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Abstract13

Deep neural networks (DNNs) are developed from a dataset obtained from the Dynamic14

Smagorinsky model to emulate the subgrid-scale viscosity (νsgs) and diffusivity (κsgs) for15

turbulent stratified shear flows encountered in oceans and atmosphere. These DNNs predict16

νsgs and κsgs from velocities, strain rates and density gradients such that the evolution of17

the kinetic energy budget and density variance budget terms is similar to the corresponding18

values obtained from the original Dynamic Smagorinsky model. These DNNs also compute19

νsgs and κsgs ∼ 2 − 4 times quicker than the Dynamic Smagorinsky model resulting in a20

∼ 2− 2.5 times acceleration of the entire simulation. This study demonstrates the feasibility21

of deep learning in emulating the subgrid scale phenomenon in geophysical flows accurately22

in a cost-effective manner. In a broader perspective, deep learning based surrogate models23

can present a promising alternative to the traditional parameterizations of the subgrid-scale24

processes in climate models.25

Plain Language Summary Large eddy simulations (LES) are commonly used to sim-26

ulate various atmospheric and oceanic flows. In LES the large eddies are resolved whereas27

the small scale turbulent features, which are the primary source of mixing, are parameterized28

using physical models. A deep learning based surrogate LES model is developed from the29

dataset obtained from such a physical model, the Dynamic Smagorinsky model, at moderate30

Reynolds number (see SI) and resolution. When this surrogate LES model is deployed for31

10 times higher Reynolds number at a relatively higher and lower resolution, it was able32

to capture all the qualitative and quantitative features of the flow accurately at a cheaper33

computational cost. The effectiveness of deep learning based surrogate models to emulate34

the small-scale processes is a promising area of research and can potentially be extended for35

various subgrid scale parameterizations in climate and earth science models.36

1 Introduction37

The fidelity of climate models and earth system models is compromised due to their38

inability to resolve the turbulent mixing occurring at the scale of hundreds of meters to a39

few kilometers. Stratified oceanic and atmospheric mixing is commonly instigated by a shear40

instability which is the dominant mechanism for converting the fluid motion to turbulence.41

This investigation uses deep learning as a new technique to accurately parameterize the42

turbulence phenomenon associated with mixing owing to shear instabilities at high Reynolds43

numbers in a stratified environment.44

In recent years, deep learning (Dechter, 1986; LeCun, Bengio, & Hinton, 2015) has45

evolved as a compelling and cutting-edge topic of research and has demonstrated a tremen-46

dous increase in accuracy in the areas of image and speech recognition. Deep learning achieves47

its great power and flexibility by learning features incrementally through its hidden layer ar-48

chitecture. Owing to its supremacy in terms of accuracy when trained with a huge amount49

of data, deep neural networks are gaining popularity in the areas of turbulence modeling50

(Ling, Kurzawski, & Templeton, 2016; Parish & Duraisamy, 2016; Tracey, Duraisamy, &51

Alonso, 2013; Zhang & Duraisamy, 2015), climate and earth science research (Anderson &52

Lucas, 2018; Bolton & Zanna, 2019; Brenowitz & Bretherton, 2018; Gentine, Pritchard, Rasp,53

Reinaudi, & Yacalis, 2018; Pal, Mahajan, & Norman, 2019; Reichstein et al., 2019; Watson,54

2019).55

A stratified shear layer, characterized by two parallel fluid streams with different ve-56

locities and density (see figure S1 in SI), is commonly observed in oceans and atmosphere.57

Under favorable conditions such stratified shear layer develops Kelvin-Helmholtz (KH) in-58

stabilities and forms large-scale billows which subsequently break down to turbulence and59

mix the fluid streams. The evolution of a stratified shear layer is extensively studied by60

using observational techniques, laboratory experiments and numerical simulations (Brucker61

& Sarkar, 2007; Caulfield & Peltier, 2000; Geyer, Lavery, Scully, & Trowbridge, 2010; Pham,62

–2–This article is protected by copyright. All rights reserved.
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Sarkar, & Brucker, 2009; W. D. Smyth & Moum, 2000a, 2000b). Turbulence resolving sim-63

ulations (direct numerical simulations, DNS) of stratified shear layers have been performed64

at Reynolds number of 5000 (Pham & Sarkar, 2010; W. Smyth, Moum, & Caldwell, 2001).65

However, in a more realistic scenario such as in the oceans and atmosphere, the Reynolds66

numbers associated with these shear layers are O(105−106) (Geyer et al., 2010). DNS at such67

high Reynolds number are prohibitively expensive. Therefore, large eddy simulations (LES)68

are used as a cheaper alternative. In LES the larger eddies are resolved whereas the effect69

of the small scales on these large eddies are parametrized by the subgrid scale fluxes. LES70

are extensively used in investigating atmospheric boundary layers (Chamecki, Meneveau, &71

