

View

Online


Export
Citation

CrossMark

RESEARCH ARTICLE |  JULY 06 2022

Permutation invariant polynomial neural network based
diabatic ansatz for the (E + A) × (e + a) Jahn–Teller and
Pseudo-Jahn–Teller systems 
Yafu Guan  ; David R. Yarkony  ; Dong H. Zhang  

J. Chem. Phys. 157, 014110 (2022)
https://doi.org/10.1063/5.0096912

 CHORUS

Articles You May Be Interested In

Higher order ( A + E ) ⊗ e pseudo-Jahn–Teller coupling

J. Chem. Phys. (May 2005)

A new permutation-symmetry-adapted machine learning diabatization procedure and its application in
MgH2 system

J. Chem. Phys. (December 2021)

Diabatic neural network potentials for accurate vibronic quantum dynamics—The test case of planar NO3

J. Chem. Phys. (October 2019)

 30 August 2023 17:50:33

https://pubs.aip.org/aip/jcp/article/157/1/014110/2841478/Permutation-invariant-polynomial-neural-network
https://pubs.aip.org/aip/jcp/article/157/1/014110/2841478/Permutation-invariant-polynomial-neural-network?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/jcp/article/157/1/014110/2841478/Permutation-invariant-polynomial-neural-network?pdfCoverIconEvent=crossmark
javascript:;
https://orcid.org/0000-0003-3723-4233
javascript:;
https://orcid.org/0000-0002-5446-1350
javascript:;
https://orcid.org/0000-0001-9426-8822
javascript:;
https://doi.org/10.1063/5.0096912
https://pubs.aip.org/aip/jcp/article-pdf/doi/10.1063/5.0096912/16545461/014110_1_accepted_manuscript.pdf
https://pubs.aip.org/aip/jcp/article/122/20/204317/187921/Higher-order-A-E-e-pseudo-Jahn-Teller-coupling
https://pubs.aip.org/aip/jcp/article/155/21/214102/199992/A-new-permutation-symmetry-adapted-machine
https://pubs.aip.org/aip/jcp/article/151/16/164118/1065314/Diabatic-neural-network-potentials-for-accurate
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2130374&setID=592934&channelID=0&CID=781746&banID=521131526&PID=0&textadID=0&tc=1&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fjcp%22%5D&mt=1693417833399089&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjcp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0096912%2F16545460%2F014110_1_online.pdf&hc=2b76dbf44ccb0df8fa2eac02596c61927f51d2df&location=


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

Permutation invariant polynomial neural network
based diabatic ansatz for the (E +A) × (e +a)
Jahn–Teller and Pseudo-Jahn–Teller systems

Cite as: J. Chem. Phys. 157, 014110 (2022); doi: 10.1063/5.0096912
Submitted: 23 April 2022 • Accepted: 21 June 2022 •
Published Online: 6 July 2022

Yafu Guan,1,a) David R. Yarkony,2,b) and Dong H. Zhang1,c)

AFFILIATIONS
1 State Key Laboratory of Molecular Reaction Dynamics and Center for Theoretical Computational Chemistry,
Dalian Institute of Chemical Physics, Chinese Academy of Sciences, Dalian 116023, People’s Republic of China

2Department of Chemistry, Johns Hopkins University, Baltimore, Maryland 21218, USA

a)Electronic mail: guanyf@dicp.ac.cn
b)Electronic mail: yarkony@jhu.edu
c)Author to whom correspondence should be addressed: zhangdh@dicp.ac.cn

ABSTRACT
In this work, the permutation invariant polynomial neural network (PIP-NN) approach is employed to construct a quasi-diabatic Hamil-
tonian for system with non-Abelian symmetries. It provides a flexible and compact NN-based diabatic ansatz from the related approach of
Williams, Eisfeld, and co-workers. The example of H+3 is studied, which is an (E + A) × (e + a) Jahn–Teller and Pseudo-Jahn–Teller system.
The PIP-NN diabatic ansatz is based on the symmetric polynomial expansion of Viel and Eisfeld, the coefficients of which are expressed with
neural network functions that take permutation-invariant polynomials as input. This PIP-NN-based diabatic ansatz not only preserves the
correct symmetry but also provides functional flexibility to accurately reproduce ab initio electronic structure data, thus resulting in excellent
fits. The adiabatic energies, energy gradients, and derivative couplings are well reproduced. A good description of the local topology of the
conical intersection seam is also achieved. Therefore, this diabatic ansatz completes the PIP-NN based representation of DPEM with correct
symmetries and will enable us to diabatize even more complicated systems with complex symmetries.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0096912

I. INTRODUCTION

The study of non-adiabatic chemical processes involving more
than one adiabatic state has become a frontier of theoretical chem-
istry.1 A better understanding of these non-adiabatic processes
requires a full quantum treatment, and it is far more advantageous
to work within a diabatic representation than an adiabatic represen-
tation to study non-adiabatic processes.2 For polyatomic molecules,
rigorous diabatic representations do not exist.3–5 To be more precise,
the term quasi-diabatic should be used. However, for simplicity, the
attribute quasi will be omitted below.

