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ABSTRACT

We introduce hybrid gausslet/Gaussian basis sets, where a standard Gaussian basis is added to a gausslet basis in order to increase accuracy
near the nuclei while keeping the spacing of the grid of gausslets relatively large. The Gaussians are orthogonalized to the gausslets, which are
already orthonormal, and approximations are introduced to maintain the diagonal property of the two electron part of the Hamiltonian so
that it continues to scale as the second power of the number of basis functions rather than the fourth. We introduce several corrections to
the Hamiltonian designed to enforce certain exact properties, such as the values of certain two-electron integrals. We also introduce a simple
universal energy correction that compensates for the incompleteness of the basis stemming from the electron-electron cusps based on the
measured double occupancy of each basis function. We perform a number of Hartree Fock and full configuration interaction (full-CI) test
calculations on two electron systems and Hartree Fock on a ten-atom hydrogen chain to benchmark these techniques. The inclusion of the
cusp correction allows us to obtain complete basis set full-CI results for the two electron cases at the level of several micro-Hartrees, and we

see similar apparent accuracy for Hartree Fock on the ten-atom hydrogen chain.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0068887

. INTRODUCTION

The introduction of Gaussian-type basis sets into quantum
chemistry by Boys, Pople, and others' ~ decades ago represented a
major advance, and these basis sets are still by far the most widely
used in chemistry. A strength of Gaussian bases is their compactness;
one generally needs many fewer Gaussians than, say, plane waves,
for comparable systems since the completeness of plane waves is
uniform and general-purpose rather than adapted not only to the
nuclear cusp but to the specific properties of each type of atom.
However, Gaussians also have weaknesses which are becoming more
noticeable, as new many-electron correlation algorithms have been
developed. One weakness is the N* scaling of the number of two-
electron integrals with the basis size N, which is particularly incon-
venient for density matrix renormalization group (DMRG) calcu-
lations, where techniques to improve the scaling, such as density
fitting, have not proven useful. The large number of Hamiltonian
terms is also problematic for quantum computing, where the expo-
nential size of the many-particle Hilbert space is not a problem, but
the interaction terms in the Hamiltonian must be implemented with
quantum gate operations. Gaussians are also non-orthogonal, and
orthogonalization procedures tend to make tails that decay slowly
in distance, particularly when the basis is being made more com-
plete. This non-locality of the basis limits one’s ability to make

the Hamiltonian more sparse by throwing away longer-ranged
terms.

The convergence of DMRG depends on the entanglement
across the system. The entanglement can be minimized at the one-
particle level by rotating to molecular orbitals (energy localization),
but with interactions, the use of molecular orbitals leads to volume
law entanglement, dominating the area law entanglement of a local
basis. (This has been shown explicitly in the Hubbard model.®) Prob-
ably the best approach is to energy-localize some of the degrees of
freedom (i.e., the highly occupied orbitals) while spatially localiz-
ing nearly degenerate valence degrees of freedom.” Optimizing the
choice of basis for the most efficient DMRG calculations, taking into
account both entanglement and Hamiltonian complexity, is an area
of active study.® With standard Gaussian bases, one has difficulty in
exploring optimal localization in the very localized regime due to the
orthogonalization tails.

With these issues in mind, we have been developing gaus-
slet basis sets. Gausslet bases allow the constructions of accurate
Hamiltonians with only 2N 2 terms, an N x N matrix for the inter-
actions, and another for the single-particle terms and are highly
local. Gausslets live on a distorted grid, and their completeness can
be improved systematically and smoothly by decreasing the spac-
ing between gausslets. On the other hand, gausslet bases can be
much bigger than Gaussian bases. If the gausslets are used as an
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intermediate basis allowing convenient construction of a much
smaller basis, as in the gausslet discontinuous Galerkin method,’
then the size of the gausslet basis is not a problem. For use directly
in, say, a DMRG calculation, one would strongly prefer that the basis
size not be too much larger than Gaussian bases. This requires care-
ful construction. In addition, electronic structure algorithms should
be adapted to make use of the reduced scaling of Hamiltonians
granted by gausslets.

In the first use of gausslets for realistic electronic structure cal-
culations,'” the combination of gausslets and DMRG was demon-
strated to produce a more accurate complete basis set, full configu-
ration interaction (full-CI) energies for ten equally spaced hydrogen
atoms in a chain, than any method (including DMRG) using Gaus-
sian bases. However, the pure gausslet bases used there would be dif-
ficult to apply beyond hydrogen or helium systems, at least without
the use of pseudopotentials to deal with the core degrees of freedom.
Gausslets by themselves become inefficient if they must represent
the huge range of length scales present with large Z atoms. Here,
we develop hybrid Gaussian/gausslet bases, where the Gaussians
are utilized to efficiently represent the core region. We show how,
despite the presence of Gaussians, a purely diagonal N* interaction
Hamiltonian can be formed with high accuracy.

In Sec. II, we give an overview of gausslet bases. In Sec. I1I,
we explain how we add Gaussian bases to the gausslets, discuss
orthogonalization and contraction, and show the effects of Gaus-
sian on the one-body part of Hamiltonian. In Sec. IV, we discuss
several diagonal approximations for the two-electron integrals of
the added Gaussians. Numerical results are shown comparing these
different approximations. In Sec. V, we present various techniques
making nuclear and interaction corrections by renormalizing the
one- and two-electron integrals. In Sec. VI, we study the scaling
behaviors of energy errors and double occupancies. Therein, a cor-
rection is derived accounting for the inaccuracy in describing the
electron—-electron cusp. Finally, in Sec. VII, we present a summary
and conclusions.

Il. GAUSSLETS

A one-dimensional Gaussian is a minimum uncertainty func-
tion, with simultaneous locality in both real space and Fourier
space, a highly desirable property for a basis function. A grid of
evenly spaced Gaussians, with width about equal to the spacing,
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has excellent completeness properties, but the basis is not orthog-
onal. Orthogonalizing it produces functions with long tails, spoiling
the spatial locality. In fact, constructing 1D orthogonal bases with
locality in both real space and Fourier space was a difficult and long-
standing problem, which was only solved in a satisfactory way by the
development of wavelets.