Parlange, 2007; Moeng & Sullivan, 1994), shallow cumulus convection (Siebesma et al., 2003)72

and stratocumulus-topped planetary boundary layer (Stevens et al., 2005). Similarly LES are73

also noticeably employed in oceanography (Jalali & Sarkar, 2017; Pham & Sarkar, 2017) and74

ocean modeling (Chalamalla, Santilli, Scotti, Jalali, & Sarkar, 2017). LES of the canonical75

shear without stratification has also been performed by Vreman, Geurts, and Kuerten (1997).76

Although LES models provide a reasonably accurate representation of the small scale77

processes, their implementation in climate models to parameterize turbulence is very challeng-78

ing. Therefore, a deep learning based simpler surrogate model is constructed from a robust79

LES model (Dynamic Smagorinsky model, Germano, Piomelli, Moin, and Cabot (1991)) as80

a proof of concept to emulate the unresolved turbulent processes accurately. The Dynamic81

Smagorinsky model computes νsgs and κsgs from velocities, strain rates and density gradi-82

ents. The deep learning based subgrid scale model will also use velocities, strain rates and83

density gradients to predict νsgs and κsgs in a relatively simpler formulation. Machine learn-84

ing techniques have become popular in recent years for emulating unresolved atmospheric85

processes. Deep neural networks are used by Gentine et al. (2018) to emulate the effects of86

unresolved clouds and convection in an idealized simulation over an aqua-planet using the87

Super-Parameterized Community Atmosphere Model (SPCAM). Rasp, Pritchard, and Gen-88

tine (2018) also used deep neural networks to represent all atmospheric subgrid processes in89

SPCAM. They have reported close resemblance of mean climate and key aspects of variabil-90

ity between the deep learning based parameterization and the traditional parameterization91

in SPCAM. Similar neural network based parameterization for apparent sources of heat and92

moisture are developed by Brenowitz and Bretherton (2018) for a near global aqua-planet sim-93

ulation using the Community Atmosphere Model. A random forest based parameterization94

for moist convection is also developed and implemented in a general circulation model (GCM)95

in an idealized setting by O’Gorman and Dwyer (2018). Deep neural network based surrogate96

models are also developed by Pal et al. (2019) for radiative transfer in Super-Parameterized97

Energy Exascale Earth System Model (SP-E3SM). Bolton and Zanna (2019) trained convo-98

lutional neural networks (CNNs) on degraded data from a high-resolution quasi-geostrophic99

ocean model. They demonstrated that their CNNs successfully replicate the spatiotemporal100

variability of the subgrid eddy momentum forcing, are capable of generalizing to a range of101

dynamical behaviors, and can be forced to respect global momentum conservation.102

In the past few years, neural network based models have emerged as a substitute to103

parameterize the turbulence processes in Reynolds Averaged Navier-Stokes (RANS) mod-104

els (Ling et al., 2016; Parish & Duraisamy, 2016; Tracey et al., 2013; Zhang & Duraisamy,105

2015). Recently, Srinivasan, Guastoni, Azizpour, Schlatter, and Vinuesa (2019) illustrated106

the potential of neural networks to predict the temporal dynamics of a low-order model of107

a turbulent flow. However, the use of deep neural networks to parameterize the turbulent108

processes in LES models are not explored yet. Therefore, the prime motivation of this inves-109

tigation is to verify the feasibility of deep learning based subgrid scale models to accurately110

and efficiently emulate the subgrid scale processes occurring in geophysical flows. Deep neu-111

ral networks are developed from a dataset obtained from the LES of an evolving shear layer112

at moderate Reynolds number (104) using the Dynamic Smagorinsky model. Later these113

deep neural networks replace the Dynamic Smagorinsky model to emulate the subgrid scale114

turbulent processes at a higher Reynolds number (see definition in SI) (105) relevant to ocean115

and atmosphere at different resolutions. The mean and fluctuating statistics obtained from116

–3–This article is protected by copyright. All rights reserved.
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this deep learning based subgrid scale model are compared with the traditional Dynamic117

Smagorinsky model to assess the accuracy and effectiveness of this surrogate LES model.118

The details of the problem setup and DNN architecture are presented in section 2. Qual-119

itative and quantitative comparisons between the deep learning based surrogate LES model120

and the traditional Dynamic Smagorinsky model are discussed in section 3, and conclusions121

are given in section 4.122

2 Method123

2.1 Problem setup124

2.1.1 Stratified shear layer125

Following Pham and Sarkar (2014) a stratified shear layer is defined as two parallel
streams of fluid with different velocity and density flowing in opposite directions (see figure
S1 in SI). The streamwise velocity and density fields are initialized as a function of the vertical
direction (x3) as follows:

