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The quantum Hall (QH) effect, quantized Hall resistance combined with zero longitudi-
nal resistance, is the characteristic experimental fingerprint of Chern insulators - topolog-
ically non-trivial states of two-dimensional matter with broken time-reversal symmetry.
In Chern insulators, non-trivial bulk band topology is expressed by chiral states that
carry current along sample edges without dissipation. The quantum anomalous Hall
(QAH) effect refers to QH effects that occur in the absence of external magnetic fields
due to spontaneously broken time-reversal symmetry. The QAH effect has now been re-
alized in four different classes of two-dimensional materials: (¢) thin films of magnetically
(Cr- and/or V-) doped topological insulators in the (Bi,Sb)2Tes family, (iz) thin films
of the intrinsic magnetic topological insulator MnBisTey, (i44) moiré materials formed
from graphene, and (%v) moiré materials formed from transition metal dichalcogenides.
In this Article, we review the physical mechanisms responsible for each class of QAH
insulator, highlighting both differences and commonalities, and comment on potential

applications of the QAH effect.
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I. INTRODUCTION

The quantum Hall (QH) effect refers to quantization of
the Hall conductance of a material at integer multiples of
e?/h, a value that is dependent only on two fundamental
physical constants, the electron charge e and the Planck
constant h. Precision QH effect measurements currently
achieve deviations from exact quantization of 1 part in
100 (Schopfer and Poirier, 2007), an accuracy that allows
the QH effect to play an essential role in metrology (Jeck-
elmann and Jeanneret, 2001; Poirier and Schopfer, 2009).
The QH effect was first observed (Klitzing et al., 1980) in
semiconductor quantum well two-dimensional (2D) elec-
tron gas systems in strong perpendicular magnetic fields
that cause electrons to execute closed cyclotron orbits
with quantized kinetic energy. The quantum mechanical
problem of independent electrons in a magnetic field was
first addressed by Lev Landau (Landau, 1930; Landau
and Lifshitz, 2013), and the set of orbitals with a dis-
crete allowed kinetic energy is known as a Landau level.

Although early explanations of the QH effect were
based on the specific properties of Landau levels, one
could ask if the phenomenon of precise quantization of
Hall resistance could also occur, at least in principle, in
the absence of a magnetic field. An affirmative answer
to this question was supplied early in the development of
the theory of the QH effect. In 1982, Thouless, Kohmoto,
Nightingale, and den Nijs (TKNN) (Thouless et al., 1982)
derived a formula that related the Hall conductivity of a
2D crystalline insulator to the integral of the Bloch state
momentum-space Berry curvature (Xiao et al., 2010) over
the finite area toroidal momentum space (the Brillouin
zone) of a 2D crystal. For each band, the integral is
always an integer multiple of 27, and the integer is the
Chern number - a topological index that classifies how the
Bloch wavefunction depends on crystal momentum. It is
truly remarkable that this abstract mathematical quan-
tity is observable experimentally simply by performing a
very standard transport measurement.

Since momentum space is finite only for electrons in
a periodic potential, the TKNN formula does not apply
directly to the Landau levels of electron gas systems. In
the TKNN paper, the formula was applied to a single-
band square-lattice tight-binding model with an external
magnetic field. Commensurability (MacDonald, 1983)
between the crystal unit cell area and the area that en-
closes one quantum of magnetic flux then leads to fractal
energy spectra often referred to as Hofstadter butterflies

(Hofstadter, 1976). Initially, the possibility that Chern
numbers could in principle be non-zero even in the ab-
sence of a magnetic field was not emphasized. This prop-
erty was first explicitly highlighted in an important 1988
paper (Haldane, 1988) by Duncan Haldane, in which he
constructed a toy model of electrons on a honeycomb
lattice with zero spatially averaged perpendicular field
whose bands nevertheless have non-zero Chern numbers.
Crucially, the bands of the model, like those of any mag-
netic crystal, do break time-reversal (TR) symmetry.

A band insulator that exhibits non-zero integer Hall
conductance but preserves lattice translation symmetry
is called a Chern insulator, or sometimes a Hofstadter-
Chern insulator if a magnetic field is present. The terms
Chern insulator and quantum anomalous Hall (QAH) in-
sulator are almost identical in usage, although the term
QAH insulator is sometimes used to refer to the zero
magnetic field subset of Chern insulators. In this Article,
we will adopt this terminology. The adjective anomalous
for a QH effect without a magnetic field is adopted from
the terminology used to describe the Hall effects of three-
dimensional(3D) magnetic conductors in the absence of a
magnetic field, which are generically non-zero as already
discovered by Edwin Hall (Hall, 1880) in the nineteenth
century.

The underlying microscopic mechanism of Hall’s bulk
anomalous Hall (AH) effect was controversial for more
than a century. The modern Berry phase theory of the
AH effect (Nagaosa et al., 2010; Xiao et al., 2010) in mag-
netic conductors, and interest in the role of momentum-
space Berry phases in transport more generally, can be
traced in part to the TKNN paper. It is now clear that
the intrinsic Berry phase contribution to the AH conduc-
tivity, proportional to the Chern number summed over
occupied bands and in the case of 2D insulators the only
contribution to the Hall conductivity, is often also im-
portant in metals. In the metal case, the integral of the
Berry curvature, which is taken over occupied electronic
states only, is not the only contribution to the Hall effect,
and is not quantized.

The TKNN formula tells us that the Hall conductance
in 2D magnetic insulators and semiconductors is always
quantized. Unfortunately, the quantized value is almost
always zero in the absence of a magnetic field. For sev-
eral decades, little progress was made toward experimen-
tal realization of the QAH effect (Nagaosa et al., 2010;
Onoda and Nagaosa, 2003). Prospects improved around
2006 with the discovery of topological insulators (TIs)
(Bernevig et al., 2006; Bernevig and Zhang, 2006; Chen
et al., 2009; Fu and Kane, 2007; Fu et al., 2007; Kane and
Mele, 2005; Konig et al., 2007; Moore and Balents, 2007;
Roy, 2009; Xia et al., 2009; Zhang et al., 2009), which
were to provide a natural platform. A TI possesses a
topologically non-trivial electronic band structure pro-
tected by TR symmetry (Hasan and Kane, 2010; Qi and
Zhang, 2011), and has topologically protected boundary



modes. Because 2D TIs have a quantized spin Hall ef-
fect, opposite sign Hall effects in opposite spin sectors,
it was natural to consider (Qi et al., 2006) what could
be achieved by adding magnetism to TIs. The first the-
oretical proposal was to dope Mn ions into HgTe/CdTe
quantum wells, a 2D TT system (Liu et al., 2008b). Un-
fortunately, HgTe remains paramagnetic when Mn-doped
and does not break TR symmetry. A weak magnetic field
(~0.07 T) is therefore necessary to drive the system into
a quantized state (Budewitz et al., 2017). Soon after, a
related strategy was proposed (Qi et al., 2008; Yu et al.,
2010), namely introducing magnetic dopants (such as Cr
or Fe) into the 3D TI (Bi/Sb)a(Se/Te)s [Fig. 3(a)]. This
approach led to successful realization of the QAH effect in
Cr-doped (Bi,Sb)sTes films in 2013 (Chang et al., 2013a),
and in V-doped (Bi,Sb)sTes films in 2015 (Chang et al.,
2015b). Since then, the QAH effect and the physical
properties of Cr- or V- doped (Bi,Sb),Tes have been ex-
tensively studied by experimental groups worldwide.

Despite impressive progress (Chang et al, 2013a,
2015b; Mogi et al., 2015; Ou et al., 2018), the magnetic
doping approach has the clear disadvantage that it in-
evitably degrades the sample quality and thus limits the
critical temperature of the QAH state. It is therefore
desirable to realize the QAH effect in materials with in-
trinsic magnetism. This goal was recently achieved in
manually exfoliated MnBisTey flakes (Deng et al., 2020).
Separately, the QAH effect has now also been achieved
(Chen et al., 2020b; Serlin et al., 2020; Sharpe et al.,
2019) in moiré superlattice systems (Andrei et al., 2021)
that do not contain magnetic elements, including twisted
bilayer graphene (TBG) (Serlin et al., 2020; Sharpe et al.,
2019), ABC trilayer graphene on hexagonal boron ni-
tride (h-BN) (Chen et al., 2020b), and transition metal
dichalcogenide (TMD) heterobilayers (Li et al., 2021e).
In moiré superlattices, the AH effect is driven not by
local-moment spin magnetism in combination with spin-
orbit coupling (SOC), but instead by unusual purely or-
bital magnetic states.

Early developments in the theory of the QAH effect,
and the work responsible for the effect’s first experimen-
tal realization in magnetically doped TTs have both been
discussed in a number of review papers (Chang and Li,
2016; He et al., 2018; Liu et al., 2016a; Tokura et al.,
2019; Weng et al., 2015). The aim of this Article is to
provide a detailed description of the QAH effects that
have been realized in magnetically doped TTs, the intrin-
sic magnetic TT MnBi;Tey, and moiré materials (Sec. II).
We seek to identify important features that are unique
to each class of systems (Sec. III to Sec. V), and also
to identify commonalities. We will also discuss potential
applications of the QAH effect in quantum information
devices, spintronics, and metrology and provide an out-
look on future research directions (Sec. VI).

Il. PHYSICAL MECHANISMS OF THE QAH EFFECT
A. Dirac models and Berry curvature
1. The two-dimensional Dirac equation

A common feature of all the QAH systems that are es-
tablished as of this writing, magnetically doped TI films,
films of the intrinsic magnetic TI MnBisTe4, magic-angle
TBG, ABC trilayer graphene on ~A-BN, and TMD moirés,
is adiabatic connection to a limit in which the band states
close to the Fermi level can be described by 2D mas-
sive Dirac equations. We therefore use this model as a
springboard for our discussion. The 2D massive Dirac
Hamiltonian is

Hp = hvp ykyo, + hop ykyo, + mo, (1)

where o0, , . are Pauli matrices, k is the electron momen-
tum, vp 4 (,) is the Dirac velocity along the  (y) direction,
and m is a mass parameter that characterizes the energy
gap. The 2D Dirac model is not periodic in momentum
and is therefore not a crystal Hamiltonian. When applied
to crystalline electronic degrees of freedom, it is intended
to apply only in small isolated portions of the Brillouin
zone (BZ) with large Berry curvatures, and the zero-of-
momentum is chosen to be at the center of that region.
The two-level degrees of freedom that the Pauli matrices
in Hp act on are defined by the two bands that cross at
k =0 when m = 0.

The electronic momentum-space Berry curvature in a
crystal is defined in terms of the dependence of the Bloch
wavefunctions on momentum:

er@(k) = i(<aktcus|8kyus> - <akyu5‘akmus>)7 (2)

where s is a band index, and u, k is a Bloch state eigen-
wavefunction. The famous TKNN formula states that
the Hall conductivity ., in a band insulator is related
to the Chern number C' by

2
€
Ozy = EO’ (3)

where the Chern number

1 2
C= E/Bzd B Q) (4)

sg€occ

is an integer. Here the sum is over occupied bands and
BZ specifies that the integral if over the entire BZ.

Chern numbers are particularly easy to evaluate in
two-band models since the Berry curvature is then pro-
portional (Auerbach, 2012) to the area enclosed on the
two-level Bloch sphere per area enclosed in momentum
space. It follows that the Berry curvature of the 2D Dirac
Hamiltonian (Eq. 1) is

smh2vp L vpy

QJ) s = )
Y 2 [(hvp gke)? + (hup yky)? + m2]3/2

(5)
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FIG. 1 QAH effects in magnetic TI and moiré superlattice
systems. In both cases gapped Dirac cones contribute o4y =
+ ¢?/2h to the Hall conductance. The sign of the contribu-
tion is distinguished by the color (red or blue) of the lower
energy occupied band. The Fermi level (green plane) must be
in a gap for the Hall effect to be quantized. (a) Schematic of a
magnetic TI thin film. The TR symmetry of a TI is broken by
the appearance of ferromagnetism in the sample. The total
Hall conductance of a magnetic TI film is o4y = (1/241/2)
e?/h= ¢*/h when the two surfaces have parallel magnetiza-
tion directions. (b) The BZ and moiré BZ of a triangular
lattice moiré material. The moiré minibands located near the
K and K’ valleys are related by TR. A QAH effect occurs
when the two 2D Dirac cones in the same valley contribute
half-quantized Hall conductances of the same sign and the
moiré miniband filling factors in the two valleys differ. The
green planes in (a) and (b) are the Fermi surfaces.

where s = £ is a band label that specifies
the sign of 2D Dirac band energy, and FE, =
sy/(hvp k)% + (hvp yky)? + m?. From this expression,
one can see that the Berry curvature in the 2D Dirac
equation is concentrated within a momentum-space area
proportional to (m/hvp)? (where vp ~ vp ,» ~ vp 4), and
that it decays as |k| > for large |k|. The Hall conductiv-
ity o4y cannot be directly determined from the 2D Dirac
model since the former requires an integral over the whole
BZ [Egs. (3) and (4)], including momenta outside the
Dirac model’s range of validity. This effective model ap-
proach is nevertheless useful in understanding the topo-
logical properties of realistic materials that have a small
value of m. In that case we can choose a momentum
space cut-off A that is simultaneously large compared to

J

H(k) =t Z (cos(k - a;)o, +sin(k - a;)oy) + 2ty cos ¢
{ENN

preserves the original translational symmetry. In Eq. 6,
Oz,y,- are three Pauli matrices for the A and B sublat-

Z cos(k-b;) +

i€ENNN
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m/hup, and therefore large enough to capture nearly all
the Berry curvature integral, and small compared to the
size of BZ, and therefore within the range of validity of
the 2D Dirac model. In this limit, the Hall conductiv-
ity in Eq. (3) 04y — sign (vp zvpym) (e2/2h). Each 2D
Dirac Hamiltonian therefore contributes 4-(e?/2h) to the
Hall conductivity; the band states cover half the Block
sphere starting from a pole position at k = 0, circling the
sphere when k executes a circle and moving toward the
equator as |k| — oo. The sign of the Hall contribution is
determined by the relative signs of vp », vp,y and m.

The TKNN paper tells us that the total Hall conductiv-
ity in any 2D crystal must be an integer multiple of €2 /h.
When level crossings in a 2D crystal are weakly gapped
by TR symmetry breaking, so that almost all the Berry
curvature contributions are associated with 2D Dirac
fermions, the integer can be determined simply by sum-
ming half-quantized contributions of variable sign. It fol-
lows that the number of local Dirac Hamiltonian [Eq. (1)]
across the BZ must be even. This property can be viewed
as a 2D version (Fang and Fu, 2019; Fradkin et al., 1986;
Haldane, 1988; Semenoff, 1984) of the fermion-doubling
theorem(Nielsen and Ninomiya, 1981a,b) for Weyl points
in 3D crystals with TR symmetry.

The relationship of 2D Dirac fermions to realistic QAH
systems, summarized in Fig.1 (see next two subsections).
Here we consider a toy model, the Haldane model -
which was the first theoretical model for the QAH effect,
was constructed by adjusting the electronic structure of
graphene (Haldane, 1988) in a way that was mainly of
academic interest at the time. The low-energy electronic
structure of graphene (Castro Neto et al., 2009) can be
described using a single m-band tight-binding model on a
honeycomb lattice with the nearest neighbor (NN) hop-
ping between A and B sub-lattices. This model yields
gapless Dirac cones centered on the K and K’ BZ corners.
In order to demonstrate that the QAH effect was a re-
alistic experimental possibility, Haldane added artificial
complex next-nearest neighbor (NNN) intra-sublattice
(A to A and B to B) hopping terms, illustrated in Fig.
2(b), to the graphene tight-binding model. The complex
hopping terms break TR symmetry and can be viewed as
being induced by a magnetic field that has the periodic-
ity of the lattice and a vanishing spatial average. When
both NN and NNN hopping are included, the modified
tight-binding model Hamiltonian,

(M — 2ty sin ¢ Z sin(k - b2)> oz, (6)

1€ENNN

(

tices, t; is the NN hopping parameter, t5 and ¢ are the
amplitude and phase of the NNN hopping parameter, M



accounts for a possible on-site energy difference between
A and B sublattices, and a; and b; are the lattice vectors
between the NN and NNN sites, respectively. In the limit
to, M < t1, the low-energy physics will be completely
determined by the 2D Dirac fermions located at K and
K’. We then can expand the tight binding Hamiltonian
around K and K’ as

HK(K’) = :F%( 20 + Iiyffy) + (M + 2t2 CcOSs d))O’z, (7)
where a constant term can be absorbed into the zero
of energy. Comparing with Eq.(1), this Hamiltonian
can be recognized as a massive Dirac model with ve-
locities hvp, = :i:%tl and hvp, = —%tl, and mass
m = M =+ 2t5 cos ¢. Therefore, in the limit M, t, < tq,
the Hall conductance o, can be directly read from the
relative signs of vp ;(,) and m. Since the sign of vp ,vp
is opposite for the Dirac cones at K and K’, the contri-
bution to the Hall conductance o, of the Dirac cones
at K and K’ will share the same sign when t5 domi-
nates, but will be opposite if the M term is dominant.
A phase transition [Fig. 2(a)] occurs at M = +2t5 cos ¢.
(The ta = 0, M # 0 version of this model is realized
by graphene on aligned h-BN, as we have discussed pre-
viously.) The model has a QAH state with +e?/h Hall
conductivity when |2t5 cos ¢| > M, as shown in Fig. 2(c).

(@) d
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FIG. 2 The Haldane model for the QAH effect. (a) The Hall
conductivity oz, as a function of the mass m in 2D Dirac
equation. When m changes from a negative value to a positive
value, 0y jumps from 7% to % (b) The honeycomb lattice
of the Haldane model. Here a; and b; respectively label the
NN and NNN translation vectors. (c) The phase diagram of
the Haldane model.r is the Chern number. From Haldane,
1988.

The Haldane model can describe some TMD moiré
homobilayers. When the two valence band tops in a
TMD bilayer are close in energy, interlayer hybridization
becomes important and the one-band Hubbard model
(Wu et al., 2018) of typical heterobilayers must be deco-
rated with a two-level layer degree-of-freedom that acts
much like the sublattice degree-of-freedom in the Haldane

model. The orbitals in each layer can be approximated
by triangular lattice Hubbard models, with the lattice
points located at the position where the metal atoms of
one layer are directly above or below chalcogen atoms
of the other layer. In bilayers, the two triangular lat-
tice models combine to form a honeycomb lattice, and
the one-band tight-binding model generalizes to a 2 x 2
tight-binding model. Band crossings at the moiré BZ cor-
ners are avoided because the site-diagonal terms in the
Hamiltonian favor one layer over the other. When oppo-
site layers are favored at opposite moiré BZ corners, as
happens in the heterobilayer case (Pan et al., 2022; Wu
et al., 2019a), the bilayer is described by a moiré super-
lattice length scale version of the Haldane model and the
valley-projected bands carry non-zero Chern numbers.

