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ABSTRACT

With the increase in collected data volumes, either from experimental measurements or high fidelity simulations, there is an ever-growing
need to develop computationally efficient tools to process, analyze, and interpret these datasets. Modal analysis techniques have gained great
interest due to their ability to identify patterns in the data and extract valuable information about the system being considered. Dynamic
mode decomposition (DMD) relies on elements of the Koopman approximation theory to compute a set of modes, each associated with a
fixed oscillation frequency and a decay/growth rate. Extracting these details from large datasets can be computationally expensive due to the
need to implement singular value decomposition of the input data matrix. Sketching algorithms have become popular in numerical linear
algebra where statistical theoretic approaches are utilized to reduce the cost of major operations. A sketch of a matrix is another matrix,
which is significantly smaller, but still sufficiently approximates the original system. We put forth an efficient DMD framework,
SketchyDMD, based on a core sketching algorithm that captures information about the range and corange (their mutual relationship) of
input data. The proposed sketching-based framework can accelerate various portions of the DMD routines, compared to classical methods
that operate directly on the raw input data. We conduct numerical experiments using the spherical shallow water equations as a prototypical
model in the context of geophysical flows. We show that the proposed SketchyDMD is superior to existing randomized DMD methods that
are based on capturing only the range of the input data.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0095163

I. INTRODUCTION

The volumes of datasets that are being available at our disposal are
expanding exponentially. Advances in experimental setups and sensing
technologies yield denser field measurements than ever before. In addi-
tion, sensors are becoming cheaper, more accurate, and more accessible
to the point that crowd-sourcing can continuously provide feeds of data
at multiple scales. Moreover, modern computing facilities and numerical
algorithms have made large-to-extreme scale computations feasible.
Recent exascale computing efforts resolve a wide range of spatial and
temporal scales and lead to enormous amounts of datasets. On the one
hand, the scientific community is fortunate with such luxury of big data
to enhance our understanding of the underlying physical phenomena.
On the other hand, processing these datasets and extracting meaningful
information from them are major challenges. The questions of “what to
look at” and “what to look for” are not often easy to answer. Therefore,
there is an utmost need for computationally efficient tools that facilitate
the analysis of the collected data.

It is generally accepted that most high-dimensional data lie
considerably lower dimensional patterns that constitute the solution

manifold.1 Modal analysis techniques have been developed to identify
the spatiotemporal structures, which dominate the evolution of the sys-
tem.2–4 This introduces the concept of reduced order models (ROMs)
where the entire system can be well represented by relatively compact
surrogates, opening ways to analyze the prominent dynamics.5–7 Proper
orthogonal decomposition (POD), also known as principal component
analysis (PCA), has been a major driving force for ROM developments
in the last few decades. More recently, dynamic mode decomposition
(DMD) has gained special attention with roots from the Koopman the-
ory. A rigorous description of the Koopman operator and its properties
can be found in Refs. 8–14. The Koopman approximation relies on a
transformation that lifts the dynamics from state space where dynamics
might be nonlinear to the observable space where the dynamics are lin-
ear but infinite-dimensional (see Fig. 1). It is worth noting that extensive
research efforts have been dedicated to define the state-to-observable
mappings so as to better approximate the Koopman operator and opti-
mize its linear embeddings. Such transformation enables the implemen-
tation of dynamical system theoretical analyses, which augments our
understanding of the system and our ability to predict its behavior.
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DMD can be viewed as a data-driven approximation of the
Koopman operator spectrum, and it can be applied to both experi-
mental and numerical data with success. In DMD, each mode is asso-
ciated with a unique growth/decay rate and oscillation frequency.
Therefore, DMD not only reveals information about the system’s spa-
tial characteristics but also delivers knowledge about the system’s tem-
poral evolution.15,16 DMD was introduced to the fluid dynamics
community more than a decade ago17,18 and has been fostered in
many other disciplines as well.19–21 For instance, DMD has been used
to predict the behavior of physiological and ecological systems22 and
applied in epidemiology studies,23 including the modeling of COVID-
19.24,25 Also, DMD has found its place in the world of images26–28 and
medical diagnostics.29 In addition, research has been conducted on the
application of DMD in combination with other existing methods such
as data assimilation.30

A. Computational aspects

Standard off-the-shelf DMD implementation can be fragile for
large scale systems. The algorithm proposed by Rowley et al.31 involves
the computation of a companion matrix that helps to construct, in a
least squares sense, the final data vector as a linear combination of all
previous data vectors. However, Schmid17 showed that this version
may be ill-conditioned in practice, and an alternative algorithm based
on the singular value decomposition (SVD) of the snapshot data
matrix is recommended. With increasing popularity, various strategies
have been developed to overcome many of the early DMD shortcom-
ings.16,32 For example, Williams et al.33 introduced an extended
dynamic mode decomposition approach to better approximate the
Koopaman operator tuples (i.e., eigenvalues, eigenfunctions, and
modes). We also refer readers to Refs. 34–39 for the integration of
machine learning approaches in extracting the Koopman operator. In
addition, many studies employed pre-processing and post-processing
techniques to improve the DMD performance using ensemble-
averaging methods,40 mean subtraction,41 de-biasing algorithms,42

sparsity inducing approaches,43 online update techniques,44,45

improved least squares methods,46,47 and the Hankel DMD algo-
rithm.10 Furthermore, efforts have been made to make the DMD algo-
rithm robust against noisy data17,48 and incomplete measurements
Katrutsa et al.49

