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Simulation of a strong steady-state plasma shock in a warm dense matter
regime

Brett D. Keenan,1, a) Chrismond D. Smith,2 Daniel Livescu,1 Jeffrey Haack,1 and Robert S. Pavel1
1)Los Alamos National Laboratory, Los Alamos, NM 87545, USA
2)University of Texas at San Antonio|One UTSA Circle, San Antonio, TX 78249

The structure of collisional plasma shocks has been subject to an extensive, multi-decadal investigation – in the hydro-
dynamic, hybrid kinetic ion/electron fluid, and fully kinetic ion/electron limits. Despite this thoroughness, all of these
studies apply exclusively to classical, weakly-coupled plasmas. Here, we report the first results for a planar hydrody-
namic simulation of a strong, steady-state shock in a subspace of the warm dense matter (WDM) regime. Specifically,
we consider a plasma of fully degenerate electrons with moderate-to-strongly coupled ions. Since the WDM ion and
electron transport coefficients and EOS differ markedly from their non-degenerate, weak-coupling equivalents; we find
that the structure of a WDM plasma shock notably deviates from the ideal plasma picture.

I. INTRODUCTION

The warm dense matter (WDM) regime covers a very
broad range of material densities and temperatures, and is
quite ubiquitous in high-energy-density (HED) environments.
Such settings where WDM may be found include: white
dwarf stars, the interior cores of the solar system gas giants,
and certain phases of an Inertial Confinement Fusion (ICF)
implosion.1 Unlike classical, weakly-coupled plasmas, WDM
is characterized by strong plasma particle correlations and
may involve quantum mechanical effects (e.g., electron Fermi
degeneracy).

Another phenomenon that many HED systems have in com-
mon is the appearance of shocks; which is particularly the
case for ICF. While the structure of a plasma shock in weakly-
coupled plasmas (with purely classical electrons and ions) has
been well explored,2–10 to our knowledge, no results for any
WDM regime have been published. We aim to rectify this
by reporting the first results for a hydrodynamic simulation of
a strong, steady-state, planar plasma shock in a WDM regime
characterized by strongly-coupled ions and fully Fermi degen-
erate electrons.

We acknowledge that strong shocks are intrinsically kinetic
in nature, and that the hydrodynamic (i.e., continuum) ap-
proach will not capture these effects. However, as a first step
toward uncovering the structure of WDM shocks, we follow
the historical precedent2–5 established by the study of non-
degenerate/weakly-coupled shocks, by first considering the
hydrodynamic approach. Limitations of hydrodynamic mod-
eling aside, we show that the WDM shock structure displays
some notable differences from the non-degenerate/weakly-
coupled continuum solution.

Another advantage to using the hydrodynamic limit is
the fact that, via the Green-Kubo11,12 relations, equilibrium
molecular dynamics (MD) simulations can be used to calcu-
late the ion transport coefficients in the strong Coulomb cou-
pling regime. Equilibrium MD can also be used to infer the
ion equation of state (EOS).

The paper is organized as follows. Section II reviews

a)Electronic mail: keenan@lanl.gov

the basic structure of plasma shocks in the weakly-coupled,
purely classical limit. Section III describes the basic physics
parameters and orderings which confine the WDM subspace
we consider in this study. Next, Section IV details the fluid
equations we use to simulate a WDM shock. Then, Section
V considers subtleties surrounding the meaning of the mean-
free-path in a strongly-coupled regime, and presents a reso-
lution. Section VI explains the hydro code, SHion, which
we use for our simulations. After that, Section VII shows
our main results, which make it clear that the structure of a
WDM shock differs from the non-degenerate/weakly-coupled
equivalent. We address the uncertainties in our EOS model
in Section VIII, and consider the impact of kinetic effects on
the plasma structure in Section IX. Finally, we conclude in
Section X. All equations appear in cgs units.

II. REVIEW OF COLLISIONAL PLASMA SHOCKS

We start with a review of collisional plasma shocks. To
our knowledge, the structure of plasma shocks has only been
studied in the non-degenerate/weakly-coupled plasma regime.
Multiple authors2–5 haven shown that the hydrodynamic struc-
ture of a strong (non-radiative and non-magnetized), planar,
steady-state plasma shock can be divided into three distinct
regions. These are 1) an electron preheat layer, in which the
electron temperature exceeds the ion temperature in the front
part of the shock, of length ∼

√
mi/meλii – where mi and

me are the ion and electron mass, respectively; and λii is
the post-shock (downstream) ion-ion mean free path (mfp);
2) an ion compression shock of a few λii in length, wherein
the plasma density is compressed by a factor of about 4 (for
shocks in monoatomic ideal gases; like weakly-coupled plas-
mas), and the electrons are heated quasi-adiabatically; 3) a
layer behind the shock where the ion and electron tempera-
tures equilibrate – which is also of length∼

√
mi/meλii [see

Figure 1].
As we expand upon in Section IX, plasma kinetic effects

cause the structure of a shock to differ from the hydrodynamic
picture,6–8,10 by smearing out the sharp features near sites of
strong gradients (see Figure 2).

Nonetheless – as Figure 2 attests – the basic division into
three distinct regions remains. For our study – which ap-
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Figure 1: Normalized temperature profiles for a
non-degenerate/weakly-coupled, single-ion, hydrogen plasma shock
withM � 1 at steady-state in a planar geometry. T0 is the upstream

temperature, and λUS
DD is the upstream ion-ion mean-free-path.

Reproduced with permission from Keenan et al., Phys. Rev. E 96,
053203 (2017). Copyright 2017 American Physical Society.
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Figure 2: Normalized temperature profiles for a
non-degenerate/weakly-coupled, D-3He, hydrogen plasma shock

with M = 5 at steady-state in a planar geometry. Here, the
solutions labeled iFP are from a Vlasov-Fokker-Planck code –

which is fully kinetic for the ions, but uses a fluid electron model.
The hydro curves are obtained from the SHion shock code.

Reproduced with permission from Keenan et al., Phys. Rev. E 96,
053203 (2017). Copyright 2017 American Physical Society.

proaches shock structure from the hydrodynamic perspective
– it will be the non-degenerate/weakly-coupled fluid results
which provide our reference point.

III. BASIC PHYSICS CONSIDERATIONS

For our main results, we will consider hydrogen plasma,
only. However, for the sake of generality, let us first consider
a generic single-ion plasma (labels “i” and “e” signify the
ion and electron species s, respectively) in a non-magnetized,
non-radiative, non-relativistic plasma with strongly-coupled,
classical ions and fully Fermi degenerate electrons. This rep-
resents a subspace of the WDM regime. The ion coupling
strength is then fully determined by the Coulomb coupling
parameter

Γi ≡
Z2
i e

2

aTi
, (1)

where Ti is the ion temperature, e ≡ |e| is the elementary
electric charge, andZi ≡ qi/e – where qi is the net ion charge,
and

a = [3/(4πni)]
1/3 (2)

is the Wigner–Seitz radius (i.e., the average separation dis-
tance between plasma particles) – where ni is the ion number
density. Ions occupy the moderate to strong coupling regime
when Γi & 1.

