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The ion exit flow speed at the sheath entrance is constrained by the Bohm criterion, which is used as a boundary
condition for simulations that do not resolve the sheath region. Traditional Bohm criterion analysis invokes the equation
of state and thus ignores transport physics in the sheath transition problem. An expression for the Bohm speed away
from the asymptotic limit is derived from a set of anisotropic plasma transport equations. The thermal force, collisional
temperature isotropization, and heat flux enter into the evaluation of the Bohm speed. By comparison with kinetic
simulation results, this expression is shown to be accurate in the presheath-sheath transition region rather than a single
point at the sheath entrance over a broad range of collisionality.

I. INTRODUCTION

When a plasma is in contact with solid boundaries, due to
the greater mobility of electrons, a sheath forms next to the
wall'. A negative potential arises at the wall compared with
the bulk plasma to equalize the electron and ion fluxes. The
negative potential at the boundary is shielded out over a few
Debye lengths Ap and the bulk plasma remains quasineutral.
The solid boundary acts as a particle and heat sink. It in-
troduces large gradients of temperature, density and potential
in the sheath, making the plasma near the boundary deviate
strongly from thermodynamic equilibrium. Most fluid and
gyrokinetic codes do not resolve the sheath region. Instead,
a sheath boundary condition is imposed at the simulation
boundary to exclude the non-neutral sheath region from the
simulation.>*. Usually, the so-called sheath boundary condi-
tion, which constrains the ion exit flow speed (e.g., Ref.5’7),
sheath potential drop (e.g., Ref.3-19), and the outgoing ion and
electron energy fluxes (e.g., Ref.''12), is deduced from ei-
ther analytical theory or non-neutral plasma simulations using
both kinetic and fluid models, for example, see Ref.>11-16,

The plasma-sheath transition problem was first investigated
in early works of Langmuir®, where the quasineutral plasma
and the non-neutral sheath are separated by a sheath entrance.
The presheath electric field can accelerate the ions to a finite
speed at the sheath entrance. Assuming the plasma consists of
monoenergetic ions and Boltzmann electrons, Bohm showed
that the ion exit flow speed has a lower bound at the sheath
entrance: u; > /T,/m;, also known as the Bohm criterion’
and the lower bound of the ion exit flow is the Bohm speed
uponm- Here, T, is the electron temperature and m; is the ion
mass. This provides a criterion for the sheath to form, which
has a fundamental role in understanding plasma-material in-
teraction. The original Bohm criterion analysis assumes cold
ions. In many applications, the ion temperature is usually
comparable to the electron temperature. Several fluid models
have been developed to solve the sheath transition problem
accounting for finite ion temperature, such as the isothermal'3
and the adiabatic fluid models'#. For different assumptions
of the ions, the Bohm criterion can be generalized using adi-

abatic indices of electrons and ions, 7}, and %, and the Bohm
speed in these limits equals to the ion sound speed c,(7%,%)°,

Ui 2 UBohm = CS(YE;%) =V (}’eTe+%7})/mi» (D

with 7; being the ion temperature. Due to high thermal con-
ductivity, electrons are assumed to be isothermal, so 7, = 1.
For different plasma fluid models, ions can be assumed to
be cold, isothermal, or adiabatic, leading to different Bohm
speeds at the sheath entrance. These Bohm speeds are com-
monly used in plasma simulation codes as the sheath bound-
ary conditions. For instance, the isothermal sound speed
cs(1,1) = \/(T, +T;) /m; is used in SOLPS?.

Much of transport physics has not been considered in the
fluid sheath theory, despite the role of plasma transport near
the sheath entrance and in the sheath can be significant and the
plasma sheath transition problem is kinetic in nature. As a re-
sult, a number of key assumptions made in the classical sheath
theory are not adequate. From the observation of recent first-
principle kinetic simulations'”, the particle loss to the wall can
introduce a significant temperature gradient for both species,
implying that neither electrons nor ions are isothermal. Also,
the electrons are far from isotropic in that the temperature nor-
mal to the wall is significantly lower than the temperature par-
allel to the wall due to the decompressional cooling in the flow
direction. The temperature anisotropy excites the Weibel in-
stability and introduces a self-generated magnetic field paral-
lel to the wall.