A diabatic representation is given by a diabatic potential energy
matrix (DPEM), whose elements are continuous and smooth func-
tions of the nuclear coordinates. By diagonalizing the DPEM,
Adiabatic-to-Diabatic (AtD) transformation can be obtained, and

adiabatic energies, energy gradients, and derivative couplings can
then be evaluated. Due to the non-uniqueness of a diabatic repre-
sentation, there are a variety of methods of diabatization. According
to the type of information used, the methods of diabatization can be
grouped into several categories: derivative-based methods, property-
based methods, methods based on electronic wavefunctions, and
diabatization by ansatz. In principle, the derivative-based methods
are the most accurate, as the derivative couplings are directly used
to diabatize the electronic states. Some derivative-based methods
reported in the literature include (i) solving the Poisson equation,6,7

(ii) the Shepard interpolation,8–10 and (iii) line integral methods.11–13

On the other hand, the basic idea for property-based methods
is that molecular properties in diabatic bases should be smooth
and continuous functions of the nuclear coordinates. One of the
most frequently used molecular properties is the electric dipole
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moment, such as in the generalized Mulliken–Hush method14,15

or the Werner–Meyer dipole method.16 Other properties used in
diabatization include quadrupole17 and angular momentum.18

Methods that used more than one property have also been
reported.19,20 Alternatively, the diabatic states can be constructed
directly based on the information of electronic wavefunctions.
The idea of configurational uniformity is widely accepted in such
methods,21,22 the basic principle behind which is that the dom-
inant character of a diabatic state can be expressed as a single
configuration state function (CSF) or a linear combination of CSFs,
which is preserved as the configurational space evolves. Block-
diagonalization is another similar method that is widely used,23–26

where the adiabatic wavefunctions are expanded as linear combina-
tions of diabatic basis states and each diabatic basis state is a linear
combination of reference CSFs.

Diabatization by ansatz is also widely used due to its sim-
plicity, in which only the adiabatic energies are fit with a phys-
ically inspired DPEM model (ansatz). An exemplary application
of diabatization by ansatz is the vibronic coupling approach,27 in
which the DPEM is expressed with only a low (first or second)
order Taylor expansion of the normal coordinates around a ref-
erence geometry. In recent years, higher-order expansions have
been introduced for the vibronic coupling approach to represent
more extended regions of the potential energy surfaces (PESs).28–36

More recently, artificial neural networks (NNs) have been incor-
porated into the ansatz to make vibronic coupling models more
flexible.37–40

Hybrid methods have also been developed, including the
hybrid method of block-diagonalization and diabatization by
ansatz.41 Zhu and Yarkony proposed a Fitting-and-Diabatizing
(FaD) method,42–45 which can be viewed as a hybrid method
of derivative-based method and diabatization by ansatz. In this
method, the DPEM is expressed with symmetrized functional
form, the parameters of which are determined by reproducing
ab initio energies, energy gradients and derivative couplings. Dur-
ing the fitting-and-diabatizing procedure, the residual derivative
couplings can be determined and used to assess the quality of the
diabatization. Therefore, this method can ultimately provide an
accurate, quantifiable quasi-diabatic representation.

No matter which diabatization method is employed, in order
to represent the DPEM analytically, correct symmetry adaptation
must be applied. The point group symmetry is often inadequate
for describing the breaking and forming of chemical bonds. The
appropriate symmetry group describing a molecular system in the
entire configuration space is the complete nuclear permutation and
inversion (CNPI) group.46 The electronic Hamiltonian commutes
with the CNPI group, i.e., CNPI group operators leave the elec-
tronic Hamiltonian invariant, the diabatic states of the electronic
Hamiltonian will thus carry corresponding irreducible representa-
tions of the CNPI group. If the diabatic states carry one-dimensional
irreducible representations, i.e., only Abelian symmetries are
involved, then the DPEM element Hd

ij will transform as a one-
dimensional irreducible representation according to the following
equation:

irred(Ψd
i )⊗ irred(Ψd

j ), (1)

where irred(Ψd
i ) denotes the irreducible representation carried by

the diabatic state Ψd
i .

