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Abstract

Using a combination of in-situ high-resolution digital image correlation (HR-

DIC), Heaviside-DIC method (H-DIC), and crystal plasticity finite element

(CPFE), we investigate the evolution of intragranular lattice rotations and slip

activity during monotonic and cyclic loading in a high performance, polycrys-

talline face centered cubic material. The CPFE employs a quasi-3D model

microstructure, which is a highly resolved mirror representation of the exper-

imental in-situ test sample. In agreement, the measurements and calculations

reveal that most grains, regardless of their size and lattice orientation, develop

intragranular lattice rotation gradients that span the grain. For a small clus-

ter of grains on the deformed material, we perform HR-DIC analysis of slip

lines to demonstrate agreement in the active slip systems and changes in this

local slip activity across the individual grains. The combined analysis reveals

that deforming grains are divided into sub-granular regions of uniform lattice

rotation and these regions are most often associated with only one or two ac-

tive slip systems. The gradient lines that divide them correspond to changes
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in the predominant slip system. The model is used to examine the evolution

of intragranular lattice rotation in a single fully reversed tension-compression

cycle. The calculations indicate that intragranular gradients intensify during

the reverse loading path as nearest neighboring regions appear to shed lattice

rotation, increasing the lattice rotation in some regions, while shutting down

rotation in neighboring regions. These findings provide insight into the irre-

versible changes that develop within deforming grains at the scale of the grain,

particularly the heterogeneous development of intragranular lattice rotation in

early stages of deformation, which could serve as precursors to localization.

Keywords: Crystal Plasticity; High-Resolution Digital Image Correlation;

Superalloys; Microstructure; Grain Boundaries

1. Introduction

Due to their superior strength and creep resistance at elevated temperatures,

nickel-based superalloys are the most common materials used in the hot section

of gas turbine engines [1]. Under mechanical monotonic or cyclic strain, slip

can localize within individual grains, creating bands that serve as precursors for

cracks [2–5]. Statistical and computational analyses have shown that their loca-

tions are correlated with properties of the grains, including lattice orientation-

dependent elasticity and slip, as well as subgrain features, such as proximity to

triple junctions, sharp corners, and twin boundaries [6, 7]. The dependence of

these bands on the geometric and mechanical properties of the grain structure

underlines the importance of understanding the spatial distribution of stress,

strain, and active slip at the subgrain scale.

To accommodate plastic strain in polycrystalline face-centered cubic (FCC)

materials through crystallographic slip, slip must proceed by some combination

of twelve available and distinct slip systems. This constraint, together with the

requirement to maintain deformation compatibility across grain boundaries, re-

sults in non-uniform fields of stress, strain, and lattice rotation across the grain

structure [8]. Lattice rotation represents a reorientation of the crystal lattice
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as a direct consequence of slip activity, the number of active slip systems and

distribution of slip among the active systems, and therefore emerges as an effec-

tive indicator of the operative deformation mechanisms. As an example, Zhou

et al. used measures of lattice rotation from EBSD and micro-Laue diffraction

to identify subsurface slip system activity in deformed Mg-5Y [9]. Such activity

was otherwise undetectable through other surface-based techniques like high-

resolution digital image correlation (HR-DIC). Recent research has also pointed

to the importance of lattice rotation in understanding slip processes. Using

in-situ synchrotron-based high-energy x-ray diffraction microscopy (HEDM),

Miller et al. studied the evolution of intragranular lattice misorientation in

copper during cyclic loading [10]. They reported significant evolution and irre-

versibility of misorientation as early as the second cycle, as a result of the de-

velopment of spatial heterogeneity in inelastic deformation mechanisms within

the grains. Previous work by Di Gioacchino et al. studied the development

of heterogeneous lattice rotation fields and accompanying slip activity in 304L

stainless steel, subject to monotonic tensile loading, using EBSD and HR-DIC

experiments respectively [11]. There, they reported that the grain interiors in

304L alloy form distinct domains of deformation separated by gradients in lattice

rotation.

Spatially resolved computational methods, such as full-field crystal plastic-

ity finite element (CPFE) and viscoplastic Fast Fourier transform (CPFFT)

methods can calculate inter- and intragranular fields of both slip activity and

lattice rotation [12, 13]. The type of formulation used in this work, CPFE,

combines physically-based theories of plastic flow, represented in a continuum

framework, with the numerical finite-element method, allowing for a full-field

spatial mapping of stress, strain, and lattice rotation based on microstructure,

elastic anisotropy, and underlying slip processes [12].

While intragranular lattice rotation is readily calculable by CPFE, the same

measure is less directly obtainable in conventional DIC experiments as the to-

tal strain computed is a convolution of elastic and plastic strains. With the

introduction of high-resolution (HR-DIC) measurements and the discontinuity-
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tolerant Heaviside-DIC method (H-DIC), it is now possible to isolate the non-

localized strain field from the displacement discontinuities that arise from dis-

crete slip or shearing events and the resultant lattice rotation fields [14, 15].

The lattice rotation field calculated with this method is both more accurate

and presents a better physical analog to CPFE lattice rotation calculations

than conventional DIC. While EBSD has been adapted for the measurement of

lattice rotation, such measurements do not provide the location and intensity of

slip and identification of the active slip systems. HR-DIC and H-DIC methods

can capture both slip activity and lattice rotation during loading without the

need to perform EBSD measurements during each loading step, allowing for

the measurement of lattice rotation evolution during loading. In addition, the

measurement of lattice rotation by HR-DIC provides a spatial relation between

slip and lattice rotation gradients, which is not possible by EBSD measurement.

Many studies have compared the resolved micromechanics fields between

full-field crystal plasticity models and DIC experiments [16–20]. Of these a

few of them have studied lattice rotation and slip system activation [21–27],

typically with the aim to evaluate model performance. Comparisons involving

single crystal and oligocrystal specimens, in most cases, achieve good agreement,

both qualitative and quantitative [21, 23, 28]. Lim and co-authors investigated

development of lattice rotation fields in columnar-grain oligocrystals of Ta via

HR-DIC and a quasi-3D, extruded CPFE model. Their model accurately pre-

dicted the resulting strain fields as well as misorientation at a subgranular level.