When collisional transport is considered in the sheath tran-
sition problem’, the findings contradict the conventional prac-
tice of equating the Bohm speed ug,p,, to the sound speed
¢s(Ye,%:). For a plasma with low collisionality, ¥,; will be
large since the plasma is neither isotropic nor isothermal, so
is ¢5. As collisionality increases, the Coulomb collisions can
isotropize the plasma temperature, and ¥, ; as well as ¢, will
decrease. In sharp contrast, the Bohm speed increases with
the collisionality as seen from the first-principle kinetic sim-
ulation results. To resolve this, Tang and Guo’ pointed to the
missing transport physics, i.e., the heat flux terms, that would
be the leading order in a boundary layer analysis. From their



analysis, the Bohm criterion becomes

Ui > \/(31372\\ +3T;)/mi, )

where || refers to the direction parallel to the external magnetic
field that is normal to the wall, and J is the heat flux factor
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Here, g, is the parallel heat flux, n the density, u the par-
allel flow, and ¢ the electrostatic potential. The superscript
se implies the sheath entrance. For a collisional plasma and
collisionless sheath, a truncated bi-Maxwellian model'© is
used to calculate the electron heat flux ¢, analytically, where
qy ~ 2el’y| with T’ = neu,) being the electron parallel flux.
Usually, the ion heat flux ¢/, is much smaller than the electron
heat flux ¢¢, so it is usually neglected in the analysis. Coin-

(Te) +3T;) /mi, not

because of the isothermal electron assumption, but due to the
electron heat flux’ that results in the coefficient of 7, being 1.

cidentally, the resulting Bohm speed is

The sheath entrance is defined in the asymptotic limit
Ap/L — 0 with Ap the Debye length and L the system size
for a two-scale analysis®. In this limit, the Bohm criterion ap-
plies only at this sharp sheath entrance, where the ion exit flow
speed reaches the Bohm speed up,,,. However, in applica-
tions away from this limit, there is a transition region between
the plasma and the non-neutral sheath, where quasineutral-
ity is weakly violated. The definition of the sheath entrance
away from Ap/L — 0 becomes ambiguous since now it is ex-
tended to a region. Matched asymptotic expansion'®!? of a
plasma with cold ions and hot electrons indicate the existence
of a transition layer and the ion flow reaches the Bohm speed
/T, /m; inside this transition layer.

This work resolves the discrepancies between kinetic simu-
lations of sheath and fluid sheath theory, and applies the Bohm
criterion to real plasmas away from the asymptotic limits. The
sheath transition problem is investigated by elucidating the
critical roles of various transport physics. The paper is or-
ganized as follows. In section II, an expression for the Bohm
speed is derived considering various transport physics, includ-
ing heat flux, collisional isotropization, and thermal force.
The sheath profile away from the asymptotic limit Ap — 0 is
shown in Section III by conducting kinetic simulations using
the VPIC code?. In Section IV, away from the asymptotic
limit, the sheath entrance is extended to a sheath transition re-
gion where the Bohm criterion can be applied. The accuracy
of the Bohm speed model over a broad range of collisional-
ity and the importance of transport physics in evaluating the
Bohm speed is demonstrated in Section V.

Il.  PLASMA TRANSPORT MODEL AND DERIVATION
OF THE BOHM SPEED

A. Key ingredients of the plasma transport model for
presheath-sheath transition

To tackle the plasma-sheath transition problem, one needs
to solve Poisson’s equation coupled with a set of plasma trans-
port equations. Around the sheath transition region, where the
quasineutrality remains a good approximation n, = Zn;, Pois-
son’s equation can be linearized by expanding the net charge
p = e(n; —n,) around 0,
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where the potential at the sheath entrance is set zero ¢ = 0.
A non-oscillatory (pre)sheath requires

on, Jn;
_oni >0. 5
(a¢ a¢> [pmge > ©)

This is the Bohm criterion, also known as sheath criterion in
the literature.

