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Summary. Many clay rocks have distinct bedding planes. Experimental studies
have shown that their mechanical properties evolve with the degree of saturation,
often with higher stiffness and strength after drying. For transversely isotropic rocks,
the effects of saturation can differ between the bed-normal and bed-parallel direc-
tions, which gives rise to saturation-dependent stiffness and strength anisotropy.
Accurate prediction of the mechanical behavior of clay rocks under partially satu-
rated conditions requires numerical models that can capture the evolving elastic and
plastic anisotropy with degree of saturation. In this study, we present an anisotropy
framework for coupled solid deformation-fluid flow in unsaturated elastoplastic me-
dia. We incorporate saturation-dependent strength anisotropy into an anisotropic
modified Cam-Clay model and consider the evolving anisotropy in both the elas-
tic and plastic responses. The model was calibrated using experimental data from
triaxial tests to demonstrate its capability in capturing strength anisotropy at vari-
ous levels of saturation. Through numerical simulations, we demonstrate the role of
evolving stiffness and strength anisotropy in the mechanical behavior of clay rocks.
Plane strain simulations of triaxial compression tests were also conducted to demon-
strate the impacts of material anisotropy and degree of saturation on the mechanical
and fluid flow responses.

Keywords. Anisotropy, rock strength, transverse isotropy, unsaturated rock
mechanics

1 Introduction

Many rocks exhibit anisotropy in both their mechanical deformation and fluid
flow behaviors [7, 25, 29, 41, 56, 94, 98]. Failure to consider this aspect could
lead to large errors in the prediction of their hydro-mechanical responses
[6, 28, 57, 96]. Mechanical anisotropy in rocks mainly arises from the pres-
ence of cleavage, micro-cracks, and bedding planes [12, 39, 70]. In shales, the
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alignment of anisotropic clay particles, minerals and/or cracks along bedding
planes can bring about a strong transversely isotropic behavior [37, 48, 52, 81].

Transverse isotropy is a common type of anisotropy in which the mate-
rial properties are symmetric about a bedding plane and anisotropic in the
direction normal to this plane [14, 50, 66, 103, 107]. The effect of anisotropy
on the stiffness and strength of various transversely isotropic rocks has been
extensively investigated in the literature [9, 13, 58, 63, 68, 69, 77, 86]. The
stiffness and strength of transversely isotropic rocks depend on the direction
of the load with respect to the orientation of the bedding plane, and are of-
ten different in the bed-normal (BN) and bed-parallel (BP) directions. The
maximum strength can occur in either direction, but the minimum strength
typically occurs when the load is inclined with the bedding plane, often at
an angle 6 between 20 and 40° [54]. In addition, the shape of the plot of
strength versus bedding plane orientation can be classified as U-shaped type,
undulatory type, and shoulder type [70]. These three curve shapes have been
associated with different types of discontinuities present in the rock. A single
plane of anisotropy, for instance, a joint plane or bedding plane, produces a
shoulder type anisotropy curve, while a set of discontinuities such as lamina-
tion or cleavage produces a U-shaped anisotropy with no shoulder [2, 70]. On
the other hand, undulatory type curves arise from the presence of multiple
sets of discontinuity.

The behavior of clay rocks subjected to dessication and hydration pro-
cesses have been studied in the literature [21, 60, 61, 80, 104]. In some clay-
rich shales, these processes have been observed to induce changes in the degree
of mechanical anisotropy [36, 49]. Mechanical anisotropy has been shown to
be saturation-dependent in these rocks, with the anisotropy ratio generally
increasing as the shale dehydrates [55, 87, 101, 104]. The Young’s modulus
and compressive strength were found to be more sensitive to the degree of
saturation in the BP direction [40, 99, 101, 104]. The fracture pattern and
failure mode observed in triaxial tests have also been noted to depend on
the degree of saturation for certain bedding plane orientations [87]. As a re-
sult, saturation-dependent mechanical anisotropy may affect the swelling and
shrinkage behavior of rocks. In applications involving wetting and/or drying
processes, such as tunnel construction and underground storage of nuclear
waste, saturation-dependent mechanical anisotropy must be incorporated in
the constitutive modeling of rock behavior.

Many hydromechanical models in the unsaturated range have been de-
veloped to model porous media subjected to drying and wetting process
[16, 23, 26, 27, 42, 44, 64, 73, 89, 95, 108]. Some of these models [24, 45, 75]
extend the modified Cam Clay (MCC) model [82, 83] or the Barcelona Basic
Model (BBM) [1] to account for the mechanical behavior of partially saturated
materials. Various authors have further extended these plasticity models to
account for the effects of evolving anisotropy [3, 74, 91]. Some extensions
introduced an anisotropic response through a scalar parameter «, proposed
by Dafalias [32-34]. The parameter « is a measure of the degree of plastic

This article is protected by copyright. All rights reserved.

85U8017 SUOWWIOD BAIER.D 3(eot(dde auy Aq peusenob ae sajole YO ‘8sN JO SanJ Joj ARIq1TaUIIUO A8]IM LD (SUONIPUOO-PUR-SWLBIALID A8 |IM"A eI 1[Bu [UO//:Stny) SUORIPUOD pUe SWLB L 8U) 89S *[£20Z/0T/#0] Uo Afid1T8UIIUO A8|IM 'UOITRLIOU| [IILYDS L PUY J13NUBIOS JO 80140 Ad 682€ Beu/200T 0T/10p/L0d A8 1M Al.q jBul|uo//Sdny Wwoly pepeojumod ‘T ‘2202 '£586960T



Evolution of elastoplastic anisotropy with saturation 3

anisotropy that defines the size and inclination of the yield surface. Stropeit
et al. [84] extended the S-CLAY1 anisotropic critical state model [91], which
uses « to describe anisotropic response into the unsaturated regime by in-
corporating the BBM framework [1]. D’Onza et al. [38] and Al-Sharrad and
Gallipoli [4] further enhanced this model with the aims of improving yield
stress and shear strain predictions, respectively. Other studies [79, 90] have
also introduced the orientation of the yield surface through a kinematic hard-
ening variable tensor as proposed in Kavvadas [53].