A gausslet is a new kind of basis function based on wavelet
theory, as well as non-standard techniques borrowed from ten-
sor networks and quantum circuit theory.'"'” An example of one-
dimensional gausslets is shown in Fig. 1(a). The non-standard tech-
niques give gausslets several very desirable properties for use as a
basis for quantum problems. Gausslets are exactly orthogonal. They
are complete, able to represent any polynomial up to a specified
order to near floating-point accuracy. (Successful construction was
only accomplished up to order 10, and that is the order gausslets
we use here.) They are highly localized, with exponential decay out

to a certain range, followed by much faster ¢ Gaussian decay
at longer distances, making them for practical purposes compact.
They have similar behaviors in Fourier space. It is impossible to
get true compactness simultaneously in both real space and Fourier
space, but gausslets, like Gaussians, mimic it closely. Conventional
compact wavelet scaling functions, such as the famous functions of
Daubechies, due to their construction as a fixed point, and their
perfect compactness, have only exponential decay in Fourier space,
making them hard to integrate numerically to high accuracy with-
out special tricks. Gausslets, even in the coordinate-transformed
form used here, are very easy to integrate numerically to very high
accuracy. (In the absence of the coordinate transformations, their
integrals can be performed analytically.)

Gausslets are exactly symmetric. Conventional compact
wavelet scaling functions are not because they arise from a factor-of-
two scaling transformation. Gausslets come from a factor-of-three
scaling transformation, allowing exact symmetry.'"'* Gausslets have
a compact form as a sum over a uniform set of Gaussians, living
on a grid one third the spacing of the gausslets themselves. Thus,
given the contraction coefficients, a gausslet is exactly defined and
ready for use. Finally, gausslets have a very important moment prop-
erty that makes them integrate with a smooth function just like
d-functions. Specifically, if G(x) is a gausslet centered at the origin,
then

f G(x)x"dx = 0 (1)

FIG. 1. (a) Distorted gausslets along the

z direction for the H, molecule, with

nuclei at z = +2. Only every other gaus-

slet is shown for clarity. (b) The distorted

grid showing the centers of the gausslets

in the xz plane. The red crosses denote
the positions of the two hydrogen nuclei.

(a) (b)
1.0
0.5
0.0
-10 -5 0 5 10
z
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for all integers m ranging from 1 to twice the completeness order
of the gausslet, so typically up to about m =20. An immediate
implication of the moment property is that

[ Glx=x0) f(x)dx = fx0) o)

where f(x) is any function that is smooth enough (i.e., high order
derivatives are both continuous and small in magnitude), and w
= [ G(x)dx is the self-integral of the gausslet. Consider, for sim-
plicity, a single-particle one-dimensional Schrédinger equation. The
8-function property means that a potential term V(x)G(x - xo)
can be replaced to high accuracy with V(xo)G(x — x0). Due to the
orthogonality of the gausslets, this means that the potential energy
matrix for V can be written in a diagonal form, i.e., V= 8;V(x;).
Since 3D gausslets are products of the 1d gausslets, the same prop-
erty holds in 3D. More importantly, the two-electron interaction
terms also have an accurate diagonal form, Vi — 8;j0x V. In prac-
tice, we generally do not use the diagonal approximation for the
one-electron potential since its computational cost is small; we only
use it for the two-electron interaction.

To represent ground-state wavefunctions more efficiently, a
higher resolution around the nuclei is needed. Thus, it is desirable
to distort the 3D lattice so that more gausslets are placed near the
nuclei, as shown in Fig. 1(b). The distortion is implemented through
a coordinate mapping along the three dimensions. For example,
the x-direction gausslet G(x) is replaced by \/u/(x) G(u(x)), where
u(x) is designed to increase the density of gausslets near the
x—coolr)cllinates of the nuclei. For atomic systems, u(x) is taken
to be'”

u(x) = %sinh_l(%), 3)

where x represents the distance from the nucleus; the spacing para-
meter s determines the overall density of gausslets. The spacing of
the gausslets decreases as one moves from the tails to the nucleus
but levels off near the core, as controlled by the core size parameter
c. The gausslet spacing at the nucleus is sc. A distorted 3D gausslet
is simply a direct product of distorted 1D gausslets along the three
directions. For molecular systems, the coordinate transformation is
taken to be the sum of the atomic ones, with a slight modification.
Since the density of basis functions of the atoms overlaps and a sim-
ple sum would give a steadily decreased spacing as more atoms were
added, we make each ¢ for each atom (and each coordinate direction)
adjustable parameters and adjust them so that the spacing at each
nucleus in each direction is always exactly sc. (For a linear chain,
only ¢’s along the chain direction need adjusting.) An example of
distorted gausslets along the bond direction of H, molecule is shown
in Fig. 1(a).

This form of distorting the 3D gausslets is simpler than the mul-
tisliced scheme used in the work of White and Stoudenmire."’ To
distinguish the two, we will call the simpler scheme coordinate slic-
ing. In both schemes, each 3D gausslet is a product of 1D gausslets,
but in multislicing, different distortions for the y gausslets are used
for each value of z, and different distortions of the x gausslets are
used for each combination of z and y. In coordinate slicing, the same
x-distortion is applied to all x gausslets, and the same is applied to
for y and z. The multisliced scheme reduces the number of gaus-
slets needed, but integral evaluation (and programming complexity)
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is reduced in coordinate slicing. More importantly, coordinate slic-
ing leaves us with a basis function on a (distorted) rectangular grid,
whereas multislicing does not. The rectangular grid allows for fur-
ther decimation using wavelet techniques that we will describe in a
subsequent paper. This type of decimation can reduce the number of
sites beyond that of multislicing. To reiterate, in this paper, we uti-
lize only coordinate slicing, which is simpler but results in a larger
basis than cleverer schemes.

While undistorted gausslets have analytic integrals, distorted
gausslets do not, but their very high degree of smoothness allows
very accurate numerical integrals, and their product form over the
three coordinate directions reduced the dimensionality of the inte-
grals. The Gaussian basis functions (see below) also have the same
properties and were numerically integrated in the same way, as
described in Ref. 10.