〈u∗〉 =
∆U∗

2
tanh

(
x∗3

0.5δ∗ω,0

)
, (1)

〈ρ∗〉 = ρ∗0 +
∆ρ∗

2
tanh

(
x∗3

0.5δ∗ω,0

)
, (2)

where ∆U∗ and ∆ρ∗ are the initial velocity and density differences, respectively. The initial126

thickness of the shear layer is δ∗ω,0 calculated by ∆U∗/max(|du
∗

dx3
|). The superscript ∗ denotes127

dimensional quantities and 〈•〉 represents averaging in the homogeneous directions (x1−x2).128

2.1.2 Governing equations and numerical method129

In a LES model, the equations of motion for an incompressible flow with Boussinesq130

approximation are filtered in space, non-dimensionalized by ∆U∗, δ∗ω,0 and ∆ρ∗ Pham and131

Sarkar (2014), and are written as:132

mass:133

∂ui
∂xi

= 0, (3)

momentum:134

∂ui
∂t

+
∂(ujui)

∂xj
= − ∂P

∂xi
+

1

Re0

∂2ui
∂xj∂xj

+Rib,0ρ
′gi −

∂τij
∂xj

, (4)

density:135

∂ρ

∂t
+
∂(ujρ)

∂xj
=

1

Re0Pr

∂2ρ

∂xj∂xj
− ∂Qj
∂xj

(5)

where the overbar denotes the filtered quantities and g is gravity acting in the vertical(x3)
direction. The Reynolds number, Re0 = ∆U∗∆∗ω,0/ν

∗ (ν∗ is the molecular viscosity), the
bulk Richardson number Rib,0 = g∗∆ρ∗∆∗ω,0/ρ

∗
0∆U∗2, and the Prandtl number Pr0 = ν∗/κ∗

(κ∗ is the molecular diffusivity) are the three non-dimensional parameters which prescribe
the fluid motion. Although the Prandtl number Pr0 = 1 in this investigation is typical to
the atmosphere, the Reynolds number and the bulk Richardson number considered in this
study are well within the range expected in both the ocean and atmosphere. The subgrid
scale stress, τij and subgrid buoyancy flux Qj is parameterized as follows:

τij = −2Cd∆
2|S|Sij , (6)

Qj = −Cθ∆
2|S| ∂ρ

∂xj
, (7)

–4–This article is protected by copyright. All rights reserved.
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where ∆ is the filter width, Cd is the model coefficient, Sij = 1/2(∂ui/∂xj + ∂uj/∂xi) is the136

resolved strain rate and |S| is defined as
√

2SijSij . The subgrid eddy-viscosity and diffusivity137

are given by:138

νsgs = Cd∆
2|S|, (8)

κsgs = Cθ∆
2|S|, (9)

respectively. The model coefficients Cd and Cθ are calculated by a dynamic procedure Ger-139

mano et al. (1991); Lilly (1992) in which a test filter is applied to the resolved velocity fields.140

The quantities denoted by •̃ are double-filtered with both LES and test filters. The dynamic141

coefficient is computed by:142

Cd = −1

2

〈LijMij〉
〈MijMij〉

, (10)

where Lij = ũiuj − ũiũj and Mij = ∆̃
2

|̃S|S̃ij −
˜

∆
2|S|Sij . Similarly, the dynamic coefficient

for the subgrid buoyancy flux is

Cθ = −1

2

〈LθiMθ
i 〉

〈Mθ
iM

θ
i 〉
, (11)

where Lθi = ρ̃ui − ρ̃ũi and Mi = ∆̃
2

|̃S| ∂̃ρ∂xi
− ˜

∆
2|S| ∂ρ∂xi

. The ratio of the test and LES filter,143

∆̃/∆ = 6, and 〈•〉 denotes the averaging in the homogeneous directions (in this case the144

horizontal, x1 − x2 direction). For time-advancement, a semi-implicit, third order Runge-145

Kutta/Crank-Nicolson formulation is used. The viscous terms in the wall normal direction146

are treated implicitly whereas the viscous terms in the periodic direction are treated explicitly.147

All the spatial derivatives are discretized using a central, second-order finite difference scheme148

on a staggered grid. The pressure Poisson equation which is utilized to project the velocity149

field into a divergence-free space is solved using a multigrid solver. This numerical solver has150

been validated and used extensively for a number of free-shear and wall-bounded turbulence151

problems Brucker and Sarkar (2010); Pal and Chalamalla (2020); Pal, de Stadler, and Sarkar152

