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Abstract

Tuned mass dampers are a common method implemented to control structure’s vibrations. Most 
tuned-mass dampers only transfer the mechanical energy of the primary system to a secondary 
system, but it is desirable to convert the primary systems’ mechanical energy into usable electric 
energy. This study achieves this by using a piezoelectric energy harvester as a tuned-mass damper. 
Additionally, this study focuses on improving the amount of energy harvested by including amplitude 
stoppers. Mechanical stoppers have been investigated to sufficiently widen the response of 
piezoelectric energy harvesters. Furthermore, magnetic stoppers are compared to the mechanical 
stopper’s response. A nonlinear reduced-order model using Galerkin discretization and Euler-
Lagrange equations is developed. The goal of this study is to maximize the energy harvested from the 
absorber without negatively affecting the control of the primary structure.

I.  Introduction
Damaging environmental vibrations, especially harmonic oscillations which occur when the 

excitation frequency matches the natural frequency of the structure, are aimed to be avoided or 
controlled when designing systems and structures [1].  A popular way to combat harmonic oscillations 
is a tuned-mass-damper. Most tuned-mass-dampers dissipate the energy as mechanical energy through 
a secondary system. However, it is desirable to convert this energy into useful electrical energy. This 
is especially important in dangerous to reach locations, such as the top suspension bridge towers or 
remote cell towers because it would be able to power sensors without the need for battery replacements 
A great way to accomplish this is by using a piezoelectric energy harvester as the tuned-mass-damper 
[2]. 

To further improve the capabilities of the harvester, the parameters of the energy harvester are 
optimized to get the bandwidth as broad as possible. To further the width of the operable range, 
amplitude stoppers are included in the energy harvesting absorber. Contact with the amplitude stoppers 
may generate a nonlinear response that is evaluated to improve the energy harvesting absorber’s ability 
to generate power as well as maintain control of the primary structure’s oscillations. In addition to 
mechanical stoppers, magnetic stoppers are also investigated to obtain the optimal design.
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II.  System’s dynamics and reduced-order modeling
To avoid lengthy computations due to the high nonlinearities of the contact impacts between 

the absorber and stoppers, a reduced-ordered model is developed. The primary system is represented 
by a spring-mass-damper system. The reduced-ordered model displacements can be seen in Figure 1, 
where the primary structure’s displacement and the energy harvesting absorber’s displacement are 
represented as 𝑤1 and 𝑤2, respectively. The amplitude stoppers’ locations are placed at the end of the 
beam where it comes into contact with the tip mass and are represented as the cyan hashed blocks.

Figure 1. Schematic of the dynamical system subjected to base excitations.

Using similar strategies and model reduction as provided in [3] and [4], the equations of 
motions and the reduced-order model are derived. The only expressions that are not derived in [3] or 
[4] are the expressions for the force do to impact with the stoppers. The force due to mechanical 
stoppers is derived from a trilinear spring model developed by Paidoussis et al. [5], as expressed in 
equation (1). 

𝐹𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 = 𝑘
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𝜑𝑖 𝐿𝑓 𝑟𝑖(𝑡) ― 𝑑| 3

              (1)

where 𝐿𝑓 denotes the distance along the beam where the stoppers are placed and 𝑑 is the initial distance 
between the beam and the stoppers.

Previous research involving a magnetic coupled piezoelectric energy harvester used the dipole-
dipole representation for the magnetic force [6], as shown in equation (2). However, this representation 
is only accurate for gaps larger than 7 mm. Due to this, Upadrashta et al. [7] evaluated an accurate 
forcing representation by utilizing the magnetostatic module in COMSOL Multiphysics, a finite 
element analysis software. A comparison of the dipole-dipole representation and the COMSOL results 
can be seen in Figure 2.
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Figure 2: Comparison between the dipole-dipole representation and the data obtained from 
COMSOL [7].