2. Magnetic TI films

The discussion in this subsection applies to both thin
films of both magnetically doped TIs and the intrin-
sic magnetic TT MnBisTey. We direct readers who are
not familiar with the concept of TIs to Refs. Hasan and
Kane, 2010 and Qi and Zhang, 2011. In the prototype
(Bi/Sb)2(Se/Te)s TI family, the form for one topological
surface state (TSS) is particularly simple and described
by the effective Hamiltonian

Hgyy = hop (kxo'y - kyax)v (8)

where the Pauli matrices o; act on electron spin, or more
strictly speaking a pseudospin formed by the k = 0
Kramers doublet. This effective Hamiltonian Hg,, coin-
cides with Eq. (1) with m — 0, after performing the spin
rotation oy — 0, and 0, — —o,. Note that Hg, has
the same form as the SOC terms in the Rashba Hamil-
tonian (Bychkov, 1984) that describes 2D electron gases
in semiconductor quantum wells and the surface states of
certain heavy metals (Koroteev et al., 2004; Krupin et al.,
2005). This similarity reflects the common SOC origin
of the spin-splitting. Different from ordinary Rashba
bands, one branch of TSSs merges with the bulk con-
duction band at large momentum while the other branch
merges with the valence band. When the Fermi energy
is located in the bulk gap of a TI, there is only a single
spin-momentum locked helical Fermi surface for one TSS.
Ordinary Rashba bands have k?-terms in their Hamilto-
nians that dominate at large momenta so that there are
always two Fermi surfaces with opposite helicities.

The gapless nature of the TSSs (m = 0 in the 2D Dirac
equation) is protected by TR symmetry and Kramers’
theorem, which in solid states that an eigenstate at the
momentum k has the same energy as an orthogonal time-
reversed eigenstate at the momentum —k. The energy
spectrum of Hg,, clearly satisfies the requirements of
Kramers’ theorem. At TR-invariant momenta, Kramers’
theorem requires double degeneracies, F¢(0) = E_;(0).



Thus the band touching point, called the Dirac point,
between two branches of Hg,, is at a TR-invariant mo-
mentum. Inducing magnetization in a TI produces ex-
change coupling between the ordered magnetic moments
and the TSS spins, and introduces an additional non-zero
mass term Hex = mo, in Hg,, when the magnetization
has an out-of-plane component. According to the discus-
sion in Sec. II.A.1, the Dirac fermions at each surface
are described by a 2D Dirac Hamiltonians Hgyy + Hex
that together gives rise to a contribution of +e?/2h to
the Hall conductivity. This property was referred to as
a “surface half QH effect” (Chu et al., 2011; Qi et al.,
2008; Qi and Zhang, 2011). The TSSs exist for both the
top and bottom surfaces for a TI film, and since both
Dirac velocities have opposite signs on opposite surfaces,
the two 2D Dirac cones contribute Hall conductivities
of the same sign when their masses have the same sign,
i.e. when the magnetizations are parallel near two sur-
faces. Consequently, one expects a total Hall conductiv-
ity +e?/h for a TI film with a uniform magnetization,
as shown in Fig. 1(a), where the + sign depends on the
magnetization direction. Since the QAH effect requires
only surface magnetization, the role of the bulk magnetic
order is simply to lock two surface magnetizations into a
parallel configuration.

3. Moiré materials

After the first realization of the QAH effect in Cr-
doped (Bi,Sb)sTes (Chang et al., 2013a), the search for
new QAH materials focused on compounds with heavy
elements that can host both strong SOC and local mag-
netic moments. Unexpectedly, the QAH effect was how-
ever next discovered (Serlin et al., 2020; Sharpe et al.,
2019) in a system composed entirely of carbon atoms,
light elements with very weak SOC, and no magnetic mo-
ments, twisted bilayer graphene (TBG). The TBG case
represents a new route to realize the QAH effect in which
emergent translational symmetries, orbital magnetic mo-
ments, and Coulomb interactions all play essential roles.
Related QAH effects have now been oberved in ABC tri-
layer graphene on h-BN (Chen et al., 2019¢) and TMD
bilayer moiré superlattices(Li et al., 2021e).

Moiré patterns are formed in few-layer van der Waals
thin films by overlaying layers that have different lattice
constants or different orientations(Andrei et al., 2021;
Andrei and MacDonald, 2020). When the host 2D ma-
terials are semiconductors or semimetals and the period
of the moiré pattern is long compared to the lattice con-
stants of the host 2D crystals, the moiré pattern gives
rise to low-energy effective Hamiltonians with an emer-
gent translational symmetry that has the periodicity of
the moiré pattern - i.e. to artificial crystals (moiré mate-
rials) with lattice constants on the ~10 nm scale. TBG
and group VI TMD bilayers are the prototypical moiré

materials. In graphene and most TMDs, the host materi-
als have triangular Bravais lattices and low-energy states
have crystal momenta in valleys centered on one of two
inequivalent BZ-corner momenta [K, K’ in Fig. 1(b)]
that are related to each other by TR symmetry. The
valley flavor is a good quantum number in the emergent
moiré band Hamiltonian, and the valley projected Hamil-
tonians are not in general TR invariant. It follows that
TBG and TMD moiré bands can have non-zero Chern
numbers.

The low-energy valley-projected Hamiltonian of an iso-
lated graphene layer is the massless Dirac model of Eq. 1.
The mass m can be generated (Giovannetti et al., 2007;
Qubhe et al., 2012; San-Jose et al., 2014; Yankowitz et al.,
2012) by interaction with an adjacent layer of h-BN -
the material that is now nearly universally employed to
isolate graphene multilayer systems chemically. A finite
Dirac mass m can also be generated spontaneously by
electron-electron interactions (Bultinck et al., 2020; Min
et al., 2008; Xue and MacDonald, 2018) when the Dirac
velocities are sufficiently low. Because of its emergent
moiré bands, gaps can appear in the spectrum not only
at neutrality but also at electron densities that are mul-
tiples of 4/An, where Ay is the moiré pattern unit cell
area and the factor of four accounts for spin and valley
degeneracy. In electrically neutral twisted bilayers, the
separate half QH effects of the two layers add. TBG
therefore normally has a quantum valley Hall effect (An-
drei and MacDonald, 2020; Li et al., 2016a, 2018; Liu
and Dai, 2021a; Liu et al., 2019¢c; Martin et al., 2008;
Xiao et al., 2007), opposite QH effect contributions from
opposite valleys at neutrality. The quantum valley Hall
effect is promoted to a true charge QAH effect when the
the Fermi level lies in a Dirac gap for an odd number of
spin/valley flavors as depicted in Fig. 1(b). The origin
of the QAH effect is therefore spontaneous valley polar-
ization, a purely orbital type of TR symmetry breaking
that also leads to magnetization with a dominantly or-
bital nature (Liu et al., 2021a; Zhu et al., 2020a).

In TMD heterobilayers, electrons and holes are often
strongly confined to one layer or the other. They can then
be described (Wu et al., 2018) by single-band Hubbard
models with an approximately parabolic kinetic energy
operator and an external potential with moiré periodic-
ity. Since the Hubbard model is TR invariant, the valley
projected bands do not carry non-zero Chern numbers
when this approximation is valid. The situation changes
in homobilayers and heterobilayers, in which gate volt-
ages have been adjusted to favor strong hybridization
between layers (Li et al., 2021e; Pan et al., 2022; Wu
et al., 2019a). Under these circumstances, the valley pro-
jected bands have a layer degree-of-freedom that acts as
a pseudospin and allows each valley to provide a phys-
ical realization of the Haldane model, which is the first
theoretical model of the QAH effect and is discussed be-
low. The QAH effect was recently discovered in a TMD



heterobilayer system (Li et al., 2021e) in which the layer
degree of freedom is activated in by applying large gate-
controlled transverse displacement fields.

B. Physical mechanisms of magnetism
1. Magnetically doped Tls

Magnetically doped TIs can be viewed as a special
type of diluted magnetic semiconductor (Dietl and Ohno,
2014; Jungwirth et al., 2006; Sato et al., 2010; Van Vleck,
1953; Zener and Heikes, 1953) with strong SOC. A qual-
itative understanding of the magnetic properties of these
systems can be obtained by separating the whole system
into two subsystems, topologically non-trivial band elec-
trons and local magnetic moments from magnetic dop-
ing. The two subsystems are coupled to each other,
through interactions that are also (confusingly) typically
referred to as exchange interactions and have the form
Hex = Jex Y; Si - s(R;) where s(r) is the electron spin
operator at position r, and S; is the spin of the i-th
magnetic impurity. Here Jox is the exchange coupling
parameter. The microscopic mechanism of this coupling
will be discussed below.

Provided that the magnetic moments are uniformly
distributed on characteristic electronic length scales,
>:Si - s(R;) can be replaced by num [ dRS(R) - s(R),
where ny; is the local moment density. When this in-
teraction is treated in a mean-field approximation which
can be traced to an early paper by Zener (Zener, 1951),
the band spins see a mean magnetic field (in enegy units)
—JexnM(S) and the local moments see a magnetic field
H = —Ju(s), where (S) and (s) are the thermal av-
erages of the local moment spins and the band elec-
tron spin-densities. Given the effective magnetic field
(S) can be calculated from the text-book formula for
polarization of an isolated local moment in a thermal
bath, (S) = SI:IBS(S\H|/k’BT)7 where B;(z) is the Bril-
louin function. We can eliminate (s) from these mean-
field equations by assuming that the band electron spin-
response is linear, i.e. that (s) = JoxNmxs(S), where
Xs is electron spin susceptibility. The mean-field criti-
cal temperature is determined by solving self-consistently
for S and yields a critical temperature proportional to
Xs- This mean-field theory is accurate when (Jung-
wirth et al., 2006) the momentum-dependent band spin-
susceptibility is strongly peaked near zero-wave vector
uniform response.

In the Zener picture, the ferromagnetic critical tem-
perature is proportional to the square of the exchange
coupling Jex and the first power of the electron spin sus-
ceptibility xs. For transition metal local moments, the
exchange coupling J., originates from hybridization be-
tween metal d-electrons and the p orbitals of the host
compounds (Zener, 1951). Strong hybridization between

the p-orbitals of Te atoms and the d-orbitals of transition
metal magnetic impurities has been demonstrated exper-
imentally in Cr- or V-doped (Bi,Sb)sTez (Tcakaev et al.,
2020). When the band system is metallic, the electron
spin susceptibility is usually dominated by the Fermi level
Pauli response which induces Ruderman-Kittel-Kasuya-
Yosida (RKKY) type (Kasuya, 1956; Ruderman and Kit-
tel, 1954; Yosida, 1957)) of interactions between the lo-
cal moments. However, the QAH effect requires the
band system to be insulating. Because the electron spin-
operator has large inter-band matrix elements in systems
with strong SOC, the electron spin susceptibility ys can
be non-zero and large when gaps are small. This mech-
anism for induced coupling between local moments is
known as the van Vleck mechanism (Van Vleck, 1932)
(or Bloembergen-Rowland mechanism (Bloembergen and
Rowland, 1955)). Therefore, the van Vleck mechanism
can give rise to ferromagnetism in insulating magneti-
cally doped T1Is (Li et al., 2015a; Yu et al., 2010), and in
this way allows the realization of the QAH effect.

The situation in real materials is, as usual, more com-
plex. The magnetic properties of magnetically doped
TIs are sensitive to chemical composition, the types, and
locations of magnetic impurities and other unintended
defects, the energies of the d-orbitals of the magnetic
impurities, and even external gate voltages. Motivated
by the observation that insulating ferromagnetism sur-
vives in density functional theory (DFT) calculations
even when SOC is set to zero, it has been suggested
(Kim et al., 2017a) that the segregation of magnetic
dopants on the group III sites of (Bi/Sb)a(Se/Te)s plays
a crucial role in favoring magnetic order. Furthermore,
a finite carrier concentration is normally present in the
(Bi/Sb)2(Se/Te)s TIs and, along with carriers in the
TSSs, can induce a ferromagnetic RKKY interaction on
surfaces (Liu et al., 2009). Moreover, d-orbitals may ap-
pear inside the bulk gap of TIs for several compounds,
e.g. V-doped (Bi,Sb)sTes (Peixoto et al., 2016), and form
impurity bands near Er(Zhang et al., 2018b). This can
lead either to a ferromagnetic superexchange mechanism
when Er lies in the gap between the lower and upper
crystal-field-split majority-spin bands, similar to the case
of (Ga,V)As, or to a Zener’s double exchange mechanism
when a finite d-orbital density of states appears at Ep,
similar to the case of (Ga,Mn)N (Jungwirth et al., 2006;
Sato et al., 2010). In addition, the spatial randomness of
magnetic impurities may require a magnetic percolation
picture. Experiments have revealed super-paramagnetic
dynamics, in which magnetic impurities are clustered to
form magnetic islands with a size of tens of nanometers
and the magnetic island behaves nearly independently,
in several types of magnetically doped TI compounds
(Chang et al., 2014; Grauer et al., 2015; Lachman et al.,
2015; Liu et al., 2016Db).



2. Intrinsic magnetic Tls

MnBisTey is a stoichiometric compound with Mn lo-
cal moments that form strong bonds with neighboring Te
atoms located at the center of weakly coupled septuple
layer. Both the higher density of Mn local moments and
the absence of intended randomness offer potential ad-
vantages over magnetically doped TIs. The Mn local mo-
ments have valence +2 by losing two 4s electrons, and the
remaining five 3d electrons give rise to an isotropic fully
spin-polarized 5up local moment. Since the majority-
spin d-levels of Mn are fully filled and the minority-spin
d-levels are completely unoccupied, the super-exchange
mechanism plays an essential role in MnBisTey4 (Li et al.,
2019b; Otrokov et al., 2017; Sliwa et al., 2021). For
the super-exchange mechanism (Anderson, 1950), virtual
electron transfer between two cations through an inter-
mediate non-magnetic anion couples the magnetic mo-
ments of the cations.

The super-exchange interaction can be ferromag-
netic or antiferromagnetic, depending on the relative
angle between two cation-anion bonds, according to
the Goodenough-Kanamori rules (Goodenough, 1955;
Kanamori, 1959). In MnBisTey, two neighboring Mn
atoms in one septuple layer are coupled through the ad-
jacent Te atoms and the angle of two Mn-Te bonds is
around 86°, close to 90°. Thus, the intra-layer super-
exchange between two Mn atoms is ferromagnetic. In
contrast, the coupling between two Mn magnetic mo-
ments in two adjacent septuple layers is mediated by
several intermediate Te or Bi atoms and is antifer-
romagnetic type since all the cation-anion bonds are
roughly along the z-direction. Therefore, MnBisTe, has
intrinsic A-type antiferromagnetism, namely intralayer
ferromagnetism and interlayer anti-ferromagnetism.
MnBisTey is only one member of a large family
of compounds Mn(Bi/Sb)s,(Se/Te)s,+1, in which the
Mn(Bi/Sb)2(Se/Te)s and (Bi/Sb)aem—1)(Se/Te)s(n—1)
layers alternate and form a superlattice structure. More
properties of the Mn(Bi/Sb)ay, (Se/Te)spn+1 family of ma-
terials are discussed in Sec.IV.A.

3. Magnetism in moiré materials

In graphene and TMD multilayer materials, the carri-
ers are often concentrated near the two inequivalent tri-
angular lattice BZ corners, referred to as valleys, that
transform into each other under TR symmetry. For
the moiré material, the QAH states that are known as
of this writing, all have valley projected moiré bands
with broken TR symmetry and non-zero Chern numbers.
QAH states then appear when opposite valleys, have
different total filling factors. The mechanism that fa-
vors ground states with spontaneous valley polarization is
itinerant electron exchange interactions, the same inter-

actions that are responsible for ferromagnetism in many
metals. Because of the long-range nature of Coulomb
interactions, itinerant electron exchange is stronger be-
tween states that are close together in momentum space,
i.e. in the same valley. Maximizing the magnitude of
attractive itinerant electron exchange interactions com-
petes with minimizing band energy, which has lesser im-
portance when bands are narrow.

Occupying states in momentum space in a way that vi-
olates TR symmetry allows broken TR symmetry observ-
ables that depend only on orbital degrees of freedom to
be non-zero even when SOC is weak. The AH effect is an
example of such a physical quantity, and can be grouped
in this sense with orbital magnetization (Aryasetiawan
and Karlsson, 2019; Thonhauser, 2011; Xiao et al., 2010)
(see below and Sec.V.B) and magneto-optical observables
like the Kerr and Faraday effects. The origin of the AH
effect and the QAH effect in moiré materials is quite dis-
tinct from its origin in systems like magnetic TIs that
rely on SOC combined with spin-ferromagnetism.

The evaluation of orbital magnetization in periodic
crystals is more subtle than the evaluation of spin mag-
netism because the electron position operator is ill-
defined for extended Bloch wavefunctions (Aryasetiawan
and Karlsson, 2019; Thonhauser, 2011; Xiao et al., 2010).
As in the modern theory of charge polarization, orbital
magnetization can be related to Bloch state Berry phases
that are conveniently evaluated using tight-binding mod-
els based on maximally localized Wannier functions.
(Bianco and Resta, 2013; Ceresoli et al., 2006; Thon-
hauser et al., 2005). The connection between orbital
magnetization and Bloch state Berry phases can be es-
tablished by examining semi-classical wave-packet dy-
namics (Xiao et al., 2010, 2005) or using linear-response
theory (Shi et al., 2007).

The general expression for the orbital magnetization
M, of Bloch bands includes two contributions: a local
circulation contribution M, 1, that comes from atomic
orbital moments and an itinerant contribution Mg, 1
that originates from the free current flowing at the
boundary of the finite system (Thonhauser et al., 2005).
A different decomposition of the orbital magnetization
into distinct partial contributions, one from self-rotation
of the wave packet and the other due to center-of-mass
motion, arises naturally in the semi-classical wave-packet
formalism(Xiao et al., 2010). The itinerant contribution
M1 is of particular interest since it is directly related
to the Hall conductivity. In Chern insulators (Ceresoli
et al., 2006; Zhu et al., 2020a), the itinerant contribution
M, 1 is produced by currents that circulate around the
sample boundary and are related to the quantized Hall
conductivity and the associated band Chern numbers C'
via the relation,
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FIG. 3 Magnetically doped TI films.