I1l. COMBINING GAUSSLETS WITH GAUSSIANS

The complete basis set (CBS) limit can be approached smoothly
by decreasing the spacing between gausslets, but the convergence
can be slow due to the presence of the nuclear cusps. A large number
of gausslets are needed in regions close to nuclei in order to rep-
resent the nuclear cusps accurately. Gausslets are inefficient in this
region for two reasons. First, the simple 1D form of the distortion is
less efficient than a true 3D distortion, which we do not do because
the integrals defining the Hamiltonian would be much more diffi-
cult. Second, the distortion cannot be made too sharp—the scale
cannot be changed too rapidly—or the completeness and moment
properties of the gausslets will be damaged. On the other hand,
Gaussian orbitals are tailored to describe the nuclear cusps using
a small number of functions per atom. In this sense, traditional
Gaussians basis functions, such as cc-pVnZ, are complementary to
gausslets. Combining the Gaussians with gausslets eliminates the
need of a large number of gausslets near the core regions. How-
ever, the higher angular momentum components from the Gaus-
sians are not needed—these degrees of freedom are more efficiently
represented by the gausslets, so we set a maximum angular momen-
tum number [ and only add in Gaussians with the lower angular
momentum.

Note that the ability to add in core functions is due to the gaus-
slets being a basis set, rather than a finite-difference grid. We do not
know how to combine basis functions with non-basis grids.

Since the Gaussian orbitals are not orthogonal to the gausslets,
we orthogonalize them to the gausslets and against each other. We
call these orthonormalized Gaussians residual Gaussians here, and it
is the residual Gaussians that are added into the basis set, rather than
the original Gaussians. However, the single-particle integrals are
done with the non-orthogonal Gaussians and gausslets, rather than
the residual Gaussians, and an overlap matrix is used to transform
the matrices into the orthonormal basis.

To illustrate the features of residual Gaussians, an example of
a 1D hybrid gausslet/Gaussian basis set is shown in Fig. 2. The sys-
tem consists of one (1D) “hydrogen” atom at the origin. The residual
Gaussians add just the necessary supplements to the gausslets to
reproduce the nucleus cusp. Note that the overall shape of the resid-
ual Gaussian is similar to that of a wavelet since it is living in the
high-frequency space, but the residual Gaussian has a much sharper
cusp at the core, inherited from the contracted Gaussian.
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— residual Gaussian
--- matched-width Gaussian

-6 -3 0 3 6
z / Bohr

FIG. 2. 1D residual Gaussian, giving an easy-to-visualize illustration of the 3D
residual Gaussians in the actual basis sets. The solid lines in the upper panel are
distorted gausslets (with s = ¢ = 1.0), which are orthonormal, while the dashed line
in the upper panel is a contracted Gaussian, approximating a hydrogen 1s Slater
orbital located at the origin, taken from the cc-pV6Z basis set. The solid line in the
lower panel shows the resulting residual Gaussian after the contracted Gaussian
is orthogonalized to the gausslets. The dashed line in the lower panel shows a
Gaussian with a width that matches that of the residual Gaussian. This Gaussian
is used in approximating two electron integrals for the residual Gaussians.

To demonstrate the effect of adding Gaussians to gausslets at
the 3D one-particle level, the ground-state energies of Hj are shown
in Fig. 3. For large sandc, the gausslet part of the basis does not con-
tribute much to the completeness, but the curves do not tend to the
pure Gaussian lines because the hybrid bases are missing the higher
angular components of the Gaussians. For more moderate sandc, the
hybrid basis matches and passes the accuracy of the corresponding

10_2 - —x 57 1=0 H2+ R:2/"‘i
— 57 1=1
67 1=0
o—a 67 [=1 o
_ DZ
P N Y ) / |

AE

10

10

10

0 0.5 1 1.5 2
s=c

FIG. 3. Assessing the effect of adding different Gaussian orbitals on the one-body
Hamiltonian. Errors of Hj ground-state energies (in a.u.) for pure Gaussian and
for hybrid gausslet/Gaussian bases vs the spacing parameters s and ¢ (which are
equal here) of the gausslets are shown. The horizontal dashed lines show energies
of the pure Gaussian bases cc-pvNZ for N = D, T, Q, 5, and 6. The curves with
symbols are the hybrid basis sets, labeled by both the Gaussian basis set and the
maximum angular momentum / used from the Gaussians (e.g., for / = 0, only S
Gaussians were used).
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full Gaussian basis. The sweet-spot we use in our work corresponds
t0 0.5 < 5,¢ < 1.0, with [ = 1 or [ = 2, using 5Z or 6Z basis sets. Using
only the S Gaussians would limit accuracy to near 10™* without
much benefit in reduced basis size.

The accuracy and size of a gausslet basis set are controlled pri-
marily by the two transformation parameters s and ¢. For hydrogen
systems, we find that ¢ = s is a good choice balancing accuracy and
cost. For larger Z atoms, note that the width of the 1S orbital is
proportional to 1/Z, suggesting ¢ = s/Z could be a good choice for
generic atoms. In Fig. 4, different ratios of ¢/s are compared for a
helium atom. Significant improvement can be obtained by dropping
the ratio ¢/s from 1.0 down to 0.5, but little further improvement is
gained by going from 0.5 to 0.3. Similar calculations on a beryllium
atom (not shown) are consistent with ¢/s = 1/Z being a good choice.

For some systems, Gaussian bases can become linearly depen-
dent, where the overlap matrix gets one or more eigenvalues close to
zero. In a basis with Gaussians only, one approach to dealing with
this issue is to throw out the near-zero eigenvectors of the overlap
matrix from the basis, reducing the size of the basis. In a gaus-
slet/Gaussian basis, similar behavior can occur in the overlap matrix
of the residual Gaussians after they have been orthogonalized to the
gausslets. In this context, throwing out eigenvectors may increase the
spatial extent of the remaining functions, which we try hard to avoid.
We have only considered this problem in the context of chain sys-
tems. In hydrogen chain systems, one encounters linear dependence
for longer chains at smaller values of the spacing R. More complete
bases make the problem worse.

Our solution is to treat the larger width-Gaussians separately
and to reconstruct them using gausslets as a sliced basis. We assume
a chain with the atoms along the z axis. Linear dependence is gen-
erally caused by Gaussians that are wide compared to the spacing
R of the chain. (This is clearly seen with an array of 1D Gaus-
sians.) We remove from the basis the larger width Gaussians, with
width w > R/2, where the width in terms of the Gaussian exponent
isgivenby w =1/ \/2_( . For each (, we replace the corresponding set
of 3D Gaussians by (for S functions) G} (z) exp(~{(x* + y*)), where
G;(z) are the z-direction 1D distorted gausslets used in construct-
ing the gausslet part of the basis. For each transverse Gaussian, this

1071
c/s=0.3

%
-
1072 v~
—o—

=
°
w

E — Eqox (a.u.)