This level of agreement was attributed to a high fidelity reconstruction of the

initial microstructure in the model [21]. Through comparisons of intragranular

misorientations from HR-DIC and CPFE Ti-6l-4V, Zhang et al. proposed a re-

lationship between complex wavy slip and the activation of basal and prismatic

slip systems [23]. With 3D EBSD and CPFE, Zaafarani et al. mapped the devel-

opment of lattice rotations in a few grains of Cu after nanoindentation, revealing

large orientation gradients across the plastic zone formed by the indenter [27].

While the model produced magnitudes of rotation consistent with experiment,

discrepancies in the finer intragranular distributions, particular changes in the
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sign of rotation were noted.

Further, when modeling more general polycrystalline microstructures, how-

ever, relatively greater deviations between experiment and model have been

reported. Work by Githens et al. [26], studied slip activity in polycrystalline

magnesium alloy WE43, comparing results of DIC experiments with that of

quasi-3D, as well as 3D CPFE models with generated subsurface grain struc-

tures. Neither model was able to achieve the level of agreement in resolved

fields like those in single crystals or oligo-crystals, and attributed the observed

deviations to both lack of the full-3D microstructure information and unknown

3D boundary conditions. Pokharel et al. [22] tracked the evolution of lattice ro-

tation within an HEDM-acquired 2D slice of internal microstructure of a copper

tensile specimen. The CPFFT columnar-grained model, created from the recon-

structed slice, showed good agreement in the grain-average lattice rotations, but

predicted rotation gradients at grain boundaries, and not in the interior of the

grains, as observed experimentally. Correct prediction of the patterns of lattice

rotation in a polycrystal array is a critical test of crystal plasticity models and

associated boundary conditions.

In this work, direct comparisons of highly resolved intragranular lattice ro-

tation and slip activity are made between in-situ HR-DIC experiment and a

full field crystal plasticity model in order to understand heterogeneous develop-

ment of intragranular lattice rotation in early stages of monotonic deformation

as well as gain insight into the evolution of intragranular lattice rotation dur-

ing cyclic loading. To facilitate direct point-by-point comparisons of measured

and calculated intragranular fields, the analysis involves highly resolved spatial

maps of lattice rotation from in-situ HR-DIC deformation and CPFE for the

same microstructure, at the same fine resolution, and under the same boundary

conditions. The model captures sub-grain features of the lattice rotation fields

observed experimentally, including the gradients in the amount and sign of lat-

tice rotation within individual grains, as well as across multiple grains. Analysis

of the associated local slip activity reveals that individual grain deformation pro-

ceeds primarily by dividing into domains of distinct single or dual slip. We find
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that the observed intragranular gradients, which are associated with a change

in the sign of lattice rotation, result from transitions in the primary active slip

system. The calculations forecast that, during a tension-compression loading

cycle, the misorientation across these intragranular gradients increase, imply-

ing that intragranular orientation gradients would progressively increase under

cyclic loading.

The paper is structured as follows. It begins with a description of the ex-

perimental and modeling methods, focusing on calculation of lattice rotations.

This is followed by direct comparisons of the measured and calculated lattice

rotation fields within grains and across groups of grains. Next, the relationship

between the lattice rotation fields and the underlying slip activity is analyzed

and accompanied with a discussion on the evolution of lattice rotation and gra-

dients in lattice rotation upon cyclic loading in the material, and local analysis

of slip activity with H-DIC and the model. The paper concludes with a discus-

sion of the possible sources for the few discrepancies seen between calculations

and measurement.

2. Materials and Methods

2.1. Materials

The material investigated is a precipitation strengthened polycrystalline

nickel-based superalloy IN718. The nominal composition is Ni - 0.56 %Al -

17.31%Fe - 0.14%Co - 17.97%Cr - 5.4%Nb - Ta-1.00%Ti - 0.023%C - 0.0062%N

(wt%). The material was heat treated to produce large grain size and a high

γ”-phase content. Thermal processing began with a solution annealing step, 30

min at 1050°C followed by water quench. Afterwards, the material underwent

precipitation hardening, which entails 8 h at 720°C followed by 8 h at 620°C.

Prior to deformation, scanning electron microscope (SEM) images and elec-

tron backscatter diffraction (EBSD) maps were acquired. EBSD measurements

were performed with an EDAX OIM-Hikari XM4 EBSD detector using a step

size of 0.7 µm. Diffraction patterns were acquired using an accelerating volt-
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age of 20 kV, a 2 × 2 binning and a beam current of 0.2 nA. The chemical-

mechanical polishing consisted of mechanical polishing with SiC papers up to

1200 grit, following by polishing with a 6 µm diamond suspension and then

chemo-mechanical polishing with 0.05 µm colloidal silica for 12 hours. Fig. 1a

shows the representative grain structure characterized by EBSD. The average

grain size is 62 µm.

Figure 1: Inverse pole Fig. map along the loading direction of the IN718 alloy (a), engi-

neering stress-strain curves measured by experiment and simulated by CPFE for the RVE

(b), and finite element model of the IN718 microstructure (c). The model encompasses the

entire inverse pole figure map while the gray rectangle denotes the area of the microstructure

measured by HR-DIC. A magnified image of the top-right corner of the model shows thickness

and resolution of the model, and a categorical color code indicates grain ID.
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2.2. Experiments

Tensile testing was performed at room temperature using a custom in-situ

5000 N stage within a FEI Versa3D on flat dog bone-shaped specimens with a

gauge section of 1 × 3 mm2. Macroscopic strains were measured in situ using

fiducial markers located at both ends of the gauge length. The axial loading

direction is horizontally oriented in all maps shown here. Fig. 1b shows the

stress-strain response of this sample up to a strain of 1.5%.

The test continued until a macroscopic strain of 1.83% where it was inter-

rupted for high-resolution HR-DIC measurements. The speckle pattern used

for these measurements was applied by gold nanoparticle deposition with an

average particle size of 60 nm [29]. Direct spatial registration between the SEM

images, the DIC strain maps and the EBSD maps is performed using pairs of

control points, mostly located on triple points, as described in [5]. To minimize

distortion errors, approximately 70 control points were selected over the areas of

interest. To reduce imaging distortions, high magnification images were taken

at horizontal field widths of 138 µm. To reduce drift distortions, large electron

beam spot sizes and large dwell times (20 µs, 6 min per image) were used. In

addition, to minimize charging effects, low acceleration voltages of 5 kV were

employed [30]. For the strain calculations, tiles of 10×10 images before and after

deformation with an image overlap of 15% were used. The results are merged

using a pixel resolution merging procedure given in [31]. With the HR-DIC

images collected during testing, additional data reduction using the Heaviside-

DIC method (H-DIC) was performed [14]. With the HR-DIC measurements

of in-plane displacement fields at the surface of the deformed specimen, the

Heaviside-DIC method separates the displacements induced by discontinuities

and gradients of displacement [14, 15]. The lattice rotation field around discon-

tinuities, here slip localizations, that physically correspond to in-plane lattice

rotation can be calculated utilizing the first gradient of the displacement field.