(a) Schematic structure of Cr-doped (Bi/Sb)2(Se/Te)s.(b-d) Hall traces of 8 QL
Bi1,7801‘0,22S63 (b), Bi1,7gCI‘0_22T€‘3 (C), and Sb1,7gCr0,22Te3 (d) films.

(e-g) STM images of Cr-doped BisSes (e), BixTes

(f), and SboTes (g). From Chang et al., 2014, 2013b; and Zhang et al., 2013a.

where p is the chemical potential. In fact, most exper-
imental measurements of the QH effect can be viewed
(MacDonald, 1995) as direct measurements of the left-
hand side of Eq. 9.

11l. MAGNETICALLY DOPED TIS
A. Material properties

Crystals in the (Bi/Sb)s(Se/Te)s family share the same
rhombohedral crystal structure with the space group
D3, (R3m) with five atoms in one layer, as shown in
Fig. 3(a). These five-atom layers arranged along the z-
direction are known as quintuple layers (QLs). Each QL
consists of 3 Se/Te layers and 2 Bi/Sb layers. Among
the four stoichiometric members, BisSes, BisTes, and
SbyTes are topologically nontrivial, whereas SboSes is
a trivial insulator due to its weaker SOC. In TI films,
the T'SSs at the top and bottom surfaces hybridize with
each other and open a gap that shrinks exponentially
with film thickness. The gaps become unobservably small
at around 6 QLs in BisSes (Chang et al., 2011; Zhang
et al., 2010), 2 QLs for BisTes (Li et al., 2010b), and
4 QLs for SboTes (Jiang et al., 2012b; Wang et al.,
2010). The ferromagnetic order can be introduced in
TI via three different routes: (i) dilute magnetic dop-
ing of a TI, i.e. introducing magnetic ions into TI ma-
terials; () discovery of single-crystalline materials that
host coexisting topological and magnetic states intrinsi-
cally; and (iii) fabrication of TI/ferromagnetic insulator

heterostructures. Approach (i) was the first to be suc-
cessful, while the approach (ii) has also been achieved
in thin films exfoliated from the bulk intrinsic magnetic
TI, MnBisTes (Deng et al., 2020) (See Sec. IV). De-
spite significant efforts, the approach (éii) has still not
been fully successful. A large AH effect and even the
QAH effect has been claimed to be observed in MBE-
grown CroGeyTeg/(Bi,Sb)sTes/CraGeaTeg (Mogi et al.,
2019) and (Zn,Cr)Te/(Bi,Sb)sTes/(Zn,Cr)Te (Watanabe
et al., 2019) sandwiches. We noticed that the ferro-
magnetic layers in both systems include the element Cr.
When the MBE growth of these sandwich samples was
performed at high temperatures, Cr diffusion inevitably
occurs between the middle (Bi,Sb)sTes and the Cr-based
ferromagnetic surface layers. The QAH effect realized
in MBE-grown (Zn,Cr)Te/(Bi,Sb);Tes/(Zn,Cr)Te sand-
wich heterostructures might represent success of ap-
proach (i) [i.e. Cr-doped (Bi,Sb);Tes] instead of ap-
proach (4i). This section focuses on the approach (7).
Transition metal element doping is a convenient ap-
proach to induce long-range ferromagnetic order in TIs
[Fig. 3(a)] (Chien et al., 2005; Hor et al., 2010; Zhou
et al., 2005, 2006). The ordering mechanism is analo-
gous to that in conventional dilute magnetic semiconduc-
tors(Dietl and Ohno, 2014; Jungwirth et al., 2006; Ohno,
1999; Ohno et al., 2000; Sato et al., 2010), as discussed in
Sec. II.B. In Cr-doped(Bi/Sb)2(Se/Te)s, scanning tun-
neling microscopy (STM) studies have demonstrated that
Cr atoms usually substitute for Bi/Sb atoms [Fig. 3(a)]
(Chang et al., 2014, 2013b; Jiang et al., 2015; Lee et al.,
2015; Zhang et al., 2018b). Below we compare the prop-



erties of Cr-doped BisSes, BisTes, and SboTes and ex-
plain why one is preferred as the parent material for the
realization of the QAH effect. It turns out that the mag-
netic properties in these three TI compounds are highly
sensitive to inhomogeneity of the Cr impurities. In Cr-
doped BisSes thin films, no long-range ferromagnetic or-
der has been observed down to T =1.5 K [Fig. 3(b)]
(Chang et al., 2013b; Zhang et al., 2013a). The nonlin-
ear Hall traces at low temperatures reflect the presence
of weakly coupled superparamagnetic multimers formed
by aggregated substitutional Cr atoms in BizSes matri-
ces [Fig. 3(e)]. The appearance of a large gap-opening at
the Dirac point in Cr- and Fe-doped BizSes might also
reflect substitutional Cr or Fe aggregations(Chang et al.,
2014; Chen et al., 2010). The absence of long-range ferro-
magnetic order due to inhomogeneity rules out Cr-doped
BisSes as the candidate for the realization of the QAH
effect. In contrast, both Cr-doped BisTes and Cr-doped
SboTes exhibit pronounced hysteresis loops [Figs. 3(c)
and 3(d)], demonstrating robust long-range ferromag-
netic order in both materials(Chang et al., 2016a; Zhang
et al., 2013a). Compared to Cr-doped BisTez, Cr-doped
SbyTes has a much better ferromagnetic order as seen by
a more square hysteresis loop at low temperatures [Fig.
3(d)]. STM measurements find that three Cr atom ag-
gregations are common in BiyTes, and a more uniform Cr
atom distribution in SbyTes [Figs. 3(f) and 3(g)](Chang
et al., 2013b). Overall Cr doping homogeneity is better
in Cr-doped SboTes films. Doping homogeneity is the
key ingredient for the long-range ferromagnetic order, as
well as for the quality of the QAH state in magnetically
doped TIs discussed below. Therefore, both transport
and STM results suggest Cr-doped ShoTes as a promis-
ing parent material for the realization of the QAH ef-
fect(Chang et al., 2016a, 2013a,b).

B. Realization of the QAH effect in magnetically doped Tls

1. QAH effect in Cr-doped TI

Cr-doped BisTez and SbsTes films both have large
carrier densities because of common defects that act as
donors or acceptors. The QAH effect could be achieved
only after a systematic and careful exploration of the
relationship between unintended doping and stochiome-
try (Chang et al., 2013a,b). In Cr-doped SbhyTes, dop-
ing Bi can reduce the high hole carrier density(Chang
et al., 2016a, 2013b). The QAH effect was first real-
ized in 5 QL Crg15(Bi,Sb); g5Tes thin films on heat-
treated SrTiO3(111) on October 9, 2012 (Chang et al.,
2013a). Figures. 4(a) and 4(b) show the magnetic
field p10H dependence of p,, and p,., respectively, mea-
sured at T ~ 30 mK for various bottom gate biases V.
The shape and the coercive fields of the AH hysteresis
loops are nearly independent of Vj, indicating a carrier-
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FIG. 4 Experimental realization of the QAH effect in 5 QL
Cr-doped (Bi,Sb)2Tes films. (a, ¢) Magnetic field uoH de-
pendence of the Hall resistance py. (a) and the longitudinal
resistance pg, (c) at different Vys. (b) Gate dependence of
the zero magnetic field Hall resistance py.(0) and the zero
magnetic field longitudinal resistance pz-(0). (d) Gate de-
pendence of the zero magnetic field Hall resistance o4, (0) and
the zero magnetic field longitudinal resistance 0;(0). From
Chang et al., 2013a.

independent ferromagnetic order (Chang et al., 2013a,b).
The zero magnetic field AH resistance p,,(0) changes
dramatically with V, showing a maximum value of h/e?
(~ 25.8 k) at the charge neutral point V, = V;). The
toH dependence of p,, exhibits the typical hysteretic
shape commonly observed in conventional ferromagnetic
materials.

The most important observation, that the Hall resis-
tance exhibits a distinct plateau with the quantized value
h/e? at zero magnetic field, is shown in Fig. 4(b). Con-
comitant with the p,, plateaus, the zero magnetic field
longitudinal resistance p,,(0) shows a dip, reaching a
value of 0.098h/e?, yielding a Hall angle 6 of ~84.4°. For
comparison with theory, we convert py,(0) and pa,(0)
into the sheet conductances 0,,(0) and 0.,(0) [Fig. 4
(d)].  04y(0) exhibits a notable plateau at 0.987¢/h,
while 0., (0) exhibits a dip down to 0.096e?/h. These re-
sults mark the first experimental realization of the QAH
effect. Note that the deviation of 0,,(0) from e?/h and
nonzero o,,(0) can be attributed to residual dissipative
channels in the sample, which are expected to vanish
completely at zero temperature or under a high mag-
netic field. By applying a magnetic field, Chang et al.,
2013a did see near perfect quantization of py, and van-
ishing p;;. The observation of a QAH effect in MBE-
fabricated Cr-doped TI thin films was relatively quickly
reproduced by many research groups (Bestwick et al.,
2015; Checkelsky et al., 2014; Kandala et al., 2015; Kawa-
mura et al., 2017; Kou et al., 2014; Lachman et al., 2015;
Liu et al., 2016b), using film thickness from 5 to 10 QLs



on various substrates including SrTiO3(111), InP(111),
and GaAs(111). We will review the physical properties
of the QAH state in Cr-doped TI system in Sec. II1.C.

Despite great effort, the critical temperature of the
QAH state in Cr-doped T1 films [Fig. 5(a)] is still limited
to ~ 2 K, an order of magnitude lower than the value of
their Curie temperature T ¢ (Bestwick et al., 2015; Chang
et al., 2013a; Checkelsky et al., 2014; Feng et al., 2016;
Kandala et al., 2015; Kawamura et al., 2017; Kou et al.,
2014; Lachman et al., 2015; Liu et al., 2016b). This dif-
ference is presumably due to the following two effects:
(i)In magnetically doped TI films, the magnetic dopants
may induce spatial fluctuations of the chemical poten-
tial and the exchange coupling across the film, and thus
make the effective excitation gap much smaller than the
average magnetic exchange gap (Chang et al., 2016b),
enhancing the role of thermal fluctuations (Lin et al.,
2022a,b)(77) The energy of the Dirac point of the surface
states in (Bi,Sb)sTes is close to or even buried into the
bulk valence band maximum along the direction (Chang
et al., 2015a; Li et al., 2016b; Wang et al., 2018c).

Different metrics have been used in the literature to
identify the critical temperature of QAH insulators. In
this Article, we define the critical temperature of the
QAH state as that at which the py;(0)/p22(0) ratio is
greater than 1. The low critical temperature not only
impedes quantitative studies of the QAH state, exami-
nation of the scaling behaviors of the plateau transitions
(Checkelsky et al., 2014; Kou et al., 2014), and current-
induced QAH breakdown (Fox et al., 2018; Kawamura
et al., 2017), but also limits potential applications for
electronic and spintronic devices with low power con-
sumption.

Mogi et al., 2015 found that magnetic Cr modula-
tion doping (Bi,Sb)sTes to form tri- and penta-layer het-
erostructures can enhance the critical temperature of the
QAH effect. By introducing two 1 nm thick heavily-Cr-
doped (Bi,Sb)sTes layers near the top and bottom sur-
faces of a 6 nm nonmagnetic (Bi,Sb)2Tes layer to form
tri- and penta-layer heterostructures [Figs. 5(a-c)], a bet-
ter QAH state with a higher critical temperature could
be achieved [Figs. 5(d) and 5(e)]. At T = 0.5 K and
the charge neutral point (V; = V), the zero-magnetic-
field Hall resistance py,(0) is ~ 0.85h/e?, ~ 0.95h/€?,
~ 1h/€? for single-, tri- and penta-layer heterostructure
samples respectively. The monotonic decrease of the zero
magnetic field longitudinal resistance pg,.(0) further con-
firms that a better QAH state is achieved. In these
modulation-doped tri- and penta-layer heterostructure
samples, the fluctuation of the magnetic exchange gap on
the sample surfaces is apparently suppressed and thus the
effective magnetic exchange gap becomes larger, leading
to a critical temperature ~10 K (Mogi et al., 2015). We
note that the heavily Cr-doped (Bi,Sb);Tes layers used
in tri- and penta-layer samples may drive the systems to
a trivial ferromagnetic insulator state due to reduction
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FIG. 5 Higher temperature QAH effects in TT heterostruc-
tures with modulation magnetic doping. (a-c) Schematics
for different Cr-doping geometries: uniformly-doped (a), Cr-
doped TT tri-layer (b), and penta-layer (c). (d, e) Gate de-
pendence of the Hall resistance Ry, (d) and the longitudinal
resistance Rq, (e) of the three samples shown in (a-c) mea-
sured at 7' =0.5 K. From Mogi et al., 2015.

of SOC as a result of the heavy Cr doping in (Bi,Sb)sTe;
(Zhang et al., 2013a; Zhao et al., 2020), which will be
further discussed in Sec. II1.D.

Okada et al., 2016 performed Terahertz Faraday and
Kerr rotation measurements on penta-layer QAH sam-
ples and found that the Faraday and Kerr rotation angles
quantitatively agree with the estimates based on elec-
trical transport measurements. QAH trilayer samples
have also been used in scaling studies of the plateau to
plateau transitions (Kawamura et al., 2018, 2020). More
recently, motivated by this modulation doing method,
Jiang et al., 2020 fabricated 3 QL Cr-doped (Bi,Sb)sTes
/5 QL (Bi,Sb)2Tes /3 QL Cr-doped (Bi,Sb);Tes sandwich
structures and observed the concurrence of the topolog-
ical Hall effect and the QAH effect through electric field
gating. This concurrence indicates an interplay between
the chiral edge states and chiral spin textures in magnetic
TT heterostructures.

2. QAH effect in V-doped TI

The first-principles calculations by Yu et al., 2010 sug-
gested that QAH insulators should occur in thin films
of TIs with Cr or Fe doping, whereas the QAH state
was expected to be absent for Ti or V doping because of
d-electron impurity bands at the Fermi surface. Chang
et al., 2015b found that among all 3d transition metal el-
ements (Chien et al., 2005; Hor et al., 2010; Zhou et al.,



2005, 2006), V-doped SbyTes exhibits the most robust
ferromagnetic order. Following a strategy similar to
that employed earlier for Cr-doped QAH samples(Chang
et al., 2013a), a high-precision QAH effect was observed
in a 4 QL V-doped (Bi,Sb)2Tes film [Fig. 6(a)](Chang
et al., 2015a,b). The QAH effect in V-doped TI system
was later replicated by other research groups (Grauer
et al., 2017, 2015; Lippertz et al., 2022; Ou et al., 2018).

For both Cr- and V-doped (Bi,Sb)sTes films, the Curie
temperature T ¢ strongly depends on the magnetic dop-
ing concentration . The maximum value of T¢ can
be greater than 100 K in heavily Cr- and/or V-doped
SbhyTes films (Chang et al., 2015b; Zhou et al., 2005,
2006). However, heavy Cr- and/or V-doping greatly re-
duces the SOC of the magnetically doped TI and drives
it into a trivial insulator state(Chang et al., 2014; Zhang
et al., 2013a; Zhao et al., 2020, 2022).Therefore, an op-
timal Cr- and/or V-doping concentration z is required.
The values of magnetic doping concentration z are usu-
ally different in different groups worldwide, but the T«
value of samples that exhibit the QAH effect is usually in
a range of 15~30 K. Compared to Cr-doped ShoTes, the
two main advantages of V-doped SboTes are: (i) higher
Curie temperature T« - almost double that of Cr-doped
ShyoTes at the same doping level x; and (ii) larger co-
ercive field H. - about an order larger than that of the
Cr-doped ShoTes with the same doping level at a fixed
temperature (Chang et al., 2015b).

Figure 6(a) shows a nearly ideal QAH state in a 4
QL Vy.11(Bi,Sb)q.g9Te3/SrTiO3(111) film. At the charge
neutral point Vg = Vg), the zero magnetic field Hall re-
sistance py,(0) is ~ 1.00019 £ 0.00069h/e* (25.8178 +
0.0177kS2), while the zero magnetic field longitudinal re-
sistance p,.(0) is as low as ~ 0.00013 £ 0.00007h/e?
(~ 3.35 £ 1.76Q2) measured at T = 25mK. The ratio
Pyz(0)/pzz(0) corresponds to an AH angle ~ 89.993 +
0.004°. The corresponding Hall conductance at zero
magnetic field o,,(0) is ~ 0.9998 + 0.0006e?/h and
the corresponding longitudinal conductance o,,(0) is
~ 0.00013 £ 0.00007¢?/h (Chang et al., 2015b). The
critical temperature of the QAH state in the V-doped
TT system is around 1 K. Measuring the gate and tem-
perature dependence of local and non-local magnetore-
sistance, Chang et al., 2015a established the presence
of dissipationless chiral edge transport in this system in
the absence of a magnetic field. By tuning the chemical
potential, Chang et al., 2016b also observed a quantum
phase transition from a QAH insulator to an Anderson
insulator. The critical scaling behavior of this topological
quantum phase transition will be discussed in Sec.I11.C.4.

Grauer et al., 2015 synthesized 10 QL V-doped
(Bi,Sb)2Tes films on hydrogen passivated Si(111)
substrates and observed a coincidence of super-
paramagnetism and perfect quantization. The scaling
behaviors of uniformly V-doped (Bi,Sb)sTes films of var-
ious thicknesses on Si(111) and InP(111) substrates are
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FIG. 6 QAH effect in V-doped (Bi,Sb)2Tes films and Cr/V
co-doped (Bi,Sb)2Tes films. (a) Magnetic field dependence of
the Hall resistance pys (blue) and the longitudinal resistance
pze (red) of 4 QL V-doped (Bi,Sb)sTes films at the charge
neutral point V; = V) and temperature 7 =25 mK. (b,c)
Magnetic field dependence of py, (b) and pzz (c) of 5 QL
Cr/V co-doped (Bi,Sb),Tes films at the charge neutral point
Ve = Vg0 and 7' =300 mK. From Chang et al., 2015b and Ou
et al., 2018.

studied and the QAH insulators are classified as either 2D
or 3D (Fijalkowski et al., 2021; Grauer et al., 2017). The
different origins of the (04y,042) = (0,0) point in scal-
ing plots of individual magnetically doped QAH sample
and magnetic TI sandwich samples will be discussed in
Sec.II1.C.2.