Since the range of data for the COMSOL data is from 1 to 10 mm, a hybrid system is 
proposed for the magnetic force expression, where the dipole-dipole representation will be used for 
gaps larger than 10 mm and an 11th order curve fit to the COMSOL data will be used for gaps smaller 
than 10 mm. The final expression is given as follows:

𝐹𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 =
―

3𝜏𝑎1𝑎2

2𝜋𝑦4 𝑖𝑓 𝑤2 𝐿𝑓,𝑡 > 10 𝑚𝑚

𝑏0 + 𝑏1𝑦 + 𝑏2𝑦2 + … + 𝑏𝑦11 𝑖𝑓 𝑤2 𝐿𝑓,𝑡 ≤ 10 𝑚𝑚 
                      (2)

where 𝜏 is the vacuum permeability, 𝑎1 and 𝑎2 are the moment of the magnetic dipoles, the dynamic 
gap y is expressed as 𝑑 ― 𝑤2𝑠 ― ∑∞

𝑖=1 𝜑𝑖 𝐿𝑓 𝑟𝑖(𝑡), 𝑤2𝑠 represents the static position of the absorber, 
and the polynomial constants can be seen in Table 1. Additionally, the mechanical and magnetic forces 
are compared graphically in Figure 3.

Table 1: Polynomial constants for magnetic force representation
𝑏0 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑏6 𝑏7 𝑏8 𝑏9 𝑏10 𝑏11
3.2
44

―2.59 ∗ 1031.072 ∗ 106―2.87 ∗ 1085.33 ∗ 1010―7.07 ∗ 10126.72 ∗ 1014―4.52 ∗ 10162.1 ∗ 1018―6.39 ∗ 10191.14 ∗ 1021―9.09 ∗ 1021
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                                               (a)                                                                                   (b)
Figure 3. Impact force versus energy harvesting absorber’s displacement at the location of the stoppers 

for (a) varying mechanical stopper stiffnesses and (b) magnetic stoppers.

 Finally, after applying the Galerkin approach and Euler-Lagrange principle, the nonlinear-
reduced-order model can be expressed as: 

𝑀𝑆1𝑤1 + 𝑐𝑤1 + 𝑘𝑤1 +  
∞

𝑖=1
𝑀𝑠2𝑖𝑟𝑖 = 𝐹𝑐𝑜𝑠 𝜔𝑓𝑡 + 𝜙                                     (3)

𝑟𝑖 + 2𝜉𝑖𝜔𝑖𝑟𝑖 + 𝜔𝑖𝑟𝑖 + 𝑀𝑠2𝑖𝑤1 ― 𝜃𝑖𝑉 = 𝜑𝑖(𝐿𝑠)𝐹𝑠𝑡𝑜𝑝𝑝𝑒𝑟                                   (4)

𝐶𝑝𝑉 +
1
𝑅 +

∞

𝑖=1
𝜃𝑖𝑟𝑖 = 0                                                                   (5)

where the piezoelectric coupling term is 𝜃 = 𝐸𝑝𝑑31𝑏 ℎ𝑝 + ℎ𝑠 𝜑′𝑖(𝐿1), the capacitance of the harvester 

is 𝐶𝑝 = 2
𝜀33𝑏𝐿1

ℎ𝑝
, and the two mass sums 𝑀𝑠1 and 𝑀𝑠2𝑖 are as follows:

𝑀𝑠1 = 𝑀 + 𝑀𝑡 + 𝑀𝑏1𝐿1 + 𝑀𝑏2(𝐿 ― 𝐿1)