=
9
IS

0.5 0.6 0.7 0.8 0.9

FIG. 4. For different ratios of ¢/s, errors in the ground-state energy of the He atom
are compared to the exact value (—2.903 724 . ..) vs s. The S and P functions
of the cc-pv5Z basis were added to the gausslets. The two-electron integrals of
the residual Gaussians are obtained through the matched-width-Gaussian (MWG)
approximation (Sec. V).
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mixed set of functions is orthogonal. The cutoff we use for replacing
the Gaussians, R/2, is a reasonable choice, which has worked well.
This replacement is justified because the wide z-Gaussians are easily
represented by the 1D z gausslets.

IV. DIAGONAL APPROXIMATION FOR RESIDUAL
GAUSSIANS

The two-electron integrals involving the residual Gaussians
do not have the diagonal property. However, since the gausslets
have reasonable completeness even near the cores and the residual
Gaussians are orthogonal to them, the occupancy of the residual
Gaussians is quite low, say, around ~107* for the systems stud-
ied here. Therefore, we can make relatively crude approximations
for their two-electron integrals without significantly affecting our
results. We want to construct an accurate approximation for the
two electron integrals involving any residual Gaussians, which is of
a diagonal form, like the gausslet-only terms, and which is not too
costly to compute. We have considered a few simple approxima-
tions. In general, in order to keep the residual Gaussians as localized
as possible, we apply symmetric orthogonalization using the inverse
square root of the overlap matrix. The residual Gaussians are highly
oscillatory since they are orthogonal to the gausslets. Consider the
product of a residual Gaussian g(7) and another basis function h(7),
gh. This product integrates to zero (orthogonality) and is composed
almost entirely of high-momentum components. When viewed as a
charge density, the potential of gh will be very local. This makes the
diagonal approximation, where all two-electron integrals involving
gh are neglected, arise naturally. There would still be off-diagonal
terms where all four indices are close together, which we neglect due
to the low occupancy of g. Then, we need to specify how we calculate
the diagonal terms, V.

In the first approximation, we simply transfer the two elec-
tron integrals from the gausslet closest to the center of each resid-
ual Gaussian. We call this the Gaussian-gausslet transfer (GGT)
approximation. The primary virtues of this approach are simplicity
and low computational cost. Perhaps surprisingly, GGT gives gen-
erally satisfactory results. Its primary weakness appears to be that
some residual Gaussians may be substantially different in size than
the nearby gausslet.

< GGT

-~ Wavelet
A MWG
10—3,

E —Eex (a.u.)

0.6 08 1.0
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This flaw is addressed in our second approximation. To
avoid the difficult computational task of evaluating two-electron
integrals directly with residual Gaussians, we construct an
effective Gaussian orbital Ger = Gx(x)G,(y)G:(z), where Gy(x)
= N exp(—yx(x — ax)?), etc., and where N is the normalization fac-
tor. We adjust the widths and centers to match those of the residual
Gaussians, which are calculated exactly. To obtain the widths and
centers, we calculate the matrix X representing the overlaps (i|x| j),
and similarly for x%, y, y%, z, and 2. Then, it is not costly to trans-
form these matrices with the orthogonalizing matrices to obtain the
corresponding values for the residual Gaussians. Typically, the resid-
ual Gaussians are wider than the pure Gaussians they came from.
Then, we evaluate all diagonal two electron integrals involving the
residual Gaussians using these effective Gaussian orbitals. We call
this the matched-width-Gaussian (MWG) approximation. Note that
constructing and transforming the two electron integrals without
this sort of approximation would be much too costly since we would
need many integrals in the non-diagonal Vi, form to construct the
diagonal terms we want.

Because a good diagonal approximation is so useful, we have
studied a third, more involved way to approximate the two-electron
integrals of residual Gaussians using wavelet theory. This approach
involves a larger intermediate basis that contains both the gaus-
slets and wavelets but reduces the basis back to the gausslet size
by contracting all wavelets into the gausslets. This approach is dis-
cussed in the Appendix. Despite being more complex and time-
consuming than the MWG method, it did not give clear advan-
tages in terms of accuracy, and we generally prefer the MWG
method.

Figure 5 summarizes the accuracy of these diagonal approx-
imations for the residual-Gaussian two-electron integrals, applied
to the He atom either within the Hartree-Fock approximation
or with an exact diagonalization. The three curves in each panel
differ only in the way the diagonal two electron terms were
obtained. All three approximations achieve roughly similar accu-
racy, with the simple GGT approach somewhat less accurate. The
close similarity between the results reflects both the small occu-
pancy of the residual Gaussians and the success of the diagonal
approximations. In the rest of the paper, we will use the MWG
approximation.

< GGT
-+ Wavelet

0.6 08 1.0

FIG. 5. Comparing different diagonal approximations of the two-electron integrals involving residual Gaussians. Basis set induced errors in the energy of the He atom within
(a) Hartree—Fock and (b) exact diagonalization vs s with ¢ = 0.5s are shown. The cc-pV6Z Gaussians, with up to P orbitals, are added. Three different approximations of the
residual Gaussian two-electron integrals are shown. The very simple GGT approach is reasonable; the other two more sophisticated approaches perform almost identically.
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V. CORRECTING THE HAMILTONIAN

The replacement of the standard V two electron interaction
with a diagonal approximation is an example of a more general
approach. As we have presented it, its key property is that it does
not interfere with the rapid convergence of the energies and wave-
functions to the precise complete basis set limit as the basis scale
parameters are reduced. We can take a small step further and also
consider corrections to the Hamiltonian, which accelerate the con-
vergence to the complete basis set limit, leaving the final complete
basis set answer unchanged and exact. In principle, any correction
that does not change the limiting result and that gives better results
with smaller basis size, or makes the convergence more systematic,
is potentially useful.

The simplest types of corrections to our Hamiltonians are
related to the behavior of the core. These corrections might be
important since the energy scales are large in the core region, and the
diagonal approximations may induce noticeable errors there. Note
there are no single-particle corrections needed—this is taken care of
by the addition of the Gaussians, and we keep the full single-particle
matrix with no diagonal approximation. Thus, we consider correc-
tions that try to reduce errors associated with the two-particle diago-
nal approximation in the core region, where gausslets and Gaussians
are both important. In the end, the corrections we describe here
have only a small effect, which we interpret as an indication that
MWSG for approximating the two-electron terms does a good job.
(Later on, we will describe an electron-electron cusp energy cor-
rection that has a much bigger effect.) Further corrections to the
two electron terms might be made if one went beyond the diago-
nal approximation in some limited way, such as incorporating terms
involving three basis functions. We describe three corrections in this
section, which are abbreviated as the “Exact Slater Orbital Integrals”
(ESOI), “Exact Gaussian Orbital Integrals” (EGOIs), and “stationary
Fock” corrections. The stationary Fock corrections should only be
done in combination with EGOI—so after this section we do not
consider them separately.