As noted above, the QAH effect has been demonstrated
in both Cr- and V-doped (Bi,Sb);Tes films. Ou et al.,
2018 synthesized 5 QL Cr and V co-doped (Bi,Sb),Tes
films with various Cr/V ratios and found a significant
increase in the critical temperature of the QAH effect
for Cr/(Cr+V) ~ 0.16. It is also around 10 K. For the
optimal Cr to V ratio, a co-doped (Bi,Sb)sTes sample
yielded py;(0) ~ h/e? to within experimental uncertainty
and py(0) ~ 0.009n/e* at V, = VY and T = 300mK
[Figs. 6(b) and 6(c)]. At T = 1.5 K, py,(0) ~ 0.97h/e?
and pz;(0) ~ 0.19h/e®. Such a quantization level has
only been observed at T ~ 100 mK in either individual
Cr-doped or V-doped QAH samples(Chang et al., 2013a,
2015b; Checkelsky et al., 2014; Kou et al., 2014). The
enhancement of the critical temperature of the QAH ef-
fect in Cr and V co-doped QAH samples is attributed to
an improvement of the homogeneity of the ferromagnetic
order and modulation of the sample band structure (Ou
et al., 2018).

A follow-up study combined magnetic force microscopy
with electrical transport to reveal typical ferromagnetic
domain behaviors in the Cr and V co-doped QAH films,
in contrast to the much weaker magnetic signals ob-
served in either Cr-doped or V-doped QAH films (Wang
et al., 2018c¢), possibly due to role of local super-para-
magnetism (Grauer et al., 2015; Lachman et al., 2015).
In addition, by studying a series of Cr and V co-doped
and individual Cr-doped QAH samples, Liu et al., 2020a



found that the ground state of all samples can be catego-
rized as either a QAH insulator or as an AH insulator. In
the low-disorder limit, a universal quantum longitudinal
resistance pg, = h/ e? is observed at the coercive field H.
of the QAH samples. Modulation doping (Sec. II1.B.1)
(Mogi et al., 2015) and magnetic co-doping (Ou et al.,
2018) are now established as techniques to enhance the
critical temperature of the QAH effect in magnetically
doped TIT systems. The QAH critical temperatures of
5~10 K are regularly obtained.

C. Physical properties of the QAH states in magnetically
doped Tlis

Following the realization of the QAH effect in a Cr-
doped T1I system (Chang et al., 2013a), close synergy be-
tween theory and experiment has greatly advanced our
understanding of the QAH state. The QAH effect and
the QH effect share the same topological properties, but
their physical origins are different. The QH effect arises
from the formation of Landau levels under high magnetic
fields, and its realization relies on carrier mobility (Klitz-
ing et al., 1980) that is high enough to weaken mixing be-
tween different Landau levels, i.e. to make w.7 > 1 large
where 7 is the Bloch state lifetime, w, is the cyclotron fre-
quency and Aw, is the Landau level separation which has
a typical value ~ 1 meV. In contrast, the QAH effect in
magnetically doped TIs is a consequence of an interplay
between strong SOC and magnetic exchange interactions
(Chang, 2020). The QAH effect can appear in materi-
als with very low carrier mobility (Chang et al., 2013a,
2015b) since it requires only that A7 > A, where A is
the topologically non-trivial band gap. The energy scale
A is set by SOC and exchange interactions in magneti-
cally doped TIs, and is normally on the order of hundreds
of meV. The different physical origins of the QAH and
QH states motivates studies of the physical properties
of QAH states in magnetically doped TIs. This subsec-
tion will review a variety of physical properties associ-
ated with QAH states, including in particular evidence
for the coexistence of chiral and non-chiral edge states,
the appearance of zero Hall conductance plateaus, and
their relation to axion insulator states and the topological
magneto-electric (TME) effect, global phase diagrams,
scaling behaviors, and current-induced breakdown prop-
erties.

1. Chiral and non-chiral edge states

The QH effect and the QAH effect are both character-
ized by electric currents that flow along sample edges in
equilibrium thanks to topologically protected chiral edge
states. In both cases, the microscopic physics of the edge
states can be complex. We focus here on the peculiarities
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of the edge state systems associated with QAH state in
magnetically doped TTs. As the mobility of magnetically
doped TIs is several orders smaller than that in typical
QH systems, disorder scattering is usually much stronger
in the QAH system.

The energy of the Dirac point of TSSs in parent
(Bi,Sb)2Tes compounds is close to the valence band max-
imum (Chang et al., 2015a; Li et al., 2016b; Wang et al.,
2018c¢). It follows that disordered bulk transport likely
coexists with edge transport in magnetically doped de-
vices. When the magnetization is perpendicular to the
thin film plane, the TSSs remain gapless on the side sur-
faces of TT films and give rise to an edge state system that
contains a number of channels proportional to the film
thickness (Wang et al., 2013a). Both the residual bulk
carriers and the multi-channel edge state systems play
a role in understanding the experimental fact that the
QAH effect in magnetically doped TIs sometimes shows
aresidual p,, that is several k€2, while p,, is nearly quan-
tized.

The presence of multi-channel side walls was experi-
mentally confirmed by performing the non-local trans-
port measurements on both uniformly 10 QL Cr-doped
(Bi, Sb)2Tes (Kou et al., 2014) and uniformly 4 QL V-
doped (Bi, Sb)sTes (Chang et al., 2015a) Hall bar de-
vices. In the absence of disorder, wavevector along the
side-wall is a good quantum number and the edge-system
can be separated into a single chiral channel and a set of
non-chiral pairs. py, quantization is perfect when bulk
transport is localized near the side walls, and the entire
edge state system is in local equilibrium. Kou et al.,
2014 showed that the non-local resistance is hysteretic,
with both low-resistance and high-resistance states ap-
pearing during the magnetization reversal process, due
to the interplay between edge and bulk channels. Chang
et al., 2015a further showed asymmetric behavior of local
and non-local transport when the carrier type is tuned
from electrons to holes through an external gate volt-
age, implying the dominant dissipative channels vary
from quasi-helical edge states to bulk states. Dissipa-
tion can occur because of transport across the bulk,
or because the current-carrying multi-channel edge sys-
tem is not in local equilibrium. Recently, Wang et al.,
2020 performed more systematic temperature and mag-
netic field dependent transport measurements on a 3
QL Cr-doped (Bi,Sb)sTes/5 QL (Bi,Sb)2Tes/3 QL Cr-
doped (Bi,Sb);Tes sandwich sample and concluded that
in thick QAH samples the dominant dissipation mecha-
nism switches between edge and bulk states in different
magnetic-field regimes.

Another unique feature of magneto-transport in QAH
materials is that the magnetization direction in a mag-
netic domain is locked not only to the Hall conduc-
tance but also to the propagation direction (i.e.clockwise
or counterclockwise) of the chiral edge current. Chiral
currents flow not only at sample edges but also along



domain walls with opposite magnetization orientations.
This property makes electrical probes sensitive to the
motion of magnetic domain walls. Yasuda et al., 2017
utilized the magnetic force microscope to control the
magnetization direction of a QAH sample with modu-
lated magnetic doping and concluded that the observed
non-local transport is consistent with chiral edge con-
duction along the walls in a written domain pattern. We
note that direct imaging of magnetic domain walls is ab-
sent in these non-local transport measurements. Rosen
et al., 2017 partially covered the QAH films with a bulk
niobium superconductor and demonstrated chiral edge
conduction along the magnetic domain walls via Meiss-
ner—QOchsenfeld effect. Microwave impedance microscopy
(MIM) can directly image the distribution of chiral edge
currents at the boundary and at magnetic domain walls
in a QAH sample (Allen et al., 2019). In addition, chi-
ral edge states can also carry spin polarization (Cher-
aghchi and Sabze, 2020; Zhang et al., 2016¢) or form
spin texture (Wu et al., 2014a), which implies that the
chiral edge states can be utilized to control magnetic do-
main walls and drive a domain-wall motion (Kim et al.,
2019; Upadhyaya and Tserkovnyak, 2016). The inter-
play between dissipationless chiral modes and magnetic
domain walls in QAH insulators points to potential ap-
plications in spintronics if higher critical temperatures
can be achieved.

2. Zero Hall conductance plateau and the axion insulator state

In uniformly doped thin films, the magnetization of a
QAH sample reverses its sign at the coercive field H., and
correspondingly the Hall conductance o, will vary from
e?/h to —e?/h with a change of the Chern number C by
2. This scenario does not, however, exhaust the avail-
able phenomenology. In some devices, the system un-
dergoes two separated topological phase transitions with
each varying C by 1, and consequently, an intermedi-
ate zero Hall conductance plateau (ZHCP) with C =0
emerges in the magnetization reversal process.

Two scenarios can be identified for ZHCP formation
in magnetic TT films. The first scenario assumes that
the magnetization is uniform across the device so that
the magnetic gaps, denoted as Ay below, for the TSSs
on top and bottom surfaces are the same. A finite hy-
bridization (denoted as mg) between two TSSs is con-
sidered, and when the magnetic domains in the sample
are well-aligned in the same direction, the magnetic gap
Ay is dominant so that the system is in the QAH state
with the Chern number C' = Ay/|Aym| = £1, depending
on the sign of Ay During the magnetization reversal
process, the number of upward and downward oriented
magnetic domains changes, and the spatially averaged
magnetic gap continuously varies from positive to nega-
tive. This scenario applies when the typical domain size
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is small compared to the characteristic electronic length
scale hivp /Ay, allowing the non-uniform magnetization
to be replaced by its spatial average. The topological
phase transition between C = 0 and |C| # 0 states takes
place at the gap closings when |Ag| = |mg|. When the
hybridization gap is dominant (|Ag| < |mo|), the Chern
number becomes C' = 0, leading to a ZHCP. This sce-
nario is more likely to apply in thinner TT films with a
large hybridization between two TSSs (Feng et al., 2015;
Kou et al., 2015). Since the hybridization between two
TSSs declines exponentially with increasing T1 film thick-
ness and samples always have some disorder, this picture
becomes untenable beyond a relatively small numbers of
layers. On the other hand, with increasing film thick-
ness the magnetism in the two surface regions is more
weakly coupled, and modulation doping makes it possi-
ble to design devices in which the two coercive fields dif-
fer. This leads to an alternative scenario for the ZHCP.
When the magnetic gap for top TSS has the opposite
sign to that of the bottom TSS, the two TSSs give the
opposite contributions to the Hall conductivity and this
leads to a ZHCP (Mogi et al., 2017a; Wang et al., 2014a;
Xiao et al., 2018). When ZHCP states are observed in
magnetic sandwiches, both sidewall and bulk quasiparti-
cles must be absent at the Fermi level, or if present must
be localized. ZHCP states therefore can be viewed as a
special subclass of normal 2D insulators, or, in the case
of where localized states are present, as Anderson insula-
tors. However they still have broken TR symmetry and,
as we discuss below, are expected to exhibit properties
that are related to the TME effect, a characteristic of
bulk 3D TIs.

Soon after the theoretical predictions (Wang et al.,
2014a), two experimental groups separately reported
ZHCP observations in 5 QL and 6 QL uniformly Cr-
doped (Bi,Sb)2Tes films [Fig. 7(a)] (Feng et al., 2015;
Kou et al., 2015). Given the uniform magnetization,
the observed ZHCPs are likely to have their origin from
the hybridization gap. Experimental identifications of
ZHCP states can be somewhat ambiguous because mea-
surements are always performed at finite temperatures
where insulating behaviors are not fully developed. Ex-
aminations of the Hall conductivity and resistivity, re-
lated by 04y = pyz/ (P2, + pgz) can give different impres-
sions. oy is small whenever p,, at H. is much greater
than the quantized py,. This can result in the appear-
ance of a zero o, plateau but no zero p,, plateau at H..
Indeed, pronounced ZHCPs are found in disordered 5 QL
Cr-doped (Bi,Sb)sTes films (Feng et al., 2015), but are
usually absent in magnetically doped QAH samples with
higher quality (Chang et al., 2015b). The appearance of
ZHCP plateaus also depends strongly on MBE growth
conditions. For 6 QL Cr-doped (Bi,Sb);Tes films from
the same group, some samples show the ZHCP [Fig. 7(a)]
(Kou et al., 2014), while others that have relatively small
Pz at H. do not (Rosen et al., 2017). For the hybridiza-
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FIG. 7 Zero Hall conductance plateaus and axion insulator states in magnetic TI films/heterostructures. (a-c) Top:

schematics of a uniformly Cr-doped TI, a magnetic TI sandwich with the asymmetric Cr doping near top and bot-
tom surfaces, and a magnetic TI sandwich with magnetic doping with Cr and V. Bottom: magnetic field poH de-
pendence of the Hall conductance o, and the longitudinal conductance og, of 6 QL Cr-doped (Bi,Sb).Tes films (a),
a 2QL Cr-doped(Bi,Sb)2Tes/5QL (Bi,Sb)2Tes/2QL Cr-doped(Bi,Sb)2Tes/1QL (Bi,Sb)sTes heterostructure (b), a 3QL V-
doped(Bi,Sb)2Tes /5QL (Bi,Sb)2Tes/3QL Cr-doped(Bi,Sb)2Tes heterostructure (¢). From Kou et al., 2015; Mogi et al., 2017b;

and Xiao et al., 2018.

tion gap induced ZHCP, Haim et al., 2019 pointed out
that strong magnetic disorder can drive the system into a
new topological state supporting helical edge modes that
are protected by crystalline reflection symmetry, instead
of TR symmetry. This phenomenon is dubbed the “quan-
tum anomalous parity Hall effect”, but not yet supported
by experimental evidence.

In the literature, the observation of ZHCPs in 2D mag-
netic TT thin films has always been connected to the con-
cept of axion insulator states, a moniker motivated by the
TME effect - a charactertistic property of 3D TIs (Essin
et al., 2009; Morimoto et al., 2015; Pournaghavi et al.,
2021; Qi et al., 2008; Wang et al., 2015a; Wilczek, 1987).
In the field theory description of 3D TIs, a topological
6 term 0e’E - B/27h is added into the ordinary Maxwell
electromagnetic Lagrangian (Qi et al., 2008; Sekine and
Nomura, 2021), yielding axion electrodynamics (Wilczek,
1987). Here E and B are the conventional electric and
magnetic fields inside an insulator, and 6 is a pseudo-
scalar. It is normally argued that 6 can differ from —6
only by a multiple of 2r when TR symmetry or inversion

symmetry is present in the bulk. It follows that 6 is al-
ways a multiple of 7, an even multiple (normally 0) for a
normal 3D insulator and an odd multiple (normally +1)
for a 3D TI (Essin et al., 2009; Qi et al., 2008). Break-
ing TR and inversion symmetry in the bulk can generally
lead to an arbitrary value of . The term azion is adopted
because the mathematical structure of the electrodynam-
ics of TIs with gapped surface states is similar to that of
the hypothetical particles christened by Frank Wilczek
to solve the strong charge conjugation-parity problem in
particle physics (Peccei and Quinn, 1977). In a field the-
ory description, the parameter 6 in the axion effective
action continuously varies from the value 7 in the TI to
0 in the vacuum across the surface region. It turns out
that this 7 change of 6 implies the surface half QH ef-
fect, described in Sec.II.A.2. Therefore, the quantized
value €?/2h of the surface 0,,, as well as the quantized
magneto-electric response of bulk TIs, are equivalent to
the quantized 0 value of the axion term in electromag-
netic Lagrangian of 3D bulk TIs (Sekine and Nomura,
2021).



The definition of the term axion insulators has been
somewhat inconsistent in the literature. Generally, an
axion insulator is viewed as a 3D TI with a non-zero
quantized 6 parameter in the bulk and the surface states
gapped either by surface magnetism or bulk magnetism
(Essin et al., 2009; Turner et al., 2012; Varnava and Van-
derbilt, 2018). In this terminology, axion insulators that
allow for the observation of the TME effect have not only
insulating bulks, but also insulating surfaces and hinges,
a requirement that is satisfied by all-in or all-out magne-
tization configurations (Varnava and Vanderbilt, 2018).
A TI heterostructure in which a thick TT film has an
undoped interior sandwiched by magnetically doped re-
gions near the film surface, the sample configuration in
Fig. 7(c), with anti-parallel magnetization orientations
on the two surfaces belongs to this category. When the
TT film is thick enough that the surface regions are elec-
trically isolated, this system will support half-quantized
surface Hall conductances of opposite signs. The orbital
magnetizations associated with the corresponding equi-
librium orbital currents then do not cancel perfectly tn
the presence of a weak electric field applied across the
film. The net magnetization per cross-sectional area is

My, = % x eElt, (10)
where ¢t is the film thickness, the first factor on the right-
hand side is the surface state Hall conductance from
Eq. 9, and the second is the electric potential drop across
the film. The electric field creates a parallel bulk mag-
netization per unit volume with a universal coefficient
of proportionality that is quantized in units of e2/2h.
This property known as the TME effect, is equivalent to
having 8 = 7 in the electromagnetic Lagrangian and to
half quantized surface Hall conductivities. The TME is
therefore activated by surface magnetizations whose pro-
jections onto the surface normal never change sign. For
thin film geometries, the necessary condition is that the
top and bottom surface magnetizations are opposite in
orientation, so that the chiral edge channel is absent in
Fig. 7(c).

