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Inverse Problems

Inverse problems reconstruct uncertain parameters using measurement data.

Forward Problem

Initial Transport Predictions/

conditions processes Measurements

Inverse Problem
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Complementary Parameters

Consider a PDE-constrained inverse problem of the following form:

1
min J(m,0.,0,): = §||Qu(m, 0u) —y(0.)]] + R(m)

meM

where r(u(m,0,),m,0,) =0
@ Yy - measurement data @ m - inversion parameter
@ R - regularization operator @ (. - experimental parameters
@ r - governing equations @ 0, - auxiliary parameters
@ Q - observation operator
@ u - state variable

Complementary parameters: 6 = (0.,0,)
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Hyper-Differential Sensitivity Analysis

Goal: Determine the sensitivity of the solution of a deterministic inverse problem
to perturbations of complementary parameters.

True Contaminant at t = 0.0625

80 Applications

70 @ Augment experimental designs
60 @ Important measurements

* @ Sensor error tolerances

:Z @ Optimal Experimental Design
" Under Uncertainty

10

0

Joseph Hart, Bart van Bloemen Waanders, and Roland Herzog. Hyper-differential sensitivity analysis of
uncertain parameters in PDE-constrained optimization. International Journal of Uncertainty Quantification,
2020.
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Sensitivity Operator
@ Given nominal parameters ¢/, J has a local minimum " = " (0)
e Optimality Condition: in a neighborhood of (", )
I (m™(0),0) =0

o Differentiate through the optimality condition to obtain the sensitivity
operator:

D=-H"'B

o H = Jm,m(m",0) is Hessian of J with respect to m
o B:= Jy,e(m",0) is the Fréchet derivative of J,, with respect to ¢
o Use adjoint based gradient/Hessian computation

@ Change in the solution of the inverse problem when the nominal parameter
values are perturbed in the direction 0:

DO = [Vgm™] (0)

Kerstin Brandes and Roland Griesse. Quantitative stability analysis of optimal solutions in PDE-constrained
optimization. Journal of Computational and Applied Mathematics, 2007.
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Sensitivity Indices

Pointwise sensitivity indices

o _ IDek
lefle

7

@ change in the solution of the inverse problem with respect to a perturbation
of the i*" element of the k** parameter
Generalized sensitivity indices

Sk — maxw
6ce |0lle

@ maximum change in the solution with respect to a norm-1 perturbation of
the k** parameter
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Model Problem

Forward problem

—-V - (e"'Vp) =
ct—V~<ch> ( ):
p=n
p=Dp2
Vp-n=0
Ve-n=0
c(0,2) =0

in Q

in [O,T] X Q, with v = _emvp

on I'y

on Iy

on'gyUTs

on [0,T] x {TouUT; U, UT3}
in Q

@ Inversion Parameter: log-permeability field m
@ Auxiliary Parameters: diffusivity constant ¢, fluid source g, BCs p; and p-

@ Experimental Parameters: concentration and pressure data measurements
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Model Problem

-V ("Vp)=0 inQ
c—V- ((Vc) +V. ('vc) =g in[0,T]xQ, with v=-e"Vp
p=pi only
p=p2 onlj
Vp-n=0 onlyuUTly
Ve-n=0 n[O,T]x{FOUF1UF2UF3}
c(0,z) =0 inQ
Iy
I3 Q Iy
Iy
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Inverse Problem

Inverse problem

min J(m,0.,0,) :
meM ( © H)

1
= iHQpp("]/v 6’,,) -y

p(0) R,

1 «
+519eclm,0) = w0, + 5 [ 1V} dz
Q

where ¢ and p solve

-V - (e"Vp) =0
ct—V~<ch> ( ):
p=Dp

p=Dp2

Vp-n=0

Ve-n=0

c(0,2) =0
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in Q

in [O7T] X Q, with v = _e’m,vp

on I'y
onI'y
on'yuUTs
on [0,T] x
in Q

{FO Ul uly UF3}
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Experimental Setup

‘ ® Concentration Sensors

O Pressure Sensors 4 Source Locations
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Inverse Problem Solution
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Generalized Sensitivity Indices

25 Generalized Sensitivities

[ Experimental Parameters
[ Auxiliary Parameters

Pressure  Concen. Source Diffusion BC BC.
left right
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Concentration Sensitivity Indices
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Pressure Sensitivity Indices

Pressure
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HDSA: Next Steps

Completed Work
@ Formulate HDSA in the context of deterministic inverse problems
@ Define pointwise and generalized sensitivity indicies
@ Both experimental and auxiliary parameters

@ Paper: Isaac Sunseri, Joseph Hart, Bart van Bloemen Waanders, and Alen
Alexandarian. Hyper-Differential Sensitivity Analysis for Inverse Problems
Constrained by Partial Differential Equations. Inverse Problems, 36(12),
2020.

Future Work

@ How do we define sensitivity of the solution of a Bayesian inverse problem?
@ Posterior distributions would be difficult or impossible to derive directly

o Consider the sensitivity of measures of the posterior
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Bayesian HDSA

Consider

Oyl t) _ Pyl
o ox2
y(o»t) = y(ﬂvt) =0,

y(z,0) = sin(x) + €’ sin(2x),

z € (0,7),t € (0,1)
te(0,1)
z € (0,7).
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