Next, the impact of electron degeneracy depends upon two
key parameters: 1) the Fermi temperature13

TF ≡
2

3
εF =

(
π4/3~2

31/3me

)
n2/3
e , (3)

where ~ = h/(2π) is the reduced Planck’s constant, me is
the electron mass, ne is the electron number density, εF is the
Fermi energy; and 2) the Thomas-Fermi screening length13

λTF =

(
π

3ne

)1/6 ~
2Ziem

1/2
e

. (4)

If the electron temperature, Te � TF , and a � λTF ,
then the electrons are strongly Fermi degenerate. In this
case, the degenerate electrons largely serve as a neutralizing
background for the ions. This is the regime where the one-
component plasma (OCP) accurately describes the ion state.13

In the opposite limit of a � λTF and Te � TF , the
ion and electron interactions are mostly classical, unless an
electron-ion pair approach each other within their de Bröglie
wavelengths, λe and λi; at which point, effects like quantum
diffraction become important. These effects, however, can be
approximated via the use of an effective potential for a two-
component (i.e, ion+electron) plasma (TCP).13

Finally, we can quantify the role of electron strong coupling
effects using the Brueckner parameter, rs – which is the ratio
of the Wigner–Seitz radius to the Bohr radius14

rs = a/aB . (5)

For a hydrogen plasma

rs =
Γi
2π

(
a

λe

)2

. (6)



3

Figure 3: A selection of the range of temperatures and densities
visited by a radiation-hydrodynamic simulation of NIF shot

N170601.17 The shaded area represents the sub-space which abides
by the WDM orderings from Eq. (7), and the magenta curve is the

characteristic path of the D-T ice layer through ρ-T space. The
leftmost edge of this curve represents the time of the main shock
rebound from the capsule center, and the rightmost edge is near

peak thermonuclear reactivity.

Electrons are weakly-coupled when rs � 1. To avoid com-
plications associated with TCP in this study, we assume the
following orderings

Γi & 1, (7a)

Te
TF
≡ θ . 1, (7b)

λTF & a, (7c)

rs . 1, (7d)

so that the local plasma equilibrium is well described by
molecular dynamics (MD) simulations of just ions in a neu-
tralizing background (provided by degenerate electrons). This
then allows us to use OCP-type MD simulations to inform
the models we adopt for ion transport coefficients and the ion
EOS. Given the assumption of full electron degeneracy, we
also employ the ideal Fermi gas EOS for the electrons, and the
Boltzmann-Ziman model15,16 (with a generalized Coulomb
logarithm) for their thermal conductivity.

With National Ignition Facility (NIF) ICF implosions shots
in mind, we plot the density and temperature range of a
radiation-hydrodynamic simulation of NIF shot N17060117 in
Figure 3. The WDM subspace described by Eq. (7) roughly
fits around the characteristic evolution curve of the D-T ice
layer – as extracted from Rinderknecht et al.17 using Datathief
III.18

Our ion MD simulations use the Yukawa-OCP model. This

entails a simulation of just ions, all interacting via an effective
(screened) potential. We use the following ion-ion potential19

Uαβ =
Z2
i e

2

r
exp (−r/λ) , (8)

where α and β denote individual ion particles, and

λ−2 ≡ 4πe2ne√
T 2
e + T 2

F

, (9)

is an effective screening length which bridges the gap from
the classical (i.e., Debye-type) to the fully degenerate (i.e.,
Thomas-Fermi-type) screening regimes.

Despite the fact that we treat the electrons as a neutralizing
background in our MD simulations, we still allow Ti 6= Te
(where Ti is the ion temperature) in our fluid shock simula-
tion. We believe that this assumption is justified in the regime
of interest, since the ion EOS and transport coefficients are
largely independent of the electron dynamics. This is certainly
the case in weakly-coupled plasmas, where ion-ion collisions
exclusively determine the ion transport coefficients (i.e., vis-
cosity). Admittedly, however, correlation effects between ion
and electrons can be very consequential in strongly-coupled
plasmas. In other words, ion-electron interactions can make a
Virial contribution to the ion transport coefficients and EOS.

Nevertheless, by using an effective MD potential (as we do
here), the impact of ion-electron correlations on ion transport
and the EOS can be emulated – as long as these correlations
remain relatively weak. In this respect, Te 6= Ti is handled
via Eq. (8) by using a separate electron temperature to define
the screening length, and it is thereby assumed that any weak
ion-electron correlations impact transport and EOS properties
exclusively via the effective ion-ion potential.

Nevertheless, while only weak ion-electron correlations
may be present within the shock front itself, ion-electron
temperature equilibration occurs downstream of the plasma
shock. Fortunately, we can approximate the impact of ion-
electron correlations on thermal equilibration by using a gen-
eralized i-e Coulomb logarithm (informed by dedicated TCP
MD simulations20).

As a final consideration, we note that the plasma ioniza-
tion state can vary across a WDM shock. For this study, we
will ignore this effect, and assume that Zi remains constant
throughout the entirety of the WDM shock.

Having elucidated the microphysics underlying our EOS
and transport models, we describe the fluid equations used to
simulate a hydrogen (Zi = 1) WDM shock in Section IV.

IV. PLASMA FLUID EQUATIONS

To simulate a plasma shock in the WDM regime, we appeal
to the equations of hydrodynamics. Since we allow Ti 6= Te,
we will require a set of equations for both the ions and the
electrons. First, we describe the ion fluid equations in the
following.
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A. Ion Hydrodynamic Treatment

Allowing Ti 6= Te means that we require separate evolu-
tion equations for the protons and electrons. The ion quan-
tities (mass density, temperature, and flow velocity) can be
obtained from the total plasma continuity equations. By im-
posing quasi-neutrality, and ignoring electron inertia, only the
electron energy equation is then required to close the system.