The approach used to extract the rotation from HR-DIC measurement is de-

scribed elsewhere [15]. For HR-DIC, we chose to investigate regions of 1 × 1

mm2. Subset size of 31×31 pixels (1044×1044 nm2) with a step size of 3 pixels
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(101 nm) were used for DIC measurements. The sample preparation, imaging

conditions and Heaviside-DIC parameters allow for a discontinuity detection

resolution between 0.2 and 0.3 pixels (7 nm and 10 nm respectively) [14].

2.3. Computational Modeling Background

The CPFE model used in this study adopts the constitutive law developed

by Kalidindi, Bronkhorst, and Anand [32]. Minor modifications were made

to incorporate strain hardening via a dislocation density based hardening law.

The kinematics and constitutive law defined in the model were introduced in

the form of a user-defined mechanical material behavior (UMAT) subroutine

implemented in ABAQUS/Standard, as described in more detail in the following

section.

Kinematics and Constitutive Law

The kinematics of the model are shown below, following closely the notation

used by Asaro [33]. Here, tensor and vector quantities are denoted by bold-

faced uppercase and lowercase letters respectively. All other terms are scalars.

Through multiplicative decomposition, the total deformation gradient tensor,

F, can be separated into elastic, F∗, and plastic, Fp, deformation gradient ten-

sors as, F = F∗Fp. Here, following the conventional definition, we refer to

lattice rotation as the orthogonal part of the elastic deformation gradient tensor

[34–36], i.e.,

F∗ = R∗U∗ (1)

where R∗ is the lattice rotation tensor, and U∗ the right elastic stretch tensor.

We should note that in the present study, the plastic strains are sufficiently

small, such that it is reasonable to assume plastic deformation manifests solely

as crystallographic slip.

The velocity gradient tensor, Lp is related to Fp via, Lp = ḞpFp
−1

. The

rate of plastic deformation is then specified by the sum of slip rates on all slip

systems in tensorial form
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Lp =

n∑
α=1

γ̇(α)
(
s(α) ⊗m(α)

)
(2)

where, γ̇(α), represents the slip rate on slip system α and s(α) and m(α) represent

unit slip system direction and normal vectors, respectively. In this model, slip

rates on each system are given by a rate-dependent power-law similar to that

suggested by Peirce, Rice and Needleman [37]

γ̇(α) = γ̇0

∣∣∣∣τ (α)g(α)

∣∣∣∣n sgn(τ (α)) (3)

where γ̇0 represents the reference slip rate, τ (α) the resolved shear stress on slip

system α, g(α) the slip resistance on system α, and n the power-law exponent.

Slip resistance evolves according to a generalized matrix form of the classic

Taylor relation suggested by Franciosi et al. [38] taking into account the average

interaction strengths between slip systems, given as follows

g(α) = g0 + αbµ

√√√√ n∑
β=1

aαβ ρ(β) (4)

where g0 is a constant resistance that does not evolve with strain, α a statisti-

cal dislocation interaction coefficient equal to unity, b the value of the Burgers

vector, µ the shear modulus, aαβ a slip-interaction matrix with diagonal compo-

nents capturing self-hardening and off-diagonal ones representing latent hard-

ening, and ρ(β) the dislocation density on system β. The dislocation density

evolution is calculated according to the Kocks-Mecking equation [39], composed

of a positive storage rate term and a negative dynamic recovery term

ρ̇(α) =
1

b

 1

K

√√√√ n∑
β=1

aαβ ρ(β) − 2ycρ
(α)

∣∣∣γ̇(α)∣∣∣ (5)

where K is a scalar that scales with the average strength of the dislocation-

dislocation junctions, and yc is the critical annihilation distance.
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Constitutive Model Parameters

Table 1 lists the relevant constitutive model parameters for IN718. Values

for elastic constants and initial dislocation density of IN718 were obtained from

the literature [40]. The only model parameter that is adjusted to agree with the

entire measured stress-strain curve is g0. A 10×10×10 finite element represen-

tative volume element (RVE) of the material was generated for calibration. The

model consisted of 1000, eight-noded cubic mesh elements, each element repre-

senting a single grain with a given crystallographic orientation sampled from a

uniformly random orientation distribution. The RVE was tested with periodic

boundary conditions in uniaxial tension. Fig. 1b overlays the calculated stress-

strain response with the measured stress-strain data. Both the elastic response

and hardening of the model compared well with experiment.

Table 1: Constitutive model parameters.

Parameter Magnitude Unit

C11 259.6 GPa

C12 179 GPa

C44 109.6 GPa

γ̇0 10−3 s−1

n 20 -

g0 400 MPa

b 0.257 nm

αα=β 0.1 -

αα6=β 0.1 -

ρ0 1.5x1012 m−2

K 10 -

yc 2.57 nm
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Model Microstructure and Boundary Conditions

To compare with the HR-DIC tension test results, a quasi-3D CPFE model

with traction-free surfaces was constructed, simulating a generalized plane stress

condition, adopting the form of Wang et al. [41].1 To accomplish this, the raw

EBSD data was first resampled at every second pixel along the horizontal and

vertical direction to a reduced resolution of 1071×1066. This grid of pixels was

then mapped to a grid of eight-node linear brick elements (C3D8) of equivalent

resolution, followed by a small extrusion of the model to a thickness of two

elements. Fig. 1c shows the resulting model microstructure. Elements belonging

to the same grain according to the EBSD data were assigned the respective mean

grain orientation. Uniaxial tension was applied along the x direction at a strain

rate of 10−3s−1 until a strain of 1.83%, simulating macroscopic strain achieved

in experiment. Periodic boundary conditions were imposed in the x and y

directions, while the two surfaces of the model remained traction-free. Based

on initial testing of different boundary conditions, we found that these boundary

conditions provided the greatest numerical stability and best representation of

the material on the free surface in the DIC experiment. As an effect of the

generalized plane-stress boundary conditions achieved with this model, the only

significant lattice rotations that develop are those in-plane, given by the R∗12

component of the lattice rotation tensor. While such conditions are known for

their greater tendency for strain localization compared to plane-strain boundary

conditions, we expect the main tendencies on intragranular slip activity and

lattice rotation not to differ between them.