(2013); Pal and Sarkar (2015); Pham and Sarkar (2014, 2018).153

The horizontal boundaries have periodic conditions, while the top and bottom bound-154

aries have the following boundary conditions:155

u1(x3,min) =
1

2
, u1(x3,max) = −1

2
, (12)

u2(x3,min) = 0, u2(x3,max) = 0, (13)

∂u3
∂x3

(x3,min) =
∂u3
∂x3

(x3,max) = 0, (14)

p(x3,min) = p(x3,max) = 0, (15)

∂ρ

∂x3
(x3,min) =

∂ρ

∂x3
(x3,max) = 0. (16)

2.2 Deep neural networks156

A dense, fully-connected, feed-forward DNN is chosen for this application as follows:

h1 = ϕ1 (W1Ain + b1) (17)

h2 = ϕ2 (W2h1 + b2) (18)

h3 = ϕ3 (W3h2 + b3) (19)

Pout = (W4h3 + b4) . (20)

Here Ain denotes the input vector; Pout is the predicted output vector; W1, W2, W3, W4 are157

matrices of trainable weights; b1, b2, b3, b4 are “bias vectors”; ϕ1, ϕ2, ϕ3 are the non-linear158

–5–This article is protected by copyright. All rights reserved.
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activation functions; and h1, h2, and h3 are the “hidden” vectors whose scalar components159

are called “neurons”. Note that activation functions are only applied on the hidden vectors.160

For the present investigation a neural network package called Keras (https://keras.io) has161

been used, which is a high-level wrapper around Tensorflow (https:// www.tensorflow.org/)162

written in Python.163

2.3 Data collection and normalization164

Table 1 lists all the simulated cases for this study. DSM1 represents simulation at165

Reynolds number Re = 104 using the Dynamic Smagorinsky model and serves as a source166

of data collection for a deep neural network (DNN). The domain is decomposed laterally167

(x1 − x2 directions) on 480 CPU cores for computation. The input and output variables are168

collected at each grid point along the vertical column at the center of each CPU core (see169

the dashed black line in figure S1 in SI) at every 100 time steps. This ensures spatial and170

temporal variability in the input-output pairs. The Dynamic Smagorinsky model computes171

νsgs from velocities, strain rates and the size of the filters (LES and test) at every grid point172

as equations 20-10. Similarly κsgs is calculated from velocities, density, strain rates, density173

gradients in the respective direction and the size of the filters (LES and test) at every grid174

point as equations 9-11.175

The goal is to develop two separate DNNs, one of which will predict νsgs whereas the176

other one will predict κsgs. The velocities (u, v, w) and strain rates (Sij = 1/2(∂ui/∂xj +177

∂uj/∂xi)) Germano et al. (1991) at every grid point are taken as inputs to the DNN whereas178

νsgs at the corresponding locations will be the output from the DNN. Analogously u, v, w, ρ, Sij , ∂ρ/∂xi179

will be the inputs for computing κsgs. The size of the filters are related to the grid size and180

are taken into account during strain rate calculation. Therefore the effect of the size of the181

filters are indirectly associated with the strain rates and are excluded from the inputs to the182

DNN. Approximately 12 million input-output samples are collected from DSM1.183

The following terminology is used to describe the different data sets:184

1. Training data set: A random 90% of the saved data from DSM1 is used to train the185

DNNs over a series of epochs.186

2. Testing data set: A random 10% of the saved data from DSM1 is used to probe the187

accuracy of the DNNs after they have been trained. The DNNs are never trained on188

this data set during any epoch.189

3. Validation data set: During each epoch, a random 10% of the training data set re-190

mains unused during a single epoch and is used to track DNN generalization as epochs191

progress during training.192

The input and output variables should be given equal importance while computing the193

loss function. Therefore, each input and output variable in the present study is normalized194

by the maximum and minimum values of each variable across the entire dataset using the195

following relations:196

Âj =
Aj −mini (Aj)

maxi (Aj)−mini (Aj)
, (21)

Ĉk =
Ck −mini (Ck)

maxi (Ck)−mini (Ck)
, (22)

where Aj (j = [1, 9]) are the inputs (u, v, w, Sxx, Syy, Szz, Sxy, Sxz, Syz) and Ck (k = 1) is197

the actual output (νsgs) from DSM1, i is the number of training samples. Similarly, Aj198

(j = [1, 13]) will be u, v, w, ρ, Sxx, Syy, Szz, Sxy, Sxz, Syz, ∂ρ/∂x, ∂ρ/∂y, ∂ρ/∂z for Ck to be199

κsgs. Âj and Ĉk are used as inputs and output for training the DNNs. Notice that outputs200