Experimental confirmation of the TME effect is chal-
lenging. The following three conditions are required: (%)
the TI film is in the 3D regime so that TSSs at oppo-
site surfaces are decoupled; (i) all surfaces are gapped,
with the chemical potential lying within both gaps; ()
the interior of the TI must preserves either TR symme-
try or certain crystalline symmetries (e.g. inversion) to
maintain the § = 7w constraint. Given that the TME is
equivalent to a magnetic-surface localized half-quantized
Hall conductance, it is reasonable to argue (Mogi et al.,
2017a,b; Morimoto et al., 2015; Wang et al., 2015a; Xiao
et al., 2018) that the second scenario of the ZHCP dis-
cussed above, in concert with observation of the QAH ef-
fect, provides experimental evidences of the TME effect.
A jump of the total 2D Hall conductance by +e?/h due to
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reversal of magnetization at one surface, must mean that
the contribution of that surface to the Hall conductance
is +e?/2h. Mogi et al., 2017b fabricated asymmetric
(Bi,Sb)2Tes sandwich heterostructures with surface Cr
doping. The observation of a zero o, plateau [Fig. 7(b)]
was interpreted as evidence of a TME effect associated
with antiparallel alignment of the top and bottom Cr-
doped (Bi,Sb)sTes magnetized layers. Subsequent mag-
netic domain imaging measurements on the same sample
failed, however, to find evidence of uniform antiparallel
magnetization alignment at any external magnetic field
(Allen et al., 2019; Lachman et al., 2017), making it less
convincing that the observed ZHCP is fully explained by
opposite magnetic exchange gaps. Soon after, Xiao et al.,
2018 and Mogi et al., 2017a replaced the top Cr-doped TI
layer with a V-doped layer to form a V-doped T1/TI/Cr-
doped TTI sandwich heterostructures [Fig. 7(c)]. The sig-
nificant difference in H. between the Cr- and V-doped T1
systems then leads to a broad ZHCP, as shown in Fig.
7(c). Magnetic force microscopy images in this system
reveal two separate magnetization reversals, as expected
from the coercive field difference of the two magnetic lay-
ers (Xiao et al., 2018). This observation suggests that
the observed ZHCP has a different origin from that in
the uniformly magnetically doped QAH samples, and is
a result of opposite sign half-quantized o, in the two sur-
faces regions. An alternative approach to probe the TME
effect is through magneto-optical measurements (Dziom
et al., 2017; Okada et al., 2016; Wu et al., 2016), but these
have the disadvantage of probing the response properties
of topological matter at finite frequencies, whereas the
TME refers to a characteristic static response.
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FIG. 8 Scaling behaviors of the QAH effect in uniformly
magnetically doped TI films, and in sandwiches with V and
Cr surface doping. (a) (0zy,0z,) flow diagram of uniformly
V-doped (Bi,Sb)2Tes with a thicknesses of 9 QL (green), 8
QL (orange), and 6 QL(dark yellow). (b) (0zy,0we) flow di-
agram of a sample with an axion insulator doping profile:
3QL V-doped (Bi,Sb)2Tes3/5QL (Bi,Sb)2Tes/3QL Cr-doped
(Bi,Sb)2Tes). Two semicircles of radius 0.5¢*/h centered at
(0.5€%/h,0) and (—0.5¢*/h,0) are plotted as black dashed
lines in (a) and (b) for comparison. A semicircle of the radius
e?/h centered at (0,0) is shown as a red dashed lines in (a).
From Grauer et al., 2017 and Xiao et al., 2018.

The essential feature of axion insulator is the surface
half QH effect, but metallic modes may exist on certain
surfaces or hinges of a finite sample in a more broad def-



inition once its bulk 6 value is quantized. This has led
to theoretical proposals of high-order topology in axion
insulators (Chen et al., 2021a; Varnava and Vanderbilt,
2018; Varnava et al., 2021; Wieder and Bernevig, 2018;
Xu et al., 2019; Yue et al., 2019; Zhang et al., 2020), in
which metallic modes exist at the hinges of finite sam-
ples. The critical behaviors for the transition from a
3D axion insulator with high-order topology to a trivial
insulator have also been theoretically studied (Li et al.,
2021b; Song et al., 2021a). Experimentally, the one semi-
circle behavior of the (0,4,04y) flow diagram observed
in thick QAH samples (Fijalkowski et al., 2021; Grauer
et al., 2017) is consistent with the scaling behavior of a
surface half QH effect (Nomura and Nagaosa, 2011) if
one assumes that the phase transitions on the two sur-
faces occur simultaneously.

3. Scaling behavior of plateau transitions

The scaling behavior of plateau transitions in the space
of temperature and Landau level filling factor v has been
extensively studied in conventional QH systems (Girvin
and Prange, 1987; Huckestein, 1995). In QAH systems,
the external magnetic field plays the role of v, and the
plateau behavior is complicated by the role of the mag-
netic domain structure near the coercive field H.. Wang
et al., 2014a used a Chalker-Coddington-type network
model based on an intuitive picture of random magnetic
domain switching and chiral edge state propagation along
magnetic domain walls to discuss the scaling properties of
transitions between QAH plateaus. Phase diagrams and
scaling behaviors have also been addressed by perform-
ing numerical simulations of disordered QAH systems
(Chang et al., 2016b; Chen et al., 2019b; Nomura and
Nagaosa, 2011; Onoda and Nagaosa, 2003; Qiao et al.,
2016). The possible presence of ZHCP states discussed
in Sec. III.C.2 strongly influences the scaling behavior
of the plateau transitions. In the absence of a ZHCP,
the Chern number change on the plateau transition is 2,
and this case must be described by a Chalker-Coddington
model with two channels (Chen et al., 2019b; Lee and
Chalker, 1994; Xiong et al., 2001).

Experimental efforts have explored global phase dia-
grams and scaling behaviors of QAH effects in a variety of
different magnetically doped TT heterostructures (Chang
et al., 2016b; Checkelsky et al., 2014; Grauer et al., 2017;
Kawamura et al., 2018; Kou et al., 2015; Liu et al., 2020a;
Wu et al., 2020b). Checkelsky et al., 2014 found the first
evidence of quantum criticality by examining (ogy, 0zz)
as a function of temperature and electrostatic doping
near neutrality, concluding that the delocalization be-
havior of QAH states can be described in terms of the
renormalization group flow of the integer QH effect. The
global (04, 044) phase diagram depends qualitatively on
whether or not a ZHCP is present. When a ZHCP is
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absent the (04, 04,) flow diagram can be approximated
by a semi-circle with radius e2/h centered at (0,0); when
the ZHCP is present it is approximated by two semi-
circles with radius 0.5e%/h centered at (0.5¢?/h,0) and
(—0.5¢%/h,0). Two semi-circle (04y,04,) behavior was
first observed by Kou et al., 2015. Soon after, Grauer
et al., 2017 found a systematic crossover from two semi-
circle to one semi-circle behavior with increasing thick-
ness of V-doped (Bi,Sb)sTes films, and interpreted this
behavior as a dimensional crossover from a 2D QAH state
to a 3D TI state [Fig.8(a)]. It was suggested that the
critical thickness of this crossover is 8 ~ 9 QL for TI
films with uniform V doping (Fijalkowski et al., 2021).
The thickness dependence strongly relies on the quality
of magnetically doped QAH thin films, however, and has
additional sensitivity to the typical magnetic domain size
and the magnetic dopant chemical environment.

The physical picture of dimensional crossover, which
relies on magnetization reversals at both top and bot-
tom surfaces that occur simultaneously, can be relevant
only for uniformly doped systems. It cannot be ap-
plied to V-doped TI/TI/Cr-doped TI sandwich struc-
tures since the middle TT layer acts like a magnetic buffer
layer that decouples the top and bottom magnetic TT
layers. When the number of non-magnetic interior TI
layers is increased, the exchange coupling between top
and bottom magnetic TI layers is quickly reduced and
leads to a broader ZHCP (Mogi et al., 2017a; Xiao et al.,
2018). As discussed in Sec. III.C.2, independent sur-
face magnetization reversal processes are observed in V-
doped TI/TI/Cr-doped TI heterostructure, but not in
uniformly magnetically doped QAH samples. The scal-
ing behavior of the V-doped TI/TI/Cr-doped TI samples
always shows two semi-circle behavior, as shown in Fig.
8b, independent of thicknesses.

Fijalkowski et al., 2021 recently observed an unex-
pected ZHCP in a symmetric magnetic TT thin film sand-
wich structure and ascribed the plateau to hybridiza-
tion between surfaces. They suggested on this basis
that the ZHCP observed in intentionally asymmetric
V-doped TI/TI/Cr-doped TI sandwich heterostructures
(Mogi et al., 2017a; Xiao et al., 2018) might also origi-
nate from a hybridization gap, rather than from the for-
mation of the axion insulator state. This interpretation
requires the reduction of the exchange coupling between
the local moments and the Dirac cone electrons, allowing
inter-surface hybridization to dominate at small external
magnetic fields. An alternative explanation for the ap-
pearance of two peaks in nominally symmetric samples is
that asymmetry was induced unintentionally during the
photo lithography process. We favor this latter interpre-
tation since Zeeman coupling at the coercive field scale
has a small direct influence on electronic structure. Fu-
ture experiments that more fully reveal trends vs. film
thickness, on which hybridization depends exponentially,
should be able to clearly distinguish between these sce-
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TABLE I QAH insulator scaling study summary. QL is the sample quintuple layer number, Cr-TI specifies Cr-doped
(Bi,Sb)2Tes, and V-TI specifies V-doped (Bi,Sb)2Tes. k characterizes the temperature-dependence of the plateau transition

widths.
QAH-related phase transition Sample Extracted |7 range for scaling References
Plateau to plateau 6 QL Cr-TI 0.22 20 ~ 100 mK Kou et al., 2015
QAH to Anderson insulator 4 QL V-TI 0.62 £ 0.03 25 ~ 500 mK Chang et al., 2016b
QAH to trivial insulator 2 QL Cr-TI/2QL T1/2QL 0.61 £+ 0.01 60 ~ 800 mK |Kawamura et al., 2018
Cr-TI/1QL TI
QAH to AH insulator 5QL Cr-TI 0.31 £ 0.01| 100 ~ 800 mK Liu et al., 2020a
QAH to axion insulator 3QL V-TI/5QL TI1/3QL Cr-TI |0.38 £ 0.02 45 ~ 100 mK Wu et al., 2020b
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FIG. 9 Current-induced breakdown of the QAH effect. (a)
Bias current dependence of the voltage V., for three Hall bars
with different widths W = 50 pm (blue), 100 pum (green), and
200 pm (red). The QAH samples used here are 9 QL Cr-doped
(Bi,Sb)2Tes films. (b) The bias current I, dependence of the
longitudinal resistance pr, of a 6 QL Cr-doped (Bi,Sb)2Tes
film. All curves are measured at the charge neutral point
Ve = Vgo. From Fox et al., 2018 and Kawamura et al., 2017.

The critical exponents k of the QAH plateau transi-
tions extracted from the temperature dependence of the
plateau transition widths are summarized in Table I. s
varies over a broad range from 0.22 to 0.62. This might be
because the critical temperature of the QAH state in the
magnetically doped TT films/heterostructures is limited
to a few Kelvin, limiting the temperature range avail-
able to identify the plateau-width power law. Studies on
the scaling behaviors of the plateau transitions have to
be performed at temperatures that are well below the
critical temperature of the QH/QAH state (Huckestein,
1995; Wei et al., 1988, 1986). As a comparison, the crit-
ical temperature of the QH state in (In, Ga)As/InP het-
erostructure is ~50 K (Wei et al., 1986), and the scaling
behaviors were studied in the temperature range 0.1 K
< T < 42 K (Wei et al., 1988). In spite of these un-
certainties, the determination of the critical exponents
still provides valuable information. It is expected that
the plateau transition should be identical to that of QH
systems when the magnetization reversals on the two sur-
faces occur separately. In sandwich samples, Wu et al.,
2020b demonstrated that the QAH to axion insulator
phase transition indeed shares scaling universality with
the standard plateau transition in the QH effect. How-
ever, if the magnetization reversal at the top and bot-

tom surfaces occurs simultaneously, the plateau transi-
tion should be described by a Chalker-Coddington model
with two channels (Chen et al., 2019b; Lee and Chalker,
1994; Xiong et al., 2001). Other features of the mag-
netization reversal process have also been explored ex-
perimentally. Lachman et al., 2015 imaged the magnetic
structure of a 7 QL Cr-doped (Bi,Sb)yTes/SrTiO3(111)
in a QAH state and found a superparamagnetic state
with weakly interacting magnetic domains. Liu et al.,
2016b observed large jumps in the Hall and longitudi-
nal resistances during magnetic transition between QAH
states in a 10 QL Cr-doped (Bi,Sb)yTes/SrTiO3(111)
sample, and attributed these large jumps to quantum
tunneling between magnetic domains. These experiments
imply that the magnetic dynamics during the reversal
is complex and likely requires a theoretical description
that is more sophisticated than simple percolation the-
ory. In addition, Kandala et al., 2015 performed an-
gular magneto-transport measurements on a 10 QL Cr-
doped (Bi,Sb)2Tes/SrTiO3(111) sample by rotating the
magnetic field and found that a giant anisotropic mag-
netoresistance is induced by a magnetic-field-tilt driven
crossover from chiral edge transport to diffusive trans-
port.

4. Current breakdown

The stability of the QAH state against excitation cur-
rents has also been studied experimentally in the magnet-
ically doped TI system. Kawamura et al., 2017 claimed
that some of their observations are similar to those in QH
states. For example, they found that the critical current
for QAH breakdown is roughly proportional to the width
of the Hall bar [Fig. 9(a)]. However, some behavior dif-
fers qualitatively from QH state breakdown phenomenol-
ogy. In particular, there is no sudden increase in dissipa-
tion at the breakdown current, which they attributed to a
variable-range-hopping bulk transport mechanism at low
temperatures. Fox et al., 2018 observed current-induced
QAH breakdown at T~ 21 mK and attributed this phe-
nomenon to runaway electron heating in bulk current flow
[Fig. 9(b)]. Lippertz et al., 2022 recently investigated
the QAH breakdown through local and nonlocal mea-
surements and found that the QAH breakdown is absent



in nonlocal regions, indicating that the transverse elec-
tric field might be responsible for the QAH breakdown.
Because the QAH state in magnetically doped TIs has
a strong temperature dependence and a small effective
exchange gap (~ 100 peV), QAH breakdown occurs at
a significantly smaller current in TT QAH devices (tens
to hundreds of nA) (Fox et al., 2018; Kawamura et al.,
2017; Lippertz et al., 2022) than that in conventional QH
samples (a few tens of pA) (Alexander-Webber et al.,
2012; Connolly et al., 2012; Kawaji, 1996; Mensz and
Tsui, 1989; Singh and Deshmukh, 2009). Further studies
that address the breakdown in higher temperature QAH
insulators are desirable.

D. High-Chern-number QAH effect

High-Chern-number QAH effects were proposed the-
oretically for Cr-doped Biy(Se,Te)s films (Wang et al.,
2013b), and for films of the topological crystalline insu-
lator SnTe when magnetically doped (Fang et al., 2014).
The high-Chern-number QAH effect in the former system
appears when two or more pairs of inverted sub-bands are
induced by strong exchange fields (Jiang et al., 2012a;
Wang et al., 2013b), while the high-Chern-number QAH
effect conjectured in the magnetically doped SnTe system
derives from the presence of multiple TSSs (Fang et al.,
2014). In practice, realization of high-Chern-number
QAH states is unlikely in Cr-doped Bis(Se,Te)s films,
given the complex magnetic configurations suggested by
non-square Hall conductivity hysteresis loops and the
possible relevance of metallic phases (Chang et al., 2014;
Zhang et al., 2013a). The proposed high-Chern-number
QAH state in magnetically doped SnTe is also challeng-
ing because of the absence of ferromagnetism, and be-
cause the multiple Dirac points are normally located at
different energies. This property makes it difficult to
have a fully gapped surface in the SnTe system (Fang
et al., 2014; Wang et al., 2018b). In addition to these
two systems, high-Chern-number QAH states can also
be realized in magnetic TI-based multilayer structures
with alternating C' = 1 QAH and normal insulator layers
(Burkov and Balents, 2011). The thickness of the nor-
mal insulator layer modulates the coupling between two
C =1 QAH layers and thus tunes the Chern numbers of
QAH insulators.

Jiang et al., 2018 initiated a search for high-Chern-
number QAH states in Cr-doped (Bi,Sb),Tez/CdSe mul-
tilayers. However, the CdSe layers had a wurtzite
structure. The difference in structure compared to the
tetradymite structure of magnetic TIs inevitably leads
to stacking faults in Cr-doped (Bi,Sb)sTez/CdSe mul-
tilayer samples. These defects can induce a large lon-
gitudinal resistance and also make the Hall resistances
exceed the quantized value. Recently, Zhao et al., 2020
grew heavily Cr-doped T1/TI multilayers with symmetric
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structures, specifically [3QL Cr-doped (Bi, Sb)sTe3/4QL
(Bi, Sb)aTes],,/3QL Cr-doped (Bi, Sb)sTes multilayer
structures, where m is an integer reflecting the number
of bilayer periods. Well-quantized high-Chern-number
QAH effects with Chern numbers C of 1 to 5 were ob-
served [Figs. 10(a) to 10(e)]. It is thought that the bulk
band gap is no longer inverted in the heavily Cr-doped
TI layer because heavy Cr doping greatly reduces SOC.
However, the heavy doping can break the TR symme-
try of the undoped TT layers, and allows for the C' = 1
QAH effects in each undoped TI layer. Heavily Cr-doped-
TI/TI multilayer samples behave like several C = 1
QAH insulators in parallel. The Chern number C of
the QAH insulators is determined by the number m of
undoped TT layers. In the same sample configuration,
Zhao et al., 2020 also showed that the Chern number of
the QAH insulators can be tuned by varying either the
magnetic doping concentration or the thickness of the
interior magnetic TT layers. Increasing magnetic TT/TI
layer numbers is expected to further raise the Chern num-
ber, potentially leading to the 3D QAH state with chiral
surface states(Bernevig et al., 2007; Halperin, 1987; Lu,
2019; Wang et al., 2017).  The realization of QAH in-
sulators with tunable Chern numbers facilitates poten-
tial applications of dissipationless chiral edge currents
in energy-efficient electronic devices and opens opportu-
nities for developing multi-channel quantum computing
and higher-capacity chiral circuit interconnects.

IV. MNBI>:TEs: AN INTRINSIC MAGNETIC TI
A. Material properties

MnBisTey, is a tetradymite antiferromagnetic semi-
conductor, and was recently theoretically predicted (Li
et al., 2019b; Otrokov et al., 2017; Zhang et al., 2019a)
and experimentally demonstrated (Gong et al., 2019;
Otrokov et al., 2019a) to be an intrinsic magnetic TI. Like
the (Bi/Sb)2(Se/Te)s; compounds discussed in Sec.III,
MnBiyTe, crystals have a rhombohedral structure with
the space group ng (R3m). 1In the MnBiyTey case
the building blocks are seven atom thick (Te-Bi-Te-
Mn-Te-Bi-Te) septuple layers (SLs). The lattice struc-
ture of MnBiy;Tey; can be viewed as intercalating a
MnTe bilayer into a BisTes QL [Fig. 11(a)]. As
noted in Sec.Il.B, MnBi;Te; is one member of the
Mn(Bi/Sb)ay, (Se/Te)sp41 family of compounds, which
includes MnBiyTe; (Ding et al., 2020; Hu et al., 2020b;
Klimovskikh et al., 2020; Li et al., 2019a; Shi et al.,
2019; Vidal et al., 2019b; Wu et al., 2019b; Xu et al.,
2020a; Yan et al., 2020), MnBigTe;y (Jo et al., 2020;
Klimovskikh et al., 2020; Li et al., 2019a; Shi et al., 2019;
Tian et al., 2020; Yan et al., 2020), MnBigTe;3 (Hu et al.,
2020a), MnSbsTey (Chen et al., 2020b; Ge et al., 2021;
Liu et al., 2021c; Murakami et al., 2019; Wimmer et al.,
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FIG. 10 High-Chern-number QAH effect in magnetic-TI/TI multilayer structures. (a-e), Top: schematic (Legos) multilayer
structures for the QAH effect with Chern numbers from C = 1 to C' = 5. The red and gray Legos correspond to 3 QL Cr-doped
(Bi,Sb)2Tes and 4 QL (Bi,Sb)2Tes, respectively. Bottom: magnetic field uoH dependence of the longitudinal resistance pz
(red curve) and the Hall resistance py, (blue curve) measured at the charge neutral point V; = Vi’ and T' =25 mK. From Zhao

et al., 2020.