With a focus on the ion physics, we note that the total
plasma mass continuity, momentum, and energy equations are
given by21–24

∂tρ+∇ · (ρu) = 0, (10a)

∂t (ρu) +∇· (ρu⊗ u) + e (Zini − ne)E = −∇· σ↔, (10b)

∂t (niEi + neEe) +

∇ · (niEiu + neEeu + q + u · σ↔) = J ·E,
(10c)

where ρ ≡ ρi + ρe = mini + mene ≈ mini is the
plasma mass density (ns denotes a number density for species,
s = i, e), u is the bulk fluid velocity, Zi is assumed constant,
E is the macroscopic (Vlasov) electric field, J is the electric
current density, E is the total plasma internal energy, and σ↔ is
the plasma stress tensor, defined by23–25

∇ · σ↔ = ∇p−∇ ·

{∑
s

ηs

[
∇u + (∇u)

T
]}

+

∇ ·

{∑
s

(
2

3
ηs − µsb

)
∇ · u

}
−
∑
s

nsF
C
s (x, t),

(11)

wherein, the sum is over both ions and electrons, ηs is the
species shear viscosity, µsb is the species bulk viscosity, p ≡
pe + pi is total pressure (where pe and pi are the electron and
ion pressures, respectively), FCs is the Coulomb force between
a particle of species, s and all other particles; which has the
form24

FCs (x, t) = −e2
∑
s′

ˆ
dx′ ∇

[
ZsZs′

|x− x′|

]
ns′(x

′, t); (12)

where Zs can be either Zi or Ze = −1; and,

pi ≡ niTi −
1

6
n2
i

ˆ
d3r r h(r)

dU

dr
, (13)

where U is given by Eq. (8).
The second term on the RHS of Eq. (13) is called the excess

pressure,13,24 and h is the ion-ion pair correlation function.
Let us define

α(ni, Ti, Te) ≡ −
1

6

ni
Ti

ˆ
d3r r h(r)

dU

dr
, (14)

so that we may write

pi = (1 + α)niTi = pki + αpki , (15)

where pki = niTi is the ion kinetic pressure. Note that
Eq. (14) applies strictly to a homogeneous medium. More
specifically, accounting for weak spatial inhomogeneity, the
total ion pressure becomes24

p ≈ niTi −
2π

3
n2
i

ˆ
s3 dU

ds
h0(s) ds

−2π

3
ni∇ni

ˆ
s4 dU

ds
h0(s) ds

(16)

where h0 is the local pair correlation function. The local
pair correlation function is not available to use directly in a
hydrodynamic simulation – although it can be readily post-
processed (e.g., via MD simulations, or a hypernetted chain
solve), after the fact. For this reason, we will ignore this non-
local correlation effect on the ion EOS. However, this assump-
tion likely fails within the compression shock, but we leave
further investigation of this to a future study.

Next, to first order (i.e., ignoring spatial gradients in the
ion temperature/density, and electron inertia), the total inter-
nal energy density is

niEi + neEe =
3

2
pk +

1

2
ρu2 + 3αniTi, (17)

where pk ≡ pki + pe is the total kinetic pressure.
Lastly, q ≡ qi + qe is the total heat flux, where

qs = −κs∇Ts, (18)

in which κs is the species coefficient of thermal conductivity.
To proceed, we need to further deconstruct the plasma

stress tensor, Eq. (11). Fortunately, we can make a few sim-
plifying assumptions. First, we note that, while the ion bulk
viscosity is zero for weakly-coupled plasmas; in principle, it
may assume non-zero values for Γi & 1. However, it has
been shown that µib � ηi in the OCP for Γi ∈ (1, 160),26 and
µib is near zero by magnitude.27 Consequently, abiding by the
Stokes’ hypothesis, we may take 2

3ηi − µ
i
b ≈ 2

3ηi in Eq. (11)
– i.e., we ignore the ion bulk viscosity, µib.

Furthermore, we assume that ηi � ηe, and that µeb can
be neglected. The first assumption is definitely true for very
low-Z plasmas, but µeb could – in principle – be large for de-
generate electrons. Preliminary comparisons with established
theory16 indicate that µeb � ηi in the WDM regime of interest,
but we leave the details to a future study.

Next, if we assume quasi-neutrality: ne = Zini; thus, the
electric field term disappears from the total plasma momen-
tum equation.

Similarly, the FCs (x, t) term vanishes as well, since

FCi (x, t) = −Zie2

ˆ
dx′∇

[
1

|x− x′|

]
×

(Zni − ne) = 0,

(19)

and the same results for FCe (x, t).
Another consequence of charge conservation and quasi-

neutrality is ambipolarity: ∇ · J = 0. If we additionally con-
sider a 1-D geometry for the shock, J = 0, and so J · E = 0
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(this also implies that: u = ui = ue). Consequently, we do
not need an additional equation for the electric field, since it
vanishes from Eqs. (10).

Finally, we must make a choice for the ion shear viscos-
ity and thermal conductivity coefficients. For this, we elect to
use the Stanton-Murrilo28 transport model. This model is in-
formed by Yukawa-OCP MD simulations and the Boltzmann
transport theory.

B. Electron Hydro Treatment

For weakly-coupled electrons, it can be shown that21

∂t

(
3

2
pe

)
+∇ ·

(
3

2
peu− κe∇Te

)
+

pe∇ · u = g (Ti − Te) ,
(20)

where κe is the electron thermal conductivity, and g is the
electron-ion relaxation rate.

Equation (20) is obtained from substituting the ambipolar
electric field – obtained from the electron momentum equa-
tion in the me → 0 limit – into the electron energy equation.
Additionally, the electron mass continuity equation may be ig-
nored, as mene ≈ 0. Thus, only the modified electron energy
equation – Eq. (20) – is needed to close the plasma fluid equa-
tions.

Note that we omit the electron viscosities, ηe and µeb from
Eq. (20). The electron shear viscosity contribution for non-
degenerate/weakly-coupled hydrogenic plasma shocks is neg-
ligible compared to the other terms,10 so we assume that the
same holds here. We assume that the µeb contribution can, like-
wise, be neglected.

Since the electrons are assumed to be fully degenerate, they
are described by the ideal Fermi EOS. Thus, the electron tem-
perature is given by29

Te =

(
2π~2

me

)3/5 [
pe

f5/2(z)

]2/5

(21)

where z (the fugacity) is unknown, and f5/2(z) is the Fermi-
Dirac integral29

f5/2(z) =
4√
π

ˆ ∞
0

dx x2 log
(

1 + ze−x
2
)
. (22)

We appeal to quasi-neutrality, ne = Zni, and the Fermi-Dirac
equation for the density

ne = T 3/2
e

( me

2π~2

)3/2

f3/2(z) (23)

where

f3/2(z) = z
∂

∂z
f5/2(z), (24)

to find z by solving the equation

Zni =
( me

2π~2

)3/5
[

pe
f5/2(z)

]3/5

f3/2(z). (25)

Next, we need an expression for the electron thermal
conductivity, κe. We use the Boltzmann-Ziman hydrogen
conductivity15,16

κe = Aκ

(
neTe
me

)(
3π~3

4mee4

)
2G(qF ), (26)

where Aκ ≡ π2/3, G(qF ) is a function which depends upon
the OCP structure factor (which is related to the Fourier im-
age of the ion-ion pair correlation function), and qF = kFa
– with kF being the Fermi wave-number at zero temperature
(c.f., the fully degenerate transport coefficients in the high-Z
Lee-More model30).