𝑀𝑠2𝑖 = 𝑀𝑡𝜑𝑖(𝐿) + 𝑀𝑡𝐿𝑐𝜑′𝑖(𝐿) + 𝑀𝑏1

𝐿1

0
𝜑𝑖(𝑥)𝑑𝑥 + 𝑀𝑏2

𝐿

𝐿1

𝜑𝑖(𝑥)𝑑𝑥

III.  Stoppers’ effects on the system’s responses and harvester’s efficiency: preliminary 
results

Three different cases are investigated: mechanical stoppers with a soft stiffness of 5 ∗ 103𝑁/𝑚
, mechanical stoppers with a hard stiffness of 5 ∗ 105𝑁/𝑚, and magnetic stoppers that are both 
repulsive to the magnets in the tip mass. Figure 4 shows these three cases’ effects on the primary 
structure’s amplitude and average energy harvested. Mechanical stoppers with soft stiffness show great 
control of the primary structure, with a reduction of 62% or greater. Additionally, soft stoppers show 
an increase of peak energy harvesting when the gap size decreases, where a gap of 0.005 𝑚 doubles 
the peak power compared to the case with no amplitude stoppers. Mechanical stoppers with a hard 
stiffness show adequate control of the structure with a medium gap of 0.0275 𝑚, with a reduction of 
53%. However, there is a near-total loss of control of the primary structure’s amplitude when there are 
small gaps. Also, apparent is the onset of aperiodic oscillations where there are large hardening effects 
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in the power with small gaps, and where the peaks of the harmonics deteriorate and appear noisy. This 
is due to the steady-state response being averaged out. Also, we can see that there is no longer an 
increase in peak power when there is contact with the stoppers. Magnetic stoppers effects seem to be 
between the soft and hard mechanical stiffnesses, where medium-size gaps show adequate control of 
the structure, but small gaps show a loss of control and aperiodic regions. Although, unlike the soft 
stoppers, there is only a slight increase of power with a medium magnetic stopper gap. With a small 
gap of 0.01 𝑚, there is practically no response. This is due to the shift in natural frequency due to the 
magnets [8]. With this gap, the energy harvesting absorber’s natural frequency is 45 𝑟𝑎𝑑/𝑠, which is 
nearly double that of the primary structure. Due to this, the subsystems would not couple and control 
the primary structure.

                            (a)                                                       (b)                                                       (c)

                            (d)                                                    (e)                                                       (f)
Figure 4: Primary structure response (a, b, c) and average energy harvested (d, e, f) for mechanical 

stoppers with stiffness 𝟓 ∗ 𝟏𝟎𝟑 𝑵/𝒎 (a, d), mechanical stoppers with stiffness 𝟓 ∗ 𝟏𝟎𝟓 𝑵/𝒎 (b, e), and 
magnetic stoppers (c, f).

For the considered design’s parameters and dimensions of the energy harvesting absorber, it is 
clear that a decrease in the distance between the magnets results in inefficient effectiveness of the 
primary structure as well as the energy harvester. The proposed energy harvesting absorber shows an 
extreme decrease in peak harvested power due to the effects of the magnetic force when small spacing 
distances are taking place and due to its coupling to the primary structure. One of the future 
investigations should be on the optimal design of the energy harvesting absorber by effectively 
selecting its dimensions and characteristics in such a way the coupled frequencies of the primary 
structure and absorber can create a broadband resonance region. In this way, the magnetic stoppers 
could perform substantially better, but the mechanical stoppers are optimal for the current excitation 
and the geometric and mechanical parameters of the system.
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This study also aims to perform the nonlinear characterization of the energy harvesting 
absorber’s behavior, especially in the cases where aperiodic regions are present due to the presence of 
the mechanical stoppers. This characterization aims to describe why these aperiodic regions occur. 
Time histories, phase portraits, power spectra, and Poincare maps are utilized. These approaches to 
characterization are strong when used together, allowing for a clear representation of the system’s 
behavior [9], particularly for optimal designs of the energy harvesting absorber when considering 
mechanical or magnetic stoppers. Preliminary results for mechanical stoppers with a stiffness of 5 ∗
107 𝑁/𝑚 and a gap size of 0.01 𝑚 are shown in Figure 5. It is apparent that the system is behaving 
chaotically. This is apparent in the Poincare map, where there are infinite points that do not form a 
closed loop. A likely source for this chaotic behavior is grazing bifurcation. Grazing bifurcation is 
when the system oscillates and comes into contact with the boundary with zero velocity [10]. This can 
be seen in the time history and phase portrait where some oscillations are tangent with amplitude 
stoppers, which are represented by the black dashed lines. A more in-depth study is planned to further 
the investigation, including looking at varying frequencies before and after bifurcation points to aid in 
pinpointing the source of the bifurcation for both mechanical and magnetic stoppers.