The majority of DMD developments rely on the SVD-based
DMD implementation, which becomes computationally prohibitive

for high dimensional systems. Maryada and Norris50 proposed a paral-
lel DMD framework with reduced communications using a combina-
tion of horizontal-slicing and QR factorization to compress the
original data matrix. Alternatively, sketching methods can be used to
alleviate the computational burden of classical numerical linear algebra
algorithms. These methods rely upon informed projections to con-
struct a smaller (memory-wise) matrix, called the “sketch” while pre-
serving important properties of the original data.51,52 The sketch may
represent any combination of the row space, the column space, or the
space generated by the intersection of rows and columns (core space).
Sketching algorithms are increasingly being embedded in computa-
tional pipelines to ensure their scalability. Moreover, sketching-based
tools are streaming-compatible where individual data snapshots can
be accessed only once, which is an advantage for processing large data-
sets. There have been several successful studies that aimed to utilize
random projections to derive low-rank randomized DMD.53–57 These
developments have focused mainly on capturing the range (column-
space) of the original data matrix.

In this study, we build a new sketching-based DMD framework,
denoted as SketchyDMD, based on capturing both the range and co-
range of the input data. The original algorithm for defining the ele-
mentary sketch matrices was proposed by Tropp et al.58 The definition
of a core sketch, which relates the column- and row-spaces, is what
makes this algorithm particularly interesting. It provides fresh infor-
mation about the system’s singular values, eventually leading to
improved approximation of the DMD spectrum. Moreover, the
SketchyDMD algorithm can be implemented using a single pass over
the input data matrix. This makes the proposed framework more
favorable in applications with strict memory limitations and/or
streaming datasets. In contrast, previous rDMD methods require at
least two distinct passes over the input data to generate the low-rank
approximation. Moreover, SketchyDMD includes free parameters that
can be tuned based on the given memory constraints.

The rest of the paper is structured as follows. In Sec. II, we briefly
describe the spherical shallow water equation (SWE) system that we
adopt for numerical experiments. SWEs are a relatively simple, but
very representative model for geophysical flows. The SWEs formula-
tion is often considered a first step in developing general circulation
models in large scales. We then detail the DMD formulations and the
proposed sketching approach in Secs. III and IV, respectively. Results
are provided with corresponding discussions in Sec. V, while conclud-
ing remarks are drawn in Sec. VI.

FIG. 1. The Koopman viewpoint: while the original system with state x evolves according to M on a nonlinear manifold (left), the selection of appropriate observables
y ¼ gðxÞ provides a substitute system where the dynamics can be approximated using a linear flow map (right).
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II. SPHERICAL SHALLOW WATER EQS. SYSTEM

The shallow water equations (SWEs) describe the flow field of a
free fluid surface where the horizontal length scales are significantly
larger than the vertical length scale. This assumption is valid for many
geophysical systems, including the oceanic and atmospheric flows.59,60

Mathematically, SWEs are obtained by the integrated average of the
Navier–Stokes equations (NSEs) along the vertical direction and using
the hydrostatic approximation that relates the pressure to the depth of
the fluid column. In addition, the Coriolis term is included to account
for the forces due to Earth’s rotation. For the atmospheric flow on
Earth, the SWEs in spherical coordinates can be written as follows:61

@h
@t
þ 1

q cos h
@hu/

@/
þ 1

q
@huh

@h
¼ huh

f
tan h; (1)

@hu/

@t
þ 1

q cos h
@

@/
hu2/ þ

1
2
gh2

� �
þ 1

q
@ hu/uhð Þ

@h

¼ Fhuh �
gh

f cos h
@H
@/
þ hu/uh

f
tan h; (2)

@huh

@t
þ 1

q cos h
@ hu/uhð Þ

@/
þ 1

q
@

@h
hu2h þ

1
2
gh2

� �

¼ �Fhu/ �
gh
f
@H
@h
þ
hu2/
f

tan h; (3)

where f ¼ qþ H with q being the Earth’s radius (q ¼ 6:4� 106 m)
and H being the height of the bottom topography. The depth of the
water surface is denoted by h, and the gravitational acceleration is g
(g¼ 9.8 m/s2). The velocity components in the longitudinal and latitu-
dinal directions are defined by uh and u/, respectively, where h repre-
sents the latitudes (North/South) and / denotes the longitudes (East/
West). F ¼ 2f sin h is the Coriolis parameter with f ¼ 2p

24�3600 rad/s
representing Earth’s rotation rate. We use the Lax–Wendroff method
for solving the SWEs in order to generate the snapshots utilized in our
DMD analysis. Further details of the problem setting and the numeri-
cal approaches can be found in Ref. 61.