Ĉk(ν̂sgs, κ̂sgs) are normalized (21), and are non-normalized using mini (Ck) and maxi (Ck)201

–6–This article is protected by copyright. All rights reserved.
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from DSM1 to obtain νsgs and κsgs. This is applicable for all the cases with deep learning202

based subgrid scale model (DLLES2, DLLES3, DLLES4 and DLLES5).203

Several exploratory training experiments were carried out to refine the architecture of204

the DNNs. This includes varying the number of hidden layers, number of neurons, different205

activation functions, different batch sizes and different number of epochs. However, the cur-206

rent configuration results in a balance between the validation accuracy and speed up. The goal207

was to select a number of hidden layers and neurons per layer that will minimize the training208

as well as the validation error. These goals were achieved by using 3 ”hidden layers” with 16209

neurons in each hidden layer. A ReLU activation unit, which uses the Rectifier Linear (ReL)210

activation function (https: //keras.io/activations/) defined as f(x) = max(0,w • x), is cho-211

sen for this study. The optimizer used for training is RMSprop (https://keras.io/optimizers)212

with a learning rate of 0.01. The DNNs are trained with a batch size of 240 for 100 epochs213

with mean squared error (https://keras.io/losses) as the loss function. The details of the214

setup and architecture of the deep neural network such as hidden layers and number of neu-215

rons are provided in section 2.2 and figure S2 in SI. Figures S3(a)-(b) in SI show the evolution216

of the training and validation loss for νsgs and κsgs. The training took approximately 3 hours217

on a single Nvidia Pascal graphical processing unit (GPU).218

Figures S4 (a)-(b) compare the νsgs and κsgs predicted from the DNNs with the actual219

values of νsgs and κsgs obtained from the Dynamic Smagorinsky model (DSM1) for the first220

100 samples of the testing dataset. These samples represent the spatial and temporal vari-221

ability of νsgs and κsgs at Re0 = 104. The DNNs are able to capture the qualitative and222

quantitative details of the variation in νsgs and κsgs similar to the Dynamic Smagorinsky223

model. The rest of the samples in the testing dataset also manifest qualitative and quantita-224

tive similarity in νsgs and κsgs calculated from the DNNs and DSM1, however, to avoid data225

clutter in a single plot only the first 100 samples are shown in figures S4 (a)-(b). These two226

DNNs will now replace the original Dynamic Smagorinsky model for shear layer simulations227

at Re0 = 105.228

3 Results and Discussion229

Figure 1 (a) and (c) compares the distribution of νsgs between DLLES2 and DSM2 at237

Re = 105 at time t = 51s, 85s on a vertical (x1 − x3) plane at the center (x2 = 0). An238

analogous contour plot for DLLES4 and DSM4 is shown in figure 1 (b) and (d) respectively.239

It is evident from Figures 1(a) and (b) that the deep learning based subgrid scale model is240

able to capture the essential dynamical features such as the formation of Kelvin-Helmholtz241

billows and their disintegration to turbulence during the evolution of the shear layer similar242

to the Dynamic Smagorinsky model (figures 1(c),(d)). The DNNs were trained on a dataset243

obtained from a coarse resolution simulation at Re0 = 104 (case DSM1). When these DNNs244

are employed at Re0 = 105, relevant to atmospheric and oceanic flows, they predict νsgs245

and κsgs fairly well for same and finer resolution simulations. This is manifested by the246

comparison of the vertical profiles of horizontally averaged (see equation 18 in SI) νsgs at247

time t = 51s, 85s between the deep learning based subgrid scale model and the Dynamic248

Smagorinsky model for the respective cases in figures 1 (e) and (f). Analogous comparisons249

of κsgs are shown in figures 1 (g) and (h). The differences in the vertical profiles of νsgs and250

κsgs between the cases with the deep learning based subgrid scale model and the Dynamic251

Smagorinsky model are probably attributed to the difference in Re0 and grid resolution at252

which the DNNs are being trained and employed.253

The deep learning based subgrid scale model accelerates the computation of νsgs and254

κsgs by ∼ 2− 4 times as compared to the Dynamic Smagorinsky model as evident from the255

SGS CPU time per time step in table 1. The computation of νsgs using the deep learning em-256

ulation requires ∼ 0.85 times floating point operations than the Dynamic Smagorinky model.257

The deep learning based subgrid scale model replaces all the complex calculations for νsgs258

(equations 20-10) and κsgs (equations 9-11) with matrix-vector multiplications (equations 17-259
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 1. Comparison of νsgs at central vertical plane (x2 = 0, x1 − x3 plane) at coarse and finer

resolution obtained from deep learning based LES model (a) DLLES2, (b) DLLES4, and Dynamic