The Boltzmann-Ziman model is valid in the fully degen-
erate limit for hydrogen, where electron-electron collisions
can be ignored via the Pauli exclusion principle, and the
Wiedemann-Franz relation between the electron thermal and
electric conductivities holds. The Wiedemann-Franz relation
is satisfied in a hydrogen plasma for θ ≥ 0.1.31

The structure factor term, 2G(qF ) may be treated as
the multiplicative inverse of a generalized Coulomb log,
ln (Λei)

∗. We elect to use20,32

ln (Λei)
∗

= log (1 + bmax/bmin) (27)

where

bmin = max
(

1.31
Ze2

TBCH
, 0.78

~√
meTBCH

)
(28)

and

bmax =

√
TBCH

4πnee2
(29)

with TBCH ≡
√
T 2
e + T 2

F . With these choices, we may re-
write Eq. (26) as

κe = Aκ

(
neTeτF
me

)
, (30)

where

τF =
3π~3

4mee4ln (Λei)
∗ , (31)

is an effective electron-ion thermal relaxation time, which is
equal to the Lee-More30 ν−1

ei in the fully degenerate limit
(which we assume here).

Finally, we need an equation for g. By analogy to the clas-
sical limit, we take

g ≈ 3

(
me

mi

)
neτ
−1
F , (32)

which is the standard Braginskii form.21 but with an electron-
ion collision frequency given by τ−1

F . Note, for simplicity, we
use the same generalized electron-ion Coulomb log, Eq. (27).
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C. Simplified Electrons

The orderings in Eq. (7) can be used to simplify the Fermi
pressure, Eq. (21). For λe � a, it can be shown that29

pe ≈
2

5
neεF

[
1 +

5π2

12

(
Te
εF

)2
]
. (33)

For λe & a, Eq. (33) is not necessarily accurate. For our
shock simulation, we use the Zimmerman33 fit to the ideal
Fermi chemical potential

µpot

Te
= lnya + 0.3536ya − 0.00495y2

a+

0.000125y3
a, ya < 5.5;

(34a)

µpot

Te
= 1.209y2/3

a − 0.6803y−2/3
a

−0.85y−2
a , ya ≥ 5.5,

(34b)

where ya = ne(h/
√

2πmeTe)
3/2 and eµpot = z.

Then, with z calculated, we use the excellent fit to the Fermi
integrals given by Aymerich-Humet et al.34

D. 1D Ion Equations

Considering for now a 1-D planar geometry, Eqs. (10) sim-
plify to

∂ρ

∂t
+
∂ (ρu)

∂x
= 0, (35a)

∂ (ρu)

∂t
+
∂

∂x

[
ρu2 + pk − 4

3
η
∂u

∂x

]
= − ∂

∂x
(αniTi) , (35b)

∂

∂t

[
3

2
pk +

1

2
ρu2

]
+

∂

∂x

[
5

2
pku+

1

2
ρu3 + q − 4

3
ηu
∂u

∂x

]
=

−4
∂

∂x
(αniTiu)− 3

∂

∂t
(αniTi) ,

(35c)

with q = −κe∂xTe − κi∂xTi, pk = niTi + pe, and where we
have isolated the excess pressure terms – unique to strong/-
moderate coupling – on the RHS in the momentum and energy
equations.

E. Reference Frame and Boundary Conditions

We consider planar shocks moving through a homogeneous
medium, and perform our calculations in the rest frame of the
shock (i.e., the frame that moves at the constant shock speed,
u0). Thus, in the steady-state ∂t = 0, and everything else (in

all three ion equations) is a total derivative (∂x) equal to zero.
Thus, the momentum equation – for example – becomes

ρu2 + pk − 4

3
η
∂u

∂x
+ αniTi = ρ0u

2
0

+p0
e + (α0 + 1)n0T0,

(36)

where 0 denotes the upstream (pre-shock) values. This is a
generalization of the famous Rankine–Hugoniot (jump) con-
dition for momentum conservation.

Sufficiently downstream of the shock (i.e., the post-shock
region), the hydro gradients will vanish (and the ion and elec-
tron temperatures will be equilibrated), meaning that

ρ1u
2
1+(1+α1)n1T1+p1

e = ρ0u
2
0+(1+α0)n0T0+p0

e, (37)

where 1 denotes the downstream values. Because T 1
e = T 1

i =
T1, we do not need the electron energy equation, Eq. (20), to
specify the boundary conditions in the shock frame.

Similarly, the pre/post-shock jump condition for mass con-
servation is

ρ1u1 = ρ0u0, (38)

and for energy

5

2
n1T1u1 + 4α1n1T1u1 +

5

2
p1
eu1 +

1

2
ρ1u

3
1 =

5

2
n0T0u0 + 4α0n0T0u0 +

5

2
p0
eu0 +

1

2
ρ0u

3
0.

(39)

The set of Eqs. (37)-(39) define the boundary conditions
used in our steady-state, planar shock simulations described
in Section VII.

F. Ion EOS

Finally, to close the system of Eqs. (35c) and (20), we
need an expression for the excess ion pressure, piex ≡
α(ni, Ti, Te)niTi. For what follows, we consider only single-
ion hydrogen plasmas (hence, the ions are protons).

To that end, we have performed a number of Yukawa-OCP
MD simulations using LAMMPS.35 We present the results
over a range of Γi and θ = Te/TF in Figure 4.

Figure 4 also shows a fit of the LAMMPS data to a DWSC-
type (DeWitt, Slattery, & Chabrier)36 OCP model – which is
a function of Γi, only. The DWSC model, is given by

αDWSC = aΓi + bΓsi + c, (40)

where a = −0.899126, b = 0.60712, c = −0.27998, and
s = 0.321308. The DWSC model is an accurate fit of the
OCP α, with 1 . Γi . 160.

Despite the accuracy of αDWSC, however, it is not a good fit
to our Yukawa-OCP derived data. The reason for this is that
the use of an effective potential emulates the proton-electron
contributions to the protion pair correlation functions; and as a
consequence, our system differs from the bare Coulomb OCP
model which informs the DWSC fit.
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Figure 4: The normalized excess proton pressure, α vs. the ionic
coupling parameter, Γi and the electron degeneracy parameter, θ.
The blue circles are obtained from LAMMPS Yukawa-OCP MD

simulations, and the green crosses are from the fit function:
αfit = −0.17651319Γi + 0.11731267.

Nonetheless, we find that new values of a, b, c, and s
are a great fit to the LAMMPS data. These values are
a = 46.27446501, b = −46.4509782, c = 0.11731267, and
s = 1.00012267. To simplify the inversion of the proton EOS
(i.e., to calculate the proton temperature, Ti), we take s = 1.
As s is very close to one, this has a mostly negligible effect
on the fit (which is shown in Fig. 4 as the green crosses) for
Γi . 10.

In Section VI, we describe the single purpose hydrody-
namic code we developed to perform our shock simulation,
SHion.