III. DYNAMIC MODE DECOMPOSITION

Dynamic mode decomposition (DMD) is a completely data-
driven reduced order modeling technique that does not require prior
knowledge of the system. Let x 2 Rn (where n� 1) be the state of a
system that evolves in time through some specific dynamics as
dx
dt ¼ f ðx; tÞ, where f ð�Þ can be a nonlinear function. The objective of
DMD is to identify the leading DMD eigenvalues and the correspond-
ing eigenvectors of the best fit operator A, which would evolve the sys-
tem linearly in time as

dx
dt
� Ax: (4)

A. DMD notion

By estimating the operator A, spatially coherent DMD modes
can be computed, each of which is associated with a growth or decay
rate and an oscillation frequency that collectively define its time
dynamics. Dimensionality reduction is obtained by choosing a few sig-
nificant modes while rejecting the others. In problems of fluid dynam-
ics, the system dimension n can be very large so as to account for the

relevant scales in the flow field, and thus, frameworks such as DMD are
of high interest. In practice, one would have a set of realizations of the
system’s state X ¼ ½x1; x2;…; xm� 2 Rn�m collected at various time
instants tk ¼ ½t1; t2;…; tm� 2 Rm, where n is the number of degrees of
freedom and m is the number of discrete time steps at which data are
available (i.e., number of collected snapshots). These data can be either
actual field data from sensor measurements or even synthetic data gen-
erated from high fidelity numerical simulations. In the present study,
data are obtained from the solution of the SWEs, which constitute the
full order model (FOM) of the system of interest. For two-dimensional
(2D) field data, each matrix of dimension N/ � Nh, corresponding to a
particular time tk, is rearranged in a column vector xðkÞ 2 RN/�Nh .
Thus, the full data matrix x 2 Rn�m is formed as

X ¼
j j j
x1 x2 � � � xm
j j j

2
4

3
5: (5)

The primary objective of DMD is to extract the eigenvectors and
eigenvalues of the matrix Â, such that

xkþ1 � Âxk; (6)

where Eq. (6) is the time discretized form of Eq. (4). The full dataset is
split into two matrices X1 2 Rn�ðm�1Þ andX2 2 Rn�ðm�1Þ as defined
as follows:

X1 ¼
j j j
x1 x2 � � � xm�1
j j j

2
4

3
5; X2 ¼

j j j
x2 x3 � � � xm
j j j

2
4

3
5: (7)

Thus, Eq. (6) can be rewritten in matrix format as follows:

X2 � ÂX1; (8)

and the operator Â can be computed through a least squares minimi-
zation as follows:

Â ¼ argmin
Â

jjX2 � ÂX1jjF ; (9)

where jj � jjF is the Frobenius norm. Solving for Â 2 Rn�n would
require high computational power when n is very large (as is the case
in practical fluid dynamics problems). So, the motivation here is to
seek ways to replace it with lower rank approximations. This will be
described in detail in Sec. III B.

Once the DMD modes are computed, we can form a matrix
W ¼ fwig

m
i¼1 2 C

n�m, where each column wi represents a DMD
mode. The next step is to truncate the DMD mode matrix W to
Wr ¼ fwig

r
i¼1 2 C

n�r , where r is the number of retained modes. The
information of the time dynamics in each DMD basis is inferred from
the corresponding eigenvalues K ¼ diagfkigri¼1 2 C

r�r . Here, ki
denotes the discrete-time eigenvalues, while the continuous-time
eigenvalues can be evaluated as follows:

ai ¼
ln ki
DT

; (10)

where DT is the time interval between two consecutive snapshots and
a ¼ faigri¼1 2 C

r constitutes the vector of the continuous-time eigen-
values. Next, we reconstruct the high dimensional dynamics from the
lower order subspace as
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xROMk ¼
Xr
i¼1

wik
k�1
i bi ¼ WrK

k�1b; (11)

where b ¼ fbigri¼1 2 C
r is the vector of initial amplitudes of the

DMDmodes, given as

b ¼ W†
r x1; (12)

where W†
r is the Moore–Penrose pseudoinverse of Wr. Finally, for field

reconstruction, Eq. (11) can be written in terms of the continuous-
time eigenvalues by using the relation in Eq. (10) as follows:

xROMk ¼
Xr
i¼1

wie
ai tk bi ¼ Wrdiag e

atk½ �b: (13)

In Eq. (13), the real part of the continuous-time eigenvalues is respon-
sible for the growth or decay rate of the mode. The mode grows for a
positive real part and conversely decays over time for a negative real
part. On the contrary, the imaginary part determines the oscillating
frequency of the corresponding mode.

B. Deterministic DMD

In the standard form of the DMD, the linear operator Â is pro-
jected onto a lower R-dimensional subspace to reduce the computa-
tional cost of solving the optimization problem in (9). Projection basis
functions can be obtained from the singular value decomposition
(SVD) of the matrix X1 as X1 ¼ URV� (where V� denotes the com-
plex conjugate transpose of V). Compact SVD can be computed
such that X1 � URRRV�R, where UR 2 RR�R and VR 2 RR�R denote
the matrix of the first R columns of U and V, respectively, while
RR 2 RR�R is the top-left R�R sub-block of R, with R being the rank
of R. The projection of Â onto the R-dimensional space is taken as

~A ¼ U�RÂUR: (14)

Thus, the optimization problem in Eq. (9) can be reformulated as
follows:

