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ABSTRACT

A concise and transparent second order ordinary differential equation (ODE) describing the radial structure of the global geodesic acoustic
mode (GAM) is analytically presented in a low-f§ tokamak plasma. The large-aspect-ratio and circular cross section are assumed to linearize
the ideal magnetohydrodynamic equations. We show clearly how finite f-dependent terms affect the global GAM frequency and radial mode
structure. A typical Wentzel-Kramers-Brillouin form of solution is found for some reversed shear equilibria. For some other equilibria with
lower f, even also in a reversed shear tokamak, the GAM continuum is upraised by the high order -dependent terms so that its maximum is
beyond wg, where wg s the classical local frequency of GAM. As a result, no self-consistent solution to the ODE can be found.

I. INTRODUCTION

Geodesic acoustic mode (GAM) is a fundamental phenomenon
existing in tokamak plasmas. It plays an important role in modulating
the plasma turbulence.” © GAM is considered as the high frequency
branch of zonal flows (ZFs) with zero toroidal and poloidal wave num-
bers, i.e., m=0and n=0. A typical frequency of GAM is determined
by 4 (? — w3) % =0 with 0% = (2+ 1/q%)c?/R?, where q is the
safety factor, c; is the local sound speed, R is the major radius, and ¢,
is the perturbed electrostatic potential with m = 0. There is no global
mode solution unless % = 0, which is of no meaning. The local dis-
persion relation read as w* = w leads to a continuous spectrum. It is
natural for us to study the existence and radial structure of global
GAM (GGAM). The GGAM was found in a reversed shear configura-
tion plasma by the CASTOR code associated with JET experiments’ as
well as in turbulence simulations in a reversed shear tokamak.”

Theoretical investigation shows two ways to generate the GGAM.
In the gyro-kinetic framework, taking into account second order
finite-orbit-width (FOW) and the finite-Larmor-radius (FLR) effect
leads to the local dispersion relation as w? = w2 + O(k,p;)*, where
k, is the radial wave number, p; is the ions’ Larmor radius, and

ok = (7/4+ T./T;)(2T;/m;) is the kinetic GAM frequency, in
which T;(T,) is the ions’ (electrons) temperature, and m; is the ion
mass. Then replacing k, by —i0, gives birth to a second order ordinary
differential equation (ODE) determining the radial structure of the
GAM eigenmode.” The other way is to consider the finite  effect in
the fluid framework. So, the m =0 component of the perturbed elec-
trostatic potential and m = *2 sideband can be coupled together.'’ "

Most of the previous work related to the radial structure and
global mode of GAM in the fluid frame is based on the vortex equation
and current quasi-neutrality condition V-] = 0, where [ is the
plasma current.'”"* For example, in an excellent analytical work,'’
Kolesnichenko et al. (hereinafter PPCF2013) presented the ODE for
GGAM. But its expression is not concise enough. It is difficult to show
which term plays a key role in the formation of GGAM, and which
term can be safely eliminated. Also, as pointed out in Ref. 15, since
J =V x B (in the low-frequency approximation) has been used in
the linearization of the ideal MHD equation, which is an enclosed
system, there is no need to introduce an additional equation to derive
the linear dispersion relation or the final ODE. Reference 10 used the
vortex equation and the current quasi-neutrality condition along with
the MHD equations, and Ref. 12 used extremely complicated ordering



analysis to derive the ODE, which was presented as the 94th equation
in their paper.

Early in 2008, Wahlberg performed a second order ODE
describing the harmonics by solving the Frieman-Rotenberg eigen-
value equation in the presence of toroidal rotation, but focused on
the effect of toroidal rotation on the local GAM frequency.'® In his
following work cooperated with Graves,'” the ideal MHD theory is
used to investigate some fundamental properties of the geodesic
acoustic continuum modes in tokamaks, including their global
structure, their associated magnetic components both inside and
outside the plasma, and the effects of a non-circular cross section
of the plasma. In a recent work,"® with the help of the ordering
analysis method, Wahlberg and Graves extended their MHD analy-
sis in Ref. 17 to calculate additional components of GAM which
exist outside the GAM surface in shaped tokamaks. However, they
did not pay much attention to the global structure of GAM and the
eigenfrequency of GGAM.