Smagorinsky model (c) DSM2, (d) DSM4 at time t = 51s. Comparison of vertical profiles of horizon-

tally averaged 〈νsgs〉 for (e) coarse (DLLES2 and DSM2), and (f ) finer (DLLES4 and DSM4) resolution

simulation at time t = 51s and Re0 = 105. Comparison of vertical profiles of horizontally averaged

〈κsgs〉 for (g) coarse (DLLES2 and DSM2), and (h) finer (DLLES4 and DSM4) resolution simulation

time t = 51s, 85s and Re0 = 105.
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20). An optimized BLAS operation dgemm (http://www.netlib.org/lapack/) is used for these260

matrix multiplications between the input/hidden vectors and the weight matrices. Therefore261

the acceleration of the deep learning based subgrid scale model is not only attributed to the262

lesser number of floating point operations, but also to the use of highly optimized matrix263

multipliers designed for modern computer architectures. This speed-up is measured by com-264

paring the minimum and maximum CPU time elapsed in calculating νsgs and κsgs among all265

the CPUs during the entire simulation for the deep learning based subgrid scale model and266

the Dynamic Smagorinsky model. The determination of νsgs and κsgs, and the Navier-Stokes267

solver, which primarily is the Poisson equation (an elliptic equation) for pressure perturba-268

tion, are two of the most computationally expensive modules for the simulation of turbulent269

shear layers. As indicated in table 1 the NS solver CPU time is same for all the respective270

cases (DSM2 and DLLES2; DSM3 and DLLES3; DSM4 and DLLES4; DSM5 and DLLES5),271

and is less than the SGS CPU time. Therefore, an acceleration in the computation of νsgs272

and κsgs by the deep learning based subgrid scale model will accelerate the entire simulation273

by ∼ 2− 2.5 times as compared to the simulation using the Dynamic Smagorinsky model.274

The DNNs developed in this investigation have learned the underlying physics of the275

problem resulting in their capability to establish a relationship between the flow variables and276

eddy viscosity/diffusivity. This is the reason why these DNNs are able to predict νsgs and277

κsgs for a higher Re0 at different resolutions fairly well. It should be noted that a flow with278

a different physics will require an additional simulation for data collection, and development279

of a deep learning based SGS model for that particular flow. However as demonstrated280

in this study, the deep learning based SGS model can not only provide accuracy but will281

overall be computationally cheaper (see SI for total computational time details) when used282

for parametric studies as compared to the Dynamic Smagorinsky model.283

A qualitatively similar evolution of the filtered density field (ρ) is observed between the289

deep learning based subgrid scale model and the Dynamic Smagorinsky model for the coarse290

(figures 2(a)-(c)) and fine (figures 2(b)-(d)) grid simulations. An analogous comparison for291

the coarser grid simulations (DLLES3 and DSM3) is shown in figures S5(a) and (b) in SI.292

The deep learning based LES model is able to capture the details of the flow field such as293

the secondary KH instabilities along the braids of the primary KH billows similar to the294

Dynamic Smagorinsky model. The appearance of such secondary KH instabilities are typical295

to high Re0 shear flows (Geyer et al., 2010). It can also be observed from figures 2 (e)296

and (f) that the deep learning based subgrid scale model imitates the time evolution of the297

vertically integrated turbulent and mean kinetic energy similar to the Dynamic Smagorinsky298

model for the coarse (DLLES2, DSM2) and fine (DLLES4, DSM4) grid simulations. The299

increase in TKE is attributed to the decrease in MKE signifying the conversion of MKE300

to TKE. This phenomenon is further explained by means of the production term in TKE301

budget equation in the upcoming paragraphs. Figures S5 (c) and (d) in SI also corroborate302

the accuracy of the deep learning based subgrid scale model in computing TKE and MKE303

for coarser (DLLES3) grid simulations.304

In LES the large scales are resolved whereas the small scale turbulence is modeled using309

a subgrid scale model. The performance of a subgrid scale model is determined by its ability to310

provide sufficient subgrid scale dissipation and scalar dissipation via νsgs and κsgs respectively.311

If the subgrid scale/scalar dissipation is low, energy builds up in small scales resulting in312

eventual crashing of the solver. If the subgrid scale/scalar dissipation is high the small scale313

features dissipate resulting in lower turbulence intensities and disappearance of the finer314

structures in large scales resulting in inaccurate evolution of the large structures. Therefore,315

to verify the accuracy of the deep learning based subgrid scale model it is imperative to316

compare the small (TKE, scalar variance budgets) and large scale statistics (MKE budget)317

obtained from the deep learning algorithm and the Dynamic Sagorinsky model. The TKE318