The representation of DPEM with Abelian symmetries has been
fully addressed. Zhu and Yarkony proposed a general projection
operator method generating symmetry-adapted polynomial (SAP)
expansions to represent the DPEM elements.42–45 Artificial neural
networks have been introduced to represent DPEM, which include
the first attempts of Lenzen and Manthe.47,48 More recent efforts
include the use of permutation-invariant polynomials49 (PIPs) and
artificial neural networks.50,51 The PIPs can be viewed as a spe-
cial case of the projection operator method. The basic coordinates
employed in PIPs are the internuclear distances, and the correspond-
ing projection operator is that of the totally symmetric irreducible
representation. The PIP-NN method is widely adopted in the con-
struction of adiabatic PESs for polyatomic molecules in the gas
phase52–54 and for the interaction of small molecules with (frozen)
surfaces.55 The PIP-NN PESs based on high-level ab initio calcula-
tions have been proven very accurate in molecular spectroscopy and
reaction dynamics.56,57 PIP-NN can be readily used to express totally
symmetric elements of a DPEM. As for the other Abelian symmetry
elements, one can still take advantage of the PIP-NN by multiplying
a symmetric factor.2,50,51

However, when it comes to higher dimensional irreducible rep-
resentations, i.e., non-Abelian groups, complications arise, as some
of the DPEM elements do not transform as a one-dimensional
irreducible representation. Degeneracies associated with high-
dimensional irreducible representations are symmetry-required.58

An example is provided by the two lowest electronic states in alkali
metal trimers X3 at D3h geometry, which correspond to the com-
ponents of an E type irreducible representation of the CNPI group
D3h(M).46,59

Jahn–Teller (JT) effect is a long standing subject that comes
with multi-dimensional degeneracies. The most studied example
of the JT system is the E × e case, where the degeneracy of a
doubly degenerate electronic state of E symmetry is lifted by the
nuclear coordinate of the e symmetry, forming a conical intersec-
tion (CI) on the adiabatic potential energy surfaces. The conical
intersection in JT systems can be reproduced by constructing a
DPEM, and the vibronic coupling approach is widely adopted.
In order to preserve the correct symmetry, additional relations
of the expansion coefficients have to be imposed based on group
theory.28,32 Viel and Eisfeld have already expanded the Taylor
series up to the sixth order for E × e JT systems.28 An expan-
sion involving two e symmetry modes has also been reported.32

Similar diabatic Hamiltonian has also been developed for pseudo-
Jahn–Teller (PJT) systems, where a degenerate electronic state is
coupled to a nearby nondegenerate electronic state via a vibrational
mode.29,60

The diabatic vibronic coupling models for JT and PJT systems
developed by Eisfeld and co-workers have proved to be very stable
and accurate, especially for describing the vicinity of a degeneracy.
Recently, Eisfeld and co-workers have also introduced artificial neu-
ral networks to the vibronic coupling model to describe a more
complicated electronic structure,37,38 where the coefficients of poly-
nomials are modulated by NN. In their most recent work, CNPI
invariants were used as NN inputs rather than symmetry-adapted
coordinates, with the correct symmetry being restored.39,40 They
have demonstrated that the newly developed diabatic NN model can
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be very accurate, and more than 90 000 energies for five PES sheets
can be well reproduced.

Considering the effectiveness of the PIP-NN approach, in this
work, based on the Viel and Eisfeld expansion, we will intro-
duce PIP-NN in the construction of a three-state diabatic Hamil-
tonian for H+3 with the FaD procedure of Zhu and Yarkony.
Despite its simple electronic structure, only a few diabatizations for
the three-state H+3 were reported in the literature, which include
Kamisaka–Bian–Nobusada–Nakamura (KBNN) surface;61 Viegas,
Alijah, and Varandas surface with multi-sheeted double many-body
expansion (DMBE);62 and Adhikari and co-workers surface based
on line integrals of derivative couplings.12,63 More recently, Yin and
co-workers constructed a NN-based three-state diabatic model for
H+3 , the symmetry of which is embedded in a valence bond (VB)
model.64

