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This paper presents the Symbolic Linear Covariance Analysis Tool (SLiC), a Python frame-
work capable of simplifying the construction, verification, and analysis of aerospace systems
using linear covariance analysis techniques. The framework leverages open-source libraries
to enable symbolic manipulation and object-oriented abstraction to remove many of the bar-
riers to linear covariance analysis when compared to other methods. The benefits of linear
covariance analysis with Monte Carlo verification are addressed and the framework design is
described. The framework is validated against existing literature results and demonstrated for
a sample aerospace use case of a hypersonic entry system.

I. Nomenclature

c = continuous measurement function
C = augmented state covariance matrix
C? = augmented state and performance metrics covariance matrix
f = true state propagation function
f̂ = navigation state propagation function
�: = partial derivative of function f with respect to vector k
g = controller input function
h = discrete measurement function
= = dimension of state vector
=8 = dimension of vector i
p = performance metrics vector
s = performance metrics function
C = time, s
û = commanded control input vector
w = process noise vector
x = state vector
x̂ = navigation state vector
X = augmented state vector
ỹ = measurement vector
[ = measurement noise vector
Σ8 = covariance matrix of vector i
f = standard deviation
b = discrete measurement noise vector
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II. Introduction

Linear covariance analysis (LCA) is a method of uncertainty analysis in which the covariance matrix of a system
is propagated along a nominal trajectory. Uncertainty analysis of nonlinear systems is often performed with Monte

Carlo techniques where typically thousands of simulations are run to produce sufficient data to estimate statistical
measures of system dispersions. In LCA, pertubations are linearized about a nominal, nonlinear trajectory to produce
the same statistical information as a Monte Carlo analysis in a single integration. [1] This is achieved by integrating the
state dispersion statistics directly alongside the nominal trajectory.

As a result of the relative computational efficiency of linear covariance techniques, LCA has been applied to
preliminary mission design and trade studies where Monte Carlo analysis may be computationally prohibitive. [2] For
Mars entry, descent, and landing (EDL) systems, LCA has been used to conduct large trade studies of closed-loop
guidance, navigation, and control (GNC) flight systems to test how different vehicle configurations, nominal mission
profiles, sensor suites, control schemes and other properties of the vehicle and mission design impact flight performance
uncertainty. [3, 4] LCA has been successfully applied to spacecraft rendezvous mission applications, vehicle ascent and
descent, as well as atmospheric entry. [5–8] More recently, linear covariance analysis has been applied to real-time
systems for obstacle avoidance and guidance. [9, 10]

For students and researchers without access to proprietary or restricted software packages, programming LCA tools
can lead to rigid and brittle solutions. Much of this is due to the tight coupling between the equations of motion of the
system and the corresponding Jacobians required for the LCA. In implementations where the Jacobians are input by the
user, any adjustment of the system dynamics or the addition of a new system state cascades into adjustments elsewhere,
such as computation of the gradients, parameter passing, and vector dimensions. As a result, solutions are often limited
to a specific system or mission architecture. [11]

The Symbolic Linear Covariance analysis tool (SLiC) was created to reduce the development time required for LCA
and allow for tandem verification with Monte Carlo analysis without any modification of user inputs. SLiC has been
designed with the open-source Python library SymPy to manage symbolic equation manipulation, partial derivative
calculation, and execution of the equations. This paper describes the underlying linear covariance model that makes the
theoretical backbone of the framework, provides an overview of the framework itself, and finally reviews sample use
cases derived from literature and entry systems. The paper is concluded with a discussion on planned tool improvements
and future work.