V. CONCERNING THE MEAN-FREE-PATH IN
STRONGLY-COUPLED SYSTEMS

The mean-free-path (mfp) in weakly-coupled systems is the
mean distance a plasma particle of species, s travels – with a
typical speed given by its thermal velocity, vths =

√
2Ts/ms

– before its initial velocity vector is deflected by an angle of
90 degrees. Since particle collisions are largely just graz-
ing in weakly-coupled plasmas, in order for Coulomb colli-
sions to radically alter a plasma particle’s trajectory, many
collisions need to happen in succession (hence, the criterion
of a 90 degree deflection). Individual collisions occur on
a time-scale comparable to the species’ plasma frequency,
ωps =

√
4πns/ms, but a “collision time”, τ90◦ is consid-

erably longer.
In contrast, strongly-coupled plasmas have strong Coulomb

collisions. These collisions are not necessarily grazing, so that
τ90◦ is no longer a meaningful metric. Nonetheless, a thor-
ough examination of WDM shocks will require some defini-
tion for the strongly-coupled ion mfp.

To this end, we appeal to the experimental results of Ban-
nasch et al.,37 who measured the velocity relaxation time for a
strongly-coupled ion plasma with degenerate electrons. By
normalizing the relaxation time to the inverse plasma fre-
quency, Bannasch et al.37 developed an accurate fit to their
observations across multiple ion couplings, which they plot-
ted in their Figure 5. Using Datathief III,18 we extracted re-
laxation times from the Bannasch et al.,37 fit.

Given the extracted relaxation times, τB as the effective col-
lision time, we define the Bannasch mfp as

λB = vthτB . (41)

As we show in Section VII, Eq. (41) does have a natural
correspondence to the non-degenerate, weakly-coupled equiv-
alent.

VI. DESCRIPTION OF THE SHION HYDRO CODE

To simulate a planar WDM shock in its steady state, we use
a dedicated hydro solver, which we call SHion. This code is a
modification of the shock hydro code described in Simakov et
al.,21 and Keenan et al.8,38

This single purpose hydro code – which uses backward Eu-
ler implicit time-stepping and an upwinding scheme for the
spatial derivatives – was created to simulate planar, steady-
state, multi-ion plasma shocks with non-degenerate, weakly-
coupled ions and electrons. Thus, the code normalizations
are framed from that perspective. For convenience, we retain
these basic normalizations; but with WDM modifications, as
needed.

As in the original code, the spatial coordinate, x is nor-
malized to the (non-degenerate, weakly-coupled) mfp in the
upstream region, λwc0 ; in other words,

x̂ ≡ Sf
x

λwc0

, (42)

where Sf is a computational scale factor. Here, and else-
where, we denote quantities defined with respect to non-
degenerate/weakly-coupled systems by the sub/superscript,
wc.

Next, although λwc0 is arbitrary, considerable simplifica-
tion of the hydrodynamic equations is achieved by choos-
ing it to be the proton-proton mfp in the upstream region,
λwc0 = v0

thH/ν
wc
HH0 – where v0

thH and νwcHH0 are the up-
stream proton thermal velocity and proton-proton collision
frequency, respectively. For simplicity, we use a constant ref-
erence Coulomb log of 10 in νwcHH0. Note that, as discussed
in Section V, νwcHH0 does not have any clear meaning in the
strongly-coupled regime. Nonetheless, for ease of translating
the normalized equations to strong-coupling, we retain this
normalization.

This choice for x̂, similarly, allows us to write the time nor-
malization as

t̂ ≡ Sf
u0t

λwc0

, (43)
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where, as before, u0 is the shock velocity in the lab frame.
Additionally, we normalize all pressures to pwc0 = (Zi +

1)n0T0, which is the total ideal plasma pressure upstream.
Then, the (ideal) upstream sound speed is

cwcs0 =
√
γpwc0 /ρ0, (44)

where γ = 5/3 is the classical, ideal adiabatic index; So,

Mwc ≡
u0

cwcs0
, (45)

is the plasma Mach number, as defined under the assumption
that the plasma is non-degenerate and weakly-coupled. Note
that the true shock Mach number within a WDM plasma will
differ from Mwc for any given u0, since the sound speed is
different.

Given these normalizations, the electron energy equation
becomes

3

2
∂t̂p̂e + ∂x̂

[
3

2
p̂eû− κ̂e∂x̂T̂e

]
+p̂e∂x̂û = ĝ

(
T̂i − T̂e

)
,

(46)

where û ≡ u/u0, ρ̂ ≡ ρ/ρ0, p̂e = pe/p
wc
0 = pe/[(Zi +

1)n0T0], T̂e ≡ Te/T0, and T̂i ≡ Ti/T0. The normalized
electron thermal conductivity, κ̂e and the electron-ion thermal
equilibration rate, ĝ are given by normalized versions of Eqs.
(26) and (32), respectively.

The normalized electron transport coefficients are given in
Simakov et al.,21 but with a few modifications. Aside from
constant numerical factors, the coefficients differ only in the
definition of the electron-ion collisional time-scale. Letting
τ̂F represent the Fermi collision time, and τ̂S ≡ ν̂−1

ei the orig-
inal Simakov e-i collision time, the two scales are related by

τF

τS
=

√
6

π
θ̂−3/2

(
ρ̂

T̂
3/2
e

)
, (47)

where θ̂ ≡ θ/θ0.
Next, the total plasma equations (which we use to solve for

the ion quantities) become

∂t̂ρ̂ = −∂x̂ (ρ̂û) , (48a)

∂x̂
[
p̂+ γM2

wcρ̂û
2 − η̂i∂x̂û

]
= −∂t̂ (ρ̂û) , (48b)

∂x̂

[(
5

2
p̂k + 4p̂iex

)
û+

1

2
γM2

wcρ̂û
3 + q̂i + q̂e − η̂iû∂x̂û

]
=

−∂t̂
[

3

2
p̂k + 3p̂iex +

1

2
γM2

wcρ̂û
2

]
,

(48c)

where p̂iex ≡ p̂i − p̂k = αρ̂T̂i/(Zi + 1); and η̂i is defined
in Simakov et al.21 – with the caveat that we use a gener-
alized Coulomb log from the Stanton-Murillo28 model here

(Simakov et al.21 assumes the same Coulomb log for all quan-
tities). Similarly, κ̂i is also given by Simakov et al.,21 but also
using a Stanton-Murillo28 generalized Coulomb log.

At steady-state – assuming constant Coulomb logs for
all interactions – the structure of a shock within a non-
degenerate/weakly-coupled plasma will only depend upon
Mwc. However, in the WDM regime, we must also add θ0

and Γi0 to describe a steady-state shock. Consequently, the
space of possibilities is now (Mwc,Γi0, θ0), which is signifi-
cantly more vast. Fortunately, our assumed orderings, i.e., Eq.
(7), does considerably narrow this space.

Finally, we can translate a normalized SHion solution
(which depends upon Mwc, θ0, and Γi) using the following
unit conversions

T0 = (4π/3)
1/3 e2

Γi0
n

1/3
0 =

2.32× 10−7n
1/3
0 [cm−3]

Γi0
[eV],

(49a)

n0 = 4α3
fs

(
θ−1

0

πΓi0

)3 (mec

~

)3

=

8.71× 1023

(
θ−1

0

Γi0

)3

[cm]−3,

(49b)

where αfs is the fine structure constant.

