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Relativistic Electronic Structure
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In order to introduce relativistic effects, one must use the Dirac-Coulomb Hamiltonian (scalar 
and spin-orbit interactions)

The corresponding wave functions are 4-component spinors
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Directly solving this equation implicitly includes relativistic effects, which an have a 
significant impact on the material properties

Gold’s 
color

For more interesting examples, see Pyykkö, 
Annual Rev. Phys. Chem. (2012)

Topological 
insulators, where 
SOC can split the 
surface states

Hasan & Moore, Annu. Rev. 
Condens. Matter Phys. (2011)

Glantschnig & Ambrosch-
Draxl, New J. Phys (2010)
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Can we use our QMC methods for the Dirac equation?

DMC is a projector method ➞ obtains lowest energy 
state of the Hamiltonian. 
A DMC method for the Dirac Equation would need to 
stabilize against the low energy positronic states

“positronic” spectrum for Dirac-Coulomb 
hamiltonian

Dolg & Cao, Chem. Rev. 2012
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e.g. Pb atom has Z = 82, so the 1s electron 
is moving 59.9% the speed of light! 

Assuming we could stabilize for the electronic 
solution, there would still be significant scaling 
problems with the atomic number. (recall all-electron 
DMC is Z5.5-6.5). 
• Core electrons dominate energy and fluctuations
• Core electrons move relativistically…very 

different timescales between core and valence
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How to include relativity without the Dirac equation?
Core electrons provide an effective potential for valence electrons, implies we should use effective 
core potentials to remove inert core electrons.  Do we still need to use 4-component spinors?

Valence 4-component spinors for the Pb atom (left). The 
spinors can be written as “large” and “small” 
components, which are each 2-component spinors.

Note that the “small” components are completely 
negligible for the orbitals that participate in the 
chemical bonding of Pb.  

This implies we should be able to incorporate relativistic 
effects for the chemically active electrons, using an 
effective core potential and 2-component spinors

M. Dolg and X. Cao, Chem. Rev. 112 (2012)
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Relativistic Effective Core Potentials (RECPs)

Dolg & Cao, Chem. Rev. 2012

ECP

ECP

Small Core 
Pseudopotential 
removes these 
states, and tries to 
reproduce the 
relativistic valence 
spectrum 

Large Core 
Pseudopotential removes 
even more states, and 
tries to reproduce the 
relativistic valence 
spectrum 

In normal calculations, the ECP that replaces the 
core electrons is written using semi-local projectors 
over spherical harmonics. 
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Recall that spin-orbit has an effective interaction

This implies that L and S aren’t good quantum 
numbers. In this case, the total angular 
momentum J becomes a good quantum number.  

HSO / L · S
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In standard QMC, since there are no spin interactions, spin commutes with the Hamiltonian. In this case, 
we can label each electron as “up” or “down” and that is preserved throughout the simulation. 

Spin is conserved 
during particle 
moves

The spin can 
change during 
particle moves

With spin-orbit, the electron spin isn’t conserved and will need to be sampled along with the spatial 
degrees of freedom. 
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What do we need to implement in QMCPACK?

v Single particle spinors in QMCPACK, and converters from DFT codes

v Many-body wave function, constructed from these single particle spinors

v VMC/DMC algorithm that incorporates sampling of the spin degree of freedom

v Spin-orbit part of the Hamiltonian using relativistic ECPs

Implementation following Melton, Bennett, & Mitas, JCP,  114 (2016) 
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Single particle spinors

The general form of single particle spinors, 
with 

hx| i = �"(r)�"(s) + �#(r)�#(s)
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hs|�"i = �"(s) = �s,1

hs|�#i = �#(s) = �s,�1
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s = ±1
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Minimal representation

With this representation, we have to sample the 2N possible configurations discretely. 
In the Monte Carlo sampling, a discrete change in an spin value could lead to a 
large energy change → increases the EL fluctuations

This can become inefficient with large N. Can we find an alternative representation?
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Single particle spinors

The general form of single particle spinors, 
with 

hx| i = �"(r)�"(s) + �#(r)�#(s)
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Continuous representation
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Continuous representation preserves the  
properties of the spin states

With a continuous representation, the spin variable can be sampled in the same way the spatial 
variables are. Monte Carlo sampling is efficient, simply changes R 2 R3N ) X 2 R4N
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Where to get single-particle spinors?