In the present work, starting from the linearized ideal MHD
equations, we present a concise and straightforward derivation for the
ODE determining the radial structure of d¢,, the m = 2 component of
the perturbed electrostatic potential. The mode equations describing
¢, and ¢, and the ODE presented in this work show their difference
from the results reported in Refs. 10-12. The difference is illustrated in
detail and it is explained how the discrepancies come into being. Our
results clearly imply that some high-order terms can play a significant
role in the generation of GGAM. The rest of the present work is
organized as follows: Sec. II is devoted to the linear derivation. The
final two mode equations and ODE are presented. Section III is
the detail discussion about the eigenfrequency and mode structure of
the GGAM for different equilibrium profiles. Finally, the conclusion is
given in Sec. IV.

1. CONCISE DERIVATION

Let us start our derivation from the ideal MHD equations, which
read

op +EpV i+ - Vp =0, 1)
pS = —Vp+(VxE)xB, )
B =V x (i x B). (3)

Here, p, p, i, and B are the pressure, plasma mass density, fluid
velocity, and magnetic field, respectively. The magnetic constant 1, (as
well as Boltzmann constant kg below) is omitted for simplicity of nota-
tion. In order to linearize these equations, we consider a large-aspect-
ratio tokamak plasma with a toroidally symmetric magnetic field
B = I(y)V{ + V{ x Vi and work in the (r, 0, {) coordinate system,
where () is the magnetic flux, and 0 and ( are the toroidal and
poloidal angles, respectively. A circular cross section is assumed in our
calculation with R = Ry + rcos 6 with e = /Ry < 1 and a low-f§
condition is adopted. The prefix  denotes the perturbed profile. The
displacement ¢ is expanded into &, Vr+ QHB /B+ &B x Vr/B.
Keeping the terms to the leading order, we obtain the following linear-
ized equations:

op = —cpp —p'é, (4)
0B, = BV||¢,, (5)

0By = V(B&) + 1&s (6)
2v? P’
0B = —B («) + 2Kl + 26,8 + sl - EQ) ?)

1 ‘
—pw?éy = ——0pOP +J|0B, + BV (9By/B)

+2K4(0P + pp +p'E,), (8)
AP . )
7pa)2§r = *W — (]H + X)ng + BVHOB,
+2K,(6P + po + p',). ©)

Here, ¢ stands for V - £, K is the geodesic component of the mag-
netic curvature /C defined as (B/B - V)B/B, and K, is the radial com-
ponent of K. y is short for B";’Z Vi - V(IN)+ LV (R2VY)

-1 Vl;RY" » which can be simplified to ; B -s. Here,s = dIng/dInr is the
magnetic shear. ]| is the parallel equlhbrlum current, defined as
Jj =LV - (R7*V) — I'}' /(BR?). The prime denotes the derivative
to the minor radius r. Generally to the leading order, we can assume
Jj = ;TOU 1, where the subscript 0 denoted the value at r =0, namely,

on the magnetic axis. 6P = Jp + BB represents the total perturbed

pressure. The parallel displacement ¢ = — . (7).

¢ = I'p/p is the local sound speed with an adiabatic index I'.

A typical assumption used for GAM is 6P ~ 0, in order to elimi-
nate the coupling with a fast magnetosonic wave (FMW). That means
in the reduced MHD equations, we have'’

dp &V
1+20 4 2 Vg 42K, + 2K,8, = 0. (10)
B2 w?
According to Egs. (6) and (7), it is reasonable to assume
B&y = Bo&,- (11)

The second mode equation is often derived from the current quasi-
neutrality condition,'"'”"* and normally ordering analysis is used by
dropping high order terms."” Here, we use Egs. (8) and (9) to elimi-
nate their first terms on the right-hand side, then we arrive at

2 2 2p2 2
g Ry f) +w Ry Oé, — 9 (2 sin GC;rRO(p>
., or vy

or 04

2
—0p 2cos0—5 Ry
v%

o [r 17+5
_E(q o2 gn> 8
o [r s )
o +S)3()f>r 9 00, - 00,
) ) p/ . p/ 3
+E (2rR0 sin QB—% g,) + 0y (2R0 cos@B—%g, , (12)

where 3 = B3 /p is the Alfvén velocity. Recall again that B, is the
magnetic field on the magnetic axis, while the density p = p(r) is the
local one.