VII. MAIN RESULTS

A major issue with simulating shock structure is the sep-
aration in scales across its distinct regions. Whereas the
ion compression shock is the order of a few downstream
mfps, the electron pre-heat layer and thermalization layers
are ∼

√
mi/me times larger in a shock with non-degenerate,

weakly-coupled ions and electrons. This separation is exac-
erbated by degenerate electrons; as they are – in some sense
– more resistant to changes in temperature than their classical
counterparts. This is evident from Eq. (33), which shows that
the Fermi pressure is independent of temperature as θ → 0.
Similarly, the weak dependence of τF – i.e., Eq. (31) – on tem-
perature/density also implies that electron-ion thermal equili-
bration can occur at a very low rate compared to competing
processes (e.g., ion-ion collisional equilibration, which has a
stronger dependence upon high temperature and density).

Hence, given these considerations, not only is a large com-
putational grid required to simulate the full extent of a WDM
shock, but fine resolution is also required to resolve the com-
pression shock.

Weighing computational costs, we have found that some set
of parameters work well over others. Here, we present specific
results for a hydrogen shock with Mwc = 5, Γi0 = 10, and
θ0 ≈ 0.2 – which translates to n0 = 1.88 × 1023 cm−3 and
T0 = 1.33 eV, in physical units. Fortunately, we find that
shocks in the neighborhood of 3 . Γi . 10 and θ ∼ 0.1 are
very qualitatively similar.
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Given a mild amount of pre-heat, n0 = 1.88 × 1023 cm−3

and T0 = 1.33 eV are similar to the initial state of the cryo-
genic D-T nuclear fuel in a triple shell Revolver ICF capsule
prior to the breakout of the first shock.39 The Mach number of
this shock is ∼ 6.

The computational domain size of the WDM shock simula-
tion is L = (120/Sf )λ0, with a resolution of dx̂ = 0.05 and
Sf = 10−4.

The shock solution is achieved by equilibrating an arbi-
trary profile (satisfying the jump boundary conditions) until
the self-consistent steady-state solution is reached.

Figures 5a and 5b show the temperature and density pro-
files, respectively. These plots also show the results from
an SHion simulation of an Mwc = 5 shock in a non-
degenerate/weakly-coupled plasma (wherein all Γ � 1, θ �
1, and the Coulomb logs are set equal for all interactions).
The boundary conditions for this shock are given by the re-
spective jump conditions – i.e., Eqs. (37)-(39), with α = 0
and pe = neTe = ZiniTe = niTe. The proton and electron
transport coefficients are those of Braginskii.

The profiles from both simulations have been normalized to
their respective upstream proton-proton mfps; i.e.,{

λ0 ≡ vHHth0 /ν
wc
HH0, if Γ� 1 and θ � 1

λ0 ≡ λB , if Γi0 > 1 and θ0 < 1
(50)

where λB is the Bannasch mfp, as given by Eq. (41).
Visually, there are some striking similarities between

the non-degenerate/weakly-coupled and the WDM shocks.
Although the jump conditions differ between the solu-
tions (owing to the differences in the proton and electron
EOSs), their respective thermalization layers are about the
same length (in the normalized coordinate, λ0). Since
the non-degenerate/weakly-coupled thermalization layer
scales as ∼ √

mimeλ
wc
HH1 – where λwcHH1 is the down-

stream proton-proton mfp – we can conclude that the WDM
shock thermalization layer shows the analogous scaling,√
mi/meλ

1
B . While this result is not entirely surprising, it

was not a foregone conclusion, given that the electron-proton
thermalization time-scales can differ considerably between
the two regimes.

There are some notables differences between the shock
solutions, however. For example, the non-degenerate/weakly-
coupled proton temperature has a more pronounced
“pedestal” feature in its electron pre-heat layer. This is
more smoothed out in the WDM shock (the same can be said
of the density feature there).

Similarly, the temperature separation between the pro-
tons and electrons is smaller in the pre-heat layer for the
WDM shock. This is likely due to the suppressed WDM
electron heat flux, which no longer retains its ∝

√
mi/me

advantage over the proton conduction,8 since κe ∝ Te
in this regime – whereas κi remains ∝ T

5/2
i . The same

reasoning explains why the WDM electron pre-heat layer is –
relative to the Bannasch mfp – considerably shorter than the
non-degenerate/weakly-coupled equivalent.

Next, we look at the WDM shock proton and electron
pressures in Figure 6. In this case, we present our results
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Figure 5: Density and temperature profiles for a planar WDM
shock with Γi0 = 10, θ0 ≈ 0.2, and Mwc = 5, and a

non-degenerate/weakly-coupled (all Γ � 1 and θ � 1) Mach 5
planar shock – both at steady-state conditions. The abscissas for

both plots is normalized to the upstream mean-free-path, as defined
by Eq. (50).

in physical units, showing that the pressures in this WDM
system are on the order of 1 − 10 Mbar. Additionally, we
plot the ideal (kinetic) contributions to the pressures as well,
showing that the excess proton pressure and the electron
degeneracy contribute significantly.

Note that the physical scale of the WDM shock is ∼ 100
nm in length. It should be noted that the proton shock width
is then, accordingly, on the scale of a few nanometers. Only
∼ 100 protons will fit into a region of ∼ 1 nm at these
densities. Hence, the continuum assumption likely breaks
down within a few nanometers of the proton density jump
(i.e., around 80 nm). Thus, the accuracy of the shock solution
in this region, as well as the assumption of quasi-neutrality
there, is in doubt. Nevertheless, as we show in Section IX,
ion kinetic effects – which are, also, not accounted for by
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Figure 6: The proton and electron pressures for a WDM shock with
Γi0 = 10, θ0 ≈ 0.2, and Mwc = 5.

our hydrodynamic model – will probably smear out these
sharp features near the compression shock in the real system.
Hence, the overall effect is that the continuum limit is likely
still satisfied in a WDM shock.

Troublingly, we note that piex > niTi in the upstream
region – implying a negative total pressure there. While this
may appear concerning at first, it is a common result for OCP
plasmas. In fact, the DWSC model predicts a negative proton
pressure at Γi ≈ 11.15.

This negative pressure problem arrises from ignoring the
background’s contribution to the proton Virial.40 As we show
in Section VIII, properly accounting for the proton-electron
contribution to the proton excess pressure restores positivity.
Fortunately, we see no differences in the shock structure
when the proton pressure is strictly positive.