The Bohm speed can be obtained by plugging different
plasma models into Eq. 5. Traditionally, the plasma trans-
port equations can be closed with assumptions such as cold,
isothermal or adiabatic ions and isothermal electrons, lead-
ing to expression in Eq. 1. However, from previous kinetic
studies of the plasma sheath, it is known that the transport
near the sheath entrance is highly anisotropic'”’. Moreover,
the plasma collisionality has a huge influence on the Bohm
speed’. Note though the influence of ion-neutral collision on
the Bohm speed in an interesting question®!, here we are inter-
ested in fully ionized plasmas where only the Coulomb colli-
sion is considered. The collisionality of the system can be
characterized by a sheath Knudsen number: K3" = A7,/ Ap’,
the ratio of the Coulomb collisional mean free path to the
Debye length at the sheath entrance. This work studies the
regime of K3 > 1 or K" > 1, in which the plasma trans-
port is important. Due to the anisotropic nature of the plasma
sheath-transition problem, the mean free path is defined as
Anfp = Vine/Vei With vy, = \/Tox/m,. the electron thermal
speed and V,; the anisotropic electron-ion collision frequency
given by Eq. 9. For a collisional system with K" > 1 or
K" > 1, the force due to collisions may play a role in mo-
mentum transport. The collisional force can be considered as
the sum of two kinds of forces??, the friction force due to the
relative fluid velocity between different species and the ther-
mal force due to the temperature gradient. In a steady state
sheath, the electron and ion charge fluxes equalize, so the fric-
tion force is negligible. However, electrons are not isother-
mal and the electron temperature gradient may give rise to the
thermal force Ry. The collisional heating in energy transport
consists of temperature relaxation between different species,
relaxation of anisotropy, and Ohmic heating. The Ohmic heat-
ing is trivial due to the vanishing net current in steady-state
and the thermal equilibration rate is slow due to the large ion-
electron mass ratio. Whereas, the collisional isotropization for




each species plays an important role in the energy transport
due to the strong temperature anisotropy in the (pre)sheath.
A set of anisotropic plasma transport equations in the steady
state can be written as>3-26
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where x is the parallel direction coordinate. The electron in-

ertia terms are neglected due to the small electron mass. The
thermal force is written as R = —andT /dx with o the ther-
mal force coefficient, g;' are the parallel heat fluxes from the
definition of Chew et al*?,

qn = /m(vx—ux)3fd3v7 7

and Qe .; are the electron temperature isotropization terms
due to electrons colliding with electrons and ions, respec-
tively. In the intermediate collisional regime, these can be
written as?*
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with the anisotropic plasma collision rate defined as**
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and T, being the perpendicular temperature. The ion temper-
ature isotropization due to collisions with ions and electrons
are Qj; ;. respectively. In the collisional limit, these can be
obtained from Eq. 8 by replacing the electron terms with the
ion terms. Typically, Q;; is not negligible due to the signif-
icant difference between T;, and Tjy, while Q;, is negligible
due to the low ion-electron collision rate v;.. The set of equa-
tions is derived directly from taking moments of the Boltz-
mann equation without further assumptions. These equation
are closed by evaluating the higher order moment (g,) and
collision terms from kinetic simulation results rather than sim-
ply assuming adiabatic indices 7, and 7. Additionally, if the
system is closed by dropping the heat flux and collisional en-
ergy exchange terms in the eneregy equations, then the indices
Y..i = 3. The particle source is assumed to be far from the
presheath region, so it is not included on the right-hand side
of the transport equations.

B. Derivation of the transport-dependent Bohm speed

The Bohm speed can be obtained by inserting the plasma
transport model into Eq. 5 for the electron and ion density gra-
dients. Combining the electron continuity, momentum, and
energy conservation equations by eliminating d7,,/dx and
du,y/dx, we obtain, for spatially monotonic ¢,
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where E = —d¢/dx is the electric field. For ions, the inertia
term is included and similar analysis gives
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Substituting Egs. 10 and 11 into Eq.5 gives the Bohm crite-
rion that provides a lower bound for the ion flow speed