3. Results and Discussion

3.1. Full-field Comparisons

The in-plane lattice rotations are measured at every point in the microstruc-

ture under tensile strain of 1.83%. Fig. 2a presents the experimental lattice

1Typically when simulating traction-free surface conditions, a 2D plane stress model is

adopted. We have found such models to be numerically unstable.
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rotation field map using blue shades for counter-clockwise (negative) rotations

and red shades for clockwise (positive) rotations. The applied strain is suffi-

ciently high to result in intragranular lattice rotations in most of the grains in

the sample. The rotation gradients are not exclusively at grain boundaries or

triple junctions. Most of the lattice rotations are 1° or less, a small fraction

greater than 2°, and a rare few greater than 3°. The lattice rotation fields are

calculated for the same microstructure at the same strain. In the map in Fig.

2b, we show only the calculated in-plane rotations in the surface plane of the

sample for direct comparison with experimental data. Many features of the

lattice rotation distribution agree with the measurement, from the long-range

bands of like-signed lattice rotation spanning many grains to the short-range

intragranular lattice rotation gradients. The calculated lattice rotation distri-

bution is, however, sharper with more intense regions. This difference likely

arises from the lack of nonlocal strain hardening and/or constraint of a subsur-

face microstructure in the model, which otherwise can slow down lattice rotation

evolution.

Figure 2: Comparison of lattice rotation maps for HR-DIC experiment (a) and CPFE simu-

lation (b) with four regions of interest labelled A, B, C, and D.

The range of lattice rotations observed in the region of interest is given by

the lattice rotation distributions in Fig. 3a. As expected for a uniaxial ten-
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sion experiment, there is no net rotation, as exemplified in the similar amounts

of positive and negative rotations across the sample. These lattice rotations,

both positive and negative, are no more than 1° (the 95th percentile of the

distribution). The calculated lattice rotation distribution is overlaid onto the

experimental one for comparison. It is similar to the measured one, although

slightly broader, with lattice rotations of 1° or less marking the 85th percentile,

a reflection of the tendency for the model to predict slightly higher and sharper

intensities. Also, one sub-peak is found in the simulation distribution between

-1.5 and -1°. In the same rotation range, a shoulder in the experimental distribu-

tion is visible. Analysis shows that the peak corresponds to an over-prediction

of negative lattice rotation by the model in several grain clusters (see Fig. 20

in Appendix).

Figure 3: Probability density distributions of lattice rotation for experiment and simulation,

shown in black and blue respectively, made semi-transparent to visualize regions of overlap

(a). A bi-variate histogram of lattice rotation and number of active slip systems for the CPFE

simulation (b).

Lattice rotations result from crystallographic slip and, in the FCC material

studied here, there are 12 available slip systems. Here we define an active slip

system is one that has a resolved shear stress that surpasses the initial slip

resistance of 400 MPa. The number of active slip systems responsible for the
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calculated lattice rotation under the applied strain of 1.83% is extracted and

presented in Fig. 3b in a bi-variate plot. Again, we observe that most of the

lattice rotations that develop in the model are below 1° in magnitude and further

see that these are associated with double or single slip. Because they occur less

frequently, the slip activity responsible for the range of lattice rotations greater

than 1° is indiscernible in Fig. 3b and needs to be plotted separately, such as in

Fig. 4a. Even the extreme and rare values of lattice rotations, reaching close to

3° are still associated with 1 - 2 slip systems. Therefore, one to two active slip

systems are responsible for most of the lattice rotations in the model.

Lattice rotations are driven directly by slip activity but may have a rela-

tionship with the stress or strain experienced at the same material point. To

identify a correlation, we use equivalent von Mises measures of stress and strain

at every point and overlay the lattice rotations and their corresponding stress

and strain on a map in Fig. 4b. Lattice rotations less than 2° are associated

with stresses and strains that span the full range realized in the model. Only

the exceptionally high rotations produced in the model within 2 to 3° can be

associated with the highest von Mises strains.

Figure 4: Probability density distributions of number of active slip systems for CPFE element

populations with defined magnitude of lattice rotation (a) and Mises stress-strain relationship

with lattice rotation (b). Elements outside of the selected group are colored gray and placed

behind those within the group in the scatter plots.
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Significantly smaller portions of the material deform by more than two active

slip systems, too small to be realized in the analysis for the full range of slip

activity in Fig. 4. However, the question is whether these multi-slip regions may

be responsible for particularly high or low values of lattice rotation. To examine

the multi-slip areas, in Fig. 5, we analyze the calculated lattice rotations within

separate groups based on the number of active slip systems. Those areas with

three to five active slip systems also lead to lattice rotations ranging from 2° or

less, which is the same range resulting from dual or single slip. The mapping

of the active slip numbers onto their von Mises stress and strain also finds no

special relationship between areas operating three to five active slip systems

with specific stresses or strains. The interesting finding, however, is that the

small portion of material points utilizing the largest number of slip systems, six

to eight, can be associated with much lower lattice rotations, less than 0.5°, and

distinct values of von Mises stress.

Figure 5: Probability density distributions of number of lattice rotation for CPFE element

populations with defined number of active slip systems (a) and Mises stress-strain relationship

with number of active slip systems (b). Elements outside of the selected group are colored

gray and placed behind those within the group in the scatter plots.

From the lattice rotation fields in Fig. 2, many grains develop intragranular

gradients in their interiors and not solely at the grain boundaries. In many

16



cases, these gradients do not have the same sign but subdivide the grain into

regions of oppositely signed lattice rotation. We also find from the foregoing

analysis that most material points operate one or two slip systems, and further

that this single or dual slip activity can account for the full range of lattice

rotations realized in the material, from the negative counter-clockwise (CCW)

2° to positive clockwise (CW) 2°. Together, these results imply that grains

preferentially accommodate deformation by activating a set of few slip systems

in distinct parts of the grain rather than the same set of multiple slip systems

uniformly throughout the grain.

3.2. Intragranluar Rotation Fields

We examine more closely the intragranular gradients in several individual

grains in Figs. 6 and 7. These groups are selected since they and their nearest

neighboring grains lie fully within the sample and are not border grains in Fig.