The 11A′, 21A′, and 31A′ states of H+3 form a (E + A) × (e + a)
Jahn–Teller and pseudo-Jahn–Teller system. At D3h geometry, the
first and second excited states are degenerate and correspond to
the two components of an E′ type irreducible representation. The
ground state, which is of A′ symmetry, interacts with E′ states via
pseudo-Jahn–Teller coupling. The three internal degrees of freedom
can be decomposed into e + a normal modes. Our NN-based ansatz
for H+3 is based on the polynomial expansion of Viel and Eisfeld for
(E + A) × (e + a) systems,29 the coefficients of which are expressed
by NN functions with PIPs as inputs. Compared to the work of
Williams, Eisfeld, and co-workers on NN based ansatz,37–40 the main
difference of our work is how NN is introduced. In their work,
NN is introduced as a term of correction, the accuracy of diabatic
ansatz mostly relies on the polynomial expansion, where the coeffi-
cients are taken as constants. In the present work, the coefficients of
expansion are set as NN functions with PIPs inputs: NN(PIP). The
dependence of DPEM on a normal mode is absorbed by NN(PIP),
and the symmetry with respect to e normal modes is embedded in
the polynomial expansion. With the coefficients of expansion taken
as NN functions, the diabatic ansatz has a more compact form, in
the sense that NN(PIP) acts as both coefficients of expansion and
correction terms in the work of Williams and Eisfeld. With the
coefficients of expansion taken as adjustable functions, also taking
the flexibility of NN into consideration, the resulting ansatz will
be more flexible. This NN-based ansatz will be employed in a FaD
procedure, where the NN parameters are determined by a least-
squares fitting to ab initio energies, energy gradients, and derivative
couplings.

This paper is organized as follows: Sec. II reports the FaD pro-
cedure with PIP-NN-based ansatz. The fitting results are presented
in Sec. III. Section IV summarizes and suggests future directions to
be pursued.

II. METHODS
A. The PIP-NN based diabatic Hamiltonian for H+3

The quasi-diabatic Hamiltonian Hd for H+3 in real rep-
resentation is a 3 × 3 symmetric matrix whose elements are
continuous functions of internal coordinates and is decom-
posed into following polynomial expansion up to sixth
order:

Hd(R) =
6

∑
n=0

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛
⎜⎜⎜⎜
⎝

V(n)A 0 0

0 V(n)E 0

0 0 V(n)E

⎞
⎟⎟⎟⎟
⎠
+
⎛
⎜⎜⎜⎜
⎝

0 0 0

0 W(n)
JT Z(n)JT

0 Z(n)JT −W(n)
JT

⎞
⎟⎟⎟⎟
⎠

+
⎛
⎜⎜⎜⎜
⎝

0 W(n)
PJT −Z(n)PJT

W(n)
PJT 0 0

−Z(n)PJT 0 0

⎞
⎟⎟⎟⎟
⎠

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

, (2)

where29

V(0) = a(0)1 , (3a)

V(1) = 0, (3b)

V(2) = a(2)1 [x
2 + y2], (3c)

V(3) = a(3)1 [2x3 − 6xy2], (3d)

V(4) = a(4)1 [x
4 + 2x2y2 + y4], (3e)

V(5) = a(5)1 [2x5 − 4x3y2 − 6xy4], (3f)

V(6) = a(6)1 [2x6 − 30x4y2 + 30x2y4 − 2y6]

+ a(6)2 [x
6 + 3x4y2 + 3x2y4 + y6], (3g)

W(0) = 0, (4a)

W(1) = λ(1)1 x, (4b)

W(2) = λ(2)1 [x
2 − y2], (4c)

W(3) = λ(3)1 [x
3 + xy2], (4d)

W(4) = λ(4)1 [x
4 − 6x2y2 + y4] + λ(4)2 [x

4 − y4], (4e)

W(5) = λ(5)1 [x
5 − 10x3y2 + 5xy4] + λ(5)2 [x

5 + 2x3y2 + xy4], (4f)

W(6) = λ(6)1 [x
6−5x4y2−5x2y4+y6]+λ(6)2 [x

6+x4y2−x2y4−y6],
(4g)

and

Z(0) = 0, (5a)

Z(1) = λ(1)1 y, (5b)

Z(2) = −2λ(2)1 xy, (5c)

Z(3) = λ(3)1 [x
2y + y3], (5d)

Z(4) = λ(4)1 [4x3y − 4xy3] + λ(4)2 [−2x3y − 2xy3], (5e)

Z(5) = λ(5)1 [−5x4y + 10x2y3 − y5] + λ(5)2 [x
4y + 2x2y3 + y5], (5f)

Z(6) = λ(6)1 [4x5y − 4xy5] + λ(6)2 [−2x5y − 4x3y3 − 2xy5]. (5g)
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x and y are the two components of the degenerate pair of e
modes, the definition of which is following:65

x = 2R2
13 − R2

23 − R2
12

R2
12 + R2

23 + R2
13

, (6a)

y =
√

3(R2
23 − R2

12)
R2

12 + R2
23 + R2

13
, (6b)

where Rij denotes the internuclear between two hydrogen atoms i
and j. The polynomial expansions of V , W and Z are based on
the work of Viel and Eisfeld on (E + A) × (e + a) Jahn–Teller and
pseudo-Jahn–Teller system.29