III. Background
The theoretical formulation of LCA used in SLiC is based on the available literature. This specific derivation follows

reference [12] and aspects relevant to SLiC are reproduced below.
Consider a nonlinear system with dynamics described by the nonlinear vector differential equation

9x “ fpx, û, Cq ` w (1)

where x P R= is the true state, û P R=D̂ is the commanded controller input, and C is time. The vector w P R= is
assumed to be a zero-mean random white process noise vector with covariance matrix ΣF . In addition to the true state,
there is the navigation state x̂ P R=Ĝ with dynamics described by the nonlinear equation

9̂x “ f̂px̂, û, ỹ, Cq (2)

where ỹ P R=H̃ is the continuous measurement vector. The commanded controller input û is a function of the
navigation state following

û “ ĝpx̂, Cq (3)

and the continuous measurement vector is a function of the true state, commanded input, and measurement noise
following

ỹ “ cpx, û, Cq ` [ (4)

where [ P R=H̃ is the zero-mean white measurement noise vector with covariance Σ[ . The navigation state is
assumed to be updated using an extended Kalman filter and discrete sensor measurements are also modeled. For a
specific time-step : , the discrete sensor vector z: is modeled as a function of the true state following
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z̃: “ hpx: , C:q ` b: (5)

where b: is the zero-mean white measurement noise vector with covariance Σb . These discrete sensor readings are
modeled in the navigation system following

ˆ̃z: “ ĥpx̂: , C:q (6)

where ˆ̃z: is the estimated discrete sensor measurement vector at time-step : . The propagation, guidance, and
measurement equations above are linearized about a nominal state x̄ to produce

X 9x “ �GXx` �û�̂ x̂Xx̂` w (7)

X 9̂x “ p�x̂ ` �û�̂ x̂qXx̂` �û�GXx` �̂H̃[ (8)

where Xx “ x´ x̄ and Xx̂ “ x̂´ x̄ are the dispersions of the true state and navigation state from the nominal state,
respectively. Uppercase letters denote the partial derivatives of their lowercase functions with respect to the variable
indicated in the subscript and evaluated at the nominal state. (e.g. �G “ Bf{Bx}x̄) Combining the true and navigation
state dispersions, we define the augmented state vector X as

X “

«

Xx
Xx̂

ff

(9)

with dynamics described by

9X “ FX` G[ `Ww (10)

where

F “

«

�G �û�̂ x̂

�û�G �x̂ ` �û�̂ x̂

ff

G “
«

$=ˆ=y

�̂y

ff

W “

«

�=ˆ=

$ =̂ˆ=

ff

(11)

Discrete updates are applied to the augmented state following:

-`

:
“ A:-

´

:
`D:b: (12)

where

A: “

«

�=ˆ= 0=ˆ=̂

 ̂:�: �=̂ˆ=̂ ´  ̂: �̂:

ff

D: “

«

0=ˆ=I

 ̂:

ff

(13)

It can be shown that the covariance matrix C of the augmented state has the propagation equation [1]

9C “ FC ` CF ᵀ ` GΣ[Gᵀ `WΣFWᵀ (14)

with discrete updates in the form of

CpC`
:
q “ A:CpC´: qA

)
: `D:ΣbD)

: (15)

It is often useful to extract covariance information for additional “performance metrics,” such as extracting the
altitude covariance from the position vector. [3] These performance metrics, p, are typically functions of the true and
navigation states following

p “ spx, x̂q (16)

Upon completion of a LCA, the covariance of these performance metrics with respect to the augmented state can be
obtained via

C? “ (C(ᵀ (17)
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where

( “ diagp�=, �=̂, (x, (x̂q (18)

and (G and ( Ĝ represent the partial derivatives of s with respect to the true and navigation states, respectively. These
equations, along with initial conditions for x, x̂, and C, define the dynamics necessary for LCA.

IV. Framework Description
SLiC is a Python framework that simplifies the setup of LCA and includes Monte Carlo verification. SLiC takes

a single Python object as input, called a Scenario, and outputs the estimated system covariance about a computed
nominal trajectory. Statistical distributions and trajectory data are also included for the Monte Carlo verification. These
data can be saved as binary data files and visualized in illustrative plots.