(equations 3 − 8), density variance (equations 13 − 18), and MKE (equations 9 − 12) terms319

are presented in SI.320
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(a) (b)

(c) (d)

(e) (f)

Figure 2. Comparison of filtered density ρ field at central vertical plane (x2 = 0, x1 − x3 plane)

at coarse and fine resolution obtained from deep learning based subgrid scale model (a) DLLES2, (b)

DLLES4, and Dynamic Smagorinsky model (c) DSM2, (d) DSM4 at time t = 51s. Comparison of the

time evolution of vertically integrated (e) TKE, and (f ) MKE between the deep learning based subgrid

scale model and the Dynamic Smagorinsky model at Re0 = 105.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3. Comparison of vertical profiles εsgs between (a) DLLES2 and DSM2, (c) DLLES3 and

DSM3, (e) DLLES4 and DSM4, and (g) DLLES5 and DSM5 at time t = 51s, 85s and Re0 = 105. Com-

parison of vertically integrated TKE budget terms between (b) DLLES2 and DSM2, (d) DLLES3 and

DSM3, (f ) DLLES4 and DSM4, and (h) DLLES5 and DSM5 at Re0 = 105.
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The vertical profiles of subgrid dissipation (εsgs, eqn 7 in SI) at time t = 51s, 85s for321

different grid resolutions are shown in 3 (a), (c) and (e). The resolved dissipation (ε, eqn322

5 in SI) is small as compared to the subgrid dissipation for all the cases and is not shown.323

This is attributed to high Re0 at which subgrid dissipation contributes more to the TKE324

budget, making up for the smaller resolved dissipation. Pham and Sarkar (2014) presented325

LES studies at the Re0 = 5000 in which both the resolved and subgrid scale dissipation326

contributes equally. The deep learning based LES model is able to determine the subgrid327

scale dissipation at time t = 51s, 85 fairly well for all the grid resolutions when compared with328

the Dynamic Smagorinksy model. The differences in the vertical profiles of εsgs is directly329

related to the differences in the vertical profiles of νsgs. Geyer et al. (2010) reported that330

the KH instabilities at Re0 = 1.25 × 105, Rib ∼ 0.2 − 0.25 and Pr0 = 700 has dissipation331

in the range of 3 − 6.8 × 10−4m2s−3. Note that Geyer et al. (2010) has defined Reynolds332

number based on half the velocity difference across the layer and halfwidth of the shear zone.333

Therefore, their Reynolds number of 5 × 105 equals to Re0 = 1.25 × 105. The dissipation334

from the deep learning based LES model is in the range 3.6− 7× 10−4m2s−3 (figures 3 (a),335

(c) and (e)) similar to the observations of Geyer et al. (2010).336

A comparison of the time evolution of the vertically integrated TKE budget terms337

between the deep learning based subgrid scale model and the Dynamic Smagorinsky model338

for different grid resolutions are shown in figure 3(b), (d) and (f). The resolved and subgrid339

transport terms when integrated over the computational domain are negligible and are not340

shown. The initial increase in the production term represents the extraction of energy from341

the shear, as also manifested by the decrease in MKE in figure 2 (f). This energy is converted342

to turbulence as shown by the increase in d(TKE)/dt term. At a later time (t > 60s) the343

turbulence decays owing to the loss to dissipation and buoyancy flux. The differences in344

TKE budget terms among different cases are attributed to the different grid resolutions.345

The deep learning based subgrid scale model is able to mimic the magnitude and variation346

of the production (P), buoyancy flux (B), and the advection (d(TKE)/dt) terms at different347

grid resolutions similar to the Dynamic Smagorinsky model. There are small differences in348

the evolution of the the total dissipation (ε + εsgs) which is attributed to the differences in349

νsgs computed by the DNNs amd the Dynamic Smagorinsky model.350

Comparison of the time evolution of vertically integrated MKE budget terms (figure355

4(a),(c),(e)) and density variance budget terms (figure 4(b),(d),(f)) between the deep learning356

based subgrid scale model and the Dynamic Smagorinsky model for the cases at Re0 = 105 are357

shown in figure 4. The purpose of analyzing the MKE budget is to appraise the performance358

of the deep learning based subgrid scale model in the conservation of the mean kinetic energy.359

The MKE transport terms, MKE dissipation terms and mean buoyancy production term360

(see equations 25 − 28 in SI) become negligible when integrated in the vertical direction.361

Therefore production is the only source of the rate of change of MKE. The deep learning362

based subgrid scale model respect the conservation of MKE for all grid resolutions similar to363

the Dynamic Smagorinky model as shown in figures 4(a),(c),(e). The scalar transport terms364