~A ¼ argmin
~A

jjX2 � UR ~ARRV
�
RjjF ; (15)

which gives ~A ¼ U�RX2VRR�1R 2 RR�R. The eigenvalues of ~A represent
the Ritz values (approximate eigenvalues) of Â. These eigenvalues (also
called DMD eigenvalues) are computed as ~AW ¼WK. It should be
noted that the eigen decomposition of ~A results in complex eigenvalues
and eigenvectors. Here, the columns of W 2 C

R�R are the eigenvectors,
while K ¼ diagðfkigRi¼1Þ 2 C

R�R is a diagonal matrix containing the
corresponding eigenvalues. The DMDmodes can be evaluated as follows:

W ¼ URW; (16)

while the so-called “exact” DMDmodes can be written as62,63

W ¼ X2VRR�1R W: (17)

A suitable reduced order approximation Wr can be obtained by retain-
ing r columns of W. From here, the continuous-time eigenvalues can
be easily calculated from Eq. (10), and the estimated higher order
dynamics from the lower order approximation can be found from
either Eq. (11) or Eq. (13). Algorithm 1 shows the standard SVD-
based DMD implementation.

IV. SKETCHY DYNAMIC MODE DECOMPOSITION

As we discussed before, one of the main bottlenecks in the com-
putational pipeline of the stable DMD implementation is the size of
the given data matrix. In particular, for high-dimensional systems,
the size of the input data matrix X can be very large and, thus, load-
ing X1 to perform SVD becomes computationally expensive.
Streaming algorithms can be adopted to mitigate this burden by
passing the snapshots one-by-one and performing SVD on incre-
ments of the data.44,64 Another approach, which we consider in the
present study, is to utilize sketching as a tool to reduce the size of the
processed data matrix. In particular, we seek a low-order embedding
of the original data matrix represented by a smaller matrix, called
the sketch that captures the main information of the original one.
The success of the sketching method relies on the assumption that
big data matrices are often low-rank,1 with an exponential decay of
the underlying singular values. Indeed, this is the main reason why
model order reduction has witnessed substantial success in many
applications.

Sketching-based algorithms exploit informed projections to
transform the original data matrix to a more compact one. The
expensive computations are thus performed onto the latter, after
which post-processing takes place to map (and maybe correct) the
outputs to the original space. Randomized projections have been
especially effective for this purpose. Figure 2 depicts the use of ran-
domized projection for dimensionality reduction by extracting a
summary of the data column space. Randomized projections can
efficiently and accurately extract the spatiotemporal coherent

ALGORITHM 1. Deterministic dynamic mode decomposition.

1: The matrix X is split into two matrices X1 ¼ fx1; x2;…; xm�1g
and X2 ¼ fx2; x3;…; xmg.

2: Perform SVD on X1

URV� ¼ svdðX1Þ

3: Rank truncation [to reduce noise]

UR ¼ Uð:; 1 : RÞ
VR ¼ Vð:; 1 : RÞ

RR ¼ Rð1 : R; 1 : RÞ

4: Low-rank dynamics

~A ¼ U�RX2VRR�1R

5: Eigenvalue decomposition

½W;K� ¼ eigð~AÞ

6: Compute DMD modes and spectrum

W ¼ URW or W ¼ X2VRR�1R W

ki ¼ fdiagðKÞg
ai ¼ lnðkiÞ=DT
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structures from high-dimensional data, with high probability.65 We
consider three variants of sketching-based DMD, to reduce the com-
putational costs of different portions of the deterministic DMD
algorithm.

A. Sketching the range of X1

Bistrian and Navon54 introduced a randomized DMD (rDMD)
framework that aims at mitigating the cost incurred by computing
the SVD of the data matrix X1 2 Rn�ðm�1Þ. In particular, a
near-optimal basis with a target rank k is defined using random
projections, such that it captures the range of X1 and provides a
smaller sketch matrix B1 2 Rk�m�1. In rDMD, an orthonormal
basis Q is estimated from the full order dense data matrix
X1 ¼ fxð1Þ; xð2Þ;…; xðm�1Þg 2 Rn�ðm�1Þ, such that X1 � QQ�X1.
In order to do this, a random sampling of the input data matrix X1

is first performed as follows:

Y1 ¼ X1X1; (18)

where X1 2 Rðm�1Þ�k is a random matrix drawn from Gaussian
distribution, which incorporates the randomized concept, while
Y1 2 Rn�k is a summary of the action of X1. We highlight that the
computational cost of this matrix–matrix multiplication can be
reduced by exploiting structured randomized matrices. Here,

k ¼ r þ s represents the target rank, where s is defined as the over-
sampling factor that helps to obtain an improved basis. Bistrian and
Navon54 suggested using an oversampling factor of s¼ r, which we
adopt in the present study.

Next, a QR decomposition of Y1 is performed as Y1 ¼ Q1R1

with Q1 2 Rn�k and R1 2 Rk�k. Indeed, we only need Q1 for our
computations and can safely discard R1. The full data X1 are then
projected onto the basis Q1 to obtain a lower dimension matrix
B1 2 Rk�ðm�1Þ as follows:

B1 ¼ Q�1X1; (19)

where Q� is the conjugate transpose of Q. Thus, SVD can be per-
formed on B1 instead of X1 as B1 ¼ ~U ~R ~V

�
. The left and right singu-

lar vectors with the corresponding singular values of X1 can be
recovered as follows:

U ¼ Q1
~U; (20)

R ¼ ~R; (21)

V ¼ ~V: (22)

The algorithmic steps for the randomized DMD based on sketching
the range of X1 are summarized in Algorithm 2.