Uiy > UBohm = (ﬁTe}e +37}ie)/mia (12)

with the heat flux factor
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Here I, ; = n, jUiey i, is the flux and all quantities on the right-
hand side of Eq. 13 with superscript se are evaluated locally
at the sheath entrance, which can be interpreted here as the
presheath-sheath transition region. Eqs.12 and 13 give the
Bohm speed that accounts for the heat flux and the transport
quantities for a plasma with varying collisionality. In the low
collisionality limit, all the transport terms o, Qee, Qei, Qii —
0, and Eq.13 reduces to the collisionless presheath limit in
Ref. 7. In the high collisionality regime, at first glance, the
collisional isotropization terms, O, seem to play a minor role
in determining the Bohm speed since T}, — T, ~ 0. Here, an es-
timation of Q can be conducted to show that it may not be neg-
ligible. Let X = +/(T,y — T.x)/T.x be the electron anisotropic
coefficient. Expanding Q.. near X = 0 by ignoring terms of

higher-order than O(X?), we have
32
Qee = T5MeVeeTuX . (14)

The collisional temperature isotropization enters the Bohm
speed with normalization by the product of electron particle
flux and electric field at the sheath entrance,
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In the collisionless limit, where K,S,h — oo while other
terms on the right-hand side of Eq.15 are bounded, (Q.. +
Q.i)/eT.E — 0. In the intermediate collisionality regime,
where K:* ~ O(y/m;/m,), the larger temperature anisotropy
and the smaller local electric field produce a (Q.. +
Q.i)/el.E ~ O(1). For highly collisional plasmas, though
the plasma is quite isotropic, the large ratio of /m;/m, /K:"
makes (Qee + Oci) /el .E ~ O(1). A similar analysis can be
performed for ions and one finds that Q;;/ (e, E) is K3 small
but non-negligible since ions are more anisotropic than elec-
trons.

Ill.  VPIC KINETIC SIMULATION OF
PRESHEATH-SHEATH TRANSITION WITH AN
UPSTREAM VOLUMETRIC SOURCE

A. Simulation setup

To verify the predictive model of the Bohm speed in Eq. 12
and Eq. 13, and illustrate the importance of transport physics
on the presheath-sheath transition, kinetic simulations are per-
formed using VPIC?? for a slab plasma bounded by absorb-
ing walls. Initially, a hydrogen plasma (Z = 1) is magne-
tized with a magnetic field perpendicular to the wall to sup-
press the Weibel instability!”. The plasma with temperature
T, = T; = Ty is uniformly distributed in the domain. To balance
the particle loss at the walls, a uniform Maxwellian source
with temperature 7 is injected into the plasma in the mid-
dle of the domain (S € [3L/8,5L/8]), mimicking the upstream
source of a scrape-off layer in a tokamak. The source in-
jection rate is set to be equal to the ion loss rate at the wall
such that a fast equilibrium can be reached. Initially, since
the plasma is uniform and isotropic, the collisionality of the
system is characterized by a nominal K,, defined as the ra-
tio of the initial electron mean free path to the initial Debye
length. To elucidate the role of transport physics in setting the
Bohm speed, the simulations cover a wide range of collision-
ality with nominal K, € [20,5000] ,corresponding to different
combinations of initial den51ty and temperature as shown in

different-combinations-of-density-and-temperatare;-as-shows
in-Fig—. The Coulomb collision is implemented using Tak-
izuka and Abe’s model?’ in the VPIC simulations.In the ab-
sence of net current, the thermal force and the temperature
isotropization terms can be evaluated directly from the colli-

sion integral
d
Rt —/mevx <f) &> v,
coll

Oy = ./ms(vx—ux)(vx—ux) (?9{) lld3v,

where s and r denote the interacting species and (9 f/01)con
is the rate of change of the distribution function due to the

(16a)

(16b)

TABLE I: Simulation parameters for a collisional presheath

System length L=256Ap
Number of super-particles per cell 10000
Mass ratio m;/me = 1836
Collisionality K, € [20,5000]

Source particle injection rate
Plasma source region

Rinj = Rlan loss
S € [3L/8,5L/8]

Coulomb collisions.which-can—-be-evalaated—usingTakizuka
and-Abe’s-modelZ.in-the VPIC simulations: More detailed

simulation parameters are listed in Table. 1.

10% 10%
n(m3)

FIG. 1: The nominal K,, as a function of the density # and
electron temperature 7.