Atoms and Molecules Solid State Materials

DIRAC is used to study relativistic quantum 
chemistry. 

Can do non-relativistic, 2-component ECPs, 2-
component all-electron, full 4-component 
treatments. 

HF, COSCI, CISD, FCI, MP2, CCSD, and DFT

Support provided by convert4qmc in 
QMCPACK. More on this later

Quantum Espresso and RMGDFT can provide DFT spinors for 
2-component calculations with ECPs

Quantum Espresso can generate orbitals using a new 
executable convertpw4qmc

RMGDFT directly generates the spinors for us. Use RMG input 
option write_qmcpack_restart = “true”

 i(rj , sj) = �"
i (rj)e

isj + �#
i (rj)e

�isj
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Many-body wave function
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 T (X) = eJ(R)
X

↵

c↵det [. . . , i(rj , sj), . . .]
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Change from orbitals  to spinors
n
�"/#
i (rj)
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{ i(rj , sj)}
<latexit sha1_base64="no3zzt/EAZ85M98OePAeraMDGSI=">AAACEXicbVDLSsNAFJ3UV62vqks3g0WoICWpgi6LblxWsA9oQphMJ+20kwczN0IJ+QU3/oobF4q4defOv3HSdqGtBy4czrmXe+/xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wdtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzxTe53HphUPArvYRIzJyCDkPucEtCSW67agvlgp9iOFXd51Q4IDD0/lZk7OlPu6NSWfDAEO3PLFbNmToGXiTUnFTRH0y1/2f2IJgELgQqiVM8yY3BSIoFTwbKSnSgWEzomA9bTNCQBU046/SjDJ1rpYz+SukLAU/X3REoCpSaBpzvzg9Wil4v/eb0E/Csn5WGcAAvpbJGfCAwRzuPBfS4ZBTHRhFDJ9a2YDokkFHSIJR2CtfjyMmnXa9Z5rX53UWlcz+MooiN0jKrIQpeogW5RE7UQRY/oGb2iN+PJeDHejY9Za8GYzxyiPzA+fwD0eJ26</latexit>

Using spinors to construct a many-body wave function, there is no longer a separation of 
up and down determinants. Only one large determinant built from all the single 
particular spinors

Notice that the single particle spinors
are inherently complex, and therefore the full wave function is complex. For complex 
wave functions, the normal fixed-node approximation doesn’t apply

 i(rj , sj) = �"
i (rj)e

isj + �#
i (rj)e

�isj
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Fixed-Phase Approximation

For                  , the Fixed-Node approximation no longer applies

Let                                             , with amplitude ρ and phase 𝚽 (X) = ⇢(X) exp [i�(X)]
<latexit sha1_base64="BZ1spVkjpG54A2lzOmR8kM1vPSc=">AAACMXicbVDLSgMxFM34rPVVdekmWATdlBkVdCMU3bisYGuhGUomvdMJZh4kd8Qy9Jfc+CfipgtF3PoTpo+FrwOBwznnkntPkClp0HVHztz8wuLScmmlvLq2vrFZ2dpumTTXApoiValuB9yAkgk0UaKCdqaBx4GC2+Ducuzf3oM2Mk1ucJCBH/N+IkMpOFqpW7liDSMPWMwxCsKiPTyk55TpKP0uMXjImIIQO1RS1oh+5pmW/Qj9bqXq1twJ6F/izUiVzNDoVp5ZLxV5DAkKxY3peG6GfsE1SqFgWGa5gYyLO96HjqUJj8H4xeTiId23So+GqbYvQTpRv08UPDZmEAc2OV7V/PbG4n9eJ8fwzC9kkuUIiZh+FOaKYkrH9dGe1CBQDSzhQku7KxUR11ygLblsS/B+n/yXtI5q3nHt6PqkWr+Y1VEiu2SPHBCPnJI6uSIN0iSCPJIX8krenCdn5Lw7H9PonDOb2SE/4Hx+ATFPqZ4=</latexit>