To achieve the goals of simplicity, accuracy, and flexibility, SLiC leverages the open-source Python library SymPy.
SymPy is a Python library for symbolic mathematics that includes support for symbolic expression manipulation and
simplification, calculus, and linear algebra among others. [13] SymPy has been used in various open-source projects in
the fields of mathematics, chemistry, electrical engineering, and physics. The reasons to use a symbolic implementation
with SymPy are threefold: implementation flexibility, system transparency, and performance.

Using a symbolic implementation provides analysis flexibility for LCA. By allowing the symbolic differentiation of
the system equations of motion, system uncertainty can be injected ad-hoc without any modification of the underlying
dynamics or output partial derivatives. User-defined scenarios can be adjusted quickly as analysis needs change. New
states can be added, new dynamics implemented, and new measurements taken without any modification of the partial
derivatives by the user.

System transparency is vital to ensure the user can validate the tool and apply proper engineering judgment. While
SLiC removes tedious computations of partial derivatives, it preserves system transparency by outputting computed
derivatives in a human-readable format. This is especially important for verifying complex dependencies and nested
functions that chain together.

Differentiating the system dynamics analytically provides the most accurate partial derivatives possible. When
compared to numeric methods, symbolic methods have a higher overhead time cost to compute the partial derivatives,
but can save time over numeric methods by removing the additional function calls needed at each integration step to
compute derivatives numerically with finite-difference equations. For functions with relatively simple derivatives, this
function call time savings can be on the order of 2-4 times faster than second and fourth-order accurate finite difference
schemes. Moreover, these analytic functions can be compiled and saved for future use to provide additional time savings.

A. Framework Structure
SLiC is designed using core object oriented programming principles of abstraction and encapsulation. Figure 1

shows a high-level class diagram of the modules of SLiC. Each colored region represents a different module with
multiple implemented classes available to the user. These modules include Surrogates, Stochastic Models,
Device Models, Environment Models, and Scenario. Of these, SLiC has been designed such that a user only
needs to interact and design their own Scenario class which serves as a single object to be input into the Monte
Carlo Analyst and Linear Covariance Analyst objects. The four other modules feed into Scenario by offering
plug-and-play utilities for aerospace systems.

The Surrogates module is capable of encapsulating data-driven or highly nonlinear functions not suitable for
symbolic differentiation. A Surrogate object wraps user-supplied functions or data in a symbolic function definition
that integrates seamlessly in the SymPy-based framework. Examples include aerodynamic data, device saturation
behaviors, and gain scheduling. Surrogates are divided into three types: functional, data-driven, and numeric. Functional
surrogates are the most generic objects and take any non-symbolic, user-defined function with an associated non-symbolic,
user-defined derivative function and wraps them to interface with the SymPy API. Data-driven surrogates linearly
interpolate an input data array of arbitrary dimension, returning the value of the slope along each dimension as the
partial derivative. Numeric surrogates take an input user-defined function and perform a fourth-order accurate numeric
differentiation for the Jacobian. With the Surrogates module, SLiC extends the SymPy architecture through the chain
and product differentiation rules to ensure mathematical accuracy for all possible user inputs.

The Stochastic Models module encapsulates stochastic processes. Such processes must be handled separately
from continuous dynamics as a function of the numeric integration time step used. SLiC includes Gaussian random
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Fig. 1 Simplified, high-level structure of SLiC.

walk processes and exponentially correlated random variables (ECRVs), two of the most common uncertainty models
used in aerospace. The ECRV uncertainty can be treated as either constant, time-dependent, or state-dependent. The
state-dependency is particularly useful in atmospheric models, for example, where atmospheric uncertainty may vary
with altitude. [14] The user provides a piecewise-continuous scaling function with inputs of augmented state variables
that outputs a state-scaled standard deviation value to be used in the ECRV propagation. The elements of the process
and sensor noise matrices, ΣW and Σ[ , are updated according to the provided scaling function prior to integration
of the covariance matrix each time step. As a benefit of the object-oriented design, these classes adhere to the same
interface and can be quickly exchanged by a user.