2. For the group in Fig. 6, two intragranular gradients are generated both in

experiment and the model due to a change in the sign of lattice rotation and are

indicated by dashed lines marked grad1 and grad2. In Fig. 6b, the calculated

map is shown alongside the experimental map. Even at this small scale, most

of the sign changes in lattice rotation predicted by the model are in qualitative

agreement with experiment. In the model, the gradients tend to be a little

sharper and, in a few cases, slightly offset in their specific location in the grain

but otherwise the agreement is sufficient for use in gaining further insight from

the calculation. The corresponding calculated von Mises stress field is shown

in Fig. 6c. There is little correlation between stress and lattice rotation in this

group of grains. The stress is uniform in areas of intragranular gradients in

lattice rotation. The stress is also not exceptionally low or high where these

gradients lie.

Fig. 7 features other regions that also contain intragranular gradients formed

by a change in sign that cuts across the grain (grad1 and grad2 in Fig. 7a) and

two gradients in the same grain with one being near a triple junction (grad1

and (grad2 in Fig. 7d, e). Finally, Fig. 7h shows a group containing a ro-
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Figure 6: Maps of experimental lattice rotation (a) and CPFE calculated lattice rotation (b),

von Mises stress (c), and slip systems of maximum resolved shear stress (RSS) (d) for region

of interest A.

tation gradient that involves a sign change (grad2) and another one that does

not (grad1). These close inspections clearly demonstrate that many individual

grains are divided into sub-regions of lattice rotation with opposing sense.

Intragranular rotation gradients signify changes in slip properties. Since

most regions operate single or dual slip, we identify only the primary system

(highest slip rate) and overlap its region of activity in the microstructures in

Figs. 6 and 7. Fig. 6d and Figs. 7c, f, and i present the prominent slip activity

maps for all analyzed regions and in all cases they show that the intragranular

gradients highlighted were caused by a change in predominant slip. Refer to

Table 2 in Appendix for the slip system designation. For instance, the gradients

in the two grains in Fig. 6 are attributed to a change in the predominant slip
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Figure 7: Maps of experimental lattice rotation, CPFE calculated lattice rotation and slip

systems of maximum resolved shear stress (RSS) for regions of interest B (a-c), C (d-f), and

D (g-i).

system. In Fig. 6 grad1 in grain 1 separates areas of activity for systems C3 and

C5, and grad2 in grain 2 separates C1 and A6 activity. A Schmid factor analysis

based on grain orientation and macroscopic loading alone would predict dual

slip by C3/C5 in grain 1 and C1/A6 in grain 2. Yet, it is implicit that these

two slip systems act in concert across the grain and not in separate regions.

However, as the experiment and model clearly indicate, these grains prefer to

activate different modes of slip in distinct regions, and where these regions are

divided one can find gradients in lattice rotation sign. Similar results are found

for the grain clusters in Fig. 7, where slip system changes responsible for these
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intragranular gradients also involve a change in the glide plane not just glide

direction. The grad2 gradient in lattice rotation sign seen in the twin in Fig.

7i results from a non-planar slip system change, whereas the grad1 gradient in

lattice rotation intensity results from a planar slip system change.

Figure 8: Maps of CPFE calculated slip systems of maximum resolved shear stress (RSS) (a),

HR-DIC in-plane slip displacement (b), experimental slip activity for region of interest B.

Measurements of slip that serve as indicators of activity at the subgrain

scale and at the surface can be inferred from H-DIC. For the small region in

Fig. 7(a-c), we compare the calculated and measured spatial maps of active

slip systems. The results in Fig. 8 show that the model is able to predict

not only the locations of divergent slip activity, but also correctly identify their

respective primary active slip systems. In summary, slip-mediated deformation

causes grains to subdivide into separate domains of distinct lattice rotations, as

a result of divergent selection of prominent slip system(s).

3.3. Cyclic Loading

For the microstructure deformed in tension, intragranular gradients are found,

typically dividing grains into separate domains of lattice rotation as a result of

locally divergent intragranular slip activity. Generally, slip and any effects of

slip are irreversible processes, a response that would be clear when the applied

straining is removed or has completely reversed. Likewise, lattice rotations,
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which arise from slip, would not be expected to fully reverse in a forward-reverse

strain cycle. Further, gradients in lattice rotation could be accommodated by

the accumulation of geometrically necessary dislocations (GNDs) [42–44], an-

other slip-related process, that could also contribute irreversibility. Here we in-

vestigate numerically the evolution of lattice rotation in a tension-compression

cycle, but without considering any irreversibilities that could arise from GND

formation.

Following the load path shown in Fig. 9, Fig. 10 shows the lattice rotation

maps at four different load points during a tension-compression cycle spanning

end of tension at 1.83% (1-1C) to end of compression at 1.83% (1-5C). Stage

1-2C marks the elastic-plastic transition in the subsequent compression path.

During the unload/reload from 1-1C to 1-2C, only a subtle reduction in the

magnitudes of the lattice rotation fields is detected. The spatial distribution

and gradients in lattice rotation are retained, a possible consequence of little slip

activity between these two states. At 1-3C, the macroscopic strain is zero, and,

in the microstructure, the intensities in lattice rotations have noticeably reduced,

a likely indication that slip in the reverse direction has begun. However, they

have not disappeared and the sense of rotations, as well as gradients in rotations,

still remain. Between 1-3C and 1-4C, the material has deformed beyond the

theoretical yield point in compression (without the pre-tension strain). Within

this increment, most of the lattice rotation field has reversed sign, signifying

that the lattice rotations achieved a minimum between load points 1-3C and

1-4C. We last show the lattice rotations at 1-5C, at the compression strain of

-1.83%, the same level reached at the end of the previous tensile path, 1-1C. By

1-5C, the lattice rotations have intensified in the reverse sense from those seen

in 1-4C.

At 1-5C, the end of the tension-compression cycle, the lattice rotation field

globally appears to have fully reversed in sign from that at the end of 1-1C.

To determine whether the lattice rotations at every point have locally reversed,

we calculate, for each grain, its grain average lattice rotation (GAR). Fig. 11a

shows the distributions of GAR corresponding to the five stages in the tension-
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Figure 9: Stress-strain curve for the cyclic simulation with load points of interest labelled.”1-

1C” indicates the first tension-compression cycle at the first load point (end of tension).

compression cycle.