B. Plasma profile at steady state

In Fig.2 we show the steady-state plasma profiles for K, =
50. Since the system is symmetric, we only show results of
one side of the domain without the source region (0 — 80Ap).
The density and temperature of both species are normalized to
their initial values ny and Ty, the potential ¢ to Ty /e, the ion
flow to the local adiabatic sound speed ¢ = \/(Tox + 371 ) /mi.
It clearly illustrates that, away from the asymptotic limit
Ap/L — 0, a transition region, rather than a sharp boundary,
exists between the presheath and the sheath. In this region, the
quasineutrality is weakly violated, and the plasma flow and
potential gradient increase gradually towards the sheath. The
electron temperature is anisotropic within the Knudsen layer
(from the wall to x ~ A,,,) due to decompressional cooling
in the x—direction for a collisionless case!’. T, is signifi-
cantly increased near the material surface due to the finite heat
flux of ges = [ m(vy — uy)z(vx —uy) fd>v corresponding to 7,
which has a negative gradient in the sheath region next to the
left wall. Further upstream, the intense Coulomb collision in
the presheath region can eliminate the electron temperature
anisotropy. However, strong ion temperature anisotropy exists
over the whole domain due to the slow ion-electron and ion-



ion collision rates. The plasma temperature gradient exists in
the presheath and sheath region in a steady-state plasma. De-
spite the large electron thermal conductivity, the isothermal
electron assumption in the sheath model may not be valid,
indicating more involved transport physics need to be consid-
ered in the presheath-sheath transition problem.

IV. DETERMINATION OF SHEATH TRANSITION
REGION FROM SIMULATION DATA AND LOCAL BOHM
SPEED

A. Sheath entrance versus sheath transition region

The definition of the sheath entrance in the asymptotic
1imit%® of Ap/L — 0 is not applicable to simulations or real
situations where the sheath has finite thickness and the break-
down of quasineutrality is not abrupt. The plasma density
and potential profile (Fig. 2a and 2b) show there exists a
transition region that smoothly joins the quasineutral plasma
and the non-neutral sheath together. In this transition region,
the quasineutrality is preserved to the zeroth order n, ~ Zn;,
while the net charge density gradient begins to dominate in
the linearized Poisson equation and the quasineutrality is per-
turbed to the first order or weakly perturbed. The defini-
tion of weakly-perturbed-quasineutrality is consistent with the
Bohm criterion (Eq. 5). This means that in real situations
the sheath entrance becomes a sheath transition region as op-
posed to a single point in the asymptotic limit, and that Bohm
speed should vary inside this transition region. Away from
the asymptotic limit, the Bohm (sheath) criterion in Eq. 5
should be applied in the transition region where quasineutral-
ity is weakly perturbed. To determine a point for the nominal
sheath entrance, a location may be chosen at the edge of the
transition layer that connects the non-neutral sheath and the
weakly non-neutral transition layer. In Ref. 6, it is suggested
that this point can be located where the charge separation level
p = |(n; —n.)/n;| is smaller than some threshold. The choice
of this threshold is somewhat arbitrary since the breakdown
of quasineutrality is not abrupt in a physical sheath. p is as-
sumed to be 1% or 10% for some cases®’. However, a small
P does not always guarantee the accuracy of the Bohm crite-
rion, since dp /dx may be large. Here, dp/dx is the fractional
charge density gradient

I (17)
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In Fig. 3, the time-averaged results of p is compared with
dp/dx for a case with K, = 50. In this case, a 10% break-
down of quasineutrality (at about 2.0Ap) produces dp/dx of
50%, and a 1% breakdown of quasineutrality (at about 4.0Ap)
produces dp/dx of 20%. In both situations, the Bohm crite-
rion in Eq. 5 is no longer accurate.

From the definition of the weakly-perturbed quasineutrality,
it is more natural to identify the sheath transition region using
the fractional charge density gradient dp/dx rather than p.
It should not be too small to avoid reaching the quasineutral

presheath region, nor too big for the accuracy of the model.
The sheath entrance can be defined as the edge of the transi-
tion region and is arbitrarily chosen at the point where dp /dx
is roughly 10%, such that Eq. 5 barely applies. For K, = 50
in Fig. 3, the nominal sheath entrance can be placed at 5.04p
for dp/dx being 10%. Note that in the sheath region, Eq. 5
is valid only for the greater sign and the zeroth-order term in
the net charge expansion dominates. Though Eq. 5 holds in
the quasineutral region, it is not meaningful since Poisson’s
equation is not used to solve the potential. In the sheath tran-
sition region, the first-order term dn,/dx — dn;/dx in the net
charge expansion begins to dominate, and Eq. 5 applies with
the equal sign without significant error.