The Device Modelsmodule encapsulates symbolic models of common devices such as actuators and sensors. This
includes common devices like accelerometers, gyroscopes, and GPS-like systems. Many device models share common
uncertainty models like scaling and biasing uncertainties. These can be combined using the SLiC object-oriented design
into larger models, such as a three-axis inertial measurement unit being composed of component accelerometers and
gyroscopes.

The Environment Models module encapsulates various environmental models such as atmospheric, gravity, and
surface models relevant for simulations. These include analytic models, such as the hydrostatic equation, and numeric
or data-driven models like atmospheric temperature profiles.

Finally, the Scenariomodule is the class in which the user will define their aerospace system to analyze. Leveraging
the other modules for relevant aerospace models and numeric wrappers, users define their state vectors, measurement
and control vectors, and corresponding propagation equations symbolically. SymPy, then, is used to generate the system
Jacobians necessary for LCA and compiles the code to be integrated numerically. This removes the onus on the user to
simultaneously define the system and its Jacobians that made previous programs rigid and prone to error. As a result,
SLiC is simple, flexible, and accurate.

V. Illustrative Examples

A. Verification Against Literature-Derived Rocket Sled Scenario
To verify the outputs generated in the LCA, results from SLiC were compared against the literature for a simple

1-dimensional rocket sled example. [1]

1. Scenario Description
The rocket sled is a rigid body that travels perpedicularly to gravity, powered by an “acceleration actuator” that

supplies ΔE. The sensor suite includes an accelerometer and Doppler velocimeter. The state dynamics can be divided
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into the true state, sensor instrument stochastic processes, and actuator stochastic processes. The true state is:

x “

»

—

—

—

—

—

—

—

—

–

E

3

1

B

4

I

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(19)

where E is the vehicle velocity, 3 is the disturbance acceleration on the vehicle, 1 is the accelerometer bias, B is the
accelerometer scale factor, 4 is the actuator bias, and I is the ΔE used by the system. All biases and scale factors are
modeled as ECRVs with time constants g8 and uncertainty standard deviations f8 , where 8 is the respective variable.
The state dynamics are as follows:

9x “ fpx, û, Cq ` w “

»

—

—

—

—

—

—

—

—

–

3 ` 0̂2>< ` 4 ´ 23E
2

´ 3
g3
` F3

´ 1
g1
` F1

´ B
gB
` FB

´ 4
g4
` F4

|002C |

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(20)

where 0̂2>< is the commanded thrust acceleration, 23 is the drag coefficient, and 002C is the net actuator input on the
vehicle, 0̂2>< ` 4. The Doppler velocimeter is modeled as a discrete sensor with noise that updates every 10 seconds.
The Doppler velocity measurement at time-step : is given by:

Ẽ: “ E: ` b: (21)

where b: is the Doppler measurement noise, modeled as a zero-mean Gaussian random process. The accelerometer
is modeled as a continuous sensor with the measurement equation:

0̃ “ p1` Bqp3 ` 0̂2>< ` 4 ´ 23E2 ` 1 ` [0q (22)

where [0 is the accelerometer measurement noise modeled as a zero-mean Gaussian random process. The navigation
state vector is:

x̂ “

»

—

–

Ê

1̂

B̂

fi

ffi

fl
(23)

From the design model derived in [1], the navigation state dynamics are modeled as:

9̂x “

»

—

–

0̃
1´B

´ 1̂

´ 1̂
g1̂

´ B̂
gB̂

fi

ffi

fl
(24)

The goal of the closed-loop control system on board the vehicle is to achieve a desired final velocity at the specified
final time. Three guidance and control laws are considered. The first is a time-to-go guidance law in Eq. (25) and the
second is identical to the first with the addition of a drag compensation term in Eq. (26). For both of these options, the
state is estimated along the reference trajectory using an extended Kalman filter (EKF).