Exact Orbital Integral corrections: Certain important orbital
functions have exactly known two-electron integrals. A particular
key case is the hydrogen 1s orbital for which the Coulomb self-
integral (1s1s|V|ls1s) = 2Z, where Z is the atomic number of the
nucleus. Another important case is the Gaussian orbitals, where
the two electron integrals are also analytically available. The idea
of this approach is to fix the Hamiltonian to satisfy the known
integrals, but then we hope that this same correction helps more
generally. For example, suppose, hypothetically, that the diagonal
approximation underestimated (or overestimated) interactions near
the nuclei because of the nuclear cusp. Then, if a well-designed cor-
rection fixed the two-electron integral for one 1S approximate HF
orbital by strengthening the interactions near the core, it would
probably also mostly fix an exact 1s HF orbital or a Is natural
orbital.

Suppose the two-electron integrals of a set of target orbitals
{¢,} are known. If the hybrid basis set spans these orbitals, they can
be expanded as a linear combination of the basis functions with coef-
ficients ¢,;. (For the case of Gaussian target orbitals, these are taken
from the set of Gaussians we have already added to make the hybrid
basis, so the basis does span the targets.) In the diagonal approxima-
tion, our basis gives for the set two electron integrals of the target
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orbitals,
Ve = ¢i¢i ik djt Viis )

where we use capital letters to label the indices of the set of target
orbitals with known two-electron integral and lower case letters to
label the basis functions. Here, V;; is the two electron interaction
matrix of the hybrid basis functions determined by MWG. Suppose
we know Vi, the exact values of the integrals. We can add a cor-
rection §Vj; to V;, while keeping the relative size of the correction
small, to try to fix the errors in the diagonal approximation. A very
natural form of correction is to minimize

28V; (5)
b

over 8V, subject to
Y AiAixe (Vi +8Vyy) = Vi, (6)
if

where Ay = ¢,;¢,,. By treating I as a composite index (as well as

KL), and introducing a Lagrange multiplier, the problem becomes
minimizing the Lagrangian written in a matrix form

L =||AT6VA - B|* + 1|6V, 7

where By = Vi — ¥;;AlyAjk Vi, and the matrix norm is
||A|]> = tr(ATA). The minimizer of the Lagrangian satisfies

A8V + AATSVAAT = ABAT, (8)

which we can solve by a singular value decomposition A = USW'. If
we denote 8V = UT6VU and B = W’LBW, then

A8V + 2%6Vs? = 2B )
in other words,
- Buo.0
oV, = M) 10
"= T+ olol (10)

where 0, denotes an individual singular value. With 8V solved, §V
can be obtained through 8V = USVU'. The Lagrange multiplier
controls the (square of) errors in fitting Vi, and it is set to be
around 10™'® in our applications.

Usually, there are too many Gaussians in a full standard basis to
apply this correction. It may be possible to fit Vyx; exactly in some
cases, but only at the cost of large changes in Vj;. This can make
the Hamiltonian much worse for the orbitals that are not explicitly
corrected. We find that requiring the maximum relative changes in
Vij to be no more than about 10% does not lead to overfitting. To
reduce the number of target orbitals, we contract the Gaussians. A
simple approach that we have adopted is to perform a single-atom
Hartree-Fock calculation for each type of atom using a highly accu-
rate Gaussian basis (e.g., cc-pV6Z). We then contract to the occupied
atomic orbitals. This gives us a small number of highly relevant
orbitals to target for correction. We call this general approach the
Exact Gaussian Orbital Integral correction (EGOI), and in the cal-
culations performed here, we have only used the atomic-HF version
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of this correction. However, this is clearly an area in which further
improvements could be made.

We have also utilized a simpler way of applying a correction
in the case of correcting the hydrogen-like 1s orbital, which, of
course, is very localized near the nucleus. In this case, we choose the
target orbital ¢ as the lowest eigenvector of the one-body Hamil-
tonian where we only include the potential of the given nucleus.
Thus, ¢ (with basis coefficients ¢,) is our best approximation to
the exact 1s orbital, which is quite good because of the Gaussian
basis functions. In this correction, for each atom, we modify only
the single two electron matrix element V;; to make the lattice give
this exact result. Assume that the ith gausslet is located at a cer-
tain nucleus (or at least i is the closest gausslet). The Hamiltonian
gives (1s1s|V]|ls1s) = zj,kqsfvjk(pi. We then correct this value by
modifying the single matrix element V;; as

5\/,-,—:i4 §Z—Z¢fvjk¢i . (11)
gi\8”

1

We call this approach the Exact Slater Orbital Integral (ESOI) cor-
rection. The correction can be done for each atom separately. In
principle, if core levels overlap, the corrections for different atoms
may influence each other, but this effect is small and another pass
through applying corrections reduces it much further.

The EGOI correction can be carried out using Egs. (5) and (6).
Since both ESOI and EGOI correct the atomic V;, one should not
use both. In the case of a hydrogen atom, these two corrections are
almost identical, and we use ESOI, while for other atoms we use
EGOL

Stationary Fock correction: Suppose the occupied HF orbitals ¢,
are known and the hybrid gausslet-Gaussian basis can well represent
them. The occupied HF orbitals can be extended into an orthonor-
mal basis of the space spanned by the hybrid gausslet-Gaussian
basis. The Fock matrix can be constructed and cast into this MO
basis. However, due to the fact that the hybrid basis is not exactly
complete, and that the diagonal approximation of two-electron
integrals also introduces small error, the matrix elements of the
occupied-virtual block of this Fock matrix will slightly deviate from
zero.

10-1{ —< pure gausslet
—=— hybrid basis
—v— hybrid + ESQI

E — Eqox (a.u.)

0.5 0.6 0.7 0.8 0.9
S
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The occupied-virtual block of the Fock matrix can be zeroed
out by adding a correction term to the one-body Hamiltonian. Let
¢,; be the coefficient of Ith HF orbital on the ith basis. The correction
term can be calculated as

Ahj = — Z dirdiaFia, (12)

i€occ
Aevir

where I indices the occupied HF orbitals, while A indices the virtual
ones.