 (X) 2 C
<latexit sha1_base64="QqBcPaCk+CENg5nbmguajR8FGn4=">AAACCHicbVDLSsNAFL3xWesr6tKFg0Wom5JUQZfFblxWsA9oQplMJ+3QySTMTIQSunTjr7hxoYhbP8Gdf+O0zUJbDwycOede7r0nSDhT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY1ad++4FKxWJxr8cJ9SM8ECxkBGsj9ewTr6FY2YuwHgZh1pmcI48JNP8HWX3Ss0tOxZkBLRM3JyXI0ejZX14/JmlEhSYcK9V1nUT7GZaaEU4nRS9VNMFkhAe0a6jAEVV+Njtkgs6M0kdhLM0TGs3U3x0ZjpQaR4GpnG6oFr2p+J/XTXV47WdMJKmmgswHhSlHOkbTVFCfSUo0HxuCiWRmV0SGWGKiTXZFE4K7ePIyaVUr7kWlendZqt3kcRTgGE6hDC5cQQ1uoQFNIPAIz/AKb9aT9WK9Wx/z0hUr7zmCP7A+fwAALJlU</latexit>
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<latexit sha1_base64="iYAUD9rfpIyuaNU50MbwBgcWsuE="></latexit>

Note that the amplitude is always 
positive, i.e. no sign structure

�(X, ⌧) = �T (X)
<latexit sha1_base64="GS015CLCT161+lxQ4eXHffmbxbk=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUpSBd0IRTcuK/QFTQiT6aQdOpmEmYlQQv/Bjb/ixoUibt2482+ctFnU6oELh3Pu5d57/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Dbzuw9ESBrxlprExA3RkNOAYqS05JmnTnNEK06I1MgP0t70zFEoqcJrmOlea8GpembZqlkzwL/EzkkZ5Gh65pcziHASEq4wQ1L2bStWboqEopiRaclJJIkRHqMh6WvKUUikm85+msITrQxgEAldXMGZujiRolDKSejrzuxEuexl4n9eP1HBlZtSHieKcDxfFCQMqghmAcEBFQQrNtEEYUH1rRCPkEBY6RhLOgR7+eW/pFOv2ee1+v1FuXGTx1EER+AYVIANLkED3IEmaAMMHsEzeAVvxpPxYrwbH/PWgpHPHIJfMD5/AFDBnS0=</latexit>

Fixed-Node Fixed-Phase
 T (X) 2 R

) �T (X) =

(
0,  T (X) > 0

⇡,  T (X) < 0
<latexit sha1_base64="GCti0K4rSG2Lqtu25v2tp7hJf4I="></latexit>

 T (X) 2 C

) �T (X) = tan�1


=( (X))

<( (X))

�

<latexit sha1_base64="NPugBxlscpnP9CLqPo+u42htBvk="></latexit>

Note: If you’ve run the solid 
examples with arbitrary 
twists, you’ve already used 
the FP approximation

Imaginary 
time 
Schrödinger 
equation ⟹
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Diffusion Monte Carlo with Dynamic Spins

hX0 = (R0,S0)| (n+1)i =
Z

dXG(X ! X0; ⌧)hX| (n)i
<latexit sha1_base64="kHw07tiLby6mCBE5P2UpRoooujs="></latexit>

G(X ! X0; ⌧) / G(R ! R0; ⌧)exp
�
�|S0 � S� ⌧svs(S)|2/2⌧s

�
<latexit sha1_base64="fiIlTQ9E5409WWAMeccyYzkDEHg="></latexit>

Standard Drift/Diffusion and 
Branching Greens Functions. 
Only acts on particle positions

Drift/Diffusion Greens 
function for the collective spin 
variables

Imaginary time evolution 
in integral form

| 0i / lim
⌧!1

exp [�⌧H] | T i
<latexit sha1_base64="ZpiONclySGK9teMYpouwCBQlXg4="></latexit>

E0 = lim
⌧!1

h (⌧)|H| T i

h (⌧)| T i
<latexit sha1_base64="GLqf3/PuRm88tcKB9vNQIOYsBIg="></latexit>

Modification to the Greens function
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Relativistic ECPs WREP =
X

`,j,mj

W`j(r)|`jmjih`jmj |
<latexit sha1_base64="CqT+sLGs6tH05lT+Ybq50splN/4="></latexit>

Rather than work directly with the spin spherical harmonics projectors, in QMCPACK we 
decouple the ECP into an averaged relativistic effective potential (AREP) and a spin-orbit 
relativistic effective potential. 