In the works of Williams and Eisfeld on NN-based ansatz,37,39

the coefficients of expansion are

λL(Q) =
⎧⎪⎪⎨⎪⎪⎩

λ0
L (uncorrected terms),

λ0
L ⋅ (1 + η( f )

L (Q)) (corrected terms),
(7)

where Q are symmetry-adapted coordinates, λ0
L are constants

obtained from standard nonlinear fitting procedures, and η( f )
L (Q)

are NN functions. As can be seen, the NN functions that were
introduced as terms of correction provided additional flexibility.
Therefore, the accuracy of that model mostly relies on the poly-
nomial expansion with constant coefficients (λ0

L). However, in the
present work, the coefficients a(n)i and λ(n)i are expressed with NN
functions that take PIPs as input: NN(n)k,i (PIP), where k = a or λ. The
NN parameters are determined in a FaD fitting procedure. By setting
the coefficients as adjustable NN functions, the resultant ansatz has a
more compact form due to the absence of corrected terms. By com-
parison with the work of Bhattacharyya and co-workers on a similar
(E + A) × (e + a) system,60 it can be observed that the dependence
of the DPEM on a symmetry coordinate is described by the NN(PIP)
functions, thus the correct symmetry is preserved. Considering the
high flexibility of NN functions, this ansatz is also very flexible to
accurately reproduce ab initio data in the following FaD procedure.

The eigenvectors of Hd satisfy the following electronic
Schrödinger equation:

[Hd(R) − IEa,J,(m)(R)]dJ(R) = 0, (8)

where I is identity matrix and Ea,J,(m) is the corresponding eigenen-
ergy. The superscript (m) indicates that the results come from the
model Hamiltonian Hd, rather than ab initio (ab) calculations, and
the superscript (a) indicates the adiabatic representation.

B. Feed-forward neural networks
In this work, a feed-forward NN is employed, which is a pow-

erful and robust fitting tool that can, in principle, represent any
real and smooth function to an accuracy consistent with the qual-
ity of the data.66 The structure of a multilayer feed-forward NN can
be denoted as R–S1 − S2 − ⋅ ⋅ ⋅ − SM , which means that the network

has R elements in the input vector and Sm neurons in layer m. In
a feed-forward NN, the output of one layer becomes the input of
the following layer. The input layer is denoted as the zeroth layer
(S0 = R). The equations that describe the connection between layers
are

nm
i =

Sm−1

∑
j=1
(wm

i,ja
m−1
j ) + bm

i , (9a)

am
i = f m(nm

i ), (9b)

where am
i denotes the output of neuron i in layer m, nm

i is the net
input for layer m, f m is the transfer function, wm

i,j represents the ele-
ment at row i and column j of the weight matrix coupling layer m − 1
to layer m, and bm

i denotes the bias of neuron i in layer m. Feed-
forward NNs also provide closed analytical form for the gradient,
thus facilitating a derivative-based diabatization.67,68

C. Determination of NN parameters
from ab initio data

The nonlinear parameters θ (weights and biases) in NN are
optimized by minimizing the differences between Hd determined
and ab initio determined energies, energy gradients, and interstate
couplings. The inclusion of interstate (derivative) couplings in the
NN training serves to make Hd diabatic in the least squares sense.42

For ab initio calculations, define

LI,I,(ab)
0 (R) = EI,(ab)(R), (10a)

LI,I,(ab)
k (R) = ∇kEI,(ab)(R), (10b)

LI,J,(ab)
k (R) = hI,J,(ab)

k (R), (10c)

where hI,J,(ab)
k is the interstate coupling and k labels the gradi-

ent (coupling) components. The definition of interstate coupling is
hI,J

k = f I,J
k (EJ − EI), where f I,J

k is the derivative coupling. The expres-
sions for the Hd determined (m) counterparts are

LI,I,(m)
0 (R) = dI(R)†HddI(R), (11a)

LI,I,(m)
k (R) = dI(R)†(∇kHd)dI(R), (11b)

LI,J,(m)
k (R) = dI(R)†(∇kHd)dJ(R). (11c)

The optimized parameters are obtained by minimizing the
following performance index:

P(θ) = 1
2

Q

∑
q=1
∑

k

Nstate

∑
I=1

Nstate

∑
J=I
[LI,J,(m)

q,k − LI,J,(ab)
q,k ]

2
+ 1

2
tθ†θ, (12)

where 1
2 tθ†θ is the regularization term to alleviate overfitting and t is

a small positive factor (10−6 in the present work). The index q labels
different geometries, and the index k is redefined here to include
both energies (k = 0) and gradient (coupling) components. The
Levenberg–Marquardt algorithm is employed to minimize the per-
formance index.69 To achieve the best results, multiple trainings with
different randomly generated initial parameters were performed (50
trainings in the present work), from which the optimal DPEM was
chosen.
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TABLE I. Properties of NN-based Hd.