We applied the stationary Fock correction at the atomic level
because highly accurate HF calculations from atoms are readily
available. In addition, the atomic HF orbitals can be pre-calculated
and stored for repeated use.

To assess the effects of various corrections on the Hamilto-
nian, the HF and exact energies of H, molecule are shown in
Fig. 6. There are some kinks on the energy curves, which results
from gausslets passing through nuclei, while the spacing parameter
s is decreased. For all variants of gausslets, both the HF and Full
Configuration Interaction (FCI) energies converge nicely to the
CBS limit as the scale of gausslets decreases. Noticeably, adding in
the Gaussian orbitals significantly accelerates the convergence. The
error in the HF energy is brought down from 10~ to around 107°
Hartree at s = 0.5, while the error of the exact energy is reduced
from 10™° to around 10~ Hartree at s = 0.5. Without the Gaussians,
a small spacing parameter, and thus a large number of gausslets,
is needed to describe the cusps. The ESOI correction gives slightly
better HF energies at most of the scales, but overall its effect is
very small.

The performance of gausslet basis sets at different bond lengths
is shown in Fig. 7. As the spacing parameter s decreases, the basis
set is systematically improved across different bond lengths, and
the error curve gets closer and closer to a horizontal flat line. Also
shown in the plot, small bond lengths are the more difficult cases,
giving rise to larger errors. This can probably be explained by the
fact that wavefunctions at small bond lengths oscillate more inten-
sively, which entails higher-frequency gausslets and thus smaller
scales.

Similar tests for the helium atom are shown in Fig. 8 where we
can see the effect of the EGOI correction. Similar to the case of the

107!
—X— pure gausslet
10-2 —— hybrid basis
= —¥— hybrid + ESOI
©

FIG. 6. Assessing the effects of the ESOI on the H, molecule at R = 2.0 bohr. Errors of (a) Hartree—Fock energies and (b) exact diagonalization vs the spacing parameter s
(which equals c for the hydrogen atom here) are shown. “Pure gausslet” denotes the uncorrected pure gausslets basis set. “Hybrid basis” means the Gaussians are added
to the basis set, and MWG approximation is applied to their two-electron integrals. “Hybrid + ESOI” means the on-site two-electron integrals are corrected to reproduce the
exact on-site two-electron integral of the 1S orbital. The cc-pV6Z Gaussians, with up to P orbitals, are added.
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FIG. 7. Assessing the quality of hybrid basis set at different bond lengths. Errors of
H, exact ground-state energies at different bond lengths. The core size and scale
parameter are set to be the same. Gaussians orbitals added are from the cc-pV6Z
basis set, with up to P orbitals. The ESOI correction is applied.

H, molecule, the most significant correction is adding the Gaussians
to the basis, which brings the error of exact energy from around
10~ (not shown) down to 10™* Hartree. The result shown shows
the EGOI with the stationary Fock correction also put in, but the
stationary Fock part does not affect the results visibly in this system
(not shown). Below, we have turned on the stationary Fock cor-
rection whenever we use EGOI, but it could also be omitted. The
EGOI itself improves the energy a little bit at larger scales. The most
significant errors, causing the slow convergence of both curves in
Fig. 8 with s, are not associated with the diagonal approximation.
Instead, they are due to the electron-electron cusp and are discussed
in Sec. V1.

To verify that our conclusions about constructing the Hamil-
tonian are not somehow specific to two-electron systems, we have

200

- hybrid basis  —A— hybrid + EGOI

150

100+

E- Eex (HH)

501

0 0.50 0.55 0.60 0.65 0.70 0.75 0.80
s

FIG. 8. Assessing the effects of Hamiltonian corrections on exact two-electron
energies. The plot shows errors of the He atom exact ground-state energies vs
the spacing parameters s of the gausslets. The core size parameter is set to be
¢ = 0.5s. “Hybrid basis” denotes the hybrid gausslet basis set with Gaussians
added in, and with MWG approximation applied to their two-electron integrals.
The cc-pV6Z Gaussians, with up to P orbitals, are added. In the curve denoted by
“Hybrid + EGOI”, both EGOI and stationary Fock corrections are applied. In EGOI,
the two-electron integrals are corrected so as to reproduce the two-electron inte-
grals of a known set of HF orbitals. In “stationary Fock”, the one-electron integrals
are corrected so that the known atomic HF orbitals remain stationary.
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FIG. 9. Hartree Fock results for Hyo at R = 1, comparing pure Gaussian bases,
gausslet/Gaussian bases, and multisliced gausslet bases of White and Stouden-
mire.'? The multisliced bases did not have Gaussians, instead using core correc-
tions only to accelerate convergence. The gausslet/Gaussian bases show more
rapid convergence with s, where we take ¢ = s.

used them to compute HF energies for the linear equal-spaced chain
Hjo at a spacing R = 1.0 bohr, as shown in Fig. 9. [Excellent behav-
ior at the full-CI level (with DMRG, without the Gaussians) in Hig
was demonstrated in Ref. 10.] This distance is short enough that
the pure Gaussian bases (cc-pVQZ and cc-pv5Z) are less accurate
than at larger separation, and it is difficult using them to get high
accuracy, say, 0.1 mH/atom. With the gausslet bases, it is straight-
forward to converge to well below 0.1 mH/atom. We do not have
a superior result with some other approach to determine the exact
size of the final errors, but it appears to be around the 10~ Hartree
level. Note that Hartree Fock does not require the resolution of the
electron-electron cusps, so the accuracy here is much higher than in
the full-CI H; or He results. The convergence with s is more rapid
with the gausslet/Gaussian bases than the multisliced bases, but for
a fixed s, the multislicing results in fewer functions. In future work,
we will show how to reduce the number of basis functions in the
gausslet/Gaussian bases below that of the multisliced bases, while
maintaining high accuracy.

VI. CORRECTIONS FOR THE ELECTRON-ELECTRON
CUSP

In this section, we present a very simple correction for the basis
set incompleteness energy error due to the electron-electron cusp.
While the correction is simple, with only two universal parameters,
it is also important to consider the ideas behind it, and how we came
up with this correction. Our original effort was to correct the Hamil-
tonian terms for the cusp, but in the end we found a post-calculation
correction to the energy works very well.