The majority of these aforementioned constitutive models were developed
to capture unsaturated soil behaviors. In particular, unsaturated soft clays ex-
hibit an evolving anisotropy induced by plastic strain, in which plastic defor-
mation erases or enhances the degree of plastic anisotropy [5, 74]. Hence, many
of these models adopt a rotational hardening law to capture the evolution of
the inclination of the yield surface with plastic strain [3, 35, 74, 79, 90, 97].
To incorporate the effects of partial saturation, the evolution of the harden-
ing variables, including the rate of rotation of the yield surface, were made to
depend on the suction stress and degree of saturation. However, experimen-
tal evidence suggests that clay-rich shales exhibit inherent plastic anisotropy
[65, 101, 104]. As a result, the elasto-plastic models mentioned above may not
be appropriate for modeling inherently anisotropic rocks. Instead, alternative
methods to incorporate anisotropy in the MCC model should be explored
when modeling rocks with an evolving anisotropy.

Notable contributions to the constitutive modeling of inherently anisotropic
geomaterials were those of Nova [65] and Crook et al. [31], who extended the
Cam-Clay model and the MCC model, respectively, to transversely isotropic
materials by using a fourth-order projection tensor to rotate the yield surface.
For an anisotropic yield surface, the fourth-order projection tensor transforms
the Cauchy stress tensor in real space to a fictitious space where the yield sur-
face can be expressed in an isotropic form. More recently, Semnani et al. [76]
developed an anisotropic thermoplastic model by also adopting a fourth-order
projection tensor to rotate the yield surface. The applications and capabilities
of this model can be found in [19, 105, 109-111]; however, these models do
not account for an evolving plastic anisotropy induced by partial saturation.

This paper attempts to capture the effects of inherent saturation-dependent
plastic anisotropy in clay rocks through an anisotropic elastoplastic model for
unsaturated porous media. We extend the constitutive theory presented by
Semnani et al. [76] to the unsaturated regime using a compressibility frame-
work proposed by Sitarenios and Kavvadas [78], under the assumption of
infinitesimal deformation. Subsequently, we calibrate the model using exper-
imental data on Tournemire shale from Vales et al. [87] and demonstrate
its capability in capturing mechanical responses associated with saturation-
dependent plastic anisotropy in clay rocks. Finally, stress-point and boundary
value simulations were conducted to investigate the combined effects of partial
saturation and anisotropy on rock behavior. We note that the effects of the
complex multiscale structure of shale were not included in this study.
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2 Theory

This section briefly describes the hydromechanical elastoplastic framework
adopted in this work. The basis of the framework is the formulation by Zhao
and Borja [110, 111] for anisotropic elastoplastic porous materials with com-
pressible grains, which is herein extended to the unsaturated range. The dis-
cussion is limited to inherently anisotropic materials undergoing infinitesimal
deformation.

2.1 The Biot and Terzaghi effective stresses

In the unsaturated range, two effective stresses emerge from the first law of
thermodynamics: the Biot effective stress o’ that is conjugate to the elastic
component of solid deformation, and the Terzaghi effective stress o’ that is
conjugate to the plastic component. Assuming the air pressure is atmospheric
(passive condition), and using the continuum mechanics convention for the
stresses (tension is positive), the two effective stresses take the form

o' =o+ b, o’ =0+, (1)

where o is the total Cauchy stress tensor, " is the degree of saturation, p
is the pore water pressure, 1 is the second-order identity tensor (Kronecker
delta), and b is the Biot tensor. In the Biot effective stress, the pressure
term is scaled by the Biot tensor b, whereas in the Terzaghi effective stress,
the pressure term is scaled by the identity tensor 1. The elastic constitutive
equation for the solid is given in terms of the Biot effective stress, whereas
the dissipation inequality is defined in terms of the Terzaghi effective stress,
ie.,

o' =C°:¢€°, o’ :e">0, (2)
where C¢ is the elastic moduli tensor of the solid matrix, and €® and €P are
the elastic and plastic components of the strain in the solid.

Let K, denote the bulk stiffness of the solid grains. The Biot tensor is
given by

b=1--—'"" =1_—-"'=
3K, 3K, (3)

In the limit of elastic isotropy, the Biot tensor reduces to the form

b=(1—K£)1:a1, (4)

where K is the bulk stiffness of the solid matrix and a = (1 — K/K,) is
the Biot coefficient. Here, we allow the material to exhibit elastic anisotropy
through the elasticity tensor C¢.

The two effective stresses are obviously related through the equation

o’ =o'+ (1-b)Y"p, (5)
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so that ” = ¢’ when b = 1. Substituting the elastic constitutive equation for
o’ then yields the equivalent elastic constitutive equation for o of the form

o' =C°:€°, (6)

where

€ =€ +C (1 -b)vp (7)
is an equivalent elastic strain that defines the evolution of the Terzaghi effec-
tive stress o”. By setting €’ = € and

t=e e, 8)

an equivalent strain-driven plasticity theory can be developed in terms of
the Terzaghi effective stress o, which, at the same time, satisfies the elastic
constitutive equation for the Biot effective stress o’.