The AREP looks just like our normal pseudopotentials, and the SOREP contains the spin-orbit 
part of the Hamiltonian. 

In the quantum chemistry community, REPs 
are typically specified as AREP + SOREP. 
For DFT potentials (Troullier-Martins, RKKJ, 
Kerker, etc.) these are typically specified 
as             . There is a straightforward 
relation between the REP and 
AREP+SOREP

WREP
`j (r)

<latexit sha1_base64="eO0wITJVzmd2JnoDNo3ahfL7EXE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkVdBlUQSXVewDmhgm00k7dmYSZiZCCdn4K25cKOLWz3Dn3zh9LLT1wIXDOfdy7z1hwqjSjvNtLSwuLa+sFtaK6xubW9v2zm5TxanEpIFjFst2iBRhVJCGppqRdiIJ4iEjrXBwOfJbj0QqGos7PUyIz1FP0IhipI0U2Put+8yTHN5e1fMg8whj8CEvy+PALjkVZww4T9wpKYEp6oH95XVjnHIiNGZIqY7rJNrPkNQUM5IXvVSRBOEB6pGOoQJxovxs/EAOj4zShVEsTQkNx+rviQxxpYY8NJ0c6b6a9Ubif14n1dG5n1GRpJoIPFkUpQzqGI7SgF0qCdZsaAjCkppbIe4jibA2mRVNCO7sy/OkWa24J5XqzWmpdjGNowAOwCEoAxecgRq4BnXQABjk4Bm8gjfryXqx3q2PSeuCNZ3ZA39gff4Al/+VwQ==</latexit>
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<latexit sha1_base64="TqYuqZ81nPUX3rCNmCQ4WrLLvr8="></latexit>

In QMCPACK, we include both the AREP and SOREP 
terms in the pseudopotential xml files

WREP = WAREP +W SOREP

WAREP = WL(r) +
X

`,m

WAREP

` (r)|`mih`m|

W SOREP =
X

`

W SOREP

` (r)
X

m,m0

|`mih`m|~̀ · ~s |`m0ih`m0|
<latexit sha1_base64="aYIi416TzobdwMxR3hvN06Gx1mU="></latexit>
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Nitty gritty details for those interested

This expression is evaluated in a similar way to normal pseudopotentials in QMC. 
We use quadrature points q, and evaluate directly evaluate the wave function 
ratios. We use directly evaluate complex spherical harmonics rather than simplify 
into Legendre polynomials. Spin integral is performed using Simpsons rule

The angular momentum matrix elements are 
straightforward. The spin matrix elements are obtained 
by expressing the spin operators into our continuous 
representation.
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Examples for atomic / molecular systems 

FCI

DMC with SOC

C.A. Melton et al., PRA, 93, 2016 C.A. Melton et al., JCP, 144, 2016

Binding energy of Sn2 impact of SOC

DMC comparison to exact FCI calculations for the same 
Hamiltonian (i.e. same ECP for both FCI and DMC)

DMC is able to reproduce the the total energies and 
splittings for all excited states. 

Comparison between DMC both with and without SOC.

Note that standard DMC would overbind the Sn2
molecule by roughly 0.5 eV if SOC is neglected. DMC 
with SOC agrees with experiment
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Summary

• Relativistic effects such as spin-orbit are extremely important for material properties 
with heavy elements. Until now, QMC methods have not been able to incorporate these 
effects. QMCPACK now has all the necessary ingredients to perform optimization, 
VMC, and DMC with spin-orbit included. 

• Spin-orbit coupling can be conveniently incorporated into QMC through the use of 
relativistic pseudopotentials and two component spinors. Electrons also carry an 
additional spin degree of freedom which we sample. 