In the low-f (f < 1) condition, the leading order terms of Eq.
(10) are



CZvZ
( Swz”)w +2K9E, = 0. (13)

Recalling that ¢ is defined as V - E, wefindp =V - El cz/w VH(/J
On the other hand, there is

- 18, , 1
V- CL =—5 (rgr) - ZICOfn + 780&11- (14)
ror r
It is easy to find that
0 .
E(rér) = _aHCn' (15)

A general set of non-trivial solutions to the equation above is ¢, = %
and &, = — 19

For simplicity of notification, let us introduce the normalized fre-
quency @ = mR,/cy, the normalized temperature T'(r) = ¢ /c2, and
B(r) = T'p/B} depending on the magnetic flux via p(r) = p(r)T(r).
The overlines of T and @ are omitted below without causing confu-
sion. Meanwhile, ¢, = Ry is defined, and Cy =sin0/R, and
K, = —cos 0/R, are adopted. Generally for GAM, we consider the
sideband couplings of ¢ and ¢.,,"”” where ¢ =3 e is
assumed, and simply suppose ¢,, = 0 for odd number m. As a result,
we can ignore the last two terms in Eq. (12). By substituting &,, and &,
into Egs. (10) and (12), we obtain the following two equations:

(1+ﬁ+ 82> —ZsinH%—Zcosf);@m’J, (16)

;r ( T @> - i(Zﬁr(ps sin0) — 9y (2@, cos 0)

d
= ( 2 dr ()([’) (wZﬁT*1 - S(ﬂq—js)

4 ("+S> +— 82>82¢ 17)
ar\ ¢

For m =0 and m = 2, the two equations above yield the following
two mode equations as

dpy T (.db, 4d)\
(? — )TrOer( —2+72) =0, (18)
and
d 1 ?BT7' B(GT + G5 d(,i)2
ar| ¢ 4 + 4 ar
i (Bor i) Hoprts L 954
—q—l(n+s)/—/3<Gfl+G;1)+§[ﬁ(6;1—G;‘)}’}da:m
(19)

respectively. Here, % = (2 + qiz) T/(1+ P) is the local normalized
GAM frequency with modification of finite f.">'” The local fre-
quency depends on the minor radius r, leading to the continuous
spectrum of GAM. G, stands for 1 + 8 — m?T/(w?q?). Zeroing it
leads to the toroidal acoustic modes (TAM) frequency wry,

m?T/(q*(1 + B)) with poloidal wave number m. We have
adopted the fig> < 1 condition to cut off the coupling chains, i.e.,

¢y ~ 0 since there is ¢., ~ (fg*)*¢,. The two equations above

describe the radial structure and the global mode of GAM in an ideal
MHD framework by taking into account the finite f§ effect. Equation
(18) reminds us that if we assume ¢y = r*¢,, the two mode equa-
tions can be simplified to

do, 2T doy

(0* — 0f) =2 o +(1+ﬁ)r2 o =0, (20)

as well as
d[l l_wzﬂT—l+ﬂ(Grl+G;1)> dqﬁN}
ar|r @ a4 4 dr
—i%(ﬁGrldd—%"%%{( s a)s—rn+s)
3 BoP T =256 | by =0 e

The finite f§ is shown to play a crucial role in the sideband coupling.
When zeroing f, there is only a trivial solution with ¢, = const and
¢, = 0, which is of no interest and will not be discussed here. By
inserting Eq. (20) into Eq. (21), we finally obtain the second order
ODE describing the radial structure of the m =2 harmonic of the
GAM potential:

i l i+lﬁ wz I ﬁ 7602/}]‘*1 dqu
dr (PP \¢ 4 w?— o} 4G, 4 dr

1
+W{(n+5+4)s—r(n+5)/

+ nf% [B(@*T7' /2 - G 1] }(bN =0. (22)

Here, f; is short for m As discussed in Ref. 12 (hereinafter as
NF2018), w¢ forms a continuous spectrum. At least, we can find a
point r = 7o, at which @ = wg(r) is satisfied. Only in the region near
1o, One has w? — wé ~ O(f), so the second term in the first bracket
of the equation above can be compared to 1/¢?. In the region far away
from ry, @* — % ~ O(1) could come into being due to the radial
profile of T and g. As a result, ¢, tends to be flat (namely, d¢,/dr is
small)."" The boxed terms are formally of higher order than other
terms and will be specifically discussed in Sec. II1.