The GAR distribution at the peak tensile level (1-1C) is broad, spanning

from 2° CCW to 2° CW. The 1-2C GAR distribution is similar, demonstrating

that these lattice rotations are retained after unloading and reloading in com-

pression to yield. The reoriented sub-crystalline regions after tension do not

revert back to their initial homogeneous starting orientation at 1-2C. However,

by 1-3C, when the net applied strain is zero, the GAR distributions substantially

narrow and remain so, even after the sign reversal stage at 1-4C. Deformation

from 1-4C to 1-5C causes lattice rotations to increase and the GAR distribu-

tion to broaden, similar to, but not completely reversed from, the distribution

at 1-1C. At 1-5C, the median GAR is offset from zero toward a finite CCW

rotation, indicating that some regions reorient more CCW in compression re-

straining than CW in tensile pre-straining. Despite the global appearance of a

fully reversed rotation field, the lattice rotations are indeed path dependent and

not perfectly reversed even in the first load cycle.

Since many regions of uniform lattice rotation are not granular but sub-
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Figure 10: Maps of CPFE calculated lattice rotation for load states along the tension-

compression cycle 1-2C (a), 1-3C (b), 1-4C (c), and 1-5C (d).

granular, differences in reorientation propensity between the tension path and

the subsequent compression path can lead to differences in intragranular misori-

entation as well. In prior studies of cyclic loading tests in precipitation-hardened

Cu, a grain average misorientation metric has been defined, as the misorienta-

tion between the orientation of a point relative to the average orientation [10].

Here we determine an analogous metric, based on a quaternion representation

of crystal orientation, for any stage in the cycle, given by
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Figure 11: Histograms of grain average lattice rotation (GAR) (a) and misorientation metric

Θ (b) at each load state of the tension-compression cycle.

Θ =
1

N

N∑
i=1

‖qi − q‖ (6)

which is the grain average misorientation Θ, where the misorientation is defined

between the orientation of a point i in a grain qi and the average orientation of

the grain q, and N is the number of points in the grain.

Fig. 11b shows the evolution of the Θ distributions during the tension-

compression cycle. The Θ distributions generated at tension at 1-1C are broad.

Unloading and reloading to compression yield point (1-2C) does not change the

Θ distribution. At 1-3C the Θ reduces, a likely consequence of the reduction in

GAR. Interestingly the Θ becomes even lower at 1-4C after sign reversal. De-

spite the similar GAR distributions for 1-3C and 1-4C, the 1-4C Θ distribution

is substantially narrower than 1-3C, suggesting many of the upper tail higher

misorientations at 1-3C have been removed when the lattice rotations reversed

sign at 1-4C. The strain from 1-4C to 1-5C results in a substantial increase in

intragranular misorientation. Like the GAR distribution, the Θ distribution at

1-5C in compression is not the same as that at 1-1C in tension at the same

strain level. A similar evolution in grain average misorientation (measured by
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an in-situ HEDM) was reported in the tension to compression cycle in Cu [10].

As seen here, in their work, the intragranular distribution becomes narrower

after the compression reload than that at the end of the tension reload.

Figure 12: Map of lattice rotation reversal calculated as the negative ratio of rotations at

compression (1-5C) and tension (1-1C), R = −
θ5C

θ1C
. R < 0 no reversal, 0 ≤ R > 1 under-

reversed, R = 1 fully-reversed, R > 1 over-reversed.

To determine rotational reversal, we calculate the negative ratio of rotations

at 1-5C at compression and 1-1C at tension. Fig. 12 shows a reversal ratio map

of the material at the end of compression 1-5C. In this map, when the lattice

rotation at a point has reversed, shades of gray identify ratios less than one,

an under-reversal, and shades of red identify ratios greater than one, an over-

reversal. Blue indicate a ratio less than zero indicating that the lattice rotation

retained the same sign. If all points experience perfect reversal, then the map

would be entirely white. Instead, as shown in Fig. 12, perfect reversals are rare.

Most of the material experiences an under reversal. This would explain the

narrower Θ distribution after 1-5C compared to 1-1C. Interesting points are the

smaller and fewer regions that manifest as composite bands that pair a band of

severe over reversal with a band of no reversal. These bands develop along in-

tragranular gradients that form a boundary between two domains of oppositely
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signed lattice rotations. Fig. 13 identifies where composite bands of lattice

rotation reversal correspond to bands of polarized gradients, i.e. gradients of

opposing rotation sign, in the model for regions A and B. In Fig. 13c, while not

corresponding to a composite band in the model, grad1 clearly intensifies un-

dergoing substantial over-reversal. Thus, the polarized intragranular gradients

formed under forward loading are regions that experience significantly different

slip distribution in reverse loading, causing one side to “shed” re-orientation to

the other side. This phenomenon results in irreversible changes in intragranular

orientation gradients.

Figure 13: Maps of lattice rotation reversal and lattice rotation at end of compression (1-5C),

for regions of interest A (a, b) and B (c, d).

3.4. Cyclic Loading Experiments

Another HR-DIC/CPFE comparison was performed for another microstruc-

ture for the same IN718 material. The cyclic loading conditions applied con-
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sisted of first tension to 2% macroscopic strain followed by an unload where the

HR-DIC measurements were taken. After, subsequent compression was applied

to a macroscopic strain of -0.63% followed by another unload where another set

of HR-DIC measurements were taken at a final macroscopic residual strain of

0.25%. Experimental results are available at every unload for 10 whole cycles,

where as only one cycle was tested with the CPFE model. Figs. 14 and 15

show the measured and calculated lattice rotation maps for two example mi-

crostructural regions after the first tension and compression unloads. Overall,

the model predicts reasonably well the lattice rotations on average per grain,

and in most areas, the location and sign of the intragranular lattice rotation

gradients. Agreement is better in more areas after tension and before reverse

loading than after compression. We only note that during the compression cy-

cle, in some areas of the microstructure, the lattice rotation fields of the model

generally tend to reverse more than what is observed in experiment. Neverthe-

less, most of the map is qualitatively in agreement, sufficient for more in depth

analysis.

As done in the previous section, the lattice rotation reversal ratio after one

cycle was analyzed for the regions of microstructure selected. For this exper-

iment, because of the smaller macroscopic strain achieved during the reverse

loading path, full rotation reversal is not expected for most of the microstruc-

ture, therefore regions with a rotation reversal ratio approaching and surpassing

unity represent locations within the material experiencing significant rotation

reversal, disproportionate to the relative macroscopic strains applied. Results of

this analysis show that the intragranular gradients in lattice rotation sign corre-

spond to regions of over-reversal as exhibited in Figs. 16 and 17 where bands of

significant reversal ratio, (≥ 1), track the gradient lines. On either side of these

gradients as well, are regions of very low reversal indicating shedding of lattice

rotation is occurring and that these gradients may intensify with further cycling.