• QMCPACK has interfaces to DIRAC for relativistic quantum chemistry applications and 
both Quantum Espresso and RMGDFT for solid state applications

Questions?
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Hands on: Bi atom with DIRAC and 
QMCPACK

https://github.com/QMCPACK/qmc_workshop_20
21/blob/master/week8_spin-orbit_qmc/

See the README.rst for a detailed walkthrough input/output files

https://github.com/QMCPACK/qmc_workshop_2021/blob/master/week8_spin-orbit_qmc/
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6p3
<latexit sha1_base64="Hes9vR6N9Ln0YKDGLJuuvOSx1do=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ltRT0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZdBk/1gflilt150CrxMtJBXI0B+Wv/jAiiaDSEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcSCaj+d3zpDZ1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0a1WvXq3dX1QaN3kcRTiBUzgHD66gAXfQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBebON3Q==</latexit>

Bi
<latexit sha1_base64="SYME1yRO55VV7pRagVmCEMa5who=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHEi8cI5gHJEmYns8mQeSwzvWJY8hlePCji1a/x5t84SfagiQUNRVU33V1RIrgF3//21tY3Nre2CzvF3b39g8PS0XHL6tRQ1qRaaNOJiGWCK9YEDoJ1EsOIjARrR+Pbmd9+ZMZyrR5gkrBQkqHiMacEnNTtAXsCI7M6n/ZLZb/iz4FXSZCTMsrR6Je+egNNU8kUUEGs7QZ+AmFGDHAq2LTYSy1LCB2TIes6qohkNszmJ0/xuVMGONbGlQI8V39PZERaO5GR65QERnbZm4n/ed0U4psw4ypJgSm6WBSnAoPGs//xgBtGQUwcIdRwdyumI2IIBZdS0YUQLL+8SlrVSnBZqd5flWv1PI4COkVn6AIF6BrV0B1qoCaiSKNn9IrePPBevHfvY9G65uUzJ+gPvM8fwY2Rjw==</latexit>

4S
<latexit sha1_base64="nQQ5VySWzx4rGK+9iWMlBFBzDmc=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV0k0SPRi0cM8khgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHssHM07Qj+hA8pAzaqxUf6zUe4WiW3LnIKvEy0gRMtR6ha9uP2ZphNIwQbXueG5i/AlVhjOB03w31ZhQNqID7FgqaYTan8xPnZJzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTydsQvOWXV0mzXPIuS+X7SrF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w5wnlx3p2PReuak82cwB84nz/XhI2B</latexit>

2D
<latexit sha1_base64="YbeCTrRFqqGsZtXpnJ6HTVpZ5nM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMaB6QxDA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj66nffEKleSQfzDjGbkgHkgecUWOl+8fKTa9YcsvuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDZTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvrFy5Oy9Vr7I48nAEx3AKHlxAFW6hBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDvb6NcA==</latexit>

2P
<latexit sha1_base64="6P0J+C/6YWzyEwgTtZX+cMkKzSU=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2ge0o2TSTBuayQzJHaEM/QQ3LhRx6xe5829M21lo64HA4Zxzyb0nSKQw6LrfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwej66nffuLaiFjd4zjhfkQHSoSCUbTS3UOt8ViuuFV3BrJMvJxUIIfNf/X6MUsjrpBJakzXcxP0M6pRMMknpV5qeELZiA5411JFI278bLbqhJxYpU/CWNunkMzU3xMZjYwZR4FNRhSHZtGbiv953RTDSz8TKkmRKzb/KEwlwZhM7yZ9oTlDObaEMi3sroQNqaYMbTslW4K3ePIyadWq3lm1dnteqV/ldRThCI7hFDy4gDrcQAOawGAAz/AKb450Xpx352MeLTj5zCH8gfP5A8/ujXw=</latexit>

4S 3
2

<latexit sha1_base64="/85csiRDg9FmUNX1/QL0R3ZQcmI=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0nagh6LXjxWtB/QxrDZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5fsyoVLb9bRTW1jc2t4rbpZ3dvf0Ds3zYkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/uZr53QciJI34nZrGxA3RiNOAYqS05Jnl+8atlw4CgXBaz9Jalnlmxa7ac1irxMlJBXK0PPNrMIxwEhKuMENS9h07Vm6KhKKYkaw0SCSJEZ6gEelrylFIpJvOT8+sU60MrSASuriy5urviRSFUk5DX3eGSI3lsjcT//P6iQou3JTyOFGE48WiIGGWiqxZDtaQCoIVm2qCsKD6VguPkY5B6bRKOgRn+eVV0qlVnXq1dtOoNC/zOIpwDCdwBg6cQxOuoQVtwPAIz/AKb8aT8WK8Gx+L1oKRzxzBHxifPxMUk+I=</latexit>