2.2 Conservation laws

The balance of linear momentum can be written in terms of either the Biot
effective stress or the Terzaghi effective stress. Because the plasticity theory
is formulated in terms of the Terzaghi stress, we write the balance of linear
momentum (ignoring inertia effects) in terms of this stress as follows

V- (6" —4¢"pl)+pg =0, 9)

where p is the total mass density of the solid-water-air mixture and g is the
gravity acceleration vector. This expression is true whether the response is
fully elastic or elastoplastic.

On the other hand, assuming no mass exchanges between water and the
surrounding environment, the balance of mass for water takes the form

. . : P 1

“(b:e+1:€° Y4+ —+—Vp- V.-g=0, 10

PU(b e+ 6)+01/J+M+Kwpq+ q (10)

where K, is the bulk modulus of water, g is the Darcy flux, and the super-
imposed dot is the material time derivative following the solid motion. The

coefficient c¢ is given by the expression

B
— Gt ¥ 11
c=0+ P, (11)
in which !
B=31:b-0, (12)
and ¢ is the porosity of the mixture; while M is the Biot modulus defined as
1 ¢ YUB )
— == v 1
R K (13)

The balance of mass for air is not needed in this case since we have assumed
the air pressure to be atmospheric.

This article is protected by copyright. All rights reserved.

85U8017 SUOWWIOD BAIER.D 3(eot(dde auy Aq peusenob ae sajole YO ‘8sN JO SanJ Joj ARIq1TaUIIUO A8]IM LD (SUONIPUOO-PUR-SWLBIALID A8 |IM"A eI 1[Bu [UO//:Stny) SUORIPUOD pUe SWLB L 8U) 89S *[£20Z/0T/#0] Uo Afid1T8UIIUO A8|IM 'UOITRLIOU| [IILYDS L PUY J13NUBIOS JO 80140 Ad 682€ Beu/200T 0T/10p/L0d A8 1M Al.q jBul|uo//Sdny Wwoly pepeojumod ‘T ‘2202 '£586960T



6 Sabrina C.Y. Ip! - Ronaldo I. Borja'**
2.3 Elastic anisotropy

In rocks with distinct bedding planes, the elastic response is often transversely
isotropic [14, 39, 66]. The orientation of the plane of isotropy with respect to
the horizontal can be defined by the microstructure tensor m, which has the
form

m=n®n, (14)

where mn is the unit normal vector to the plane of isotropy. For a transversely
isotropic material the elasticity tensor is given by

C=AN11+2url+a1l®@m+me1)+bmem
+(pr —pr)(lem+madl+lom+mol), (15)

where I is the rank-four symmetric identity tensor with components I;ji =
(0ikd;1 + 9;10:1) /2, and operators ®, @ and © operate such that (a ® b);jk =
a;jbrr, (@ ®b)ijr = ajibik, and (a ©b);jr = a;bjy for any symmetric second-
order tensors a and b. The five parameters of the model, namely, A\, ur,, pr,
a, and b, characterize the transversely isotropic elastic material.

In terms of the five elasticity parameters, the Biot tensor for a transversely
isotropic material can be written as

b:blm—|—bH(1—m), (16)
where
3AN+4a+b+4ur —2ur 3N+ 2ur +a
- 3K, L 3K, (17)

are the BN and BP components of this tensor.

Equivalently, the five parameters of the elasticity model can be represented
by the Young’s moduli of elasticity £y, and F5 in the BN and BP directions,
respectively; Poisson’s ratios v15 and vo3; and shear modulus G1s. In a recent
paper [51], the authors have shown that these parameters vary with degree
of saturation, with the stiffness moduli generally increasing with dehydration.
They employed linear regression to express the variations of these parameters
with saturation, and showed that an evolving anisotropy with saturation is
crucial for capturing the observed responses of clay rocks during shrinkage
tests. However, they have not considered the evolution of plastic anisotropy
in their work, which is now the focus of the present paper.

2.4 Plastic anisotropy
To capture plastic anisotropy, we adopt the framework proposed by Semnani

et al. [76] in which a fourth-rank projection tensor P rotates the Terzaghi
effective stress tensor o’ to a fictitious stress configuration o* where the
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yield surface can be written in isotropic form. The rotational transformation
is given by
o*=P:0", (18)

where

P:cl]l+%2(m®m+m9m)
C3

3

lem+1el+l1om+mol) (19)
is the projection tensor. The anisotropy parameters c1, ¢z, and cs determine
the aspect ratio of the yield surface, whereas the microstructure tensor m
determines the rotation of the yield surface relative to the hydrostatic axis.
In the fictitious stress configuration, we consider a two-invariant yield cri-
terion based on the isotropic modified Cam-Clay function of the form [17]

(¢*)?

G AR

+p*(p" = pe) <0, (20)

where p* = tr(6*)/3, ¢* = \/g||s*||, s* = o* — p*1, M is the slope of the
critical state line. In the real stress space,

p=atia” g = Lo (21)
where L
a*:[ngl’ lo”||ax = Vo' : A*: o, (22)
and

A"=P:(31-1®1):P. (23)

By substituting these expressions into Equation (20), the yield function in the
real stress space becomes

2
o[-
2M?2

fla",pe) = +a*:0"(a*: 0" —p.) <0. (24)
Note that the form of f in the real stress space is more complicated than in
the fictitious stress space.

The size of the yield surface is determined by an effective preconsolidation
stress, which has a functional relation given by

256 :ﬁC(S7ww7pC)7 (25)

where s = —p is the matric suction and p. is the value of p. when s = 0
(or when ¢ = 1). Strictly speaking, either s or ¢* in Equation (25) is
redundant since there exists a constitutive relation between them, namely,
the water retention law. The well-known van Genuchten equation [88] is one
such law and is given by the curve
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Y2 — 1 1
Y=+ e, m=1-—, (26)
[1+(s/50)"] n

where 17 and 1o are the residual water saturation and maximum water sat-
uration, respectively, sg is a scaling suction, and n and m are parameters
describing the shape of the water retention curve.