2021; Yan et al., 2021c, 2019a), MnSbyTe; (Huan et al.,
2021), Mn(Bi,Sb)sTey (Chen et al., 2019a, 2020b; Jiang
et al., 2021; Lee et al., 2021; Yan et al., 2019a), and
MnBisSey (Zhu et al., 2021). Mn(Bi/Sb)a,(Se/Te)s,11
can be viewed as (n-1) (Bi/Sb)2(Se/Te)s QLs stacked on
a Mn(Bi/Sb)s(Se/Te), parent to form one unit cell.

As mnoted in Sec.Il.B, the magnetic properties of
MnBi;Tey stem primarily from the presence of the Mn
3d local moments. The Mn?T ions are located at SL
centers and carry 5up magnetic moments. They have
strong ferromagnetic exchange interactions within each
SL, and weaker antiferromagnet interactions between ad-
jacent layers [Fig. 11(a)], and therefore have A-type anti-
ferromagnetic order with a Néel temperature T of ~25
K [Fig.11 (c)] (Lee et al., 2019; Liu et al., 2020b; Otrokov
et al., 2019a; Yan et al., 2019b). As discussed in Sec.
II.B. the intralayer ferromagnetism (interlayer antiferro-
magnetism) is induced by ferromagnetic superexchange
(antiferromagnetic super-superexchange), and captured
by DFT calculations (Li et al., 2019b; Otrokov et al.,
2017; Zhang et al., 2019a). Magnetic properties in these
compounds are strongly influenced by impurity states;
for some synthesis conditions, MnSbsTes can exhibit fer-
romagentism with T¢ of 25~50 K (Ge et al., 2021; Liu
et al., 2021c; Murakami et al., 2019; Wimmer et al., 2021;
Yan et al., 2021c).

MnBiy, Tes,,+1 compounds have n QLs of BisTes be-
tween each MnBiyTey SL. The strength of the antiferro-

magnetic coupling between neighboring Mn layers there-
fore decreases strongly with n, and can become ferromag-
netic. For n = 2 and 3 (i.e. MnBisTe7; and MnBigTe;q),
the compounds still show the A-type antiferromagnetim,
while for n > 4, the compounds become ferromagnetic
(Klimovskikh et al., 2020; Wu et al., 2019b; Yan et al.,
2020). The Néel temperature Ty values of MnBiyTe;
and MnBigTep are ~13 K and ~11 K, respectively (Shi
et al., 2019; Tian et al., 2020; Yan et al., 2020), while the
Curie temperature T'¢ of MnBigTey3 is ~ 10.5 K (Hu
et al., 2020a).

The electronic band structures and topological proper-
ties of MnBiy;Tey and its relatives depend qualitatively on
magnetic configurations, and these can be altered by rela-
tively weak magnetic fields because of the weak interlayer
exchange interactions. For example, bulk MnBisTe, is
a magnetic TI in its ground antiferromagnetic configura-
tion, with the topological nontrivial surface states formed
by Bi and Te p orbital bands that are inverted and have
strong SOC [Fig. 11(b)] (Li et al., 2019b; Otrokov et al.,
2019a; Zhang et al., 2019a). In the aligned spin con-
figuration induced by relatively modest magnetic fields,
it becomes a type-II Weyl semimetal with a single pair
of Weyl points (Lei et al., 2020; Li et al., 2019b; Zhang
et al., 2019a).

Although the electronic bands of these compounds are
theoretically expected to be relatively simple, early ex-
perimental studies have painted a more confusing picture.
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FIG. 11 Properties of MnBisTey single crystals.(a) Crystal
structure of MnBisTeys. 1 SL of MnBisTey is composed of Te-
Bi-Te-Mn-Te-Bi-Te. The red arrows indicate the magnetic
moments on the Mn layer. (b) Calculated electronic band
structure of MnBizTes. (c) Temperature dependence of the
longitudinal resistivity pzz. The hump feature occurs at the
Néel temperature T'n of MnBixTes single crystals.Inset: mag-
netic field poH dependence of p,, at different temperatures.
(d) ARPES band structures of MnBisTey single crystals mea-
sured at different photon energies. From Chen et al., 2019a,c;
Liu et al., 2020b; and Zhang et al., 2019a.

In early ARPES measurements, the TSSs of MnBiyTey
bulk crystals were found to have surface gaps greater
than 50 meV (Lee et al., 2019; Otrokov et al., 2019a;
Vidal et al., 2019a). However, the observed gap had
a weak temperature dependence and could be detected
even above T, suggesting that it was not related to mag-
netic order in MnBisTey. Soon after, several groups per-
formed high-resolution synchrotron/laser ARPES mea-
surements with photon energy hrv < 16 eV and observed
gapless TSSs which cannot be resolved for hv > 16 eV
[Fig.11 (d)] (Chen et al., 2019a,c; Hao et al., 2019; Li
et al., 2019a; Nevola et al., 2020; Swatek et al., 2020;
Yan et al., 2021a). This finding suggests that the gap
observed in prior studies (Lee et al., 2019; Otrokov et al.,
2019a; Vidal et al., 2019a) could be a bulk gap. The fact
that the gapless T'SSs are observed only for hv < 16 eV
might be a result of matrix element and cross-section ef-
fects in ARPES measurements (Chen et al., 2019¢). The
observation of the gapless TSSs is also independent of
magnetic ordering in MnBisTey. The formation of the
gapless TSSs in MnBisTes; bulk crystals has been at-
tributed to the existence of multiple antiferromagnetic
domains (Chen et al., 2019c), to unexpected types of
magnetic order, e.g. in-plane A-type antiferromagentism
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or G-type antiferromagnetism) (Hao et al., 2019; Swatek
et al., 2020), and to weak hybridization between the lo-
calized magnetic moments and the surfaces of MnBi;Tey
(Li et al., 2019a). Further study is needed to clarify the
origin of the gapless T'SSs observed in some ARPES stud-
ies of MnBiyTe, bulk crystals.

For MnBig,, Tes,+1 with n > 2, the ARPES results are
also controversial. Hu et al., 2020c and Xu et al., 2020a
observed gapless T'SSs for all terminations of MnBi,Ter
and MnBigTe,g, whereas Jo et al., 2020 observed a
temeprature-dependent gap opening on MnBisTe, with
SL termination, but gapless surface states with BisTes
QL terminations. Separately, Gordon et al., 2019; Hu
et al., 2020a,b; Ma et al., 2020; Wu et al., 2020a; and Yan
et al., 2021b observed a gapped TSS in MnBigTe;o and
MnBigTe;3 on with 1QL BiyTe;/1SL MnBisTey termina-
tion, which might be interpreted in terms of of surface-
bulk band hybridization, but gappless T'SSs for other ter-
minations. The topological character of MnShsTey is still
under debate (Chen et al., 2019a; Wimmer et al., 2021).
More recently, MnSb,Te; was demonstrated to be an in-
trinsic antiferromagnetic TI with T ~ 13.5 K, and to
possess multiple topological phases, including antiferro-
magnetic TI phase, ferromagnetic inversion-symmetry-
protected axion insulator phase, and ferromagnetic Weyl
semimetal phase with multiple Weyl nodes, depending on
magnetic configurations and doping levels (Huan et al.,
2021).

In addition to direct magnetic and ARPES measure-
ments, transport, STM, and magnetic force microscopy
measurements have also been performed on MnBisTey
bulk crystals. Negative magnetoresistance below and
above T, the emergence of a canted antiferromagnetic
state between the antiferromagnetic and spin-aligned
states, and nonlinear Hall traces in the canted antiferro-
magnetic state, have all been reported in transport stud-
ies (Chen et al., 2019a; Cui et al., 2019; Lee et al., 2019; Li
et al., 2020). Low-temperature STM measurements have
found large densities (3 ~ 5%) of Mn/Bi antisites, which
might affect intralayer and interlayer magnetic coupling
of MnBisTey (Huang et al., 2020; Liang et al., 2020; Yan
et al., 2019b; Yuan et al., 2020). Very recently, antifer-
romagnetic domains as well as the A-type antiferromag-
netic order were imaged in MnBisTey and Mn(Bi,Sb),Tey
bulk crystals by magnetic force microscopy (Sass et al.,
2020a,b). More focused reviews of the MnBiyTey fam-
ily of compounds can be found in Ning and Mao, 2020;
Sekine and Nomura, 2021; Wang et al., 2021; and Zhao
and Liu, 2021.

B. MnBi;Te, thin films
The A-type antiferromagnetic order has a substantial

influence on the topological properties of MnBisTe, thin
films. Because of the ferromagnetism within each SL, the



surface states develop a magnetic exchange gap driven by
surface magnetism. The signs of the half-quantized Hall
conductance o, contributed by the top and bottom sur-
faces are determined by the direction of magnetic order at
that surface. For perfect A-type order, the surface states
on top and bottom SLs will respond to parallel magne-
tizations when the number N of septuple layers is odd
and to antiparallel magnetizations when IV is even. The
total Hall conductance is therefore expected to be quan-
tized in the absence of a magnetic field at +e?/h when
N is odd and the films are thick enough to weaken hy-
bridization between the top and bottom surfaces. Even
N films have no Hall conductance. Like the ZHCP states
of magnetically doped sandwich structures discussed pre-
viously, even N MnBisTe, thick films are referred to as
axion insulators in the literature (Li et al., 2019b; Liu
et al., 2020b; Otrokov et al., 2019b; Zhang et al., 2019a),
a practice that we will follow. The axion electrodynamics
field theory model applies only to even N MnBiyTey thin
films. Films with an odd number of SLs will yield QAH
states. It has been predicted that an in-plane magnetic
field can drive MnBisTey into a higher-order Mébius in-
sulator with surface “Mdbius fermions” and chiral hinge
states (Zhang et al., 2020).

Atomically thin MnBiyTe, films can be formed either
by MBE growth (Bac et al., 2022; Gong et al., 2019;
Kagerer et al., 2020; Lapano et al., 2020; Rienks et al.,
2019; Tai et al., 2021; Trang et al., 2021; Zhao et al., 2021;
Zhu et al., 2020b) or by manual exfoliation from bulk
crystals (Deng et al., 2020; Gao et al., 2021; Ge et al.,
2020; Liu et al., 2020b, 2021a; Ovchinnikov et al., 2021;
Ying et al., 2022). MBE growth of MnBiyTey thin films
have been achieved by alternate deposition of BisTes and
MnTe layers (Bac et al., 2022; Gong et al., 2019; Trang
et al., 2021; Zhao et al., 2021), co-evaporation of Mn, Bi,
and Te elements (Lapano et al., 2020; Rienks et al., 2019;
Tai et al., 2021; Zhu et al., 2020b) and co-deposition of
MnTe and BisTes sources (Kagerer et al., 2020). Due to
unusual growth dynamics, BisTes, MnTe, and Mn-doped
BisTes inevitably coexist with the dominant MnBisTey
phase in all these MBE-grown materials. MBE growth
of MnBisTe, follows a SL-by-SL growth mode, which is
similar to the QL-by-QL growth mode of the well-studied
BisTeg family TI (Li et al., 2010b; Zhang et al., 2010).
For this reason, it is difficult to achieve uniform thickness
MnBiyTes thin films over millimeter size ranges. Due
to this property, the Hall resistances measured in MBE-
grown MnBisTey thin films (Bac et al., 2022; Gong et al.,
2019; Lapano et al., 2020; Tai et al., 2021; Zhao et al.,
2021) are normally small. Realization of the QAH effect
requires uniform thickness across entire devices, which is
challenging for MBE-grown samples.

Mechanically-exfoliated MnBisTe,4 thin flakes are typ-
ically small and can be formed into uniform pm scale
devices. Moreover, exfoliated flakes can be flexibly com-
bined with other 2D materials to fabricate gated devices
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FIG. 12 Relationship between RMCD and Hall data. (a)
RMCD measurements on MnBisTes flakes (from 1 SL to 9
SLs) at T =1.6 K. The shaded areas highlight the thickness
dependence of the low-field spin-flip and spin-flop phase tran-
sitions in odd- and even-number SL samples. (b,c) Magnetic
field poH dependence of RMCD signal and the Hall resistance
Ry, of a 5SL MnBisTey device. The RMCD and transport
characteristics in (b) and (c) are measured in the same sam-
ple at Vz = 0, and at the charge neutral point V, = Vgo,
respectively. From Ovchinnikov et al., 2021 and Yang et al.,
2021.

in which unintentional doping can be compensated. In-
deed, both QAH and axion insulator states have been
claimed to be realized in the absence of a magnetic field
(Deng et al., 2020; Liu et al., 2020b). Magnetic fields
influence electronic structure directly, but most strongly
via their impact on magnetic configurations. Both an-
tiferromagnetic and spin-aligned Chern insulator states
have been realized under high magnetic fields in exfo-
liated MnBisTey flakes [Figs.12(b),12(c),and 13] (Deng
et al., 2020; Gao et al., 2021; Ge et al., 2020; Liu et al.,
2020b, 2021a; Ovchinnikov et al., 2021; Ying et al., 2022),
and will be discussed in Sec.IV.C.

We now discuss the SL-number N dependence of the
magnetic properties of exfoliated MnBiyTey flakes. Since
even- and odd-SL MnBisTey films respectively have com-
pensated and uncompensated magnetic moments, their
total magnetizations should exhibit distinct magnetic-
field dependences. Recently, two independent studies
reported an even-odd effect in the magnetism of thin
MnBi;Tey flakes thin flakes using reflection magnetic
circular dichroism (RMCD) measurements [Fig. 12(a)]
(Ovchinnikov et al., 2021; Yang et al., 2021). Specifically:
(i) odd SL flakes have pronounced hysteresis loops and
significant remanent RMCD signals at weak magnetic
fields that reflect uncompensated magnetic moments. On
the other hand, even SL samples have vanishingly small
RMCD signals and hysteresis loops, consistent with their
zero net magnetization. (it) the critical magnetic field for



the spin-flop transition between antiferromagnetic and
canted antiferromagnetic states [labeled by H; in Fig.
12(a)], which occurs at intermediate field strengths, is
~2.6 T for even SL and ~4.2 T for odd SL MnBisTey
samples. The larger H; for odd SL MnBiy;Tey compared
to the even ones can be understood in terms of the Zee-
man energy of coupling to uncompensated magnetization
in odd SL samples (Ovchinnikov et al., 2021; Yang et al.,
2021). This behavior was also observed in transport mea-
surements on both exfoliated and MBE-grown MnBisTey
films (Chen et al., 2019a; Zhao et al., 2021).
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FIG. 13 Realization of the C= 1 QAH insulator and a zero
Hall plateau in exfoliated MnBisTey flakes. (a) C =1 QAH
insulator observed in 5 SL MnBizTes. (b) Zero Hall plateau,
taken as evidence for an axion insulator state, observed in 6
SL MnBisTes. From Deng et al., 2020 and Liu et al., 2020b.

C. Chern insulators, axion insulators, and the QAH effect

Deng et al., 2020 realized the C' = 1 QAH effect in
a b SL exfoliated MnBisTe, device soon after it was
predicted theoretically. Figure 13(a) shows the mag-
netic field ugH dependence of the Hall resistance R,
and the longitudinal resistance R,,. At T = 1.4 K,
Ry, ~ 0.97h/e* and R, ~ 0.061h/e? at zero magnetic
field. Hall quantization accuracy can be improved by ap-
plying an intermediate strength external magnetic field to
stabilize an aligned spin magnetic configurations in which
Ry, ~ 0.998h/e? at uoH ~ 2.5 T. To date, the C =1
QAH effect at zero magnetic field in exfoliated MnBisTey
devices has been realized by this group. However, the C
= 1 Chern insulator state in spin-aligned MnBisTe, un-
der magnetic fields has been realized repeatedly by sev-
eral different groups in devices with both even and odd
numbers of SLs (Deng et al., 2020; Gao et al., 2021; Ge
et al., 2020; Liu et al., 2020b, 2021a; Ovchinnikov et al.,
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2021; Ying et al., 2022). The C' = 1 Chern insulator state
with Ry, > 0.904h/ €2 in exfoliated MnBiyTe, devices is
found to survive even up to ~45 K under high magnetic
fields, higher than Ty ~25 K (Ge et al., 2020).
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FIG. 14 (C=2 Chern insulator state in MnBis>Tes devices. (a)
Schematics for the C' = 2 Chern insulator state with two chiral
edge states propagating along the edges of the sample. (b)
Magnetic field poH dependence of the Hall resistance Ry, of
a 10 SL MnBisTeys device at fixed bottom gate voltages Vg =
—17V and -58V. (¢) pyz as a function of magnetic field poH
and gate injected carrier density ng at fixed electric field D /eq
= -0.2 V/nm in a 7 SL MnBisTe4 device. Black, green, and
yellow dashed lines enclose C' = 1, 2, 3 states, respectively.
The marked densities are (ni,n2,n3) = (2.23,1.87,1.29) x
10'2e¢m™2. From Cai et al., 2022 and Ge et al., 2020.