FIG. 2. Demonstration for dimensionality reduction using a range sketch with randomized projections.
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B. Sketching the range of X

In Sec. IVA, the deterministic SVD of X1 is bypassed by a ran-
domized projection of X1 to obtain a sketch that captures its range
and efficiently applying SVD onto this sketch. After the SVD of X1 is
recovered, the remaining steps are performed in a high-dimensional
space. Alternatively, Erichson et al.56 developed a randomized DMD
algorithm that is based on sketching the range of X and performing
the whole DMD procedure in a low-order space, while the DMD of
the original system is recovered at the very end. In this algorithm, a
random projection is defined to capture the range of X as follows:

Y ¼ XX; (23)

where X 2 Rm�k is a random matrix and Y 2 Rn�k is the summary
of the action of X. Next, a QR decomposition of Y is performed as
Y ¼ QR with Q 2 Rn�k and R 2 Rk�k, where Q is considered a
near-optimal orthonormal basis such that X � QQ�X. The full data
matrix X is projected onto Q to obtain a lower dimension matrix
B 2 Rk�m as follows:

B ¼ Q�X: (24)

B can be then split into two matrices B1 2 Rk�ðm�1Þ and
B2 2 Rk�ðm�1Þ by selecting the first and last ðm� 1Þ columns of B,
respectively.

Therefore, the DMD algorithm can be implemented using the
low-order sketches to yield the DMD modes ~W of the low-order
matrix B. The sought DMDmodes are recovered at the end as follows:

W ¼ Q ~W: (25)

The algorithmic steps for the randomized DMD based on sketching
the range of X are summarized in Algorithm 3.

C. Sketching the range and corange of X1

In this study, we further develop an efficient DMD implementa-
tion based on a sketching approach that captures the range and cor-
ange of the data matrix X1 2 Rn�ðm�1Þ, resulting in an even smaller

ALGORITHM 2. Randomized DMD by sketching the range of X1.

1: The matrix X is split into two matrices X1 ¼ fx1; x2;…; xm�1g
and X2 ¼ fx2; x3;…; xmg.

2: Draw a random matrix X1 2 Rðm�1Þ�k from Gaussian distribu-
tion and perform the randomized projection of X1

Y1 ¼ X1X1

3: Perform QR decomposition as Y1 ¼ Q1R1 to obtain a near-
optimal basis Q1 for X1 and discard R1.

4: A sketch B1 of X1 is obtained as

B1 ¼ Q�1X1

5: Perform SVD on B1

~U ~R ~V
� ¼ svdðB1Þ

6: Recover SVD of X1

U ¼ Q1
~U

R ¼ ~R

V ¼ ~V

7: Rank truncation [to reduce noise]

UR ¼ Uð:; 1 : RÞ
VR ¼ Vð:; 1 : RÞ

RR ¼ Rð1 : R; 1 : RÞ
8: Low-rank dynamics

~A ¼ U�RX2VRR�1R

9: Eigenvalue decomposition

½W;K� ¼ eigð~AÞ

10: Compute DMD modes and spectrum

W ¼ URW or W ¼ X2VRR�1R W
ki ¼ fdiagðKÞg
ai ¼ lnðkiÞ=DT

ALGORITHM 3. Randomized DMD by sketching the range of X.

1: Draw a random matrix X 2 Rm�k from Gaussian distribution
and perform the randomized projection of X

Y ¼ XX

2: Perform QR decomposition as Y ¼ QR to obtain a near-
optimal basis Q for X and discard R.

3: A sketch B of X is obtained as

B ¼ Q�X

4: The matrix B is split into two matrices B1 2 Rk�ðm�1Þ and
B2 2 Rk�ðm�1Þ.

5: Perform SVD on B1

~U ~R ~V
� ¼ svdðB1Þ

6: Rank truncation [to reduce noise]

~UR ¼ ~Uð:; 1 : RÞ
~VR ¼ ~Vð:; 1 : RÞ

~RR ¼ ~Rð1 : R; 1 : RÞ
7: Low-rank dynamics

~A ¼ ~U
�
RB2 ~VR

~R
�1
R

8: Eigenvalue decomposition

½W;K� ¼ eigð~AÞ

9: Compute DMD modes for B

~W ¼ ~URW or ~W ¼ B2 ~VR
~R
�1
R W

10: Recover DMD modes of X

W ¼ Q ~W

11: Compute DMD spectrum

ki ¼ fdiagðKÞg
ai ¼ lnðkiÞ=DT
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sketch than the range sketches.58,66 We first introduce the sketching
operators parametrized by a “range” parameter k and a “core” param-
eter p that satisfy r 	 k 	 p 	 minðn;m� 1Þ, where the parameter k
determines the maximum rank of an approximation. We indepen-
dently draw and fix four randomized linear reduction maps (often
called test matrices) as follows:

X1 2 Rðm�1Þ�k and C1 2 Rk�n

H1 2 Rðm�1Þ�p and U1 2 Rp�n:

Then, we define three matrices comprising our sketch as follows:

F1 ¼ X1X1 2 Rn�k; (26)

G1 ¼ C1X1 2 Rk�ðm�1Þ; (27)

H1 ¼ U1X1H1 2 Rp�p; (28)

where F1 and G1 capture the range and corange of X1, respectively,
while H1 is called the core sketch and describes how X1 acts between
the spaces captured by sketches F1 and G1.