The effect of partial saturation is to expand the yield surface from its
size at the fully saturated state. The preconsolidation stress p. at the fully
saturated state varies with the plastic volumetric strain ef according to the
equation

Pe = Peo €xp(Veh) (27)

where ¥ is a coefficient that may depend on the degree of saturation as well,
and pqo is a reference value of p. when €/ = 0. We note that p. < 0 and
peo < 0 by the continuum mechanics convention. In the unsaturated state,
the effective preconsolidation stress expands according to the equation

Pe = 7(7pc)ba (28)

where b > 1. We note that this exponent typically increases with suction and
approaches the value of one at zero suction. A specific form for b is given in
the examples presented later in this paper.

Another effect of partial saturation is to reduce the compressibility of the
rock and make it stiffer against volume change. In this work, we adopt the
compressibility framework proposed by Sitarenios and Kavvadas [79] where
the compression line depends on both suction and degree of saturation. The
evolution law for compressibility is expressed as

A= o [1 —C(1 =) (1 - e*DS)} , (29)

where Ag is the compressibility of the rock at the fully saturated state; and C
and D are positive constants similar to the parameters introduced by Alonso
et al. [1]. In contrast to the bonding factor used in [15, 43|, the effects of
suction and degree of saturation on compressibility are independent of each
other in this framework.

2.5 Evolution of plastic anisotropy

Semnani et al. [76] noted that the projection tensor P can be defined by
the parameters, «, 8, and v when the coordinate system is aligned with the
bedding planes, that is,

011 e o011
022 B 022
o3| _ B 033 (30)
023 B 023
013 Y 013
012 Y 012
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The parameters can be normalized by setting v = 1. This means that the
degree of plastic anisotropy can be represented by the values of o and f
alone. These parameters can be regarded as the scaling factors of the stresses
in and out of the bedding plane when projected to the fictitious stress space.

Similar to what was done to describe the evolution of elastic anisotropy
with saturation [51], we now consider o and S to be linear functions of the
degree of saturation and investigate their evolution with saturation. The evo-
lution of plastic anisotropy can then be represented through four additional
parameters:

a=Ag+ A (1-9"), 8= Bo+ Bi(1—-v"), (31)

where Ay and By are the values of o and (§ at the fully saturated state,
respectively; and A; and Bj are the slopes of a and § with the degree of sat-
uration, respectively. In contrast to saturation-dependent elastic anisotropy,
which was quantified from wave velocity measurements at different degrees
of saturation [51], the four variable anisotropy parameters mentioned above
must now be determined by fitting the full stress-strain experimental data of
the anisotropic plastic responses at various degrees of saturation. The param-
eters Ag and By can be calibrated from the stress-strain curves in the BN
and BP directions of a fully saturated sample [76]. Thereafter, A; and B; can
be determined from the stress-strain curves in the BN and BP directions of
unsaturated samples.

Figure 1 presents schematics of the evolution of the yield surface with
degree of saturation in p*-¢* and p-q space for different values of A; and Bj.
Here, we assign an isotropic plastic response at full saturation (i.e., Ay =
By = 1) and consider constant plastic anisotropy: (a) Ay = 0 and B; = 0; as
well as three cases of variable plastic anisotropy: (b) 4; = 0.4 and By = 0;
(¢) Ay =0 and By = —0.4; and (d) A; = 0.4 and By = —0.4.

Remark. We note that the anisotropy parameters, ¢, co, and c3 of the pro-
jection tensor P can also be expressed as linear functions of the four variable
anisotropy parameters introduced above, i.e.,

c1 = By + Bi(1 —¢")
co=Ao+By—2+ (Al + Bl)(l - ’L/Jw) . (32)
c3=2—2B) —231(1 —Q/Jw)

But throughout this paper, we focus instead on the variation of o and g with
degree of saturation.

2.6 Implications for strength prediction

In this section, we elucidate the impacts on the predicted strengths of the rates
Ay and B; at which the anisotropy parameters o and 8 vary with the degree
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of saturation. Under normally consolidated condition, the rock would undergo
strain hardening during the loading stage, and so the compressive strength in
this case is measured by the asymptotic value of the stress difference (or devi-
ator stress) when an unsaturated sample is subjected to triaxial compression.
To isolate the effect of plastic anisotropy on the mechanical responses, we as-
sume elastic isotropy for now and explore the effect of the variable anisotropy
properties on the evolution of the rock’s compressive strength. The follow-
ing material parameters are assumed: Young’s modulus E = 20,000 MPa,
Poisson’s ratio v = 0.25. The plasticity parameters are selected as ¢ = 45,
Peo = 30 MPa, M = 1.2, C = 0.2, v = 0.8 and D = 0.01 kPa—!. The water
retention curve parameters are taken as ¥y = 1.0, ¥1 = 0.0, s = 60 MPa,
n = 1.84, m = 0.46.

Figure 2 shows the trends in the evolution of rock strength with degree of
saturation in the BN and BP directions. As expected, all strengths increase
with dehydration. In addition, the curves for the isotropic material (Figure 2a)
overlap since both the elastic and plastic responses are isotropic at all satu-
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Fig. 1. Schematic representation of a transversely isotropic MCC model for unsatu-
rated porous media in: (a) p*-¢* space, and (b)—(d) p-q space. (b) A1 = 0.4, B1 = 0;
(¢) A1 =0, B = —04; (d) A1 = 0.4, B; = —0.4. Numbers next to the ellipses are
values of degree of saturation ¥".
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Fig. 2. Variation of triaxial compressive strength of normally consolidated clay
rock with degree of saturation for different values of A; and Bi: (a) isotropic; (b)
A1 = 0.4, Bl = 0; (C) A1 = 0, B1 = —0.4; (d) A1 = 0.4, Bl =—0.4.

ration levels. By comparison, increasing plastic anisotropy with dehydration
results in different material strength curves in the BN and BP directions (Fig-
ures 2b,c,d). The value of By appears to have a more significant effect on the
BP strength and leads to a more significant increase at low saturation levels.
Moreover, Figures 2c¢,d show larger increases in both BN and BP strengths
as the material dehydrates, compared to Figure 2b, likely due to the value of
B;.