0̂2>< “
EC ´ Ê

: ` pC 5 ´ Cq
(25)

0̂2>< “
EC ´ Ê

: ` pC 5 ´ Cq
` 23 Ê

2 (26)
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The third guidance and control law utilizes the same control law as Eq. (25), however, utilizes a dead-reckoning
scheme for navigation.

2. SLiC Implementation
The SLiC implementation for the rocket sled centers on the Scenario definition. First, variables and parameters in

the scenario are defined using the SLCAVariable and SLCAParameter objects which wrap symbolic manipulation
capabilities and provide additional descriptive information. The ECRVs 1, 3, B, and 4 are defined with the built in ECRV
class. Similarly, the noise processes F, [, and b are implemented as GaussianProcess objects.

Next, the true state vector, true state dynamics, control command vector, and guidance function are defined within
the scenario as symbolic, analytic equations following the equations listed in Section V.A.1 above. The rocket sled
EKF navigation is contained within the scenario as a NavComponent object. This component defines the navigation
state, navigation propagation equations, and handles discrete updates based upon the discrete measurements. The
Doppler velocimeter is implemented as a DiscreteSensor, which contains the measurement equations along with
noise properties, and added to the scenario navigation component. The accelerometer is defined within the scenario’s
continuous sensing function following Eq. (22).

Finally, scenario parameter configurations are defined in the param_set method. Multiple configurations can be
input to permit GNC trade studies like the one shown in Section V.A.3. The scenario is now ready to be integrated for a
given initial augmented state condition and initial augmented state uncertainty.

3. Analysis
The rocket sled system was analyzed with LCA for three different GNC schemes, three different sensor quality

specifications, and eight sensor and process noise specifications for a total of forty-eight linear covariance analyses.
Assessing the system via a 500-sample Monte Carlo analysis, as was done in [1], would require twenty-four thousand
vehicle simulations to produce the same analysis. These results were qualitatively compared to the literature to verify
SLiC’s accuracy. [1]

The components of the true velocity dispersion can be found by varying a single true error source per run while
setting all other error sources to zero. These results show the user how each noise source contributes to the overall
uncertainty of the system over time. The results of performing this analysis in SLiC with the dead reckoning navigation
scheme are presented in Fig. 2 and compared to the same analysis from [1]. These results show that the actuator bias is
the most significant contribution to overall velocity uncertainty. As expected, without a Kalman filter, the contributions
of accelerometer noise uncertainty grow with time. The contribution from the accelerometer noise is very small and the
contribution from the velocimeter is zero.

(a) SLiC Results (b) Literature Results [1]

Fig. 2 Velocity state dispersion components from each noise source for dead reckoning GNC scheme.

When implementing an EKF navigation filter, the terminal true velocity dispersion decreases by approximately
84%, as seen in Fig. 3. The EKF does not reduce the effects of actuator bias as it does not estimate this in the filter.
Comparing the results here to Fig. 2a, we see that in the initial 20 seconds, dead reckoning is comparable to the EKF,
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but as the accelerometer uncertainties grow with time, the dead reckoning method becomes less accurate.

Fig. 3 SLiC velocity state dispersion components from each noise source for EKF navigation filter.

The user can also compare sensor quality by varying the standard deviations of the stochastic processes implemented.
High quality, expensive sensors have lower measurement uncertainties while lower quality, less expensive sensors
generally have larger measurement uncertainties. Three cases, a nominal case, a high quality case, and a low quality case,
were considered in SLiC using EKF for navigation and the time-to-go guidance scheme without drag compensation.
Each change in sensor quality is treated as an order of magnitude change in the sensor uncertainty magnitude. The
specifications for the nominal and high quality sensor suites, for example, are shown in Table 1. The three sensors suites
are compared in Fig. 4a with the value of the navigation velocity error over time. SLiC agrees very well with the nominal
quality results shown in Fig. 4b. As expected, every 10 seconds the velocity error decreases as a new velocimeter
measurement is received. Fig. 4a shows that the high quality sensor reduced navigation error by approximately 76%
from the nominal case.