Next, to test the accuracy of our proton EOS – relative to
the Yukawa-OCP – we performed a number of LAMMPS
simulations using the temperatures and densities extracted
from our shock simulation. Figure 7 shows that our fitted
α model does a decent job of matching LAMMPS. The
strongest deviations are in the downstream region, but this is
to be expected, as our fit is less accurate at small couplings,
and Γi ∼ 2 there (see Figure 8 for a plot of Γi vs. x).
Notice that LAMMPS also predicts a negative pressure in the
upstream region, albeit one that is closer to zero.

Finally, we address the adherence of our shock solution
to our desired orderings – i.e., Eq. (7) – in Fig. 8. We note
that rs ∼ 2 in the upstream, which indicates that non-ideal
electron effects could be non-negligible.

As mentioned before, our upstream parameter choices
(Γi0, θ0, and Mwc) are a compromise between computational
expediency, and relevance to WDM regimes of interest (e.g.,
ICF plasmas). Nonetheless, we need to address the impact of
rs > 1, which we consider in Section VIII.
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Figure 7: The normalized proton excess pressure vs. position for a
WDM shock with Γi0 = 10, θ0 ≈ 0.2, and Mwc = 5. The

LAMMPS pressure is from Yukawa-OCP simulations using the
equivalent shock temperature and density values.
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Figure 8: Key WDM parameters vs. position for a WDM shock
with Γi0 = 10, θ0 ≈ 0.2, and Mwc = 5.

VIII. ESTIMATING THE IMPACT OF ELECTRON
NON-IDEALITY AND ION-ELECTRON CORRELATIONS

As mentioned previously, strong coupling effects in the
electrons (i.e., non-ideality) and strong ion-electron correla-
tions will alter the electron and ion EOS. This means that a
simple post-processing of the excess electron pressure and the
ion-electron pressure will not allow an apples-to-apples com-
parison to our results with ideal Fermi electrons, since the
downstream conditions could differ considerably between our
original shock solution and the corrected one.

To overcome this problem, we appeal to the self-similarity
of strong, steady-state, planar, plasma shocks in the non-
degenerate/weakly-coupled regime. Specifically, we note that
– since the three principal regions within these shocks all scale
∝ λii – all such shocks are the same length in the normalized
coordinate, x/λwcHH0. Similarly, although the scale factor is
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not necessarily known, the temperature, density, and pressure
all scale by a factor which depends upon the shock Mach num-
ber, ion mass, charge state, and the upstream temperature/den-
sity. Hence, the properly normalized density and temperature
will also look the same across Mach numbers for M � 1
(given the same upstream conditions).

Let us assume that WDM shocks also exhibit a self-
similarity like this, but with respect to their EOS. More specif-
ically, let us assume that a change in the electron and/or ion
EOS amounts to scaling the gradients in the ion+electron den-
sities and temperatures by some multiplier set by the corrected
jump conditions. In other words

Qnon-ideal(x) ≡ χQ
ˆ x

0

dx′
dQideal(x

′)

dx′
+Q0

ideal, (51)

where “ideal” refers to the original quantities (as given by
simulations using a Yukawa-OCP EOS for the ions, and an
ideal Fermi EOS for the electrons), χQ is a scale factor; Q
can be the electron temperature, ion temperature, or the mass
density. By choosing to scale the gradients, we can force
Qnon-ideal(x → ∞) = Qnon-ideal

1 , and Qnon-ideal(x → −∞) =
Qideal(x→ −∞) = Q0

ideal – i.e., despite the two solutions dif-
fering in scale, they will have the same upstream temperatures
and densities.

To proceed, we require expressions for the electron excess
pressure and the proton-electron pressure. To that end, we ap-
peal to the Chabrier & Potekhin41 fit for the proton-electron
excess (Helmholtz) free energy given a hydrogen plasma; i.e.,
their Eq. (29). This fit, which accounts for mild relativistic ef-
fects in the electrons, is good to a few percentage points across
a wide range of Γi and rs. Given fie – the proton-electron
excess free energy – the proton-electron pressure, pie can be
calculated from the thermodynamic relation41

pie
niT

≡ 1

3

[(
∂fie
∂ln Γ

)
rs

−
(
∂fie
∂ln rs

)
Γ

]
, (52)

where Γ and T remain ambiguous, in our case. Whereas
Chabrier & Potekhin41 assume that Ti = Te ≡ T – so that,
Γi = Γe ≡ Γ – we allow Ti 6= Te. Hence, it is unclear
if the Chabrier & Potekhin41 fit strictly applies to our shock
problem. Nonetheless, since Ti and Te only ever differ from
each other by a factor of a few (∼ 2) within the shock front,
we believe that the Chabrier & Potekhin41 fit is likely still ac-
curate enough for our purposes. With this in mind, we take
Γ = Γe ≡ e2/(aTe) and T = Ti.

Next, to calculate the electron excess pressure, we employ
the Ichimaru, Iyetomi, & Tanaka (IIT)42 fit. This fit to the
electron excess free energy, fexee – or, in the parlance of den-
sity functional theory, the correlation-exchange free energy –
is also very accurate. In this case, the excess pressure is given
by42

pexe
neT

≡ 1

3

{[
Eint

NT

]
− 2

(
∂fexee
∂ln θ

)
Γ

}
, (53)

where the first term on the RHS is the interaction energy
(for which, IIT also provide an accurate fit). As before,
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Figure 9: Renormalized pressure profiles for the WDM shock with
Γi0 = 10, θ0 ≈ 0.2, and Mwc = 5. Here, we include the

post-processed electron and proton pressures which account for the
proton-electron contribution to the proton Virial and the electron

excess pressure.

Te = Ti ≡ T is assumed in the IIT derivation. We opt to
take T = Te and Γ = Γe.

Finally, we show plots of the re-normalized shock electron
+ proton pressures in Figure 9a, and Figure 9b shows the to-
tal pressure. Here, we take the new proton pressure to be
pi = (1 + αDWSC)niTi + pie, so that we can account for
the partial proton-electron correlation contribution provided
by αfit.

Interestingly, the ideal and non-ideal – as defined by Eq.
(51) – proton pressures are very similar in Fig. 9a, indicating
that the Virial theorem applied to a Yukawa-OCP does a de-
cent job of emulating the proton-electron contribution to the
EOS – at least, for rs ∼ 2. As promised, the renormalized
proton pressure is greater than zero everywhere, including the
upstream region.

Unfortunately, the ideal and non-ideal – as defined by Eq.
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(51) – electron pressures are more notably different in Fig. 9a;
pexe is just not negligible at these conditions.

Despite the differences, we are encouraged by the fact that
the two shock solutions have the same qualitative shape, sug-
gesting that our assumption of self-similarity does, in fact,
hold. Furthermore, the original total pressure – as shown in
Fig. 9b – is fairly close to the renormalized one; where the
principal differences are downstream of the shock (∼ 10%).
Thus, although our shock solution effectively uses the wrong
boundary conditions (i.e, the shock jump conditions are in er-
ror), this does not appear to affect the qualitative features of
the shock solution.

In Section IX, we consider a final source of error: kinetic
effects.

