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The Big Problem: Awkwardness at the Interface

Awesome 

Machine Learning 

Algorithm 

Profit



3

Naively Interfacing Machine Learning and Atomic Structure

▪ N atoms are described using (3N) real numbers for positions, and N labels for species.

▪ So, imagine describing an atomic structure as a matrix/vector, that we’ll pass into the ML algorithm:

▪ Compact and straightforward
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Naively Feeding Atomic Structure Into Machine Learning

▪ Problem 1a: Permutation Symmetry

▪ Data augmentation: N! replicates

▪ So, for 12 neighbors, 4.8*10^8 replicates

▪ Problem 1b: Variable Numbers of Atoms

▪ Problem 2: Frame 
Invariance/Equivariance

▪ Data augmentation: 10^4 replicates in 3d
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The Trouble with Canonical Orderings / Orientations

▪ I do not know of a strategy for assigning a “canonical” ordering or orientation to arbitrary local atomic 
environments that is stable with respect to atomic perturbation/thermal fluctuation.

▪ Example 1: resolving permutation symmetry by ordering atoms by distance from central atom.

▪ Issue: if more than one atom is “the same distance” from the central atom, this is unstable.

▪ This case occurs frequently, since atoms form more-or-less rough shells around central atoms.

▪ Example 2: resolving rotational symmetry by aligning local atomic environments along principal axes

▪ Issue: if the mass of the local atomic environment is approximately spherically or cylindrically symmetrically 
arranged relative to the central atom, this is unstable

▪ Again, this case occurs frequently when taking spheres cut out of bulk as the local atomic environment

▪ Bonus: Instability associated with atoms near the cutoff boundary vibrating in or out of the 
environment.
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Basis Function Expansion

Fourier Series Atomic OrbitalsSpherical Harmonics

Domain: periodic “rectangle” on Rn Domain: unit sphere in R3

A way of approximating arbitrary functions, continuous or discontinuous, 

as a finite vector of real (or complex) coefficients, easy for a computer to 

store and use.

By carefully picking the basis functions, the basis function expansion can 

acquire special properties.

Domain: R3 w/center
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Atomic Representation via Basis Function Expansion
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Naively Feeding Atomic Structure Into Machine Learning

▪ Problem 1a: Permutation Symmetry

▪ Data augmentation: N! replicates

▪ Problem 1b: Variable Numbers of Atoms

▪ Problem 2: Frame 
Invariance/Equivariance

▪ Data augmentation: 10^4 replicates in 3d

(invariance)

(equivariance)
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Equivariant Neural Network Architecture

▪ Basic Multilayer Perceptron

▪ Generalized neural network

▪ Equivariance

▪ Equivariant Neural Network

𝑓1 𝒃1 + 𝑨1 ∙ 𝑓2 𝒃2 + 𝑨2 ∙ 𝑓3 𝒃3 + 𝑨3 ∙ 𝑓4 𝒃4 + 𝑨4 ∙ 𝒙 = ෝ𝒚 ≈ 𝒚

𝑢𝑨𝑢 𝑣𝑨𝑣 𝑤𝑨𝑤 𝒙 = ෝ𝒚 ≈ 𝒚

𝑢𝑨𝑢 𝑣𝑨𝑣 𝑤𝑨𝑤 𝑹𝒙 = 𝑢𝑨𝑢 𝑣𝑨𝑣 𝑹𝑤𝑨𝑤 𝒙 = 𝑢𝑨𝑢 𝑹𝑣𝑨𝑣 𝑤𝑨𝑤 𝒙 = 𝑹𝑢𝑨𝑢 𝑣𝑨𝑣 𝑤𝑨𝑤 𝒙 = 𝑹ෝ𝒚 ≈ 𝑹𝒚

𝑓 𝑹𝒙 = 𝑹𝑓(𝒙)




