We also investigate the effect of the variable anisotropic parameters on the
variation of material strength with bedding plane orientation. Figure 3 shows
that not all values of A; and B; lead to realistic predictions. For example,
Figure 3a shows that the rock gains in strength when the load is applied at an
angle with respect to the bedding plane, an unrealistic trend that contradicts
observed rock behavior (it is well known that the strength of transversely
isotropic rocks is lowest between 20-40° inclination, see [54]). Similarly, Fig-
ure 3c shows that the minimum strength occurs in BN direction (bedding
orientation of zero), which differs from the observed behavior of transversely
isotropic rocks. On the other hand, Figure 3b results in U-shaped strength
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anisotropy curves that are more similar to rock strength behavior reported
in the literature [10, 14, 39, 62, 66, 70]. Thus, we see that certain combi-
nations of the variable anisotropy parameters may give unreasonable curves
of rock strength variation with bedding orientation, and so the shape of the
strength-bedding orientation curve should also be considered when calibrating
the anisotropy parameters.
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Fig. 3. Variation of triaxial compressive strength of normally consolidated clay rock

with bedding plane orientation: (a) A; = 0.4, By = 0; (b) A1 =0, B1 = —0.4; (¢)
Ay = 0.4, By = —0.4. Numbers next to the curves are values of degree of saturation.

3 Tournemire shale

Experimental data demonstrating the dependence of elastic and plastic anisotropy

on saturation are available in the literature for Tournemire shale [87]. In this
section, we calibrate the model parameters against triaxial compression test
data for this shale and investigate the evolution of the U-shaped anisotropy
curves with degree of saturation. We should note that triaxial stress-strain
data represent coupled elastic and plastic responses, so the plastic anisotropy
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Evolution of elastoplastic anisotropy with saturation 13

back-figured from the stress-strain curves is expected to depend on the elastic
anisotropy to some extent. Following the simulations conducted by Semnani
et al. [76], we replace a* is Equation (24) with 1/3. It has been observed that
this substitution provides a better match with the triaxial compression test
data for Tournemire shale and suggests that only the deviatoric part of stress
exhibits anisotropy for this shale.

3.1 Elastic anisotropy and water retention

Vales et al. [87] investigated the combined effects of degree of saturation and
anisotropy on the mechanical behavior of Tournemire shale rock. They con-
ducted de-saturation/re-saturation tests and triaxial compression tests with
loading-unloading cycles at five saturation levels. From the stress-strain data,
they reported measured values of the elasticity parameters for the transversely
isotropic rock at five different degrees of saturation. We plot these values in
Figure 4 and estimate their variations with degree of saturation by linear
regression.
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Fig. 4. Stiffness moduli (left) and Poisson’s ratios (right) as functions of degree of
saturation for Tournemire shale taken from Valés et al. [87]. Ticks are data points,
dashed lines are estimated linear variations.

Let X denote an elastic parameter for a transversely isotropic rock (e.g.
E,, Es, etc.). A linear function X = X (¢*) with degree of saturation ¢ can
be represented by the equation [51]

X (WU) = Xgat + (10 - ¢w) ax, (33)

where Xg,t is the value of X at full saturation (i.e. ¥* = 1) and ax is the
slope of the straight-line variation with degree of saturation [51]. The values
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of Xsay and ax for the five elastic parameters for Tournemire shale are given
in Table 1.

Table 1. Saturation-dependent elasticity parameters for Tournemire shale by linear
regression. Experimental data from Vales et al. [87]. Note that E; is the stiffness
modulus in the BN direction, F2 in the BP direction.

Elastic parameter (X) | Xsqt ax
Ey (MPa) 6125 | 5972
E» (MPa) 17088 | 23894
Giz (MPa) 3574 | 6103
V12 0.307 | —0.350
V23 0.542 | —0.529

We back-figured the unsaturated plasticity model parameters for Tourne-
mire shale using the strain evolution data from shrinkage tests. Table 2 sum-
marizes these model parameters.The value of Ay was obtained from oedometric
tests in the literature [67]. Additionally, the van Genuchten water retention
parameters presented in Table 3 were obtained from results of Vales et al.
where multiple identical samples were subjected to different suctions, and
saturation was determined from water content and strain measurements.

Table 2. Unsaturated plasticity model parameters for Tournemire shale.

Parameter Value
M 0.7
Ao 0.0972
s 140
¥ 0.8
C 0.1

D (MPa™!) | 1.05e—4

Table 3. Water retention parameters.

Parameter ‘ Value
Maximum saturation, 1o 1.0
Residual saturation, 1 0.0
Scaling pressure, so (MPa) 62.9
Shape constant, n 1.84
Shape constant, m 0.46
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Evolution of elastoplastic anisotropy with saturation 15
3.2 Plastic anisotropy

Establishing the variations of the plastic anisotropy parameters o and 3 is less
straightforward than performing a linear regression on the elasticity param-
eters. Whereas the elasticity parameters for the shale samples were given for
each saturation, the plastic anisotropy parameters must be determined from
the experimental stress-strain curves at different degrees of saturation.