IX. ASSESSING KINETIC EFFECTS

In weakly-coupled steady-state systems composed of clas-
sical particles, the validity of the equations of hydrodynamics
depend upon the Knudsen number, NK – which is the ratio of
a characteristic spatial gradient scale to the particles’ mean-
free-path. The reason for this is that the fluid transport coef-
ficients – which are essential to close the system of hydrody-
namic equations – are derived under the assumption of local
thermal equilibrium (LTE). As a rule of thumb, Non-LTE (i.e.,
kinetic) effects appear at NK & 10−3 for plasmas.

Figure 10a shows the (kinetic pressure, nT ) Knudsen num-
bers for the non-degenerate, weakly-coupled protons and elec-
trons from our Mach 5 plasma shock simulation. Note that
both the proton and electron Knudsen numbers are well above
10−3 inside the shock. This impacts the transport of energy
and momentum within the shock, leading to a very different
shock structure when kinetic effects are accounted for by sim-
ulating the shock using a kinetic code.6–8,10

To assess ion kinetic effects within a WDM shock, we
use the generalized Bannasch mfp37 to define a Bannasch-
Knudsen number, NKB ≡ λB∇lnQ – where Q is some hy-
drodynamic quantity, and λB ≡ vthτB is the Bannasch gen-
eralized mfp.

Figure 10b shows the proton Bannasch-Knudsen numbers,
NKB across our WDM shock (Mwc = 5; θ0 ≈ 0.2; Γi0 =
10). Here, the gradient scale is taken from the kinetic pressure,
niTi (as done in Fig. 10a). Unsurprisingly, NKB approaches
similar values to non-degenerate/weakly-coupled equivalent
in the vicinity of the ion compression shock. On the whole,
the qualitative features are largely the same between Figs. 10a
and 10b.

We also show an estimate for the electron Knudsen num-
ber in Fig. 10b. Here, we define the effective mfp as vtheτF .
In this respect, the Knudsen number, Nei

K ≡ vtheτF ×
[∂xlog(neTe)] tells us something about the kinetic effects as-
sociated with the electron-proton collisions. We observe that
Nei
K remains large throughout the electron pre-heat layer of

both shocks, indicating that kinetic effects will impact the
electron heat flux there. The total impact, however, is hard
to predict, since the various drivers of energy and momen-
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Figure 10: Perturbative parameters evaluated within the WDM and
non-degenerate/weakly-coupled Mwc = 5 shocks. For a

non-degenerate/weakly-coupled plasma, the proton Knudsen
number determines the validity of the fluid approximation; with

hydro models breaking down for NK & 10−3. For WDM shocks,
we define an analogous parameter – the Bannasch-Knudsen number

– which properly accounts for the proton-proton collisional
relaxation time, given Γi > 1. As done in Fig. 5a, the abscissas for
both plots is normalized to the upstream mean-free-path, as defined

by Eq. (50).

tum transport within the shock can counter each other; lead-
ing to only a modest overall change in the shock structure
– as recent results for the full kinetic structure of a non-
degenerate/weakly-coupled plasma shock show.10

Finally, we point out that non-local EOS effects24 will also
be more pronounced at these strong gradient sites. A self-
consistent quantification of both kinetic and non-local corre-
lation effects on shock structure requires a first-principle treat-
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ment appealing to a generalized kinetic equation.

X. CONCLUSIONS

In this work, we simulated a strong, steady-state, planar
WDM shock in hydrogen plasma using the single purpose
fluid code, SHion. In this context, WDM refers to a plasma
characterized by strongly-coupled ions + fully Fermi degen-
erate electrons. We found that – unlike the classical, weakly-
coupled ions + electrons analogue; whose structure depends
solely on the Mach number – a strong WDM shock (for a pla-
nar geometry in steady-state) also depends upon the upstream
electron degeneracy parameter, θ0 = T0/TF0 and the ionic
Coulomb coupling parameter, Γi0 = e2/(aT0).

We find that our simulated WDM shock (Mwc = 5;
θ0 ≈ 0.2; Γi0 = 10) differs in some ways from the non-
degenerate/weakly-coupled counterpart in the detailed struc-
ture. Namely, when compared to the appropriate upstream
ion-ion mean-free-path (mfp), the electron pre-heat layer is
much shorter in the WDM shock than it is in the non-
degenerate/weakly-coupled equivalent. However, the mfp
normalized thermalization layers have nearly the same length
between the two solutions – suggesting that the WDM ther-
malization layer length has the same scaling with the mfp and
ion/electron mass ratio as the non-degenerate/weakly-coupled
one. Whether or not this is unique to a hydrogen (proton)
plasma, or if it applies generally throughout the WDM regime,
is yet to be determined.

In Section VIII, we considered what impact EOS errors
could have on our shock solution. Namely, we estimate the
excess pressure contribution to the degenerate electron EOS,
and the contribution of proton-electron correlations to the pro-
ton EOS. We find that, although these effects may meaning-
fully affect the shock jump conditions in a real system, the
overall impact on the shock structure appears minimal.

Additionally, we showed in Section IX that ion and electron
kinetic effects are likely just as important for strong WDM
shocks as they are for non-degenerate/weakly-coupled ones.
This is contrary to the expectation offered by effective po-
tential theory models for OCP transport coefficients, which
show43 that 2nd-order corrections to the Chapman-Enskog de-
rived transport coefficients approach zero for Γ � 1. Since
these corrections represent higher-order deviations from lo-
cal thermal equilibrium, their suppression at strong coupling
suggests a weakening of kinetic effects. However, this un-
doubtably has its limits in systems with strong spatial inho-
mogeneity – as is the case for strong shocks.

It is worth mentioning that the structure of a plasma shock,
in general, may be consequential. This is because, although
the length of a shock is typically smaller than the system size
of interest (e.g., in an ICF capsule), shocks can leave imprints
behind when they reflect off boundaries,44 or breakout of ma-
terial interfaces.45,46 These imprints are transient, but some-
times result in long lasting ion species density stratification
or temperature separation. Of course, these effect will only
occur in a plasma mixture, but the vast majority of plasma
settings have multiple ion species. While it is clear that these

imprinting effects may be important in weakly-coupled plas-
mas, we do not know what to expect at strong-coupling, since
non-local EOS and non-ideal transport effects may contribute
in unanticipated ways.

On a related note, differences in pressure profiles compared
to non-degenerate/weakly-coupled shocks could significantly
affect the hydrodynamic instability development in the con-
text of ICF, by changing the vorticity deposition at material
interfaces.

Finally, we note that the most faithful treatment of a WDM
shock requires a fully quantum kinetic treatment. This would
be a heroic calculation, since something akin to an expensive
path integral Monte Carlo, density functional theory, or non-
equilibrium quantum molecular dynamics simulation would
be required. Nonetheless, until such a simulation is com-
pleted, the full self-consistent structure of a WDM shock will
remain unknown.
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