The plasma at the sheath entrance can be characterized
by several dimensionless parameters: the temperature ratios
Ty ) Te¢, Ty /T, the normalized electric field eE*Ap/T.Y,
and the local sheath Knudsen number K;;°. The position of the
sheath entrance x,, is identified where the fractional charge
density gradient is 10%. All these normalized parameters are
presented in Table. II. The location of the sheath entrance
oscillates around x = 5 —5.5Ap and does not depend on the
collisionality in any significant way. As expected, the elec-
tron and ion temperatures become increasingly anisotropic as
K, increases. The ions are more anisotropic than the elec-
trons due to the slow ion-ion collisions. The normalized lo-
cal electric field decreases with increasing collisionality, mak-
ing (Qee + Qei)/el'.E ~ O(1) in the evaluation of the Bohm
speed.

TABLE II: Normalized parameters at the sheath entrance

Ko K3 Iy Ty e

Ty Ty Ty X

20 526 101 112 004 50

50 1313 105 132 0032 50

200 5004 109 221  -0019 55
500 1166 113 320  -0017 55
1000 2204  L19  403  -0016 55
2000 4209 129 466  -0015 5.5
5000 1932 160 535  -0014 50

B. Local Bohm speed over the sheath transition region

The Bohm speed evaluation model can be applied to the
sheath transition layer that includes the nominal sheath en-
trance discussed in the previous section. All the physical
quantities in Eq. 12 and Eq. 13 can be obtained from the
simulation to evaluate the Bohm speed. After the simulation
reaches steady-state, a time-averaging of the physical param-
eters over 200000 timesteps is employed to reduce the PIC
noise. In Fig. 4, we compare the ion exit flow speed with the
calculated Bohm speed as a function of the distance from the
wall for two test cases with different collisionality (K, = 50
and K,, = 500). In the non-neutral sheath region near the wall,
the ion exit flow speed diverges from the model prediction
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FIG. 2: Steady-state plasma profiles for a collisional presheath (K, = 50) (a) Density of electron and ion normalized by the
initial density no; (b) Potential profile normalized by T, /e; (c) Temperature of electron and ion in x and y direction, normalized
by the initial temperature Tp; (d) Ion velocity normalized by the adiabatic sound speed ¢ = /(T,x + 3T;) /mi;.
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FIG. 3: Normalized net charge density p, charge density
gradient dp /dx for K,, = 50.

of Bohm speed, as expected. Further upstream, in the sheath
transition region, the local Bohm speed matches the ion exit

flow despite the PIC noise. The breakdown of ug,,, from
Eq. 12 and Eq. 13 is an accurate indication of transitioning
into the non-neutral Debye sheath.

V. ROLES OF DIFFERENT TRANSPORT PHYSICS IN
SETTING THE BOHM SPEED

To elucidate the role of transport physics in the presheath-
sheath transition problem, both sides of the electron momen-
tum and energy transport equations are plotted in Fig. 5a and
5b for a case with collisional presheath (K, = 50). The mo-
mentum and energy transport of the system reaches a steady-
state by comparing the orange and blues line in Fig. 5a and
5b. The thermal force term Ry matches the sum of the other
terms and agrees with the theoretical limit —0.71n,.dT /dx in
the collisional presheath region®>. Within the Knudsen layer,
however, the plasma can be considered as collisionless and
Ry deviates from —0.71n.dT /dx. By comparing the orange
and green curves in Fig. 5b, it is clear that the temperature
isotropization terms Q.. and Q.; make a difference within the
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FIG. 4: Ion exit flow speed and Bohm speed calculated from
Eq. (12,13) normalized by the adiabatic sound speed

¢s(¥. = 1,7 = 3) over distance from the wall for K, = 50 and
K, =500.

TABLE III: Normalized parameters at the sheath entrance

where the fractional charge density gradient is 10% and the

Bohm speed calculated from Eq. 12 and Eq. 13. The cases
for K,, = 20,200,5000 are from Ref. 26.