(resolved and subgrid) when integrated vertically also become negligible and are therefore365

not shown in figure 4(b),(d),(f). The scalar production (Pρ) term is the source whereas the366

scalar dissipation (χρ + χρ,sgs) acts as a sink for the evolution of scalar variance advection367

term (d〈ρ
′2〉
dt ). Once again the deep learning based subgrid scale model successfully captures368

the variation of the scalar production and scalar variance advection terms similar to the369

Dynamic Smagorinsky model for all the grid resolutions at Re0 = 105 with small differences370

in the evolution of the scalar dissipation term. These differences are associated with the371

differences in κsgs calculated from the deep learning based subgrid scale model and the372

Dynamic Smagorinsky model.373

4 Conclusions374

Deep learning is used as a new technique to emulate the subgrid scale viscosity and375

diffusivity for large eddy simulations of turbulent shear flows at Reynolds number relevant to376
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4. Comparison of vertically integrated MKE budget terms (a) DLLES2 and DSM2, (c)

DLLES3 and DSM3, (e) DLLES4 and DSM4, and (g) DLLES5 and DSM5. Comparison of vertically

integrated density variance budget terms between (b) DLLES2 and DSM2, (d) DLLES3 and DSM3, (f )

DLLES4 and DSM4, and (h) DLLES5 and DSM5 at Re0 = 105.
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that observed in the oceans and atmosphere. The deep learning based subgrid scale model is377

developed from a dataset obtained by simulating a shear layer using the traditional Dynamic378

Smagorinsky model at a particular grid resolution at Re0 = 104. Once this subgrid scale379

model is trained and validated, it replaces the Dynamic Smagorinsky model for simulating380

shear flow at Re0 = 105 for different grid configurations. The deep learning based subgrid381

scale model predicts νsgs and κsgs from velocities, strain rates and density gradients such that382

all the qualitative features during the evolution of the shear layer such as the KH billows, their383

instabilities, secondary KH instabilities in the braids and eventual transition to turbulence384

are captured for not only the same grid resolution but for a finer and coarser grid resolution as385

well. This model also computes the subgrid scale viscosity and diffusivity ∼ 2−4 times quicker386

than the Dynamic Smagorinsky model. This acceleration of the deep learning based subgrid387

scale model is primarily attributed to the simplification of the complex computation of the388

subgrid scale viscosity and diffusivity to vector matrix multiplications. As the computational389

time required to determine νsgs and κsgs turns out to be the prime computational burden390

for the present cases, a ∼ 2 − 4 times acceleration by the deep learning based subgrid scale391

model results in a ∼ 2 − 2.5 times speed up of the entire simulation. A deep learning392

based subgrid scale model is computationally efficient when used for parametric studies. The393

development of deep learning based subgrid scale models may require data from additional394

simulations. However the consolidated cost of the additional simulations and training the395

DNNs will be compensated as the deep learning based subgrid scale model accelerate the396

cases with different parameters.. Quantitative analysis reveal that the deep learning based397

subgrid scale model conserves mean kinetic energy during the evolution of the shear layer398

similar to the Dynamic Smagorinsky model. This surrogate LES model is also able to mimic399

the terms of the turbulent kinetic energy budget and the density variance budget as the400

Dynamic Smagorinsky model.401

The primary motivation of developing a deep learning based subgrid scale model is to402

verify the feasibility of machine learning algorithms to determine the subgrid scale processes403

accurately in geophysical flows. This study builds a confidence in experimenting with deep404

learning alogrithms in emulating the subgrid scale processes in climate models similar to405

Gentine et al. (2018); Rasp et al. (2018). The subgrid scale processes such as rain, clouds,406

mixing owing to turbulence are typically represented by physical models in current climate407

models. These physical models are sometimes complicated and introduce uncertainties in the408

outcomes of low-resolution climate simulations. The deep learning based subgrid scale models409

developed from a high resolution climate simulation dataset will be a simpler representation410

of the subgrid scale processes, and can easily be implemented in the climate model. Although411

this investigation was carried out as a proof of concept, the results are promising enough to412

motivate futuristic research in data-driven emulation of the small scale processes in climate413

and earth science models. The capability of deep neural networks in parameterizing the414

turbulent processes at finer as well as coarser resolutions accurately at reduced computation415

cost has been demonstrated in this study. Therefore deep neural network based sgs parame-416

terization can be an alternative to the sgs parameterizations based on physically motivated417

approaches in ocean (Jansen, Held, Adcroft, & Hallberg, 2015) and climate (Pieroth et al.,418

2018) models. Attempts similar to Gentine et al. (2018); Pal et al. (2019) will be made in419

the future to implement deep learning based subgrid scale models to emulate the different420

subgrid scale processes in a climate model.421
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