Table 1 Sensor and actuator specifications for nominal and high quality sensors

Variable High Quality Value Nominal Value Units

Accelerometer Bias 3-f, f1,BB 90 900 `g
Accelerometer Scale Factor 3-f, fB,BB 90 900 ppm
Actuator Bias 3-f, f4,BB 0.003 0.03 m/s2

Accelerometer Measurement Noise 3-f, f0 15 150 `6
?
B

Velocity Measurement Noise 3-f, 'E 0.001 0.01 m/s

Additionally, the improvement on the error contribution with each sensor option is presented in Fig. 5. Again, the
results from SLiC are congruent with the results presented in literature. Actuator bias is again the most significant error
contribution as it is not estimated in the Kalman filter; however, improving sensor quality reduces the actuator bias by
approximately 90%. Improving the sensor suite reduces the navigation dispersion for all of the noise contributions
except the disturbance acceleration, which remains constant as it is not accounted for in the navigation filter.

As seen here, SLiC allows the user to easily implement different control schemes, stochastic models, and navigation
filters. From these results, a designer could determine which GNC scheme to implement to satisfy mission requirements
and compare a broad array of sensors to determine the best fit.
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(a) SLiC Results (b) Literature Results [1]

Fig. 4 Navigation velocity error with EKF navigation and time-to-go guidance and control scheme without
drag compensation.

(a) SLiC Results (b) Literature Results [1]

Fig. 5 Sensor quality impact on terminal true velocity dispersion for EKF navigation filter and time-to-go
guidance and control scheme with drag compensation.

B. Entry System Uncertainty Analysis

1. Scenario Description
Consider the example of a sample return mission profile. The entry vehicle is modeled after a 60˝ sphere-cone and

enters Earth’s atmosphere at hypersonic speeds. The vehicle is modeled with the state

x “

»

—

—

—

—

—

—

–

r
v
d4

U4

V4

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(27)

where r is the position vector of the vehicle in the inertial frame, v is the velocity vector in the inertial frame, d4 is
the atmospheric density disturbance, U4 is the angle of attack disturbance, and V4 is the bank angle disturbance. The
three disturbance variables, d4, U4, and V4, are modeled as ECRVs. The vehicle has dynamics described by
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9x “ fpx, û, Cq ` w “

»

—

—

—

—

—

—

–

v
a! ` a� ` a6
´
d4
gd
` Fd

´
U4
gU
` FU

´
V4
gV
` FV

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(28)

where a! is the lift acceleration vector, a� is the drag acceleration vector, and a6 is the acceleration due to gravity
in the inertial frame. The parameters gd, gU, and gV are the time constants of their respective ECRVs and Fd, FU, and
FV , are their driving zero-mean Gaussian white noise processes with standard deviations fd, fU, and fV , respectively.
Attitude of the vehicle is determined based upon the instantaneous velocity vector of the vehicle and transforming into
the wind-relative frame. It is assumed that the vehicle velocity does not enter the singularity when v is parallel to r
where this transformation is undefined. The accelerations are functions of the state x, input command û, and time C
given by

a! “ p@��!p", Û ` U4qq '

»

—

–

0
sinpV̂ ` V4q

´ cospV̂ ` V4q

fi

ffi

fl
(29)

a� “ p@���p", Û ` U4qq '

»

—

–

´1
0
0

fi

ffi

fl
(30)

a6 “ ´
`

‖r‖3 r (31)

where @ is the dynamic pressure, � is the vehicle reference area, " is the Mach number, ' is the rotation matrix
from the wind frame to the inertial frame, and ` is the standard gravitational parameter. Variables Û and V̂ are the
commanded angle of attack and bank angles, respectively. Of note in Eqs. 29 and 30 is that both the lift and drag
coefficients, �! and �� , are functions of both the Mach number and angle of attack. Parameters used for this scenario
are provided in Table 2. State variables and their associated initial values and uncertainties are provided in Table 3.