2D 3
2

<latexit sha1_base64="f18PXdTCi7K5S1y+rp83yf4C7bA=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4Kkkq6LGoB48V7Ae0MWy2m3bpZhN2N0qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekDAqlW1/Gyura+sbm6Wt8vbO7t6+WTloyzgVmLRwzGLRDZAkjHLSUlQx0k0EQVHASCcYX039zgMRksb8Tk0S4kVoyGlIMVJa8s3KvXvtZ/1QIJzV88zNc9+s2jV7BmuZOAWpQoGmb371BzFOI8IVZkjKnmMnysuQUBQzkpf7qSQJwmM0JD1NOYqI9LLZ6bl1opWBFcZCF1fWTP09kaFIykkU6M4IqZFc9Kbif14vVeGFl1GepIpwPF8UpsxSsTXNwRpQQbBiE00QFlTfauER0jEonVZZh+AsvrxM2m7Nqdfc27Nq47KIowRHcAyn4MA5NOAGmtACDI/wDK/wZjwZL8a78TFvXTGKmUP4A+PzB/hRk9E=</latexit>

2D 5
2

<latexit sha1_base64="i60RE/AibzxkU7KUvhHlC8HF464=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KklUdFnUhcsK9gFtDJPppB06eTAzUUrMp7hxoYhbv8Sdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNrVvZaMk4FoU0S81h0fCwpZxFtKqY47SSC4tDntO2PriZ++4EKyeLoTo0T6oZ4ELGAEay05JmVe+fay3qBwCQ7yzMnzz2zatWsKdAisQtShQINz/zq9WOShjRShGMpu7aVKDfDQjHCaV7upZImmIzwgHY1jXBIpZtNT8/RkVb6KIiFrkihqfp7IsOhlOPQ150hVkM5703E/7xuqoILN2NRkioakdmiIOVIxWiSA+ozQYniY00wEUzfisgQ6xiUTqusQ7DnX14kLadmn9Sc29Nq/bKIowQHcAjHYMM51OEGGtAEAo/wDK/wZjwZL8a78TFrXTKKmX34A+PzB/tjk9M=</latexit>

2P 1
2

<latexit sha1_base64="X4NHbgPrmLcpEIyC/8J2NX7Qdfw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJIq6LHoxWMF+wFtDJvtpl262YTdjVJifooXD4p49Zd489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1srq2vrGZmmrvL2zu7dvVw7aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnG11O/80ClYrG405OEehEeChYygrWRfLtyX2/6WT+UmGRuntXz3LerTs2ZAS0TtyBVKND07a/+ICZpRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXjY7PUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh5dexkSSairIfFGYcqRjNM0BDZikRPOJIZhIZm5FZIRNDNqkVTYhuIsvL5N2veae1eq359XGVRFHCY7gGE7BhQtowA00oQUEHuEZXuHNerJerHfrY966YhUzh/AH1ucPCCaT2w==</latexit>

2P 3
2

<latexit sha1_base64="bBW4nU55t0hAj6YZDYnRrOggYJs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlSQZdFNy4r2Ae0MUymk3bo5MHMRCkxn+LGhSJu/RJ3/o3TNgttPXDhcM693HuPn3AmlWV9G6W19Y3NrfJ2ZWd3b//ArB52ZJwKQtsk5rHo+VhSziLaVkxx2ksExaHPadefXM/87gMVksXRnZom1A3xKGIBI1hpyTOr907LywaBwCRr5JmT555Zs+rWHGiV2AWpQYGWZ34NhjFJQxopwrGUfdtKlJthoRjhNK8MUkkTTCZ4RPuaRjik0s3mp+foVCtDFMRCV6TQXP09keFQymno684Qq7Fc9mbif14/VcGlm7EoSRWNyGJRkHKkYjTLAQ2ZoETxqSaYCKZvRWSMdQxKp1XRIdjLL6+SjlO3G3Xn9rzWvCriKMMxnMAZ2HABTbiBFrSBwCM8wyu8GU/Gi/FufCxaS0YxcwR/YHz+AAs4k90=</latexit>