11l. DISCUSSION

We point out that the first mode equation (20) here is the same
as the one in Ref. 10 (Hereinafter as PPCF2014) [see Eq. (17) and note
that their @, equals our 2¢y]. But the second mode equation (21) [or
the final one Eq. (22)] is not identical with its analog in PPCF2014.
When the G; ! — dependent term is disregarded, fi; is abbreviated as f3,
the second boxed term is neglected, and 1 = 0 is adopted, our result is
reduced to the one in PPCF2014. Indeed, even the G; term may be
safely ignored since it is much less than other terms, and fi; can be
directly replaced by f without loss of importance. However, =0
means /jj = 0. This is not a realistic assumption in a large-aspect-ratio
tokamak in the limit of a circular cross section, even it has been
adopted in Refs. 10, 14, and 21. This assumption will dramatically
reduce the efficiency and applicability of the ODE since generally,
thereisn =2 —s.



When we let 7 + s = 2 and neglect the two boxed terms in Eq.
(22), NF2018’s result [see Eq. (94) in NF2018] is exactly recovered. It
costed almost ten pages and more than 90 equations in NF2018 to
derive the ODE by using complicated ordering analysis, and eventually
only the leading order terms were presented. As mentioned above,
only in the small region of r ~ r, the second term in the first bracket
of the above equation can be of order O(1). In the region far away
from 7, this term is of the same order as the first boxed term. As a
result, the absence of the first boxed term may induce some discrep-
ancy. Besides, due to the fact that wr; can be comparable to wg in
some cases, the effect of #/G3 term may be of great importance.

Equation (19) shows that ¢, is of the order fig*¢,. And there-
fore, the higher order harmonics are ignorable (¢,, = B 24" ¢, for
even number m. ¢, plays a key role in generating the global mode.
The other factor is the FLR effect, which is considered in the gyro-
kinetic framework,” but not taken into account here. Although G,
seems to be a singularity in the mode equation (21), it can be elimi-
nated in the ODE (22). That means there is no global mode for the
TAM. Furthermore, PPCF2014 used the vortex equation and the cur-
rent quasi-neutrality condition V - 6] = 0 to derive the mode equa-
tions, as done in Ref. 11 (hereinafter PPCF2013). The ODE in
PPCF2013 [see Eq. (64)] is not as transparent as our result Eq. (22),
but detail analysis shows that after removing the term (1 — 1/¢*)rf,
Eq. (64) in PPCF2013 is identical with our result. Let us again pay
attention to Eq. (17). When we set w =0 and hence ¢, = 0 according
to Eq. (16), the equation is simplified to (r¢’,/q*)" — (25 + m?) ¢,/
(rg?) = 0. There is no possibility that a term related to ' can be gen-
erated here. However, that term has only tiny quantitative effect on
the eigenfrequency and mode structure and consequently, can always
be disregarded safely.

A. Case for (0) = 0.01

As pointed out in PPCF2013, the GGAM with a reversed-shear
configuration was found by the CASTOR code in Ref. 7. PPCF2013
showed that in the presence of energetic ions, the GAM continuum
can have a maximum even when ¢(r) and the radial profiles of plasma
parameters are monotonic, which eventually leaded to a GGAM. Here,
due to the lack of energetic ions or other non-ideal dissipative effects,
we do not consider the energetic-particle-induced GAM (EGAM) and
follow PPCF2013 to use the similar equilibrium profiles by restricting
ourselves to the reversed-shear condition, as shown in Fig. 1.