Liu et al., 2020b measured axion insulator character-
istics in an exfoliated MnBisTes device with a nominal
6 SL thickness and the ground antiferromagnetic spin
configuration. Figure 13(b) shows the poH dependence
of pye and py, at Vy = Vgo. At the base temperature
T = 1.6 K, py, is found to be zero over the magnetic
field range -3.5 T < poH < 3.5 T, concomitant with a
large py. of ~ Th/e?. In this work, the authors consid-
ered the large p,, combined with vanishing p,, as the
key. However, Ovchinnikov et al., 2021 performed com-
bined electrical transport and RMCD measurements and
found that the RMCD and AH hysteresis loops are not
synchronized in their devices, whether even or odd SL.
For a 5 SL MnBiyTe, device, they found that both py,
and its hysteresis loop nearly vanish over the magnetic
field range -3.8 T < poH < 3.8 T, in sharp contrast
to RMCD characteristics which showed pronounced hys-
teresis [Figs. 12(b) and 12(c)]. The nearly vanishing
Ry, and the large R,,, which reaches ~ 7h/e?, in this
nominal 5 SL MnBisTe, device, are both similar to the
behavior of the nominally 6 SL MnBi;Tes device shown
in Fig. 13(b) (Liu et al., 2020b). Since the large p,, com-
bined with vanishing p,, are also signatures of a trivial
2D insulator, Ovchinnikov et al., 2021 speculated that the
antiferromagnetic state of 5 SL MnBiyTey devices might
be a trivial magnetic insulator. Indeed the only practical
distinction between axion insulators and ordinary insula-



tors in zero magnetic field transport measurements is the
tendency of the former to have very small side-wall en-
ergy gaps that likely limit the resistivity of high-quality
devices in which bulk transport is negligible.

In addition to axion insulator and C' =1 Chern in-
sulator states , C' = 2 Chern insulator states have also
been observed in the magnetic-field induced spin-aligned
states of exfoliated MnBisTey devices with 9 SL and 10
SL thicknesses [Figs. 14(a) and 14(b)]. Ge et al., 2020
attributed the observation of the C' = 2 Chern insulator
in thick MnBi;Te4 devices to an interplay between quan-
tum confinement effects and the Weyl semimetal physics
of MnBisTey in spin-aligned high magnetic field config-
urations (Li et al., 2019b; Zhang et al., 2019a). In the
limit of thick films that ratio of the Chern number C' to
the septuble layer number N is expected (Lei et al., 2020)
to approach the Hall conductivity per layer of the bulk
semimetal in quantum e?/h units. Cai et al., 2022 re-
cently fabricated the MnBisTes devices with dual gates
and mapped the p,, of a 7 SL MnBiyTe, device as a
function of both pgH and injected carrier density ng at
a fixed displacement field D/eg = —0.2V/nm. In addi-
tion to the usual C' = 1 plateaus in both canted antiferro-
magnetic and ferromagnetic regimes, C' = 2 and 3 states,
signaled by p,. ~ h/Ce? appear in spin-aligned states
at higher carrier densities ng. Unlike the C' = 1 phase,
the C'= 2 and 3 phases are stablized by strong magnetic
fields and are centered on densities that are proportional
to field poH [Fig. 14(c)], which suggests that they are re-
lated to the formation of Landau levels (Cai et al., 2022;
Deng et al., 2020; Ge et al., 2020; Li et al., 2021a).

More recently, Gao et al., 2021 observed that an AH ef-
fect is induced in an even SL number (N = 6) MnBisTey
device by a gate electric field. This effect is referred to as
the layer Hall effect, in which the Hall current responses
are layer dependent and can cancel each other in two op-
posite layers due to the combined symmetry of inversion
and TR. Applying a gate voltage breaks inversion and
thus leads to the emergence of a large, layer-polarized
AH effect. Reversing gate voltages can change the sign
of AH resistance.  In this work, Gao et al., 2021 in-
terpreted their results in terms of electric field-induced
polarization and layered-locked Berry curvatures. We
note that the interpretations of transport observations
like these can be reinforced by RMCD data, as discussed
above (Ovchinnikov et al., 2021; Yang et al., 2021). The
studied MnBisTe; device has a quantized AH effect in
the field-induced spin-aligned state when the chemical
potential is tuned to the charge neutral point. The layer
Hall effect, on the other hand, is observed when the Fermi
level lies outside the gap and is not quantized. A gate-
induced sign reversal of the AH effect near-zero magnetic
field was systematically studied in exfoliated MnBi;Tey
devices by Zhang et al., 2019d. In odd SL number N
MnBisTey thin films, the QAH effect is expected (Lei
and MacDonald, 2021) to break down after gate electric
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fields exceed a breakdown field ~ 10 meV /nm.

V. MOIRE MATERIALS

The large lattice constants of the moiré material sys-
tems introduced in Section II.A.3 are important because
they allow the number of electrons per period to be var-
ied by up to around ten purely with electrical gates, ef-
fectively moving through the periodic table of these ar-
tificial materials without doping. In many cases(Andrei
et al., 2021), moiré materials can be tuned into regimes in
which correlations are strong and broken symmetries are
common. The broken symmetry states that have been re-
alized include superconductors (Balents et al., 2020; Cao
et al., 2018b; Lu et al., 2019; Yankowitz et al., 2019),
Mott insulators (Cao et al., 2018a), Wigner crystals (Li
et al., 2021c; Xu et al., 2020b) and - of particular in-
terest to this review - unusual orbital ferromagnets with
Chern insulator ground states (Chen et al., 2020a,a,b;
Li et al., 2021e; Polshyn et al., 2020; Serlin et al., 2020;
Sharpe et al., 2019, 2021; Tschirhart et al., 2021). In the
following, we explain the QAH effects seen in graphene
and TMD moiré materials, which are alike in that they
rely on spontaneous valley polarization, but distinct in
that their non-trivial topologies are related respectively
to sublattice and layer degrees of freedom.

A. Strong correlations in twisted bilayer graphene

Because of its superlattice periodicity twisted bilayer
graphene (TBG) [Fig.15(a)], the first moiré material, has
low energy emergent Bloch bands (Dos Santos et al.,
2007; Li et al, 2010a) in a BZ defined by the moiré
superlattice. Bistritzer and MacDonald, 2011 predicted
that when the rotation angle was adjusted to a magic-
angle ~1.1°, electronic velocities would slow markedly,
converting bilayer graphene from a 2D Fermi liquid with
moderate interaction strengths to a strongly correlated
electron system. Progress in accurate twist angle con-
trol (Kim et al., 2017b; Ribeiro-Palau et al., 2018), Cao
et al., 2018a,b eventually enabled this prediction to be
tested. In 2018 it was discovered (Cao et al., 2018a,b)
that magic-angle TBG has a rich phase diagram as a
function of twist angle and moiré band filling factor v
with correlated insulators common at integer values of
v, and superconducting domes common over intervals of
non-integer v. Thd discovery was confirmed and the rich
properties of magic-angle TBG and related multilayer
systems were more fully revealed by subsequent exper-
iments (Lu et al., 2019; Yankowitz et al., 2019). Some
of this ongoing work is reviewed in Andrei and MacDon-
ald, 2020 and Liu and Dai, 2021a. The discussion be-
low focuses on the unusual ferromagnetic Chern insulator
states that are responsible for the QAH effect.
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FIG. 15 Orbital magnetism in twisted bilayer graphene sys-
tems. (a) Schematic of twisted bilayer graphene. The rel-
ative orientation angle 6 determines the periodicity of the
moiré superllattice. (b) Magnetic field poH dependence of
the longitudinal resistance R, and the Hall resistance Ry
with n/ns = 3/4 and D/Dg = —0.62V/nm at T =30 mK,
demonstrating the hysteretic AH effect resulting from emer-
gent orbital magnetic order. From Sharpe et al., 2019.

B. Orbital TR symmetry breaking

In TBG, spin and valley degrees of freedom combine
to provide four flavors for the superlattice Bloch states.
The Hamiltonian is spin-independent, and the two val-
leys (located at opposite corners of the atomic-scale BZ)
are exchanged by TR. It follows that every moiré Bloch
state is four-fold degenerate. Because there are two flat
bands centered on neutrality for each flavor, the flat
bands are partially occupied for moiré band filling fac-
tors v € (—4,4). The broken symmetry states that are
common in magic-angle TBG have conventional particle-
hole density matrix order parameters in the spin/valley
flavor space, and in most cases do not break translational
symmetry. They can therefore be viewed as generalized
ferromagnets. As we have discussed previously, the AH
effects that have been observed in moiré materials re-
sult from the order that is characterized by a finite val-
ley polarization and not, as in conventional ferromagnets
and magnetic TIs, from SOC combined with spontaneous
spin-polarization. Magic-angle TBG is quite exceptional
in that SOC does not play an essential role in its AH
effect. Finite valley polarization also leads to finite val-
ues of orbital magnetization, as well as Faraday and Kerr
responses. The QAH effect in magic-angle TBG is most
common when the moiré band filling factor is an odd inte-
ger, but this condition is neither sufficient nor necessary
as we explain below.

C. QAH effect at odd moiré band filling factors

Sharpe et al., 2019 aligned a TBG moiré superlattice
with a h-BN cladding layer and found evidence of emer-
gent ferromagnetism with a giant AH effect at v = 3
[Fig. 15(b)]. Over a narrow range of carrier density n
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near v = 3, the magnetic field dependence of the longi-
tudinal resistance R, and the Hall resistance R, show
hysteretic behavior suggestive of collective behavior. At
zero magnetic field, a large Ry, ~ £6k{} remains af-
ter magnetic field cycling, with the sign depending on
the direction of the magnetic field sweep. This obser-
vation is clear evidence for orbital ferromagnetic order
in TBG. Non-local transport measurements suggest that
the TBG system might be a Chern insulator. The au-
thors also found that the Hall effect of the TBG sample
could be reversed by applying a very small external cur-
rent. More recently, anomalous Hall effects were also re-
alized in twisted monolayer-bilayer graphene (Chen et al.,
2021b; Polshyn et al., 2020), in ABC trilayer graphene on
h-BN, and in TBG on WSez (Lin et al., 2022a).
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FIG. 16 C=1 QAH effect in TBG and C'=2 Chern insulator
state in trilayer graphene. (a) Magnetic field po H dependence
of the longitudinal resistance R, and the Hall resistance Ry,
in TBG measured at n = 2.37 x 102cm™2. (b) Magnetic field
woH dependence of the longitudinal resistance p,, and the
Hall resistance py, in a rhombohedral trilayer graphene-h-BN
moiré superlattice. A C' =2 Chern insulator state is realized
under a finite external magnetic field. From Chen et al., 2020a
and Serlin et al., 2020.

Soon after the discovery of the AH effect, which signals
spin/valley order that breaks TR symmetry, Serlin et al.,
2020 optimized the device fabrication process and indeed
realized the C = 1 QAH effect in TBG [Fig.16(a)]. At
zero magnetic field and T =1.6 K, the Hall resistance
Ry, approaches h/e? in a narrow range of density near
moiré band filling filling ¥ = 3, concomitant with a deep
minimum in the longitudinal resistance R;,. The Curie
temperature for flavor ordering Tc ~ 7.5 K. Accurate
Ry, quantization can survive up to T' ~3 K. So far, this
experiment has not been reproduced by other groups,
presumably due to the difficulties in the fabrication of
high-quality TBG/h-BN devices. There is experimental
evidence that some insulating states at odd values of v
Chern insulators and some are not (Lu et al., 2019).

Several theoretical papers (Bultinck et al., 2020; Kang
and Vafek, 2019; Po et al., 2018; Seo et al., 2019; Xie and
MacDonald, 2020) had raised the theoretical possibility
of a QAH effect in magic-angle TBG due to spin/valley
ferromagnetism, some prior to the experimental observa-



tion. These papers are compatible with the experimental
observation that although the QAH effect is sometimes
observed at odd integer filling factors, it often is not ob-
served. First, the flavor splitting produced by scatter-
ing off the order must be larger than the width of the
single-particle flat bands in order to eliminate the Fermi
surfaces present for v € (—4,4) in the normal state. The
ratio of the flavor-splitting of the bands to the band width
depends (Xie and MacDonald, 2020) strongly on twist an-
gle, and on the proximity of electrodes used for gating,
which tend to screen (Liu et al., 2021b) electron-electron
interactions. Second, the Chern numbers of the occupied
bands must have a non-zero sum. Bultinck et al., 2020
emphasized that a non-zero Chern number in an individ-
ual valley can originate from the coupling between the
graphene device and the encapsulating h-BN dielectric,
which breaks the CoT symmetry that protects the 2D
Dirac points (Ahn and Yang, 2017). CoT symmetry can
also break spontaneously.

In general, we expect the flat band Chern numbers
to be +1 whenever the CyT symmetry is violated. The
expectation is justified provided that there are no band
closings between the large twist angle limit (MacDon-
ald et al., 2012) where layers are weakly coupled and
the smaller twist angles at which the bands become flat.
In the large twist angle limit, the isolated layer half-
quantized Hall conductivities add to yield Chern num-
ber one. Level crossings do sometimes occur (Xie and
MacDonald, 2020), depending on the details of the band
and interaction model, and this may explain the occa-
sional observation of odd filling-factor insulating states
that appear not to have a QAH effect. QAH states with
higher Chern numbers have been studied in a number
of twisted multi-layer systems (Liu et al., 2019¢; Zhang
et al., 2019¢), whose properties are sensitive to gate-
applied vertical displacement fields.

Liu et al., 2019b suggested a pseudo-magnetic field pic-
ture to understand the non-zero Chern number in each
valley and the resulting QAH effect in TBG. Given the
similarity between the flat bands in TBG and Landau
levels, fractional Chern insulator phases have also been
discussed theoretically (Ledwith et al., 2020; Repellin
and Senthil, 2020). He et al., 2020 proposed a giant or-
bital magnetoelectric effect in TBG, which can explain
the extremely small current that can switch the magne-
tization in TBG (Sharpe et al., 2019). The band basis
with non-zero Chern number in each valley, sometimes
called “Chern band basis”, is also valuable for under-
standing other topological band property, e.g. fragile
topology (Ahn et al., 2019; Po et al., 2019; Song et al.,
2019, 2021b), and other correlated phases in twisted bi-
layer graphene (Bernevig et al., 2021; Lian et al., 2021;
Liu and Dai, 2021b).

The QAH effect also occurs in graphene multilayer
moiré superlattices when the moiré bands are flat, some-
times with systematics that are different from those of
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the bilayer case. Chen et al., 2020a observed hysterisis
and a C'= 2 Chern insulator state at band filling v = 1 in
an ABC trilayer graphene/h-BN moiré superlattice [Fig.
16(b)]. At T= 60 mK, the Hall resistance p,, is quan-
tized to 13.0+ 0.2 k€ for magnetic fields larger than ~0.4
T, demonstrating the C' = 2 Chern insulator state. The
Hall resistance drops to p,, ~ 8 k{2, much smaller than
the quantized value at ugH ~ 0 T, suggesting that the
Chern insulator state is stabilized by a magnetic field.
Furthermore, when the carrier density n and the dis-
placement field D are varied, p,, does not show a dip
at the same point that py, has a peak. This observa-
tion might be related to domain walls separating states
with different Chern numbers; more studies are needed to
clarify its physical origin. In addition to the QAH states
observed at zero magnetic field, TBG Chern insulator
phases at the finite magnetic field have been found and
studied by many different groups (Nuckolls et al., 2020;
Saito et al., 2021; Wu et al., 2021). We notice that the
Streda formula (Streda, 1982), which relates the Chern
number to the derivative of 2D electron density at which
the charge gap occurs with respect to the applied mag-
netic field, provides a useful approach to demonstrate the
appearance of Chern insulator phases. See for example
Choi et al., 2021 and Nuckolls et al., 2020, who use scan-
ning tunneling microscopy to identify the gap densities,
or Pierce et al., 2021 and Xie et al., 2021 who use lo-
cal compressibility measurements. The Streda formula
approach has been less useful in magnetically doped TI
because, we believe, disorder closes or substantially re-
duced the thermodynamic gaps. In many cases, Chern
insulators appear at surprisingly weak magnetic fields,
suggesting the presence competing many-body ground
states with different Chern numbers (Zhang and Zhang,
2012).

We emphasize that TBG does not possess any lo-
cal magnetic moments. The magnetization of TBG is
therefore always dominated by its orbital contribution,
which varies (Zhu et al., 2020a) with chemical poten-
tial across the bulk band gap because of the role of
topologically protected chiral edge states. The relation-
ship of Eq. (9), which applies inside the gaps and is
equivalent to Hall conductivity quantization (MacDon-
ald, 1995), implies that there is a jump of orbital magne-
tization AM,,;, = CeEy/h occurs when the Fermi energy
is tuned across the energy gap of QAH state. In magneti-
cally doped TTs, this jump is almost negligible compared
to the spin magnetization of the local moments, which
is weakly sensitive to doping. The jump of orbital mag-
netization induced by tuning Fermi energy can allow for
magnetic order to be reversed electrically in a weak mag-
netic field, as demonstrated experimentally by Polshyn
et al., 2020.



D. QAH effect in AB-stacked MoTe,/WSe: heterobilayers

(a) AB-stacked MoTe2/WTe2 (b) C =1 QAH effect in AB-stacked MoTe2/WTe2
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FIG. 17 C=1 QAH effect in an AB-stacked MoTes/WSe2
heterobilayer. (a) Left: triangular moiré superlattice with
high-symmetry stacking sites MM, MX and XX (M = Mo/W;
X = Se/Te). Right: schematic of out-of-plane electric field-
induced band inversion in AB-stacked MoTez/WSez hetero-
bilayer. (b) Magnetic field uoH dependence of the Hall resis-
tance Ry, in an AB-stacked MoTez/WSes heterobilayer with
the filling factor v = 1 at different temperatures. A C =1
QAH insulator state is realized. From Li et al., 2021e.

The QAH effect was also realized recently in AB
stacked MoTey/WSey moiré heterobilayers. The two
semiconducting TMD layers form a triangular moiré su-
perlattice with three high-symmetry staking sites: metal
on metal (MM), metal on chalcogen (MX), and chalco-
gen on chalcogen (XX) (M = Mo, W; X = Te, Se), as
shown in Fig.17(a). Since the lattice mismatch between
MoTey and WSesy is ~ 7%, the period of the moiré lat-
tice is relatively short ~ 5 nm and the moiré density is
~ 5x10'2 cm=? (Li et al.,, 2021d). Application of an
out-of-plane electric field can control the bandwidth and
change the band topology by intertwining moiré bands
associated with different layers or with different orbital
characters within a layer [Fig.17(a)]. At moiré band fill-
ing v = 1, a state with Hall resistance R,, quantized
at ~ h/e? and vanishing longitudinal resistance R,, has
been observed [Fig.17(b)]. The Hall resistance py, of the
QAH effect in magnetically doped TI films [Figs. 4 to
6] and exfoliated MnBisTey flakes [Fig.13] is always less
than h/e? when the longitudinal resistance p,, is finite.
However, for the QAH effect observed in TBG [Fig.16(a)]
and in AB stacked TMD [Fig.17(b)] bilayers, p, is ob-
viously greater than h/e? when p,, is greater than zero.
This difference might be related to the different types of
disorders in the two classes of QAH systems.