Data points 2 754
Total least squares error term 38 235
Number of PIPs 6
Number of NN parameters 2 132
RMS energy error (cm−1) 94.8
MU energy error (cm−1) 61.8
RMS gradient error (%) 7.74
MU gradient error (%) 2.06

TABLE II. Energies and geometrical parameters for critical points on the ground state.
Geometries are shown in three internuclear distances.

Critical point minD3h sadD∞h

Ab initio energies (cm−1) 0.0 14 288.4
NN determined energies (cm−1) 5.3 14 266.0
Ab initio geometries (bohr) 1.65, 1.65, 1.65 1.54, 1.54, 3.08
NN determined geometries (bohr) 1.65, 1.65, 1.65 1.53, 1.53, 3.06

D. Electronic structure data of H+3
The ab initio calculations for H+3 were performed in Cs sym-

metry. The molecular orbitals were obtained from a state-averaged
multiconfiguration self-consistent field (SA-MCSCF) treatment that
averaged three 1A′ states with equal weights and a complete active
space (two electrons, ten orbitals). The basis set used was cc-pV5Z.
The dynamic correlation was incorporated using multireference
configuration interaction with all single and double excitations (MR-
CISD). The MR-CISD wavefunctions consist of 7395 CSFs. All elec-
tronic structure calculations reported in this work were performed
using the COLUMBUS suite of electronic structure codes.70,71 The

reference energy is that of the ground state D3h minimum being
−1.343 589 366 6 Hartree.

The configuration space was sampled with a 3D grid spanned
by following coordinates:65

ρ =
√

R2
12 + R2

23 + R2
13

3
, (13a)

s =
√

x2 + y2, (13b)

ϕ = arctan( y
x
). (13c)

The values of ρ, s, and ϕ were fixed within the range of 1.0
≤ ρ ≤ 15.0 bohr, 0 < s < 1, and 0 < ϕ < π/3. Geometries with symme-
tries were excluded to avoid artificial discontinuities, which include
the D3h geometry (s = 0), collinear geometries (s = 1), and the C2v
geometries (ϕ = 0, π/3). A total of 2754 geometries were assembled.

III. RESULTS AND DISCUSSION
A. Accuracy of NN-based Hd: General metrics

The NN structure used in this work was 6-30-30-32, which has
two hidden layers. The transfer function in the first and second lay-
ers is hyperbolic tangent function f (x) = tanh(x); in the third layer,
it is a linear function f (x) = x. PIPs for H+3 were generated by the
Effective Monomial Symmetrization Approach (EMSA) program.72

Six PIPs, including all the first, second, and third order PIPs, were
used as the input of this NN. Internuclear distances in PIPs were
scaled using the function pij = exp(−αRij), where α = 0.5 bohr−1.
The exact form of PIPs used is as follows:

G1 = p12 + p13 + p23, (14a)
G2 = p13p23 + p12p23 + p12p13, (14b)

G3 = p2
12 + p2

13 + p2
23, (14c)

FIG. 1. Adiabatic energies as functions
of ρ at D3h geometries (s = 0). Ab initio
energies are shown as symbols, and
energies from the NN model are shown
as lines.
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FIG. 2. Adiabatic energies as functions
of ρ at C2v geometries (s = 0.5 and
ϕ = π/3). Ab initio energies are shown
as symbols, and energies from the NN
model are shown as lines.

G4 = p12p13p23, (14d)

G5 = p13p2
23 + p2

13p23 + p12p2
23 + p12p2

13 + p2
12p23 + p2

12p13, (14e)

G6 = p3
12 + p3

13 + p3
23. (14f)

Each NN output component corresponds to an independent coef-
ficient (a(n)i , λ(n)i ) in Eqs. (3)–(5). Both JT and PJT terms have 16
independent coefficients, thus giving rise to a total of 32 NN output
components.

Key results describing the NN fit are summarized in Table I.
The reproduction of energies and energy gradients is reported in
root mean square (rms) error and mean-unsigned (MU) error. The
overall accuracy of the fit is quite satisfactory: the rms (MU) error
for all energy terms is 94.8 (61.8) cm−1, and the rms (MU) error of
all energy gradients is 7.74 (2.06) %. In addition, the ratio between
the number of least square error terms and the number of NN para-
meters is as large as 38 235/2132, which indicates the NN-based
ansatz is well-suited for describing H+3 system and a small size of
NN is sufficient to achieve good fitting results.