1.714 eV

3.636 eV

No SOC – J 
averaged

1.416 eV

1.914 eV

2.686 eV

4.112 eV

With 
SOC

Example: Bismuth atom

NIST Atomic Spectra Database

2S+1LJ
<latexit sha1_base64="1/amZfD7upeK4G7SmWT8DIIQavU=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtmtgh6LXkQ8VLQf2K4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfjsLi0vLK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLgc+40nqjSL5L0ZxtQXuCdZyAg2Vnp4TMt3x97opnPdKRTdkjsBmideRoqQodopfLW7EUkElYZwrHXLc2Pjp1gZRjgd5duJpjEmA9yjLUslFlT76eTiETq0SheFkbIlDZqovydSLLQeisB2Cmz6etYbi/95rcSE537KZJwYKsl0UZhwZCI0fh91maLE8KElmChmb0WkjxUmxoaUtyF4sy/Pk3q55J2UyrenxcpFFkcO9uEAjsCDM6jAFVShBgQkPMMrvDnaeXHenY9p64KTzezBHzifP1t8kA4=</latexit>

Term Symbol: 

Degeneracy: 2J + 1
<latexit sha1_base64="d7bZckqWUcgsaRTzsSmkAwlx4Us=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuK+ix6EU8VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTKrdX3iDcsWtunOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa89lMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2rWqV6/WHi4rjZs8jiKcwCmcgwdX0IA7aEILCIzhGV7hzRHOi/PufCxaC04+cwx/4Hz+AOkdjX4=</latexit>

https://physics.nist.gov/cgi-bin/ASD/energy1.pl?de=0&spectrum=Bi+I&submit=Retrieve+Data&units=1&format=0&output=0&page_size=15&multiplet_ordered=0&average_out=1&conf_out=on&term_out=on&level_out=on&unc_out=1&j_out=on&lande_out=on&perc_out=on&biblio=on&temp=
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Example 1: Spin-averaged states of Bismuth

3 p electrons in
n
p"/#x , p"/#y , p"/#z

o
)

✓
6
3

◆
= 20 total determinants

<latexit sha1_base64="Y+qochMZtDeVPl2xY3q+JmuMVpI="></latexit>

DIRAC uses an average-of-configurations SCF calculation to 
solve open shell atoms. 

For non-spin-orbit calculations, these are averaged over the 
standard p states

EAOC =
1

Ndet

NdetX

i=1

h�i|H|�ii
<latexit sha1_base64="WAGj4t9hoFDekiYbLpXQTUu54lo="></latexit> | ni =

NdetX

i=1

cni |�ii
<latexit sha1_base64="LaiZz00Jpwz95LdEaJTgD7beIhE="></latexit>

Need to specify open 
shell active space:

SCF to obtain orbitals that minimize the 
average energy over the 20 determinants

Resolve the open-shell states using the determinant 
basis to get small CI expansions.
Complete Open Shell CI (COSCI)

These represent the 
20 possible states for 
the 4S, 2D, 2P terms
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Example 1: Spin-averaged states of Bismuth
Bi.mol file
Specify geometry

Specify basis set 
(here uncontracted)

Specify the ECP. Here 
using a smoothed 
Stuttgart ECP

cosci.inp file
Specify we calculate 
wavefunction and 
analyze

Specify the atomic 
configuration

Specify we print 
all the orbitals. 
Required for 
QMCPACK 
converter

To run:

Detailed description of 
the inputs on the github
page!
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Example 1: Spin-averaged states of Bismuth

NIST Atomic Spectra Database

cosci_Bi.out

EAOC =
1

Ndet

NdetX

i=1

h�i|H|�ii
<latexit sha1_base64="WAGj4t9hoFDekiYbLpXQTUu54lo="></latexit>

| ni =
NdetX

i=1

cni |�ii
<latexit sha1_base64="LaiZz00Jpwz95LdEaJTgD7beIhE="></latexit>

State COSCI Energy (eV) Error w/ Expt. (eV)