K Uix  UBohm 1 aqi fefz—’—Qij 1 aq;l lele se
n - (04

Cs cs e3¢0  eISCESe eI ¢ eI"“Ese
20 1.25 120 -1.63 1.48 -0.05 0.18 0.59
50 1.14 1.10 -3.27 3.59 -0.20 026 0.51
200 1.02 1.00 -2.20 3.55 -0.22 0.38 0.45
500 099 098  -0.68 2.29 -0.08 0.32  0.39
1000 098 096  -0.18 1.69 0.14 023 0.18
2000 0.95 0.94 0.44 1.36 0.36 0.12 0.11
5000 0.94 0.93 0.23 1.17 0.52 0.07 0.04

Knudsen layer, where the electron temperature is anisotropic.
Thus, the transport physics enters the presheath-sheath transi-
tion problem through the thermal force Ry and the tempera-
ture isotropization Q. .; and Q;; terms and will affect the eval-
uation of the Bohm speed.

The collisionality of the system can affect the transport
physics and thus influence the Bohm speed. For plasmas
in different collisional regimes (K, € [20,5000]), the trans-
port terms in Eq. 13 are calculated from the simulation data
and shown in Table. III. The calculated Bohm speed from
Eq. 12 and 13 is contrasted with the ion flow speed, and
both are normalized with the local adiabatic sound speed
¢s =/ (Tox +3T;x) /m;. All the parameters in Tab. III are lo-
cally evaluated at the nominal sheath entrance, which is iden-
tified where the fractional charge density gradient is 10%.

Overall, the expression of the Bohm speed is accurate over
a range of collisionality, as can be seen by comparing the sec-
ond and third columns of Table. III. The electron heat flux
and temperature isotropization terms play the most critical
role in determining the Bohm speed. The normalized elec-
tron flux gradient (dg¢/d¢)/(el’,) is naturally the dominant

0.04 1 Ry
0,024 nmuau/ax + enEy + dp/dx
1 ——| —=0.71ndT/dx
0.00 \
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FIG. 5: Terms in the electron energy and momentum
transport equations for a collisional presheath case(K,, = 50).
(a) Different terms in the electron momentum equation and
the analytical thermal force Ry = —0.71n.dT,,/dx; (b)
Different terms in the electron energy equation.

term at small length scales. The Coulomb collision changes
the energy transport such that the electron heat flux profile
changes with K,,, as shown in Fig. 6. The normalized elec-
tron isotropization term (Qee + Qei)/(eIS*E*¢) ~ O(1) from
the simulation result, in accordance with the scale analysis in
Eq. 15. It is of similar order as the normalized electron heat
flux gradient in impacting the Bohm speed. Note that for low
collisionality plasmas, the normalized electron isotropization
term is not negligible due to the large electron temperature
anisotropization as well as the smallness of the normalized
electric field eE*Ap/T;¢ (See Table. II). Despite the large
ion to electron mass ratio in a hydrogen plasma, the ion heat
flux and temperature isotropization make a small but non-
negligible contribution to the Bohm speed. Finally, the ther-
mal force coefficient o** decreases for increasing K, and is
smaller than the Braginskii value as expected.

Another way of quantifying the importance of individual
transport physics terms in the Bohm speed is to calculate a
"modified Bohm speed" by setting different terms to zero in
Eq. 12 and Eq. 13. The results are shown and compared in
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FIG. 6: Normalized electron heat flux as a function of the
position for different collisionality.
Table. IV.

TABLE IV: The influence of different terms in Eq. 12 and
Eq. 13 on the Bohm speed

Ky S G0 9E05=0 Qeu=0 3E=0
Cs Cs

20 1.25 1.20 1.20 1.26 0.77 1.00

50 114 1.10 1.11 1.11 0.86 0.97
200 1.02 1.00 1.01 1.03 0.79 0.96
500 099 098 098 1.01 3.05 0.96
1000 098 096  0.97 1.02 1.15 0.96
2000 095 094 094 1.01 1.03 0.94
5000 094 093 0.92 1.02 1.00 0.92