TMD bilayer moiré superlattices have valley degrees of
freedom in each layer that are locked to spin by strong
SOC. One theoretical scenario (Pan et al., 2022; Zhang
et al., 2021) for a QAH effect echoes that thought to ap-
ply to TBG, namely a combination of valley-projected
Chern bands of opposite Chern numbers in the two val-
leys combined with TR symmetry breaking by sponta-
neous valley polarization. Berry curvatures of opposite
sign in opposite valleys respect TR invariance and are
present in the electronic bands of 2D TMD crystals (Xiao
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et al., 2012) even without moiré modulation. If this is the
operable mechanism, there is still a need to understand
how precisely the valley-projected bands develop finite
Chern numbers, and the answer to this question is not
as obvious as in previous cases because of the absence of
simple isolated Dirac cones that can readily be gapped.
It seems clear experimentally that the QAH effect occurs
when the perpendicular electric field applied between lay-
ers is strong enough to bring the valence band tops in the
WSe,; and MoTe; layers close to alignment so that they
can have avoided crossings that yield large Berry cur-
vatures. In the case of AB stacked bilayers, however,
the relationship between spin and valley is opposite in
the two layers. For this reason, single-particle hybridiza-
tion between layers is expected to be weak, making it
less obvious how valley projected Chern bands could de-
velop. Devakul and Fu, 2022, Zhang et al., 2021,Pan
et al., 2022, Xie et al., 2022a, and Xie et al., 2022b have
separately provided plausible scenarios that rely on spe-
cific details of the bilayer moiré band electronic struc-
ture for how Chern bands could emerge. Very recent
studies (Tao et al., 2022) of the magneto-optical prop-
erties of these states suggest that they have inter-valley
order, apparently invalidating valley polarization mecha-
nisms and favoring those that invoke (Xie et al., 2022b)
time-reversal broken inter-valley coherent states. The
general lesson from all these studies seems to be that
topologically non-trivial bands are even more common in
moiré materials than in atomic-scale crystals, in which
bands have a strong tendency to organize according to
the atomic shells of constituent atoms.

VI. QAH EFFECT RESEARCH CHALLENGES

A. Theoretical proposals and challenges

In this Article, we have focused our attention on quasi-
2D electron systems in which the QAH effect has already
been observed. Below we discuss some theoretical ideas
that have been proposed over the years, but not yet re-
alized in experiment. The list of possibilities mentioned
below is far from exhaustive, especially since new QAH
mechanisms that are currently completely unanticipated
are likely to emerge in the coming years.

1. QAH materials

As discussed in Sec.Il, the QAH effect requires both
band inversion and spontaneous TR symmetry breaking.
A natural design strategy for the QAH effect is therefore
to catalyze magnetism in materials that are already topo-
logical. The magnetism promotion strategies that are
considered most often are (i) magnetic doping and ()
the fabrication of ferromagnetic (or antiferromagnetic)



insulator/topological material heterostructures. A typi-
cal example of the magnetic doping approach is to design
the AH effect in magnetically doped II-VI or III-V semi-
conductor compound heterostructures. Ideally the host
semiconductor should already have a topologically non-
trivial band structure, as in the case of HgTe quantum
wells (Budewitz et al., 2017; Liu et al., 2008b)). More
flexibility can be achieved by integrating two different
material compounds to form type-II quantum wells in
which the conduction band bottom in one material has
lower energy than the valence band top in the other mate-
rial. Following this approach, a QAH state has been pre-
dicted to occur in magnetically doped InAs/GaSb quan-
tum wells (Liu et al., 2008a; Wang et al., 2014b), and
in other similar p-n heterojunctions between II-VI, III-
V, and group IV semiconductors (Zhang et al., 2014).
Unfortunately, magnetic doping does not always lead to
magnetic order and this approach has not yet been suc-
cessful.

One possibility to overcome this obstacle is to com-
bine two 2D ferromagnetic materials to form a type-
IT junction (Garrity and Vanderbilt, 2014; Pan et al.,
2020). An alternative theoretical possibility follows from
the observation that when the hybridization between lay-
ers in p-n heterojunctions is weak compared to interac-
tion strengths, rich phase diagrams can emerge (Budich
et al., 2014; Pikulin and Hyart, 2014; Xue and MacDon-
ald, 2018; Zeng et al., 2022; Zhu et al., 2019) in which
TR symmetry breaking and QAH states appear sponta-
neously without the complication of magnetic doping.

Motivated by the Haldane model (Haldane, 1988) and
the Kane-Mele model (Kane and Mele, 2005), a body of
theoretical work focused on compounds with honeycomb
type lattice structures and strong SOC. Graphene pos-
sesses a typical honeycomb lattice, but has weak SOC
and no local magnetic moments. It was therefore pro-
posed that QAH states could be induced by adding
heavy transition elements to graphene as adatoms (Deng
et al., 2017; Li et al., 2015b; de Lima et al., 2018; Qiao
et al., 2012, 2010; Tse et al., 2011; Zhang et al., 2012,
2018a), or by forming ferromagnetic insulator/graphene
heterostructures (Hogl et al., 2020; Vila et al., 2021;
Zhang et al., 2019b, 2015). So far, these strategies
have not succeeded, presumably because the spatial dis-
tribution of adatoms is inevitably disordered and the
hybridization between graphene and adjacent materials
tends to be weak. Heavier elements that can also form
honeycomb or buckled honeycomb lattice structure, such
as silicene (Ezawa, 2012, 2013; Kaloni et al., 2014; Pan
et al., 2014; Qian et al., 2019; Zhang et al., 2013b,c),
germanene (Hsu et al., 2017; Pham and Ganesh, 2020;
Wu et al., 2014b; Zhang et al., 2019¢; Zou et al., 2020),
stanene (Li, 2019; Wu et al., 2014b; Xu et al., 2013; Zhang
et al., 2016a,b) and bismuth systems (Ji et al., 2016; Jin
and Jhi, 2015; Liu et al., 2015; Niu et al., 2015), have aslo
been considered as possible QAH effect hosts. In addi-

28

tion to these 2D materials containing a single element,
honeycomb lattices are also common in more complex
materials, including organic triphenyl-transition-metal
compounds (Wang et al., 2013b), half-fluorinated GaBi
(Chen et al., 2016), co-decorated in-triangle adlayers on
a Si(111) surface (Zhou et al., 2017), heavy atom layers
on magnetic insulator substrates(Garrity and Vanderbilt,
2013), monolayer jacutingaite (Luo et al., 2021), mono-
layer PtCls (You et al., 2019), monolayer EuOs (Meng
et al., 2021) and (111) perovskite-type transition-metal
oxides (Xiao et al., 2011).

The approach of inducing magnetism externally has
the obvious disadvantage that magnetic doping in-
troduces disorder and thus degrades sample quality,
while the ferromagnetic (or antiferromagnetic) insula-
tor/topological material heterostructure approach has
the disadvantage that it relies on magnetic proximity ef-
fects that are often weak. Thus, it is desirable to find
topological materials with intrinsic magnetism. Unfor-
tunately they are rare (Huang et al., 2017; Wu, 2017).
One approach is to search for magnetic Weyl semimetals,
since the 3D magnetic Weyl semimetal phase is closely
related to the 2D QAH state. In thin films, Weyl nodes
are gapped by finite-size effects allowing the QAH effect
to occur. In the limit of thick films, finite-thickness gaps
become smaller and the total Chern number per layer of
the film approaches (Lei et al., 2020) the non-quantized
Hall conductivity per layer of the bulk material. Thus,
one may expect the QAH effect in 2D films of magnetic
Weyl semimetals with broken TR symmetry. Following
this idea, a number of intrinsic magnetic materials have
been proposed, including HgCraySey (Xu et al., 2011),
Co3S15Ss (Liu et al., 2019a; Morali et al., 2019), MnySn
(Kuroda et al., 2017), and CooMnGa (Belopolski et al.,
2019). The QAH state is expected to emerge in all these
systems in the quasi-2D thin film limit (Muechler et al.,
2020; Xu et al., 2011).

An additional path to achieve the QAH effect is to cre-
ate systems in which interaction effects are likely to spon-
taneously break TR and induce non-zero Chern number
bands (Martin and Batista, 2008; Min et al., 2008; Nand-
kishore and Levitov, 2010; Raghu et al., 2008; Zhang
et al., 2011). The QAH states seen in 2D moiré super-
lattices provide one successful example of this route to
QAH states (Kwan et al., 2021; Liu and Dai, 2021b; Shi
et al., 2021; Wu et al., 2018; Wu and Sarma, 2020). Other
2D quantum spin Hall systems with small Dirac veloci-
ties have also been proposed as possible QAH hosts that
do not require magnetic dopants(Cao et al., 2016; Min
et al., 2008; Xue and MacDonald, 2018).

2. Fractional QAH effect

In 2D electron gases with partial Landau level fill-
ing can under strong magnetic fields, strong correlations



can result in gapped many-body states that have quasi-
particles with fractional charge and fractional statistics.
This phenomenon is known as the fractional QH effect
(Stormer et al., 1999). It is natural to ask (Klinovaja
et al., 2015; Neupert et al., 2011; Sun et al., 2011; Tang
et al., 2011) whether or not a fractional version of the
QAH effect, the fractional QAH effect, can occur in
strongly interacting systems. The search for materials
in which the fractional QAH effect occurs is challenged
by the lack of simple predictive theoretical tools that ac-
count for strong correlations in realistic materials. Even
for the weakly correlated materials in which DFT calcula-
tions are helpful, theory is not always able to account for
all important complications. At present, the flat bands
induced by moiré superlattices provide the most promis-
ing direction towards the realization of fractional QAH
states (Ledwith et al., 2020; Repellin and Senthil, 2020).

3. Higher temperature QAH effect

The successful theoretical prediction and subsequent
experimental realization of the QAH effect has been rec-
ognized as a great triumph of our understanding of topo-
logical states of matter, and as a demonstration of our
ability to engineer complex topological materials. To uti-
lize these states in technology, however, the low critical
temperature at which the QAH effect is observed is a
weighty obstacle. The QAH effects in magnetically doped
TIs (Chang et al., 2013a, 2015b; Mogi et al., 2015), in the
intrinsic magnetic TT MnBisTey (Deng et al., 2020), and
in moiré materials (Li et al., 2021e; Serlin et al., 2020)
have comparable and low onset temperatures.

An important goal of QAH research is to greatly en-
hance the temperature at which the QAH effect is ob-
served. One of the following two approaches might ul-
timately prove successful: (i) form high-quality het-
erostructures between TIs and high Curie temperature
ferromagnetic (or high Néel temperature antiferromag-
netic) insulators (Tang et al., 2017; Wang et al., 2019);
(ii) discover new moiré bilayers (Andrei and MacDonald,
2020) that order with shorter moiré periods. The former
requires that TIT and oxide film growth be successfully
combined. The latter approach requires a joint effort,
involving both theoretical predictions and materials syn-
thesis. The quest to realize higher temperature QAH
states not only promotes new fundamental inquiries, but
could also carry far-reaching implications for topologi-
cal quantum computation and low-energy cost spintronic
devices.
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FIG. 18 Absence of the chiral Majorana edge modes
in millimeter-size QAH-superconductor devices. (a) A
millimeter-size superconductor strip covering a QAH device
induces an electrical short that circumvents a chiral MEM
signal.  (b) Magnetic field puoH dependence of the two-
terminal conductance o1 2 of a QAH-superconductor device.
01,2 ~ 0.5¢%/h for the entire uoH range when the magneti-
zation is accurately aligned. No change in o;2 is observed
when the Nb strip transitions from the superconducting state
to the normal state. From Kayyalha et al., 2020.

B. Potential applications

1. Chiral Majorana edge modes

During the past decades, the search for Majorana
modes has been a key activity of condensed matter
physics (Das et al., 2012; Deng et al., 2012; Jeon
et al., 2017; Kayyalha et al., 2020; Mourik et al., 2012;
Nadj-Perge et al., 2014; Rokhinson et al., 2012; Wang
et al., 2018a). Majorana modes exhibit non-local quan-
tum exchange statistics and are promising as a plat-
form for topological quantum computation (Alicea, 2012;
Beenakker, 2013; Nayak et al., 2008). Majorana modes
can appear at the boundary or inside the vortex cores of
topological superconductors (TSC).

Qi et al., 2010 predicted that chiral TSC can be real-
ized in QAH /superconductor hybrid structure like that
illustrated in Fig. 18(a). A chiral TSC has a full pairing
gap in the bulk and an odd number N of chiral Majorana
edge modes (MEMs). Proximity-induced superconduc-
tivity in a QAH insulator can give rise to chiral MEMs,
appearing at the topological phase transition between
trivial and nontrivial phases. In general, a QAH insu-
lator with C' chiral edge modes coupled to an s-wave su-



perconductor is a chiral TSC with A’'=2C chiral MEMs.
Here C is the Chern number of the isolated QAH insula-
tor and A also labels the superconductor Chern number.
When proximitized, the transition from a topologically
nontrivial phase of a C=1 QAH phase to a C=0 topo-
logically trivial (i.e. normal insulator) phase has to go
through a chiral TSC phase with A/ = 1. Based on
the quasiparticle properties of this state, Wang et al.,
2015b predicted that a half-quantized two-terminal con-
ductance 015 plateau would appear near the coercive field
H,. of a QAH/superconductor hybrid structure and be a
fingerprint of a A" = 1 chiral TSC. As we explain below,
however, several theoretical papers later raised concerns
about this conclusion (Chen et al., 2017, 2018; Huang
et al., 2018; Ji and Wen, 2018; Lian et al., 2018). Sep-
arately it was theoretically proposed that 1D nanowires
formed from QAH insulators in proximity to supercon-
ductivity can host Majorana zero modes at the ends of
the wire (Chen et al., 2018; Xie et al., 2020; Zeng et al.,
2018).

Experimental studies of QAH/superconductor het-
erostructure have been controversial. The predicted half-
quantized 012 plateau was reported in a millimeter-sized
QAH/ND hybrid structure in 2017 (He et al., 2017). How-
ever, Kayyalha et al., 2020 recently carried out a system-
atic Andreev reflection spectroscopy study of the contact
transparency between the QAH insulator and supercon-
ducting Nb layers on more than 30 QAH/Nb devices.
These authors found that o5 is half quantized in QAH-
Nb devices even when the magnetization is well aligned
and the coercive field is exceeded [Fig. 18(b)]. The theo-
retical calculations in Wang et al., 2015b accounted only
for quasi-particle transport processes in the hybrid sys-
tem, and did not account for collective currents carried
by the superconducting condensate. When these are al-
lowed, the superconductor can act as an electrical short
for the QAH device [Fig. 18(a)], making transport an in-
effective probe of quasi-particle properties. For this rea-
son, the observation of the half-quantized plateau cannot
be considered as conclusive evidence for the existence of
chiral MEMs in the millimeter-size QAH-superconductor
hybrid structures (Kayyalha et al., 2020).

2. Resistance standards

As explained in Sec.I, the QAH effect can be used
to create a resistance standard that is free from the
need for superconducting magnets. To make this goal
a reality, it is necessary to improve the accuracy of the
Hall resistance quantization in the QAH effect and un-
derstand sources of deviation from perfect quantization.
To date, all high precision measurements on the QAH
effect have been performed on magnetically doped TI
films/heterostructures. In both Cr- and V-doped QAH
samples, the quantization of the Hall resistance has been
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already demonstrated at the level of parts-per-million
(ppm) uncertainty. Fox et al., 2018 used a cryogenic cur-
rent comparator system to perform the electrical trans-
port on a 6 QL uniformly Cr-doped (Bi,Sb),Tes film and
measured quantization of the Hall resistance to within 1
ppm at zero magnetic field. Gotz et al., 2018 measured a
9 QL V-doped (Bi,Sb);Tes film and determined a value
of 0.17 + 0.25 ppm. Okazaki et al., 2020 performed high
precision transport measurements on a 9 QL modulation-
doped QAH sandwich sample and demonstrated 2 ppm
accuracy. More recently, Okazaki et al., 2021 measured
the same QAH sandwich device with a permanent mag-
net and claimed precision of 10 parts per billion (ppb).
Note that the uncertainties of the order of 0.1 ppm ~
10 ppb still do not reach the requirements for a quantum
resistance standard, which requires quantization with un-
certainty on the order of 1 ppb (Jeckelmann and Jean-
neret, 2001; Poirier and Schopfer, 2009). Therefore, fur-
ther optimization of QAH samples, whether magnetically
doped TI (Sec.III), or MnBiyTey (Sec.IV),or moiré super-
lattice (Secs.V) systems, will be needed if the QAH effect
is to achieve a breakthrough in resistance metrology.

3. Dissipation free interconnects

The dissipationless chiral edge current of the QAH
state can potentially be integrated into contemporary
electronic or spintronic technology to develop chiral elec-
tronic or chiral spintronic devices. Since chiral edge
transport eliminates local electrical resistivity, leaving
only terminal or contact resistances, it was theoretically
proposed that QAH devices can be used to construct chi-
ral interconnects in computing devices in which the total
resistance is independent of the circuit length (Zhang and
Zhang, 2012). The spin polarization (Cheraghchi and
Sabze, 2020; Zhang et al., 2016¢) and real-space spin tex-
tures (Wu et al., 2014a) carried by magnetically doped
TT chiral edge states might also enable electrical con-
trol of magnetic domain wall motion (Kim et al., 2019;
Upadhyaya and Tserkovnyak, 2016). Experimentally, the
interplay between chiral edge states and magnetic do-
main walls has been demonstrated (Rosen et al., 2017;
Yasuda et al., 2017). In TBG moiré superlattice devices,
electrical switching of magnetic order has been demon-
strated (Chen et al., 2021b; Polshyn et al., 2020; Ser-
lin et al., 2020; Sharpe et al., 2019; Tschirhart et al.,
2022; Zhu et al., 2020a). In magnetic TT systems with
the well-quantized QAH effect, the electrical switching of
the edge state chirality is recently realized through spin-
orbit torque (Yuan et al., 2022). The realization of all-
electrical switching of the QAH edge current chirality can
be important for the development of the chiral electronic
devices. Chiral edge state-based electronic devices could
potentially usher in a new era of dissipation-free memory
and logic devices, and have a transformative impact on



the grand challenges facing semiconductor electronics.
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