The electron-electron cusp occurs at every point in space where
two electrons meet, so it cannot be cured by adding a few specialized
basis functions. However, the local nature of the gausslets makes it
possible to devise corrections for the part of the cusp below the res-
olution of the gausslets. A significant part of the cusp occurs when
two electrons occupy the same gausslet. In contrast, when two elec-
trons are on gausslets that are not close, the cusp is irrelevant. A
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conventional two electron integral for the on-site term assumes no
correlation within the gausslet. One could imagine replacing the
integral with either a modified pseudo electron-electron interac-
tion'’ or perhaps a Jastrow correlation factor inserted. Thus, one
might correct for the cusp by adjusting the on-site terms V. The
on-site Hamiltonian contributes to the energy

Eonsite = ZViidia (13)
i

where d; = (njtn;,) is the double occupancy. Note that in the
limit of a complete gausslet basis, both d; and D =} ;d; tend
to zero, and these quantities can be used as measures of the
(in)completeness.

It is simplest to consider correcting only Vi with a correc-
tion 6V; but adjusting the correction to take into account both the
on-site and nearby-site cusp errors. This approach is conceptually
similar to using a local exchange-correlation potential in density
functional theory, but note that the correction and any errors in it
will vanish as the basis is made more complete. The key question is,
can we make a sensible ansatz for §V;;? Perhaps we can find a func-
tion 8V (Vii, di, ni) (where n; is the density on-site i), which provides
a good correction.

It is useful to consider the scaling of the wavefunction and
energy of two electron atomic ions, which are readily solved to
high accuracy with the same techniques as for a helium atom. As Z
increases, the radius of the 1S natural orbital falls as 1/Z, but the total
energy increases roughly as Z>. We could form a good gausslet basis
for the ion by taking the He atom basis and scaling the distances and
sizes of all functions by 2/Z. A surprising but long-known obser-
vation about the two electron ions is that their correlation energies
are almost constant in Z.'*'” As Z increases, the increase in the total
energy is offset by the ions becoming more weakly correlated.

The cusp energy errors can be considered as a part of the cor-
relation energy. Thus, one would expect the local correction terms
&Viid; to be approximately constant as Z is changed. As Z changes,
Vi scale as Z, but d; and n; remain roughly constant in Z (using our
scaled He basis). This tells us that our correction should be constant
in Vj;, depending as 8V (di, n;).

Since the cusp is associated with two electrons at the same loca-
tion, it is much more naturally tied to d; than to n;, so we consider
only 8V (d;). Now consider a fixed atom, say, He, and change s,
which ¢ = s/Z. We observe that the total double occupancy D and
the error in the total energy AE scale as powers of s,

AE~ ¢, (14)

D~s (15)

with y ~ 3.4 and B ~5. Thus, AE ~ D"’*. Considering larger sys-
tems, say, many separated He atoms, we note that a correction that
depended on a power of D would not be size consistent. However,
connecting back to a correction to the Hamiltonian, where size con-
sistency is easy to obtain, and assuming the d; behave similarly to D,
we make the following ansatz for the electron-electron cusp basis set
error:

AE =) d;. (16)
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This correction can be used directly or used as a correction to the
on-site interactions Vi, 6Vj = eodf‘fl. However, since the correc-
tion requires d;, which one knows only after one solves the system,
this form requires a self-consistent calculation. Thus, it is simpler to
attempt only an energy correction AE.

We considered a dataset of about a dozen of different two-
electron systems and attempted to find universal values for ey and
o, which would work for all. The systems included the He atom with
different s (with ¢ = s/2), the Be atom with different s (with ¢ = s/4),
and H, at R = 2 for a few different s = ¢. It was not difficult to find
values that did well on all systems. We find

eo = —0.005 078, (17)

a=0.79. (18)

To illustrate the process of optimizing the exponent a, Fig. 10
shows fits with a few different «’s in the case of the He atom. As
shown in Fig. 10, & around 0.79 gives the overall best result for most
of the scales, especially in the asymptotic small s region. Also note
that the parameter ey optimized for He and the universal ey given
by Eq. (17) give similar results, which is a good indication of the
generality of the two-electron cusp correction.

The parameter given by Egs. (17) and (18) works very well for
two electron systems such as H, molecules and the He atom, as
shown in Figs. 11 and 12. The two-electron cusp correction brings
the error of ground-state energies down to the micro-Hartree level,
consistently for different bond lengths of the H, molecule, and for
different s in the case of the He atom. With the cusp correction
accounted for, we can revisit the EGOI correction. While the EGOI
and stationary Fock corrections only have a small effect on the total
energies, as shown in Fig. 11, at larger s, the correction in this case is
comparable in size to the errors not accounted for by the cusp, and
in the right direction. Thus, currently, the EGOI correction is not
especially useful, but it is worth considering in very high accuracy
calculations.

80
~# no cusp correction

601 - a=0.7
— > a=0.8
T = a=0.9
2 401 universal parameter
%
AR
Ly

0%

-20

FIG. 10. Scanning through different exponents « used in the two-electron cusp
correction. The plot shows the exact energy of the He atom vs the spacing para-
meter s, where the core size parameter is set to be ¢ = 0.5s. The hybrid basis
set uses cc-pV6Z Gaussian with up to P orbitals. For the curves labeled by «, the
coefficient parameter ey is optimized for the He atom for s between 0.4 and 0.7.
The curve labeled by “universal parameter” uses parameters optimized for both
the He atom and Be atom and H, molecules at several bond lengths, which is
given by Egs. (17) and (18).
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FIG. 11. Two electron cusp correction applied to the He atom at different spacing,
where the core size parameter is set to be ¢ = 0.5s. The hybrid basis set uses
the cc-pV6Z Gaussian with up to P orbitals. The universal parameter for cusp

correction is used. The curve labeled by “cusp + EGOI” also put in the EGOI and
stationary Fock corrections.
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FIG. 12. Two electron cusp correction applied to the H, molecule at different bond
lengths. The spacing and core size parameters are set to be s = ¢ = 0.6. The
hybrid basis set uses the cc-pV6Z Gaussian with up to P orbitals.

VII. CONCLUSION

The locality, systematic completeness, orthogonality, variable
resolution, and special moment properties of gausslet bases give
them key advantages for electronic structure calculations, partic-
ularly for DMRG and perhaps tensor networks. In particular, the
moment properties give rise to a diagonal approximation, reducing
the number of two-electron integrals from N* down to N2. This in
turn reduces the computational scaling of electronic structure meth-
ods, such as Hartree-Fock and DMRG. In this paper, we have shown
how one can add a limited number of Gaussians to a gausslet basis
to accelerate convergence in the core regions. We have shown how
one can maintain the diagonal N* form of the interactions in the
presence of the added Gaussians. We demonstrate good and fast
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approximations for evaluating the integrals involving the orthogo-
nalized Gaussians. These approximations and the diagonal approxi-
mation itself work well because most of the occupancy occurs in the
gausslet part of the basis, where the diagonal approximation is on
firm ground.