Vales et al. [87] reported triaxial compression test data on Tournemire
shale in the BN and BP directions at five degrees of saturation. No stress
history was reported by the authors for the shale samples tested, so all samples
were assumed to be normally consolidated in the simulations, with an initial
confining pressure of 2.5 MPa. Triaxial compression tests were then simulated
for each sample at the stress-point level by increasing the vertical strain while
holding the lateral stresses fixed.

Figure 5 compares the experimental and simulated stress-strain curves at
five degrees of saturation, namely, ¥* = 0.2, 0.45, 0.6, 0.9, and 0.95. We
first determined the anisotropy parameters o and (3 for each of the stress-
strain curves by matching the experimental response for a given degree of
saturation through a trial-and-error procedure. The corresponding estimated
values of the anisotropy parameters are reported in Figure 6 and show a
somewhat erratic trend in the variation of a and a monotonic decrease of
B with saturation. In this case, a simple linear regression would predict the
experimental stress-strain curves at some values of degree of saturation quite
well, but would be too inaccurate for other values of degree of saturation. We
thus adjusted the straight-line variations slightly (particularly the position of
the straight line for ), and plot them as dashed lines in Figure 6. We note that
more systematic techniques for model calibration, such as those presented in
[22, 46, 100, 102], could also be utilized.

The dashed lines shown in Figure 6 are given by Equations (31) with
Ay =0.74, A1 = 0.22, By = 0.61, and B; = 0.43. Because these lines do not
pass through all the open circles shown in Figure 6, the predicted stress-strain
curves do not perfectly match the experimental curves, as shown in Figure 7.
In particular, we see that the initial slopes of some stress-strain curves were
not predicted well (e.g. curves for 7,, = 0.45). This could be attributed to poor
fit of the linear regressions on the variation of elastic moduli and Poisson’s
ratios with saturation. Nevertheless, these straight-line representations of «
and § minimize the errors on the stress-strain curves over the entire range of
saturation, and are considered sufficiently accurate for this example.

3.3 Implications for strength and volume change

Because the samples were assumed to be normally consolidated, the simu-
lated stress-strain curves would approach the critical state asymptotically.
The compressive strength can then be estimated as the asymptotic value of
the deviator stress-axial strain curve at the critical state. Figure 8 portrays
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Fig. 5. Experimental [87] and simulated stress-strain responses of Tournemire shale
at various degrees of saturation. For each degree of saturation, the plastic anisotropy
parameters o and 8 were calibrated to match the experimental data. Solid curves
= experiment; dashed curves = calibration.

the calculated compressive strengths as functions of bedding plane orientation
and degree of saturation. All simulation results shown in this figure assume the
calibrated linear variation with degree of saturation of the plastic anisotropy
parameters « and 8 developed in the previous sections.
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Fig. 6. Variations of anisotropy parameters a and 8 with saturation. Coordinates
of the open circles are determined from Figure 5; dashed lines are estimated linear
variations.

It can be observed that the shape and position of the compressive strength-
bedding orientation curves evolve with degree of saturation. We see that the
strength increases monotonically as the sample dehydrates. Furthermore, the
U-shape variation is maintained for all values of degree of saturation, although
the strength variation appears to exhibit a more isotropic behavior as the
sample dehydrates (i.e., the U-shaped curve becomes flatter). This could be
due to the effect of increasing confining pressure resulting from an increase
in the suction stress as the sample dehydrates, which suppresses the effect
of anisotropy. This trend is consistent with those reported by a number of
authors [10, 62, 85, 106].

In Figure 9, we present the volumetric strains for triaxial compression
tests in the BN and BP directions at saturation levels of 9" = 0.45 and
0.9. As expected, the volume change behavior depends on the orientation of
the deviator load relative to the bedding plane, as well as on the degree of
saturation at which the samples were tested. We see from the figure that
the volumetric strain behavior in the BP direction is captured well by the
proposed model. The initial volume change behavior in the BN direction is
also captured well; however, the test results show subsequent dilative behavior
at larger values of deviator stress, which was not replicated by the model.

The dilative behavior described above suggests that the rock samples
tested could in fact be overconsolidated, even though the authors [87] did
not report the stress histories for the samples. At ¥ = 0.45, note that the
sample also began to exhibit a dilative behavior right before the completion
of the test. This dilative behavior could be due to both the bulk constitutive
response resulting from overconsolidation and the dilative response within the
zones of localized deformation.
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Fig. 7. Experimental [87] and predicted stress-strain responses of Tournemire shale
at various degrees of saturation. Predictions use linear variations of the plastic
anisotropy parameters o and (3, with Ap = 0.74, A; = 0.22, By = 0.61, and
Bi1 = 0.43. Solid curves = experiment; dashed curves = prediction.

3.4 Wetting-induced swelling of Tournemire shale

Wetting tests were simulated for a normally consolidated specimen under a
confining pressure of 200 MPa and a deviatoric stress of 220 MPa. The suc-
tion of the specimen was decreased at a constant rate from 400 MPa to 20
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Fig. 9. Deviator stress versus volumetric strain curves for Tournemire shale under
triaxial compression at degrees of saturation ¢* = 0.45 (left) and ¢* = 0.9 (right).

MPa, which corresponds to an increase in the degree of saturation from 20%
to 95%. Three cases of material behavior and parameters were considered:
(i) variable plastic anisotropy parameters given in Section 3.2; (ii) constant
plastic anisotropy with a = 0.92 and 8 = 0.95 obtained from linear regression
at ¢ = 0.2; and (iii) purely elastic behavior by assigning a very large precon-
solidation pressure. Comparisons between the plastic and purely elastic cases
allows us to differentiate between the effects of elastic anisotropy and those
of plastic anisotropy.
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Fig. 10. Anisotropic wetting-induced swelling of Tournemire shale under a confining
pressure of 200 MPa and deviator stress of 220 MPa. E = elastic, EP = elastoplastic.