Table 2 Parameter values for linear covariance evaluation

Parameter Description Value Units
(A4 5 aerodynamic surface area 0.503 m2

< vehicle mass 305.397 kg
f4 air density disturbance ECRV standard deviation 0.1225{3 kg/m3

fU angle of attack disturbance ECRV standard deviation 2/3 ˝

fV bank angle disturbance ECRV standard deviation 5/3 ˝

g4 air density disturbance ECRV time constant 1 s
gU angle of attack disturbance ECRV time constant 10 s
gV bank angle disturbance ECRV time constant 10 s
ℎA reference altitude 0 m
ℎB scale altitude 8000 m
dA nominal sea-level air density 1.225 kg/m3

` Earth standard gravitational parameter 3.986ˆ 1014 m3/s2

W ratio of specific heat for air 1.4 -
'08A specific gas constant for air 287 �

:6ˆ<

AC Earth radius 6378 ˆ103 m
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Table 3 Initial entry conditions for analysis

Variable Description Initial Value Initial standard deviation Unit
AG ECI x-position 6458.0 1.0 km
AH ECI y-position 0.0 1.0 km
AI ECI z-position 0.0 1.0 km
EG ECI x-velocity -2083.778 50.0 m/s
EH ECI y-velocity 11817.693 50.0 m/s
EI ECI z-velocity 0.0 50.0 m/s
d4 atmospheric density disturbance 0.0 0.1225/3 kg/m3

U4 angle of attack disturbance 0.0 1 ˝

V4 bank angle disturbance 0.0 5/3 ˝

2. SLiC Implementation
As with the rocket sled example, the core of the user experience with SLiC lies in the definition of the user’s

Scenario. The symbolic equivalents for the state variables (AG , AH , etc) and system parameters (<, `, etc) are defined.
The ECRVs d4, U4, and V4 are implemented as built-in ECRV objects with included time constant and standard deviation
properties. Lift and drag coefficients are wrapped as a data-driven Surrogate model using data from the CFD software
package, CBAERO. [15] The data spanned Mach numbers between 5 to 25 and angles of attack from ´30˝ to 30˝.
(Fig. 6) In this scenario, there is no navigation state and therefore the navigation components of the implementation are
ignored. While closed loop feedback is possible in SLiC, developing a flight controller is beyond the scope of this work.
Control inputs for the commanded angle of attack Û and bank angle V̂ were modeled as open-loop periodic functions.

(a) (b)

Fig. 6 Aerodynamic (a) lift and (b) drag curves for the 60-deg sphere cone vehicle. Values derived from
CBAERO.

3. Analysis
The system is integrated using a fourth-order Runge-Kutta integrator. Each variable in the augmented state vector

and the performance state is plotted against both absolute axes and relative to the nominal trajectory to visualize
dispersions. As expected, the linear covariance shows excellent agreement with the Monte Carlo results. (Fig. 7)
Comparison of flight profile examined in Fig. 7 alongside maximum lift and no lift cases show SLiC capability of
modifying control functions and comparing results. (Fig. 8)

As a measure of the system flexibility, different noise characteristics were explored. Specifically, the ECRV V4 was
replaced ad-hoc with a random walk behavior by leveraging the modularity built into the framework. Both the ECRV
and random walk modes show expected behavior with the ECRV staying bounded and the random walk growing over
time. (Fig. 9)

Environment models implemented in SLiC are similarly designed to be simple to update to meet different levels
of fidelity. Atmospheric density uncertainty, for example, can be easily modified in the scenario to account for
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(a) (b)

Fig. 7 Comparison between linear covariance and Monte Carlo distributions in altitude in (a) absolute coordi-
nates and (b) relative to the nominal trajectory.