Let us focus on the coefficient of ¢}, term in the ODE. Due to the
presence of the boxed term, the coefficient is rewritten as

(@? — O3)(w? — O}) (w0’ — OF)

(@ - o) - ) 9

o
Here, o represents other terms in the coefficient, Os is the continuum
related to w? BT~ /4 with the greatest frequency >, corresponding
to the no global mode. O is the continuum introduced by the term
B/Gs with w, = 9T/[¢*(1 + B)]. Both O, and O; do not exist in
NF2018 since the boxed terms are ignored. As illustrated in Fig. 2, O,
is the GAM continuum and its analog is mode O in the case without
boxed terms. For convenience of discussion, let us define case A with
the boxed terms and case B without the boxed terms here. It is not sur-
prising that O, is reduced to O = wg/+/(1 + ¢*f,/4) without the
boxed terms. Figure 2 also shows wf and w? have tiny differences
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FIG. 1. Equilibrium profiles for case A and B: f(r) = (0)(1 — ,2)% with $(0)
=0.01, g(r) =10(r — 0.5)2 +2.5, T(r) =1 — r*. Here, ris normalized by the
minor radius.

with each other, where w‘f‘(m

for case A(B).

The radial structures of ¢,, ¢, and ¢, for different eigenfre-
quencies of GGAM are shown in Fig. 3. The results in case A and in
case B are plotted together to make a comparison. Figure 3 implies
clearly that although the high order boxed term introduces O, and Os
continuums, it has a trivial effect on the GGAM. Curves for case A
have only ignorable quantitative discrepancy with the curves for case B.

is one of the eigenfrequencies of GGAM

B. Case for (0) = 0.001

The boxed terms, or more specifically, the first boxed term in the
ODE cannot be disregarded in all cases, whereas the second boxed

12 - - Case A ‘with boxed tc‘rms, O
—-—-Case A with boxed terms, Os
101+ Case A with boxed terms, O3 1
——Case B w/o boxed terms, O
—wg =TT A+ B)
gl -~ VI 9) |
—w
b
3 6 1.42
3 14
4 b _ 4
1.38 4
2+ 0 0.1 0.2 .
0 | \ L N
0 0.2 0.4 0.6 0.8 1
r

FIG. 2. Eigenfrequencies and different branches of continuums. « = 1.3993 and
P = 1.3995 are almost the same.
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FIG. 3. The radial structures of ¢, ¢, and ¢; (i.e., the m=0 component of the radial electric field £,) are displayed for case A and B. n represents the number of turning
points of the curves. PPCF2013 considered only n= 1 and n =2 cases with different /3. The bottom plot shows that the less the distance between the eigenfrequency and the

continuum O,/O is, the larger n'is, or the larger the radial wavenumber k. is.

term is ignorable. The role of the boxed term varies with the equilib-
rium profiles. The ODE (22) can be simply written as (ag},)’ + boy
=0. After making the transfer f = ./a¢y, the ODE can be
re-expressed in a standard form, f” + ¢f = 0 withc = %‘W.
Numerical evaluation shows that for the GGAM with equilibrium

profiles displayed in Fig. 1 and an eigenfrequency in Fig. 3, c is almost
positive in all the regions. So the ODE will have a local
Wentzel-Kramers-Brillouin  (WKB)  solution with &, ~ /c.
Meanwhile we note that ¢ is almost proportional to 1/(w? — 0?).
Hence, the smaller w — O is, the larger ¢, viz. the larger k, is. In the
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FIG. 4. The radial distribution of the value of c. In most regions, c is positive. In the
region of r < ry, ¢ for n = 3 is higher than the one for n= 1 by almost two orders.

outer region r > 7y, c is relatively small, meaning long wavelength.
These are all confirmed by Figs. 3 and 4. When the equilibrium profile
is changed to make ¢ negative in most of the region away from r, the
mode structure will be remarkably different. Figure 5 shows the equi-
librium profile considered in NF2018. When the boxed terms are
disregarded, the mode structure is plotted in Fig. 6, in which the eigen-
frequency w,j; = 1.4895 is used as shown in Fig. 7. The left-top plot
in Fig. 6 also can be found in NF2018 (see Fig. 2 in NF2018). The value
of the term c¢ is shown in the bottom plot. Just as discussed above, in
the region away from o, c is negative, leading to the exponential distri-
bution. As a result, the spatial scale length of the mode for ¢, seems to

q(r) & s(r)

Br)/By & T(r)

FIG. 5. Equilibrium profiles for case C (with boxed terms) and D (without boxed
terms): § = B(0)(1 — r2)(1 — r*) with B(0) = 0.1%, T =1 —r*, g = —1.67/
+6.64r" — 4.79r2 + 2.5,

-50 ‘ ‘ ‘
0

0.2 0.4 . 0.6 0.8 1

FIG. 6. The radial structure of ¢, ¢y, ¢, and ¢y is plotted, and the value of
term c is evaluated for case D.

be much greater than the one in Fig. 3. However, NF2018 did not pay
any attention to ¢, and ¢. As shown in the right-top plot in Fig. 6,
¢, has an extremely narrow structure with a sharp peak basically
around ry,.