Figure 10 presents the simulated strains in the BN and BP directions
as well as the volumetric strains induced by wetting of all three material
behaviors for a deviatoric stress of 220 MPa. For the elastoplastic cases, the
specimen compacts slightly in the BN direction when the saturation level
starts to increase before dilating at higher saturation levels. On the other
hand, the BP strains are always dilative, but do not increase monotonically
with the degree of saturation. Still, the volumetric strains are always dilative.
Comparing the elastoplastic cases, we observe that the variable anisotropy
case has more swelling in the BN direction and less swelling in the BP direction
than the constant anisotropy case. This difference in behavior is in part due to
increasing plastic anisotropy upon wetting. The S-term decreases at a faster
rate than the a-term upon saturation, which causes the ratio /8 to increase
from 0.96 at ¥ = 0.2 to 1.19 at ¥ = 0.95. However, both cases predict very
similar volumetric strains since the same compressibility parameters are used.

Upon comparison with the purely elastic case, we can deduce that non-
monotonic evolution of strains in the BP and BN directions are likely caused
by different mechanisms. The decrease in dilative strains in the BP direction
can be attributed to elastic anisotropy as the same behavior is also observed
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in the purely elastic case. On the other hand, compaction in the BN direction
could be due to wetting-collapse behavior when the saturation increases. The
results indicate that variable plastic anisotropy can substantially influence the
mechanical behavior of clay rocks during wetting under high deviatoric loads.
This would have implications on the applications of these clay rocks where
there is significant change in the degree of saturation, such as the construction
of tunnels and underground repositories.

4 Shear bands with variable anisotropy

This section presents a boundary-value problem simulating plane strain com-
pression of rectanglar specimens. The numerical simulations were conducted
in Geocentric, a massively parallel finite-element code for geomechanics [92].
It is built on the deal.Il finite-element library [8, 11], p4est mesh handling
library [20], and the Trilinos project [47].

We simulated plane strain compression on rectangular specimens under
globally undrained but locally drained conditions. This implies that fluid is
allowed to flow within the sample but is prevented from entering or leaving
through the exterior boundaries of the sample. The specimens measure 75
mm tall and 37 mm wide and were modeled with 760 stabilized mixed finite
elements with equal-order linear interpolation for displacement and pressure
fields [30, 93]. To eliminate the effect of variable elastic anisotropy, and thus,
highlight the effect of plastic anisotropy, constant transversely isotropic elastic
parameters were adopted: Fq = 9.3 GPa, Fs = 24.2 GPa, v15 = 0.27, vp3 =
0.2 and G12 = 3.9 GPa. These values are approximately the same as those
obtained for Tournemire shale [71, 72]. The Biot tensor is characterized by
the components by = 0.57 and b = 0.36. The plasticity model parameters
calibrated for Tournemire shale in Section 3.2 were used. The permeabilities
were taken as £ = 107" m? and £, = 1072 m*. We assume the same planes
of isotropy for both the hydraulic and mechanical behavior.

The top and bottom edges of the mesh were supported on vertical rollers,
except at the bottom corner node that was pinned for stability. The samples
were subjected to an initial confining pressure of o, = 10 MPa at an ini-
tial preconsolidation pressure of p. = —30 MPa. Vertical compression of the
samples were conducted at a strain rate of 0.2%/min. We imposed an inho-
mogeneous initial field condition in the form of a spatially varying degree of
saturation. Figure 11 shows the initial degree of saturation, which was gener-
ated by a random function generator employing a normal distribution, with a
mean value (¢*) of 0.9, standard deviation of 0.016 and a range of [0.83,0.96].
The spatial variation of the plastic parameters, o and [ are also presented
in Figure 11. As a consequence of a spatially inhomogeneous degree of sat-
uration, the suction and the effective stresses also vary within the specimen
and create an initially inhomogeneous stress field. The variable suction also
creates a pressure gradient field that induces fluid flow within the specimen.
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To establish a statically admissible initial condition, the first load step is used
to iteratively balance the internal (effective stresses and pore pressures) and
external (applied confining pressure) forces.

| | [r |
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Fig. 11. Random distributions of initial conditions: (a) degree of saturation (DOS);
and plastic parameters (b) a and (c) 8. The mean value of the random distribution
is 9% = 0.9.

Figures 12a and 13a present the localized zones of deformation that de-
velop in two samples with different bedding plane orientations (6§ = 15°,60°)
at an axial compression of 2.5%. We observed that for # = 60°, the zone
of localized deformation is much more diffuse than for 8 = 15°. The equiv-
alent plastic strains that develop for § = 60° are also larger. This can be
attributed to the variation of compressive strength with bedding orientation
and degree of saturation. At ¢, = 0.9, the compressive strength of Tourne-
mire shale at § = 60° is smaller than at # = 15° from Figure 8. The contours
of the degree of saturation are shown in Figures 12b and 13b. The variation
of degree of saturation smoothens out over time when compared to the initial
spatial variation. The effect of bedding plane orientation are clearly reflected
in the resulting contours of degree of saturation. Fluid flow in the BP direc-
tion is more significant due to a larger BP permeability. Similarities between
the equivalent plastic strain and pore pressure contours are observed for the
bedding plane orientation § = 60°. The zone of localized deformation gener-
ally coincides with higher saturation levels, due to more compaction within
the zone of localized deformation [18]. In comparison, the zone of localized
deformation does not coincide with higher saturation levels for § = 15°.