67 Near-optimal bases for
the range and corange of X1 are computed by the thin QR factoriza-
tion of F1 and G1, respectively, as follows:

F1 ¼ Q1R1; (29)

G�1 ¼ P1T1; (30)

where we can again discard the triangular matrices T1 and R1.
The third sketch H1 is used to compute the core approximation
C1 2 Rk�k of X1 as follows:

C1 ¼ ðU1Q1Þ†H1ðP�1H1Þ†; (31)

which can be implemented efficiency by solving a family of least
squares problems. We note that the core sketch is a key element of the
proposed SketchyDMD framework as it is responsible for an improved
approximation of the system’s singular values. This, in turn, results in
an enhanced estimate of the DMD spectrum. The original data matrix
is now related to the core sketch by the following relation:

X1 ¼ Q1C1P
�
1: (32)

Note that C1 2 Rk�k is a square matrix with small size k, com-
pared to B1 and B in Secs. IVA and IVB. Thus, we use the core sketch
to compute the SVD of C1 ¼ ~U ~RV� efficiently, and the singular val-
ues and vectors of X1 can be recovered as follows:

U ¼ Q1
~U; (33)

R ¼ ~R; (34)

V ¼ P1 ~V: (35)

The algorithmic steps for the randomized DMD based on sketching
the range of X1 are summarized in Algorithm 4. We highlight that the
randomized sampling in Step 2 of Algorithm 4 can be implemented
simultaneously with a single pass over the data matrix X1. In contrast,
Algorithms 2 and 3 require access to the original data matrix at least
twice, i.e., first to extract the range basis (top panel in Fig. 2) and sec-
ond to obtain the low-rank approximation (bottom panel in Fig. 2).
This makes SketchyDMD more favorable for applications with mem-
ory limitations where a single-view algorithm is a must. Nonetheless,
Algorithm 4 requires a more aggressive over-sampling than
Algorithms 2 and 3. If a second view is permissible, a better core
approximation of X1 can be defined as C1 ¼ Q�1X1P1.

V. RESULTS AND DISCUSSION

We define the problem setup of testing the presented DMD meth-
odologies using numerical experiments of the SWEs in Sec. VA. Then,
we highlight the effect of the modal selection criterion on the DMD per-
formance in Sec. VB. The results of applying the SketchyDMD frame-
work are presented in Sec. VC along with a comparison with existing
methodologies in terms of error and central processing unit (CPU) time.

A. Problem setup

For the numerical experiments using the spherical SWEs system,
we consider a domain given by longitudes U ¼ ½0; 360
� and latitudes
H ¼ ½�79:5
; 79:5
� (to avoid pole singularity in the polar region).

ALGORITHM 4. SketchyDMD: Randomized DMD by sketching the range and cor-
ange of X1.

1: The matrix X is split into two matrices X1 ¼ fx1; x2;…; xm�1g
and X2 ¼ fx2; x3;…; xmg.

2: Draw random matrices X1 2 Rðm�1Þ�k; C1 2 Rk�n; H1

2 Rðm�1Þ�s, and U1 2 Rs�n independently from Gaussian
distribution and perform the randomized projection of X1

F1 ¼ X1X1 2 Rn�k;
G1 ¼ C1X1 2 Rk�ðm�1Þ;
H1 ¼ U1X1H1 2 Rs�s;

3: Perform QR decomposition of F1 and G1 as F1 ¼ Q1R1 and
G�1 ¼ P1T1 to obtain a near-optimal basis Q1 and P1 for the
range and corange of X1, respectively. Discard T1 and R1.

4: A core sketch C1 2 Rk�k of X1 is obtained as follows:

C1 ¼ ðU1Q1Þ†H1ðP�1H1Þ†

5: Perform SVD on C1

~U ~R ~V
� ¼ svdðC1Þ

6: Recover SVD of X1

U ¼ Q1
~U

R ¼ ~R

V ¼ P1 ~V
7: Rank truncation [to reduce noise]

UR ¼ Uð:; 1 : RÞ
VR ¼ Vð:; 1 : RÞ

RR ¼ Rð1 : R; 1 : RÞ
8: Low-rank dynamics

~A ¼ U�RX2VRR�1R

9: Eigenvalue decomposition

½W;K� ¼ eigð~AÞ

10: Compute DMD modes and spectrum

W ¼ URW or W ¼ X2VRR�1R W
ki ¼ fdiagðKÞg
ai ¼ lnðkiÞ=DT
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We use a spatial resolution of one degree in both directions (i.e.,
Dh ¼ D/ ¼ 1
; Nh ¼ 160, and N/ ¼ 360). The bottom surface is
taken to be flat, i.e., Hð/; hÞ ¼ 0 8/ 2 U and h 2 H. We define the
following initial height h0:

h0ð�; hÞ ¼ 10 000� 60 cos 4phð Þe�h2 ; 8/ 2 U: (36)

Then, we inject random perturbation to trigger shear layer instability
as follows:

FIG. 3. Evolution of the vorticity over the Earth’s surface as predicted by the SWEs at the end of three consecutive days.