(a) (b)

Fig. 8 Comparison of different commanded attitudes in (a) flight profiles with uncertainty in absolute coordi-
nates and (b) relative to nominal trajectories.

state-dependent variations, such as altitude, using the state-dependent ECRV. This enables simple, rapid assessment of
the effects of not only atmospheric properties, but also atmospheric models on the estimated system performance.

System outputs beyond the augmented state and performance metrics are also included in the output SLiC data,
such as sensor measurements and control inputs. The open-loop angle of attack and drag coefficients of the Monte
Carlo analysis are shown in Fig. 10. Measurements such as these can be particularly useful for engineers as they can
easily record values before and after perturbations are applied. Such perturbations are clearly visible in the output of the
angle of attack, U “ Û ` U4. (Fig. 10a) These perturbations are inputs in both the Monte Carlo and linear covariance
analyses as part of the nominal case referenced in this section. Figure 10b shows the measured drag coefficient over
time subject to the periodic angle of attack input and the variable Mach number throughout the trajectory using the
data-driven Surrogate object. Note that the drag coefficient, which is symmetric in angle of attack, oscillates at twice
the angle of attack frequency.

SLiC includes several visualization capabilities to simplify the visualization of the augmented state uncertainty
ellipses. Such ellipses are embedded in the output LCA covariance matrix for both the augmented state and performance
metrics. In this scenario, performance metrics for latitude and longitude were created to accurately transform the
covariance in the position vector into spherical coordinates on the Earth. These uncertainty ellipses can be combined
using other open-source Python modules to enhance graphics further. Figure 11 shows the uncertainty ellipses merged
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(a) (b)

Fig. 9 Comparison between an (a) ECRV uncertainty and (b) random walk uncertainty. These were imple-
mented in the SLiC ECRV and RandomWalk objects.

(a) (b)

Fig. 10 Time-series plots of (a) vehicle angle of attack and (b) drag coefficient for 200 samples of the Monte
Carlo simulation.

together using the Python shapely library to form a more intuitive envelope of the vehicle trajectory. Similarly, the
uncertainty ellipses can be extended for use in 3D space by plotting the ellipsoids of the state uncertainty. (Fig. 12)

VI. Conclusion
In this paper, the novel symbolic LCA capability SLiC was described and demonstrated. SLiC overcomes some of

the development challenges common in LCA by leveraging the open-source symbolic computer algebra library SymPy.
With the symbolic framework, SLiC retains computational accuracy while achieving broad flexibility to meet a variety
of system definitions. An engineer using SLiC can supply a single Scenario object as an input for both LCA and
Monte Carlo which can be modified easily to adjust to mission needs. SLiC produces time series data and figures of the
simulated trajectories, including the augmented state, performance metrics, controller inputs, sensor outputs, and the
estimated covariance matrix of the system. SLiC was qualitatively validated against existing literature results and the
implemented LCA was verified through the tandem Monte Carlo analysis capability. The utility of SLiC was further
demonstrated against a nominal entry system application where control inputs, system parameters, and environmental
uncertainty models were varied to assess the impact of these models on the system uncertainty and analysis accuracy.

SLiC continues to be actively developed and improved. Future work focuses on incorporatingmore aerospace-focused
modules to simplify the examination of a broader range of systems and different levels of fidelity. These include support
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Fig. 11 Hypersonic entry trajectory visualizing the flight envelope of the vehicle based upon linear covariance
analysis.

Fig. 12 Latitude/longitude/altitude representation of a hypersonic entry trajectory with 3D covariance ellip-
soids derived from linear covariance analysis. Ellipsoids are colorized by time from dark blue (earliest) to bright
yellow (latest).

for state-dependent event triggers and discrete true state updates, streamlined implementation and visualization of
attitude representations such as quaternions, and more advanced environmental models to include models for other
planets such as Mars. Performance improvements, such as paralellization and compiled libraries, are also planned
as SLiC matures. Upon reaching a suitable level of development, SLiC will be made available to the community on
common open-source platforms.
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