As is shown in Table.IV, the thermal force coefficient o*®
has a negligible influence on the Bohm speed. The ion heat
flux and temperature isotropization terms can affect the result
slightly for highly collisional cases. They have an increasing
influence on the Bohm speed as the collisionality decreases
because the normalized ion and electron heat flux derivatives
are comparable for low collisionality cases (K, = 2000, 5000)
in Table. IV. The normalized electron heat flux, on the other
hand, has a decreasing effect on the calculation of the Bohm
speed as the collisionality decreases. The electron temper-
ature isotropization Q.. .; play a crucial role in determining
the Bohm speed. Especially for the case where K,, = 500,
the Bohm speed estimation is poor with Q. .; = 0 since the
denominator of Eq. 13 is close to zero when Q.. is ig-
nored. The accuracy of the Bohm speed calculation is most
significantly affected by the electron temperature isotropiza-
tion term.

From Fig. 4, one can see that the model captures the varying
Bohm speed in the transition region with reasonable accuracy.
Here, the transport terms are plotted in Fig. 7 for K,, = 50 to
show their variation in the sheath transition region. Notice
that the collisionality inside the transition layer (or the local
Knudsen number K;¢) varies, as do the transport terms. As

we can see, although all the normalized physical quantities,
in particlar the electron heat flux derivative and the electron
collisional isotropization terms, vary over the transition re-
gion, these variations can compensate with each other such
that Eq. 12 and Eq. 13 predict the Bohm speed accurately as
shown in Fig. 4.

8
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FIG. 7: Normalized parameters determining the Bohm speed
in the sheath transition region for K, = 50.

A. COMPARISON OF TEMPERATURE
ISOTROPIZATION TERMS FROM KINETIC SIMULATION
TO CHODURA'’S CLOSURE

For all the Bohm speed calculations presented here, the
terms with respect to collisions, namely the thermal force Ry
and the collisional isotropization Q,; .. ;i, are directly evalu-
ated from the Coulomb collision operator in the simulation
using Eq. 16. The thermal force Rr deviates from Bragin-
skii’s theory, especially for the low collisionality cases (see
Table.III). In the high collisionality limit, Chodura and Pohl
provide a closure for the anisotropic plasma transport (Eq. 8).
Here, Q.. i from both the simulations and Chodura’s evalua-
tions for cases with different collisionality (K, = 50,200) are
shown in Fig. 8. It demonstrates that the Chodura’s closure
captures the underlying isotropization physics with reasonable
accuracy for high collisionality plasmas. As the collisionality
decreases, the deviation is significant. A kinetic correction is
needed for evaluation of the Bohm speed in Eq. 12 and Eq. 13
over the sheath transition region.

VI. CONCLUSIONS

In the classical sheath model, adiabatic indices for elec-
trons and ions are assumed to close the system, and a Bohm
speed is obtained at the sheath entrance in the asymptotic limit
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FIG. 8: Comparison of the Q.. and Q,; terms evaluated from the kinetic simulation with those calculated by Eq. 8 for (a,b)

K, =50 and (c,d) K,, = 200 cases.

Ap/L — 0. Here, an expression for the Bohm speed away
from the asymptotic limit is derived from a set of anisotropic
plasma transport equations, where transport physics including
the heat flux, temperature isotropization, and thermal force
are considered. Away from the asymptotic limit, the sheath
entrance is extended to a sheath transition region, where the
quasineutrality is weakly perturbed. The sheath transition re-
gion is identified using the fractional charge density gradi-
ent, since it is a more sensitive measure of the Bohm crite-
rion than the net charge separation level. By performing the
first-principle kinetic simulations using VPIC, it is shown that
Eq. 12 and Eq. 13 can predict the Bohm speed accurately in
the sheath transition layer over a range of collisionality. Fur-
ther analysis shows that the electron heat flux and the electron
temperature isotropization have a significant influence in de-
termining the Bohm speed, while the thermal force and the ion
isotropization are not negligible but unimportant. The Bohm
criterion analysis presented here can be readily extended to
plasmas where more complex transport is involved and the

resulting Bohm speed will be consistent with the underlying
transport model. The plasma-sheath transition problem is ki-
netic and the Chodura and Pohl’s closure for Qe ci i, as well
as Braginskii’s closure for the thermal force Ry, which are de-
rived in high collisionality limit, are not adequate to close the
system.
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