FIG. 4. Deterministic DMD predictions with early truncation using r¼ 20 (top), r¼ 40 (middle), and r¼ 60 (bottom) modes.
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hð�; hÞ ¼ h0ð�; hÞ þ j
DhðNh � 1Þ

p
jFj � 104 cos h; (37)

where j is a uniformly distributed random number between 0 and 1.
Initial velocities fields are computed using the geostrophic wind condi-
tions. We use periodic boundary conditions in the longitudinal (/)
direction and slip boundary conditions in the latitudinal (h) direction.

We carry out the numerical simulations for a time period of
6 days (144 h) and collect snapshots of the vorticity field (x ¼ r� u)
each 15min (referred to as the sampling frequency), resulting in a total
of 96 snapshots per day. Moreover, we remove the first 3 days from
the collected datasets (corresponding to initial transition period) and
consider only snapshots from the end of the third day to the end of
the sixth day for the DMD analysis. The evolution of the vorticity
fields within the considered time frame is depicted in Fig. 3, where the
Cartopy package68 is utilized for data processing and visualization.

B. Modal selection

In DMD, each mode is associated with a unique oscillation fre-
quency and a growth/decay rate. However, unlike proper orthogonal
decomposition where the modes are ordered based on their contribu-
tion to the total variance in the data, the DMDmodes are not sorted by
default. A common approach to overcome this limitation is to take
advantage of the singular value decomposition of the data matrix X1

(see step 2 in Algorithm 1). Since the resulting singular values are sorted
in descending order, we can retain the largest r singular values with the
corresponding r columns of U and V. In other words, the r-rank
approximation of X1 (i.e., R¼ r in Sec. III B) is utilized to compute a
square r� r ~A matrix. Therefore, only r DMD modes are obtained
from Algorithm 1 eliminating the need for further sorting or selection
mechanisms. We call this methodology the “early truncation.”

Figure 4 displays the predicted vorticity fields from deploying the
deterministic DMD with early truncation using r¼ 20, r¼ 40, and
r¼ 60 modes. We notice that the DMDwith early truncation can yield
inaccurate results, especially with small values of r due to the under-
estimation of the data matrix X1. Ahmed et al.69 reported similar
observations where early truncation produced a low-quality recon-
struction and prediction for a SWE system on a Cartesian grid.

Alternative sorting and selection criteria have been developed to
improve the DMD prediction. For example, the DMDmodes could be
sorted based on their initial amplitudes b or their growth rate. Using
either of these features can overlook modes with large initial ampli-
tudes but rapidly decaying and/or modes with small initial amplitudes
but rapidly growing. Instead, we utilize a sorting scheme that is based
on the combination of the DMD initial amplitudes and growth/decay
rates.61 In particular, the contribution of each mode over the entire
sampling window is estimated from the projection of the FOM solu-
tion onto the DMDmodes as follows:

Ii ¼ jbij
eriT � 1

riT
; (38)

where T is the total sampling time (length of time window). The DMD
modes are assigned a value Ii and sorted in decreasing order of Ii. In
other words, the DMD model is produced by finding the solution to
the following constrained minimization problem:

Find truncation rank R :¼ argminjjxFOM � xDMDjj
subject to : I1 > I2 > � � � > IR:

(39)

The first r modes are selected based on their importance index Ii. A
comparison between DMD predictions with early truncation and
DMD with the sorting criteria in Eq. (38) is demonstrated in Fig. 5.

FIG. 5. Deterministic DMD predictions with early truncation (top) and sorting criterion (bottom) using r¼ 20 modes.
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We observe that, even with r¼ 20, embedding a good DMD sorting
criterion results in significant improvements in the DMD predictions.
Therefore, we adopt this sorting criterion in our numerical investiga-
tions of the proposed SketchyDMD framework. It was also shown in
Ref. 55 that a similar criterion is very effective along with the imposi-
tion of a limit for the relative error of reconstruction.

It should be noted that the selection of modal truncation and
selection have been the topic of many DMD studies. For example, Pan
et al.70 focused on mode selection by applying a multi-task learning
strategy as an extension of sparsity promoting DMD. In the meantime,
research efforts have been devoted to discover truncation methods
with updatable parameters to maintain important properties of a sys-
tem, while the order is reduced. Wilson71 extended the DMD with
control algorithm by implementing adaptive parameters to mitigate
the truncation errors in the dynamical models.

C. SketchyDMD

Figure 6 displays the vorticity field for the SWEs system at three
consecutive days using the proposed SketchyDMD algorithm with
r¼ 20. We observe that the quality of SketchyDMD is comparable to
the deterministic approach, which operates on the large input data
matrix. We also notice that the performance of the SketchyDMD with
core sketch is quite sensitive to the values of k and s. In particular,
Martinsson and Tropp72 recommended that more aggressive over-
sampling is required for a good core sketch approximation and sug-
gested values of the free parameters as k ¼ 4r and s ¼ 2k. Power itera-
tions are also common for improving sketching-based algorithms.
Moreover, Tropp et al.58 provide some guidelines on setting these
hyperparameters given the memory constraints with error bounds
guarantees.