We also conducted the same simulations at a lower degree of saturation
for comparison. The random distribution of initial saturation presented in
Figure 11 was shifted to a mean of 1) = 0.45 while keeping the same standard
deviation. The spatial variation of these new initial conditions are presented in
Figure 14. Both plastic parameters a and 3 increase throughout the specimen.
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Fig. 12. Contours of (a) equivalent plastic strain [€”|| (EPS) and (b) degree of
saturation (DOS) at an axial strain of 2.5% at ¥* = 0.9 and bedding plane angle
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Fig. 13. Contours of (a) equivalent plastic strain |€”|| (EPS) and (b) degree of
saturation (DOS) at an axial strain of 2.5% at 9" = 0.9 and bedding plane angle
6 = 60°

We note that there is less plastic anisotropy at a lower degree of saturation.
The average ratio of «/f throughout the specimen decreases from 1.16 in
Figure 11 to 1.02 in Figure 14.

The plastic strains that develop at a lower average degree of saturation
(¥ = 0.45) are substantially different from at ¢* = 0.9. They are smaller
due to higher compressive strength at lower saturation levels. In the case of
0 = 15°, the zone of localized deformation occurs at the lower left corner with
a slight V-shape configuration and does not reach the top half of the specimen.
The localized deformation that develops for § = 60° is less smooth than its
counterpart at 1)* = 0.9. This can be attributed to the more erratic variation
of saturation. At lower saturation levels, fluid flow is impeded by lower relative
permeabilities, which increase the time required for the saturation contours
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Fig. 14. Random distributions of initial conditions: (a) degree of saturation (DOS);
and plastic parameters (b) a and (c) 8. The mean value of the random distribution
is 9% = 0.45.

to smoothen out. As a result, the saturation contours comprise many pockets
of low and high saturation throughout the sample. A similar behavior of rock
specimens fracturing with rougher fracture surfaces at lower saturation levels
has been previously observed and reported in Bure claystone [59].

S M o46
(b)

Fig. 15. Contours of (a) equivalent plastic strain |€”|| (EPS) and (b) degree of
saturation (DOS) at an axial strain of 2.5% at ¥ = 0.45 and bedding plane angle
6 =15°

A unique aspect of the anisotropic framework presented in this study is the
use of two effective stresses associated with the elastic and plastic strain rates.
We compare the Js invariant of the two effective stresses. Figure 17 presents
the contours of the difference between their Jo invariant (ie. Jo,» — Jo,/) for
bedding plane angles of # = 15° and 60° at an average saturation levels of
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Fig. 16. Contours of equivalent plastic strain [€”|| (EPS) and degree of saturation
(DOS) at an axial strain of 2.5% at ¢" = 0.45 and bedding plane angle 6 = 60°

™ = 0.9. The difference between the two effective stresses differs significantly
with the bedding plane orientation. In the sample with bedding plane angles
of = 60°, the contour of stress difference is very similar to the saturation
contours in Figure 13. The contour for § = 15° instead shows similarities to
the contours of the equivalent plastic strain. Additionally, the Jo invariant of
o” is larger than that of ¢’ when 6 = 60°. However, this relationship flips
when 6 = 15°. The effect of the Biot tensor on the effective stress tensors
changes substantially with the bedding plane orientation.

Figure 18 shows the contours of the stress difference at an average sat-
uration levels of 1) = 0.45. The contours differ substantially from those at
Y™ = 0.9. They are much more erratic, similar to the fluctuating saturation
contours for 1) = 0.45. The contours for both bedding plane angles are sim-
ilar to their respective saturation contours. We also observe that the stress
difference is larger for € = 60° by about an order of magnitude. Thus, the
Biot tensor has a larger effect on the effective stresses at higher bedding plane
orientations which in turn would affect the elastoplastic strains that develop.

5 Conclusion

We have presented an anisotropic elastoplastic framework for unsaturated
porous media that accounts for the combined effects of saturation and trans-
verse isotropy. The formulation adopts two effective stress measures: the Biot
effective stress o’ that is conjugate to the elastic strain, and the Terzaghi
effective stress o’/ that is conjugate to the plastic strain. For the plastic me-
chanical response, we extended the anisotropic MCC model proposed in Sem-
nani et al. [76] to the unsaturated regime incorporating the compressibility
framework proposed by Sitarenios & Kavvadas [79]. We have also introduced
evolving anisotropy in the plastic constitutive model. The components of the
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Fig. 17. Contours of the difference between the two effective stress measures (J2grr—
Jaor) at ¥ = 0.9 for bedding plane angles (a) 6 = 15°; and (b) # = 60° at an axial
strain of 2.5%. Color bars are stress difference in MPa.
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Fig. 18. Contours of the difference between the two effective stress measures

[J2(0") — J2(0")] at ™ = 0.45 for bedding plane angles (a) & = 15°; and (b)
0 = 60°, at an axial strain of 2.5%. Color bars are stress difference in MPa.

fourth-order projection tensor P are defined as linear functions of the degree
of saturation to capture an evolving anisotropic plastic yield surface. Fur-
thermore, the elastic moduli are assumed to evolve linearly with saturation
following Ip et al. [51]. The model has been calibrated using experimental
data from Vales et al. [87] for Tournemire shale at various saturation levels.
The numerical results demonstrate that the proposed framework is capa-
ble of capturing the anisotropic mechanical behavior of unsaturated rocks at
various saturation levels. Simulations of wetting test suggest that evolving
plastic anisotropy has substantial influence on the anisotropic mechanical be-
havior during wetting under large deviatoric stresses. Neglecting its effects
may result in inaccurate predictions of the mechanical behavior in rocks ex-
periencing wetting and drying processes. Additionally, we have investigated
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the combined effects of material anisotropy and degree of saturation on the
mechanical and fluid flow responses in plane strain compression simulations
under globally undrained conditions using the proposed framework.

Data availability statement

The datasets generated during the course of this study are available from the
corresponding author upon reasonable request.
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