We have also shown that one can further correct errors in the
approximate interactions by requiring known integrals of orbitals
involving the whole basis be reproduced exactly. The ideal form of
this would be to make all integrals among a set of leading natural
orbitals be reproduced exactly, but as a surrogate for this, one can
correct for approximate Hartree Fock orbitals or simply some of the
Gaussians that have been added to the basis. A limitation is that the
diagonal form only allows a limited number of orbitals to be cor-
rected for. The number of corrections we can put in ends up not hav-
ing a very big effect on the results since our initial approximations
performed well.

We have also tried a different type of correction, where we cor-
rect for the incomplete resolution of the electron-electron cusp. This
type of correction has been developed before for a standard basis,
and these corrections are related to F12 and R12 methods.'”"” How-
ever, the local nature of the gausslets makes it easy to devise a simple
correction. In this case, a major part of the cusp error comes from
two electrons being on the same gausslet. Our correction is thus
tied to the double occupancy of each basis function. In a number
of two electron systems, we observed that the cusp error behaves
nonanalytically with the double occupancy, and we propose a simple
two-parameter form for the energy correction as a function of dou-
ble occupancies. We find a single pair of parameters that work well
for a number of two-electron systems, including the He atom, the Be
atom, and H, molecules at different bond lengths, in each case with
different grid sizes. The universal cusp correction works very well
for these two-electron systems, bringing the full-CI complete basis
energy errors down to the level of micro-Hartrees.

While many-electron wavefunctions are exponentially more
complicated than two electron wavefunctions, the Hamiltonians
themselves are the same. Here, since we are working to construct
Hamiltonians rather than wavefunction approximations, we believe
that the two-electron calculations we mostly use here as test cases
show us how to get good Hamiltonians for use in the many-particle
case. In the case of the cusp correction, we have not accounted for
the higher order singularities when two electrons with the same
spin approach one another. This would be an example of a differ-
ence with the many-electron case, although one might study two-
electron systems in a triplet state. However, certainly, the biggest
cusp basis-incompleteness error comes from opposite spins, so we
believe our cusp correction will be helpful in the many-electron
case.

The hybrid basis construction can be followed by subsequent
decimation procedures to reduce the size of the basis. This reduction
will greatly improve the ability of these bases to be used for DMRG
and other techniques in larger systems, and it will be important to
revisit our corrections and techniques in that context.
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APPENDIX A: WAVELET APPROACH
TO APPROXIMATE TWO-ELECTRON INTEGRALS
OF RESIDUAL GAUSSIANS

1D gausslets are related to scaling functions of ternary wavelet
transformations. We can apply one additional wavelet transform on
an array of gausslets to construct a set of “scaling functions” and
“wavelets.” Since the gausslets are not actual scaling functions, the
functions we obtain are also not true scaling functions and wavelets,
but for most practical purposes, they act very much like them. True
scaling functions are fixed points of a wavelet transform. As part
of a multiscale representation, true wavelets at different levels are
scaled and shifted copies of a single function. Since we do not use
a multiscale analysis, this property is not relevant. What is relevant
is that an additional wavelet transform or two applied to a gausslet
basis retains all the desirable completeness, orthonormality, and
moment properties of the gausslets. After a wavelet transformation
(WT), the transformed functions can still be represented as a sum
over a uniform array of Gaussians, but the spacing of the underlying
Gaussians is now 1/9 the spacing of the functions instead of 1/3.

For simplicity, we will refer to our transformed gausslets as scal-
ing functions and wavelets. For our ternary WT transformations,
each 1D scaling function comes with two adjacent wavelets. Since 3D
basis functions are direct products of 1D ones, each 3D scaling func-
tion is associated with 3’ — 1 = 26 wavelets. The 3D wavelets have the
form W(x)G(y)G(z), W(x)W(y)G(z) or W(x)W(y)W(z), plus
permutations, where GandW denote the 1D scaling function and
wavelet, respectively. To create this scaling/wavelet basis, we reduce
the parameter s to s/3 (with ¢ held fixed), construct 1D gausslet bases,
and then apply 1D WTs to them to get 1D scaling functions and
wavelets as scaling parameter s. We then can construct the appro-
priate 3D product functions out of the 1D functions. The resulting
basis has the completeness properties of the s/3, ¢ basis it came from,
but we think of it as being a basis at scale s, ¢, but with extra wavelets
for additional completeness. Not all of the extra wavelets need to
be included—in fact, we should only include them where additional
resolution is needed.

While one could use wavelets as a substitute for the Gaussians
we add to the basis, they are not as efficient—many more would be
needed to capture the core features of a single Gaussian. However,

ARTICLE scitation.org/journalljcp

we can use them instead as an alternative way of constructing the
diagonal approximation of the residual Gaussians. Specifically, the
residual Gaussians can be approximated by a linear combination of
wavelets, i.e.,

gr=crWi+gr, (A1)

where g; denotes a residual Gaussian, W; is a 3D wavelet, and g; is
the leftover piece of the Gaussian that is orthogonal to both the gaus-
slets and wavelets (of the current scale). The leftover piece g is not
zero because the wavelets are not complete in the orthogonal space of
gausslets, and wavelets of smaller scales are needed to achieve exact
completeness. However, the wavelets should capture the major parts
of the residual Gaussians, and g is small enough to be neglected.

Wavelets are localized in real space just as gausslets. How-
ever, they do not have the delta-function property. Nevertheless,
given their small occupancy, it is reasonable to apply a diagonal
approximation of the two-electron integrals to them. In this case,
we take as the diagonal approximation a simple truncation of all the
off-diagonal terms in a standard V. Thus, we only consider two-
electron integrals that are of the form V. This gives for any term
involving residual Gaussians the diagonal form then
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where I and J index the residual Gaussians, w and w’ label the
wavelets, and ¢, is the expansion coefficient of the Ith resid-
ual Gaussian on the wth wavelet. Since the wavelet two-electron
integrals and expansion coefficients are known, Eq. (A2) gives an
approximation to the diagonal two-electron integrals of the residual
Gaussians.
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