FIG. 3. Adiabatic energies as functions
of ρ at collinear geometries (s = 1 and
ϕ = π/6). Ab initio energies are shown
as symbols, and energies from the NN
model are shown as lines.
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FIG. 4. Adiabatic energies of 21A′ and
31A′, and derivative coupling norm ∥f23∥

as functions of RAC (RAB = 3.0 bohr and
∠BAC = 60○). Potential energy curves
are shown in green (31A′) and pur-
ple (21A′) solid lines. Ab initio deriva-
tive coupling norms are shown as sym-
bols, and the yellow solid line is the
corresponding NN determined norm.

B. Reproduction of adiabatic energies

Two critical points have been identified on the ground state,
including the D3h minimum (minD3h) and a collinear saddle point
(sadD∞h). The corresponding ab initio determined and NN model
determined energies and geometries are listed in Table II. As
can be seen, the NN model determined and ab initio determined
geometries are in excellent agreement: the geometries are almost
identical. The point group symmetries of critical points are also
strictly preserved, which validates the correct CNPI symmetry
established in the NN-based Hd through Eq. (2). The energies of

critical points are also well reproduced, with the errors being less
than 50 cm−1.

Figures 1–3 present three energy cuts as functions of ρ along
different arrangements: D3h, C2v, and collinear. It is important to
note that the fitting data do not include the corresponding ab initio
energies. However, as can be seen from these figures, the NN-based
Hd reproduces these ab initio energies very well, validating its accu-
racy. In Fig. 1, conical intersections occur between the first excited
state (21A′) and the second excited state (31A′) at D3h geome-
tries, forming a degenerate 1E′ state. At D3h geometries, the off-
diagonal elements of Hd vanish (x = 0 and y = 0), then E1 = V(0)a and

FIG. 5. The reproduction of ∥g2,3
∥ (left)

and ∥h2,3
∥ (right). The ab initio ∥g2,3

∥

and ∥h2,3
∥ are shown as symbols, and

the corresponding results from the NN-
based Hd are shown as solid lines.
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FIG. 6. Adiabatic potential energy sur-
faces for 21A′ and 31A′ states with fixed
ρ = 1.65 bohr as functions of x and y.

E2 = E3 = V(0)E . Therefore, the 1E′ degeneracy is reproduced by the
NN-based Hd. In Fig. 3, avoided crossing between 11A′ and 21A′ can
be observed. Meanwhile, there is a cusp along the potential energy
curve of 31A′, which suggests a conical intersection between 31A′

and a fourth state. Even though the current model does not include
this fourth state, the ab initio energies were still reproduced with
great accuracy, which demonstrates the powerful fitting ability of the
NN-based ansatz.

C. Reproduction of derivative couplings and 1E′ state
conical intersection seam

The most notable feature for H+3 system is the symmetry
required 1E′ state conical intersection at D3h geometries, where the
derivative coupling f23 diverges. The fitting-and-diabatizing method
is a derivative-based method, which aims to reproduce deriva-
tive couplings as accurately as possible. However, according to the
theory,4,73 the derivative couplings cannot be completely removed
by an AtD transformation. Thus, the diabatization presented in this
work minimizes the residual derivative coupling in the least squares
sense. In other words, Hd provides a removable approximation to
the derivative couplings. Figure 4 examines the reproduction of
∥f23∥ by NN-based Hd. There is a conical intersection at RAC = 3.0
bohr. Since this conical intersection is required by symmetry, both
ab initio and Hd determined ∥f23∥ exhibit an extremely sharp peak,
showing the tendency to diverge. The rapid fall in ∥f23∥ near the con-
ical intersection is reproduced, which is essential for the description

FIG. 7. Hd
22 and Hd

33 with fixed ρ = 1.65 bohr as functions of x and y.

of the non-adiabatic transition facilitated by the conical intersec-
tion. Away from the conical intersection, there seem to be large
discrepancies between ab initio and Hd determined results. How-
ever, considering the logarithmic scaling of ∥f23∥ and the divergent
nature of derivative couplings, the differences can be regarded as
being small.

The corresponding 1E′ state CI seam is defined by the equa-
tion s = 0. In the branching plane, which is perpendicular to the CI
seam, the degeneracy is lifted in a linear manner near the vicinity of
CI. The branching plane is defined by g (energy difference gradient)
and h (interstate coupling gradient) vectors.58 Thus, the reproduc-
tion of g and h is crucial for the description of the local topography
of CI. Figure 5 exhibits the reproduction of g2,3 and h2,3 along the
1E′ CI seam (s = 0) by the NN-based Hd. As shown in the figure, the

FIG. 8. Contour plot of 21A′ adiabatic potential energy surface with fixed
ρ = 1.65 bohr. Three minima are shown as dots, and three saddle points are
shown as triangles.
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norms of NN determined g2,3 and h2,3 are very close to the ab initio
counterparts.