By comparing these experimental results with those after 10 cycles, both gradi-

ents analyzed are found to intensify with further cycling, confirming the original

hypothesis. A final interesting finding from the analysis is the development of
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Figure 14: Maps of (a) experimental and (b) CPFE calculated lattice rotation for a region of

microstructure after the first tension unload, and (c) experimental and (d) CPFE calculated

lattice rotation maps after the first compression unload. The dashed line indicates the location

of a polarized lattice rotation gradient.

regions of over-reversal in lattice rotation. These special regions are seen in both

simulation and experimental results and may be counterintuitive since the load

path is asymmetric and much less macroscopic strain is applied during reverse

loading. They provide a direct indication that Ni-based superalloys exhibit slip

activity that is different during reverse loading than forward loading. They are

consistent with the slip irreversibility behavior of IN718 reported in [15, 45].
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Figure 15: A second set of maps in the same microstructure of (a) experimental and (b) CPFE

calculated lattice rotation after the first tension unload, and (c) experimental and (d) CPFE

calculated lattice rotation maps after the first compression unload. The dashed line indicates

the location of a polarized lattice rotation gradient.

3.5. Slip Localization

Slip bands producing high lattice rotation are of interest because they serve

as precursors for crack initiation upon further cycling and they are commonly

observed in IN718 and other Ni-based superalloys forming adjacent and parallel

to, but not directly on, twin boundaries (TBs) [6]. We examine more closely

the region of microstructure shown in Fig. 6 where this type of slip band is

observed in experiment. To identify slip activity, slip localizations are measured

using HR-DIC throughout this group of grains. Figure 18 shows the slip bands
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Figure 16: Maps of (a) experimental and (b) CPFE calculated lattice rotation reversal for the

region of microstructure in Fig. 14 after the first compression unload. Experimental lattice

rotation maps for the compression unload after (c) one and (d) 10 cycles. The dashed circle

indicates the location of a polarized lattice rotation gradient that displays over-reversal and

subsequent intensification with further cycling.

delineated by the HR-DIC analysis and a key indicating which slip planes they

correspond to in this grain. Two separate regions of active dual slip are detected

in experiment. One region extends over most of the grain interior, where many

distinct slip bands in the form of
(
111
)

slip traces are observed. Experimental

analysis of their in-plane shearing angles (see ref. [14]) indicate they belong to

systems C3:
(
111
)

[101] and C5:
(
111
)

[110]. The second smaller region spans the

TB where the intense strain localization has developed. The band corresponds
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Figure 17: Maps of (a) experimental and (b) CPFE calculated lattice rotation reversal for

the region of microstructure in Fig. 15 after the compression unload. Experimental lattice

rotation maps for the compression unload after (c) one and (d) 10 cycles. The dashed circle

indicates the location of a polarized lattice rotation gradient that displays over-reversal and

subsequent intensification with further cycling.

to
(
111
)

slip traces and its shearing angles indicate mixed activity of systems

D4:
(
111
)

[101] and D6:
(
111
)

[110]. Like the entire microstructure, deformation

of this grain is accomplished by activation of one or a pair of slip systems, in

spatially distinct regions. Given that the orientation of this grain lies close to

the [011]− [111] boundary of the standard stereographic triangle, as can be seen

in Fig. 1a, it would be expected that the coplanar slip systems C3 and C5 would

be activated. However, the effect of the neighboring twin on activating locally
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D4 and D6 is not taken into account and hence would not be anticipated.

Figure 18: HR-DIC strain field overlaid on an EBSD map (a), experimental lattice rotation

field (b), and in-plane slip displacement map (c) for a region of IN718 microstructure where

intense slip localization (black and white arrows) and impingement (green arrow) is observed

after uniaxial tension to 1.83% strain.

In Fig. 19, the slip activity calculated for this grain is indicated by the

mean RSS value on each of the 12 systems, see Table 2 in Appendix for the

designation of these slip systems. The negative sign of the RSS indicates that slip

occurs in the opposing slip direction. In agreement, the model forecasts activity

predominantly on systems C3:
(
111
)

[101] and C5:
(
111
)

[110]. It identifies the

slip system D6:
(
111
)

[110] that created the strain localization as being active as

well but secondary. Although the CPFE formulations in general are not capable

of representing active slip spatially correlated in the form of an intense band,

the CPFE model here does explain why the D6:
(
111
)

[110] slip system of the

strain localization near the TB is not also prevalent over the entire grain.

Strain localizations near TBs, such as the one studied here, are found to not

fully recover in cyclic loading, unlike the other slip bands in the same grain, far

from the TB, which appear to recover [45]. The irreversibility of the localization

is not yet fully understood. The mechanism could be driven by distinct changes

in the slip redistribution that occur as the strain path changes from tension to

compression. We carry out calculations in which the applied tensile deformation

is followed by unloading and re-straining in reverse, refer to schematic in Fig. 9
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with the five load steps. For this local region, we track the new slip activity by

its RSS after the equivalent compression strain is reached (see 1-5C in Fig. 9).

By the end of compression, all systems experience some amount of reversal

in RSS. To identify irreversible slip, the difference between RSS magnitudes at

the end of compression reversal and the end of forward tension is evaluated for

each slip system and shown in Fig. 19b. Positive differences in Fig. 19b indi-

cate a full recovery of slip developed during the tensile load plus an additional

increment of slip in the direction of compression i.e., increased slip activity in

the compression strain path over that achieved during the tension strain path.

Substantial amounts of additional slip increment during the compression strain

path are found for systems D4:
(
111
)

[101] and D6:
(
111
)

[110] and less so on

the primary active systems C3:
(
111
)

[101] and C5:
(
111
)

[110], as well as the

other less active ones. The tendency to incur more slip on D6:
(
111
)

[110] than

the other slip systems in the reload would suggest that the strain localization

concentrated on this system would be irreversible during cyclic loading.

Figure 19: Mean RSS at states 1-1C and 1-5C (a), and difference in |mean RSS| between

states (b) across individual slip systems for the grain of observed localization.
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3.6. Sources of Discrepancies

In this work, measurements and calculations of inter- and intragranular lat-

tice rotation for the same microstructure with the same high resolution were

made, enabling point-to-point comparisons. Overall the model lattice distribu-

tions demonstrated good agreement, enabling us to carry out further analyses.

