫ 2π

0
dγeiγ Ŝz |GcMF⟩

where α,β and γ are the three Euler angles. Likewise, as for eq. 11, in practice, the integral is discretized, and for large enough
m, the projection becomes exact.

We conducted S2 projection for the 2× 8 and 4× 4 J1 − J2 Heisenberg lattices, and our findings are summarized in Figs. 12
and 13, respectively. Overall, the S2 projection effectively restores a significant portion of the missing correlations, particularly
in the regimes of J2/J1 < 0.4 and J2/J1 > 0.6. This outcome aligns with expectations since the S2 symmetry is considerably
broken in those cases to capture the Néel and striped antiferromagnetic orders at the cMF. However, it is important to note that
the computational cost associated with full spin projection is considerably higher and may not always be justified in certain
scenarios, depending on the accuracy that needs to be achieved.
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Appendix B: Impact of cluster and system size on the energy

To investigate the impact of cluster size and system size on the number of grid points required for accurate projection, we
conducted two experiments; one for the one-dimensional XXZ chain and one for the J1 − J2 ladder.

For the first experiment, we specifically selected a value of the anisotropy parameter, ∆ = −0.8, where spin fluctuations are
relatively strong. We performed two sets of calculations for two different system sizes, N = 40,60 with periodic boundary
conditions, in which we projected using grid points up to π/16. The first set used dimers (2-site clusters), while the second
set used tetramers (4-site clusters). Our results are summarized in Figs. 14 and 15. We found that SzcMF[4] required fewer
grid points than SzcMF[2], and this applied to both system sizes. This result was expected, as in the limit where the entire
system is one cluster, symmetries are not broken, and therefore no grid points are required to restore them. Furthermore, we
observed that larger systems required more grid points to reach full projection. This is due to the fact that for the same cluster
size, the symmetry-broken state requires stronger spin fluctuations for a larger system to "exploit" its variational freedom to its
limit. Consequently, more grid points are necessary to remove all these spin contaminants. Nevertheless, as we also observed
for ladder systems in section IV B, the significant spin contaminants and, therefore, the essential grid points, do not consistently
coincide. As a result, the way by which the projection approaches the complete projection with respect to the number of grid
points is not inherently evident or straightforward to determine.

For the second experiment, we aim to study how the energy gets impacted by the level of projection, for a system that does
not break Sz spontaneously. To explicate that, this time, we use a 2× 12 J1 − J2 system, comprising six 2× 2 clusters in a line
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with periodic boundary conditions (PBC). We present our general findings in Fig. 16. Our main observation is that the energy
improvement is largest for the striped antiferromagnetic region (J2/J1 ≥ 0.8). This phenomenon may occur because the striped
spin configuration cannot be straightforwardly captured in 2×2 clusters, and therefore the NOCI part of the projection becomes
more important. Overall, even for that system, when using finite systems, symmetry projection seems important. However, we
need to remind the reader that for sufficiently large systems, the projection is energetically unimportant.
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