(a)                                                   (b) 

(c)                                                   (d) 
Figure 5: Nonlinear characterization of a mechanical stopper with stiffness 𝟓 ∗ 𝟏𝟎𝟕 𝑵/𝒎 and a gap size 

of 𝟎.𝟎𝟏 𝒎 using (a) time history, (b) phase portrait, (c) power spectrum, and (d) Poincare map.

IV.  Conclusions
The results showed that mechanical stoppers with a soft stiffness are the most promising. The 

primary structure’s amplitude remains controlled while increasing the amount of energy harvested. 
Mechanical stoppers with a hard stiffness are not desirable. This case loses all control of the primary 
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structure regardless of gap size if there is contact and has a great decrease of energy harvested. 
Magnetic stoppers with a medium gap are beneficial with regards to control of the primary structure 
and energy harvested, but smaller gaps show similar results to the hard stiffness case with a change in 
the coupled frequencies of the system which resulted in the inefficiency of the used design. Due to the 
non-contact benefit of the magnetic stoppers, the optimal design of the energy harvesting absorber’s 
dimensions and parameters should be considered in future investigations. 

Acknowledgements

T. Alvis and A. Abdelkefi acknowledge the funding support from Sandia National Laboratories which 
is a multimission laboratory managed and operated by National Technology and Engineering Solutions 
of Sandia, LLC, a wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department 
of Energy National Nuclear Security Administration under contract DE-NA0003525. 

References

[1] Chang, C. M., & Spencer Jr, B. F. (2010). Active base isolation of buildings subjected to seismic 
excitations. Earthquake Engineering & Structural Dynamics, 39(13), 1493-1512.

[2] Abdelmoula, H., Dai, H. L., Abdelkefi, A., & Wang, L. (2017). Control of base-excited dynamical 
systems through piezoelectric energy harvesting absorber. Smart Materials and Structures, 26(9), 
095013.

[3] Abdelkefi, A., & Barsallo, N. (2016). Nonlinear analysis and power improvement of broadband 
low-frequency piezomagnetoelastic energy harvesters. Nonlinear Dynamics, 83(1-2), 41-56. 

[4] McNeil, I., & Abdelkefi, A. (2021). Nonlinear modeling and vibration mitigation of combined 
vortex-induced and base vibrations through energy harvesting absorbers. Communications in 
Nonlinear Science and Numerical Simulation, 95, 105655. 

[5] Paidoussis, M. P., Li, G. X., & Rand, R. H. (1991). Chaotic Motions of a Constrained Pipe 
Conveying Fluid: Comparison Between Simulation, Analysis, and Experiment. Journal of Applied 
Mechanics, 58(2), 559-565.

[6] Tang, L., & Yang, Y. (2012). A nonlinear piezoelectric energy harvester with magnetic oscillator. 
Applied Physics Letters, 101(9), 094102. 

[7] Upadrashta, D., Yang, Y., & Tang, L. (2015). Material strength consideration in the design 
optimization of nonlinear energy harvester. Journal of Intelligent Material Systems and 
Structures, 26(15), 1980-1994.

[8] Naseer, R., Dai, H. L., Abdelkefi, A., & Wang, L. J. A. E. (2017). Piezomagnetoelastic energy 
harvesting from vortex-induced vibrations using monostable characteristics. Applied Energy, 203, 
142-153.

[9] Yan, Z., & Abdelkefi, A. (2014). Nonlinear characterization of concurrent energy harvesting from 
galloping and base excitations. Nonlinear Dynamics, 77(4), 1171-1189.

[10] Di Bernardo, M., Budd, C. J., Champneys, A. R., Kowalczyk, P., Nordmark, A. B., Tost, G. O., 
& Piiroinen, P. T. (2008). Bifurcations in nonsmooth dynamical systems. SIAM review, 50(4), 
629-701.