However, qualitatively, we find that in a few portions of the microstructure, the

lattice rotations were slightly larger and gradients sharper in the model than

measurement.

These differences have been reported before in other studies comparing DIC

and CPFE results [20, 22, 26, 46] and two reasons have been proposed, both

of which apply to this study as well. First, we use a columnar microstructure,

formed by extruding the experimental surface microstructure normal to the sur-

face. In the absence of subsurface microstructure, some areas in the model could

be less constrained than actuality, allowing easier development of lattice rota-

tion. Grains are constrained to maintain compatibility with their neighboring

grains. Unseen grains below the surface that are oriented to be either hard

elastically or plastically or both will provide a greater constraint on the surface

grains than those that are oriented to be softer. At present, the model assumes

that the material below the surface grains has the same orientation. Because

IN718 is elastically anisotropic, any difference in orientation between the sub-

surface grains and the studied surface grains can have an effect on the lattice

rotations fields that develop. The second reason for the observed differences

may be that the model’s hardening law is too soft, not representing adequately

the strain hardening that may develop in some regions of the material. For

instance, GNDs could develop in response to gradients in lattice rotation and

harden the material locally. Without additional GND hardening, this would

likely result in larger rotations and sharper gradients than measured both after

forward and reverse loading.

To quantify discrepancies here, the point-to-point differences in lattice rota-

tion between the experiment and model maps for every element were calculated

(see Fig. 21 in Appendix). This analysis indicates that as a fraction of all ele-
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ments considered in the model, the discrepancies in lattice rotation are small.

Also, larger differences in rotation occur more frequently at points closer to

grain boundaries. The most frequently occurring difference is less than 0.5°

and it occurs within 0.05 of the grain size from the grain boundary. Large

differences near grain boundaries could be attributed to at least two factors.

First, boundary-specific constitutive behavior is not included in the model, and

second, brick elements, such as those used here, create “staircase-like” features

at the grain boundaries producing minor artifacts in resolved fields, ultimately

hindering analysis of elements with direct contact of these features. Choi et al.

showed that staircase grain boundaries produce more extreme local plasticity

as compared to smooth grain boundaries resulting in more extreme-value spots

near the head and tail ends of distributions for quantities such as Mises stress,

cumulative slip, and maximum slip [47].

While both the lack of subsurface microstructure and implementation of a

simple hardening model likely contribute to the differences found between exper-

iment and model lattice rotations, their relative contributions are not thought

to be equal, with the former believed to play a dominating role. Work by Zhang

et al. [46] studied the relative effects of subsurface microstructure, quasi-3d or

realistic full-3D grain morphology, and choice of constitutive model parameters

on resolved lattice orientation fields for polycrystalline Ti-5Al-2.5Sn. Two sets

of constitutive model parameters were tested, with one set reversing the relative

ease of prismatic and basal slip. It was found that grain morphology causes more

substantial changes in the lattice reorientation than choice of constitutive pa-

rameters. The most convincing evidence presented here supporting subsurface

microstructure as a dominant source of model discrepancy is the coexistence

of mostly accurate regions with minimally inaccurate areas in lattice rotation.

We speculate that regions showing good agreement coincide with subsurface

microstructures that do not vary greatly with depth and/or have elastically

compatible subsurface grain neighbors. The opposite may be true for regions

which show strong disagreement with experiment. Further statistical analyses

of subsurface microstructure and choice of hardening model are needed to guide
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researchers towards developing more effective CPFE models.

4. Conclusions

In this work, we study the development of lattice rotations in a nickel-

based superalloy microstructure under monotonic and cyclic loading using high-

resolution digital image correlation (HR-DIC) and crystal plasticity finite ele-

ment (CPFE). A generalized-plane stress CPFE model was created to simulate

the traction-free surface conditions of the in-situ tension test sample. The res-

olutions of the measured and calculated data points are aligned and sufficiently

high, permitting a full-field quantitative analysis of the inter- and intragranu-

lar in-plane lattice rotations. The calculations of grain-average response, local

intragranular fields, gradients in rotation, and slip activity achieve reasonable

agreement with experiment even at the subgrain scale. The main conclusions

are as follows.

• The full range of intragranular lattice rotations in the sample develop

primarily by activation of one to two active slip systems in each grain.

• Rare instances of highly multi-slip activity in the model (> six active

slip systems) are associated with noticeably low lattice rotation and high

stress.

• The model points to the development of intragranular gradients in lattice

rotation, not just exclusively at grain boundaries. Two types of gradients

are observed, those with and without a sign change. Results of the model

these gradient are associated with a change in the predominant slip system,

involving coplanar and non-planar changes respectively.

• Grains preferentially accommodate deformation by activating a different

set of slip systems in distinct parts of the grain rather than the same set

of multiple slip systems uniformly throughout the grain. Comparisons of

CPFE calculated and HR-DIC measured slip activity confirm the classical
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model’s ability to predict heterogeneously distributed slip activation and

support the lattice rotation gradient analyses.

• Lattice rotation fields do not reverse perfectly between states of tension

and compression even in the first load cycle, leading to irreversible changes

in the grain-average rotation and grain-average misorientation distribu-

tions. Intragranular lattice rotation gradients marked by changes in sign

increase in the reverse strain path and intensify with further cycling.
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Appendix

Table 2: {111}〈110〉 slip systems for FCC crystals with the notation of Schmid and Boas [48].

Slip System Slip Plane Normal Slip Direction

A2
(
111
) [

011
]

A3
(
111
)

[101]

A6
(
111
)

[110]

B2 (111)
[
011
]

B4 (111)
[
101
]

B5 (111)
[
110
]

C1
(
111
)

[011]

C3
(
111
)

[101]

C5
(
111
) [

110
]

D1
(
111
)

[011]

D4
(
111
) [

101
]

D6
(
111
)

[110]

Figure 20: Probability density distributions of lattice rotation for experiment and simulation

(a) with simulation sub-peak highlighted in green. CPFE calculated lattice rotation map (b),

values inside sub-peak colored in green.
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Figure 21: Bi-variate histogram of the absolute point-to-point difference in lattice rotation

between simulation and experiment and the distance to the nearest grain boundary normalized

by a material point’s respective mean grain diameter.
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