The lifting of a doubly degenerate electronic 1E′ state here is
also an example of JT effects. In the case of H+3 , it is an E⊗ e JT
system, where x and y constitute the doubly degenerate vibrational
e mode. Figure 6 displays the NN determined adiabatic potential
energy surfaces for 21A′ and 31A′ states with fixed ρ = 1.65 bohr. The
1E′ conical intersection at x = y = 0 is clearly demonstrated. Corre-
spondingly, Fig. 7 shows the diabatic matrix elements Hd

22 and Hd
33,

which exhibit no cusps and intersect properly. In JT systems, with
the degeneracy lifted, the system can be stabilized via forming local
minima. Figure 8 shows the contour plot of NN determined adia-
batic PES for the 21A′ state on the same grid. The PES clearly shows
three minima, separated by three saddle points, which are observed
in the E⊗ e JT systems.

All these results demonstrate that the NN-based Hd can
describe the 1E′ state conical intersection seam and its local
topography very accurately.

IV. SUMMARY
The PIP-NN approach is introduced to the construction of

diabatic ansatz for the (E + A) × (e + a) Jahn–Teller and Pseudo-
Jahn–Teller systems. It is based on the polynomial expansion of Viel
and Eisfeld, the coefficients of which are expressed with NN func-
tions that take PIPs as input. This PIP-NN-based diabatic ansatz
not only preserves the correct CNPI symmetry but also provides NN
functional flexibility to accurately reproduce the ab initio electronic
structure data. Compared to the work of Williams, Eisfeld, and co-
workers,37–40 the present PIP-NN based approach provides a more
flexible and compact NN-based diabatic ansatz. The PIP-NN-based
ansatz is applied to the ZY fitting-and-diabatizing procedure for the
H+3 system and results in excellent quality. The ab initio energies and
energy gradients have been reproduced with satisfactory accuracy.
The behavior of the derivative couplings near conical intersection
seam agrees well with ab initio data, thus preventing artificially dia-
bolical singularities.74 The PIP-NN-based diabatic ansatz can also
provide an accurate description of the local topology of the 1E′

state conical intersection, as evinced by the well-reproduced g and
h vectors and the local minima due to the JT effect.

H+3 is a very simple example of JT or PJT systems, which
only has three internal degrees of freedom. However, the idea of
expressing the coefficients of symmetric polynomial expansion with
NN(PIP) functions can be readily applied to other more compli-
cated types of JT and PJT systems.32,35,36,60,75–77 For example, Eisfeld
and co-workers developed a diabatic ansatz based on polynomial
expansion for the 2E′′ first excited state of NO3,32 which can easily
incorporate NN(PIP). The six internal degrees of freedom of NO3
were decomposed into s1, s2, s3 (s3x, s3y), and s4 (s4x, s4y), where
s1 transforms as a′1, s2 transforms as a′′2 , and s3 and s4 transform
as e′. Each DPEM element can be broken down according to the
coordinates involved and the order of the polynomials, the diago-
nal element in Eq. (10) of Ref. 32, for instance. In this equation,
the terms that only involve s1 or s2, such as Va(s1), Vb(s2), and
Vab(s1, s2), can be simply expressed by a NN(PIP), since s1 and
s2 are invariant under the Ĉ3 operation. The terms that mix s1,
s2 and s3, s4, Vabee(s1, s2, s3x, s3y, s4x, s4y), for example, can then be

written as NN(PIP) ⋅ Vee(s3x, s3y, s4x, s4y), where Vee is the symmet-
ric polynomials involving two e′ modes. As can be seen, the NN(PIP)
is introduced to absorb the dependence of DPEM on s1 and s2.
For other DPEM elements, NN(PIP) can be introduced in a similar
manner.

To conclude, a flexible and compact PIP-NN-based diabatic
ansatz for systems with non-Abelian systems is proposed. It is based
on the symmetric polynomial expansion of Viel and Eisfeld, the coef-
ficients of which are expressed with NN functions that take PIPs
as input. Therefore, the present work completes the PIP-NN based
representation of DPEM with correct symmetries. In combination
with ZY fitting-and-diabatizing method, we hope this PIP-NN based
diabatic ansatz will enable us to accurately diabatize even more com-
plicated systems with non-Abelian symmetries, thus facilitating the
study of non-adiabatic processes in JT and PJT systems.
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