As highlighted in Sec. IVC, the SketchyDMD is based on a core
sketch approximation, which relates the range and corange of the
input data matrix. This relationship provides additional information
about the corresponding singular values, which eventually improves
the approximation of the DMD spectrum. The approximated DMD
spectrum is depicted in Fig. 7 where the computed DMD eigenvalues
(ki) are plotted in the complex plane for different sketching algo-
rithms. In Fig. 7, we can see that SketchyDMD yields eigenvalues that
are closer to the deterministic DMD than the eigenvalues predicted by
existing randomized DMD approaches. In addition, ‘2 error for
SketchyDMD predictions at different times is shown in Fig. 8, com-
pared to the deterministic DMD approach as well as existing random-
ized methods based on X1 range (see Sec. IVA) and X range (see Sec.
IVB). Due to the stochastic nature of sketching-based algorithms, we
repeat the sampling process with 10 different calls of the pseudo-
random number generator. Results in Fig. 8 correspond to the sample
mean banded with 95% confidence interval.

Finally, an empirical comparison in terms of CPU time is illus-
trated in Fig. 9 for different numbers of target DMD modes. We
observe that sketching-based DMD algorithms are considerably more
efficient than the deterministic implementation. The CPU time gain
would be even more pronounced for larger datasets (i.e., higher resolu-
tions and longer time intervals). In the meantime, we emphasize that
the SketchyDMD procedure in Algorithm 4 is based on a single pass
over the input data matrix X1, while Algorithms 2 and 3 require at
least two passes over the given matrix. Thus, Algorithm 4 is potentially
favorable in applications with strict memory limits and streaming
datasets. Nonetheless, this single-view SketchyDMD approach requires
larger over-sampling factors than the multiple-view versions. As a
result, the CPU time of SketchyDMD can be slightly larger than the
CPU time for previous randomized DMD frameworks.

FIG. 6. DMD predictions with sketching the range and corange of X1 using r¼ 20 modes and sorting criterion.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 066603 (2022); doi: 10.1063/5.0095163 34, 066603-10

Published under an exclusive license by AIP Publishing

 31 August 2023 11:05:41

https://scitation.org/journal/phf


VI. CONCLUSIONS

We provide a new sketching-based algorithm to enable the effi-
cient dynamic mode decomposition (DMD) implementation for large
datasets. In particular, the SketchyDMD approach is based on random
projections to capture the range and corange of the input data matrix.
By computing smaller sketches than the original data matrix, expen-
sive portions of the DMD procedure can be bypassed and imple-
mented in a smaller space. In addition, a core sketch is defined to
relate the range and corange and enrich the approximated DMD spec-
trum. The presented SketchyDMD requires a single pass over the
input data, which makes it more favorable in applications with limited
memory since existing methodologies view elements of the large
matrix at least twice. Moreover, the core sketch in SketchyDMD is a

square matrix with maximum rank of k, which can be tuned for
specific memory constraints. We also highlight the importance of
defining problem-specific sorting criteria to select the most domi-
nant DMD modes. We demonstrate the capability of SketchyDMD
through numerical experiments using the spherical shallow water
equations system. SketchyDMD is shown to be superior to existing
randomized DMD for approximating the DMD spectrum.
Nonetheless, the performance is quite sensitive to the selection of the
over-sampling parameters k and s. In future studies, we will explore
improved projection algorithms and power iterations to improve robust-
ness of SketchyDMD.

FIG. 8. Normalized ‘2 errors in the predicted vorticity fields of the spherical SWEs
system using the DMD methodologies listed in Secs. III and IV with respect to the
FOM solution. Shaded areas represent 95% confidence intervals using a sample of
10 different calls of the pseudo-random number generator.

FIG. 9. CPU time for implementing the DMD methodologies listed in Secs. III and
IV at different numbers of modes. We note that the CPU time for SketchyDMD is
slightly larger than previous randomized DMD methods due to the need for higher
over-sampling to compute the core approximation with a single memory pass.
Shaded areas represent 95% confidence intervals using 10 different runs to miti-
gate the effects of irregularity in hardware performance and loading.

FIG. 7. The DMD eigenvalues for sketching-based DMD (circles) compared to the deterministic DMD spectrum (� symbols). SketchyDMD (with core sketch) provides more
accurate DMD spectrum than randomized DMD with only range sketches.
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9I. Mezić, “Analysis of fluid flows via spectral properties of the Koopman oper-
ator,” Annu. Rev. Fluid Mech. 45, 357–378 (2013).

10H. Arbabi and I. Mezic, “Ergodic theory, dynamic mode decomposition, and
computation of spectral properties of the Koopman operator,” SIAM J. Appl.
Dyn. Syst. 16, 2096–2126 (2017).

11J. N. Kutz, J. L. Proctor, and S. L. Brunton, “Applied Koopman theory for partial
differential equations and data-driven modeling of spatio-temporal systems,”
Complexity 2018, 6010634.
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13M. Korda, M. Putinar, and I. Mezić, “Data-driven spectral analysis of the
Koopman operator,” Appl. Comput. Harmonic Anal. 48, 599–629 (2020).
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