After we take into account the boxed terms, the result will be
remarkably changed. In fact, we cannot find a self-consistent eigenfre-
quency and a corresponding global mode. It is due to the presence of
the boxed terms, the GAM continuum O, is significantly upraised in
the region about 0.35 < r < 0.9, beyond both w¢ and the continuum
O, as shown in Fig. 7. The necessary condition for the existence of

251 -Case C with boxed terms, O; . 1
—--Case C with boxed terms, Oy
—Case D w/o boxed terms, O
2 —we=yT2+1/¢)/(1+5) 1
— = Weig
15pac===-
3 —_
1 |
0.5¢
0I
0

FIG. 7. The continuums for case C and case D under the equilibrium profile in
Fig. 5. The eigenfrequency is chosen to be 1.4895.



global GAM is that there is a gap between the maximum of the GAM
continuum O, and @g. In other words, the eigenfrequency of GGAM
should be greater than the maximum of O, but less than the maxi-
mum of wg”'

IV. CONCLUSION

The global GAM is investigated by using the ideal MHD equa-
tions. The major results of this work can be summarized as the follow-
ing three parts:

1. Using only the closed set of linearized ideal MHD equations, we
concisely derived two mode equations describing ¢, and ¢,, the
m=0 and m =2 components of the GAM perturbed electro-
static potential, respectively. According to the two equations, the
second order ODE determining the eigenfrequency and radial
structure of the global GAM (GGAM) is presented in Eq. (22).
The vortex equation, the current quasi-neutrality condition
V -7, and the ordering analysis are not additionally applied.

2. The high order boxed term in the coefficient of the second-order
differential term in the ODE (22) will introduce another two
continua, a higher frequency one O; and a relatively low fre-
quency one O;. Under some equilibrium profiles, for instance, in
the reversed shear equilibrium profiles shown in Fig. 1 with
f(0) = 0.01, the boxed term has a trivial effect on the GAM con-
tinuum O, and no qualitative effect on the eigenfrequency and
radial structure of GGAM. There is a maximum of O, or the
GAM continuum O in the case without the boxed term, and
the eigenfrequencies are all beyond the maximum, as shown in
Fig. 2. When the ODE is re-expressed in a standard form
f" 4 ¢f =0, c remains positive in most regions except around r,
(see Fig. 4), where r, is the point at which @ = wg(ry). The
mode structures displayed in Fig. 3 are well explained when
the eigenfrequency is much closer to the GAM continuum, the
ODE has a local WKB solution with a much larger radial wave
number k,.

3. Tt is noted that for different equilibrium profiles, such as the one
shown in Fig. 5 with an extremely low g [$(0) = 0.001],
although still reversed shear, ¢ becomes negative in most regions
away from 7o, leading to different mode structures in the case
without boxed terms. We show that the boxed term plays an
essential role and cannot be neglected. It upraises the GAM con-
tinuum remarkably and hence the gap between w¢ and the maxi-
mum of the GAM continuum disappears, as seen from Fig. 7. As
a result, the solution illustrated in Fig. 6 does not exist now.

In the shear-reversed configurations, the GAM frequency natu-
rally has a maximum, leading to the gap between the GAM continuum
and the local GAM frequency, which leads to the existence of eigenso-
lutions. While in the presence of energetic particles, the extremum in
the GAM/EGAM continuum branches can come into being even for a
monotonic g(r)."" It is important for us to understand the EGAMs,

because the energetic particles need to be well confined and the bulk
plasma heating efficiency needs to be improved in the magnetic con-
finement fusion devices.”” Further investigation on the radial
structure of EGAMs will be the scope of our future work.
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