4S 0.00000 N/A

2D 1.55138 0.16333

2P 2.5856399 1.05084

https://physics.nist.gov/cgi-bin/ASD/energy1.pl?de=0&spectrum=Bi+I&submit=Retrieve+Data&units=1&format=0&output=0&page_size=15&multiplet_ordered=0&average_out=1&conf_out=on&term_out=on&level_out=on&unc_out=1&j_out=on&lande_out=on&perc_out=on&biblio=on&temp=
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Example 2: Spin-Orbit States of Bismuth

3 p electrons in
n
pm=±1/2,±3/2
3/2 , pm=±1/2

1/2

o
)

✓
6
3

◆
= 20 total determinants

<latexit sha1_base64="IHZxL63eiaXfYMsAvVFl+OPghzU="></latexit>

DIRAC uses an average-of-configurations SCF calculation to 
solve open shell atoms. 

For spin-orbit calculations, these are averaged over the p 
states with j-quantum numbers

EAOC =
1

Ndet

NdetX

i=1

h�i|H|�ii
<latexit sha1_base64="WAGj4t9hoFDekiYbLpXQTUu54lo="></latexit> | ni =

NdetX

i=1

cni |�ii
<latexit sha1_base64="LaiZz00Jpwz95LdEaJTgD7beIhE="></latexit>

Need to specify open 
shell active space:

SCF to obtain orbitals that minimize the 
average energy over the 20 determinants

Resolve the open-shell states using the determinant 
basis to get small CI expansions.
Complete Open Shell CI (COSCI).

These represent the 
20 possible states for 
the 4S3/2, 2D3/2, 
2D5/2, 2P1/2, 2P3/2
terms
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Example 2: Spin-Orbit States of Bismuth

NIST Atomic Spectra Database

cosci_Bi.out

EAOC =
1

Ndet

NdetX

i=1

h�i|H|�ii
<latexit sha1_base64="WAGj4t9hoFDekiYbLpXQTUu54lo="></latexit>

| ni =
NdetX

i=1

cni |�ii
<latexit sha1_base64="LaiZz00Jpwz95LdEaJTgD7beIhE="></latexit>

State COSCI Energy (eV) Error w/ Expt. (eV)

4S3/2 0.00000 N/A

2D3/2 1.54266 -0.12688

2D5/2 2.12907 -0.21506

2P1/2 3.10798 -0.42237

2P3/2 4.42876 -0.31685

https://physics.nist.gov/cgi-bin/ASD/energy1.pl?de=0&spectrum=Bi+I&submit=Retrieve+Data&units=1&format=0&output=0&page_size=15&multiplet_ordered=0&average_out=1&conf_out=on&term_out=on&level_out=on&unc_out=1&j_out=on&lande_out=on&perc_out=on&biblio=on&temp=
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Example 2: Spin-Orbit States of Bismuth

To generate the input files for QMCPACK, we simply need to run 
convert4qmc on the cosci_Bi.out files. 
Note: We can use the spin-averaged or fully relativistic wave-
functions from DIRAC in QMCPACK. In this tutorial, we only look at 
the spin-orbit states

First, we test the converter by running a VMC calculation with no 
jastrow. This should reproduce the energies from COSCI

cosci_Bi.out:



QMC Workshop 2021

Example 2: Spin-Orbit States of Bismuth

Run the converter on all the unique states to generate VMC 
inputs and then run qmcpack. 

DIRAC-COSCI

QMCPACK – VMC w/ no Jastrow

Energies agree to within 
statistical error. This implies 
the converter worked and 
we have the correct 
wavefunctions.

Now we can optimize 
jastrows and see if DMC 
improves the energies 
compared to experiment!
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Example 2: Spin-Orbit States of Bismuth

Run the converter on all the unique states and run QMCPACK 
on the resulting files. 

If you use convert4qmc without the –nojastrow flag, the input 
files will have optimization, VMC and DMC blocks

qmc_state_0.qmc.in-wfj.xml

Optimization blocks VMC block DMC block
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Example 2: Spin-Orbit States of Bismuth

For simplicity, only running the VMC/DMC on the 4S3/2 and 2P3/2
states

WREP = WAREP +W SOREP

WAREP = WL(r) +
X

`,m

WAREP

` (r)|`mih`m|

W SOREP =
X

`

W SOREP

` (r)
X

m,m0

|`mih`m|~̀ · ~s |`m0ih`m0|
<latexit sha1_base64="aYIi416TzobdwMxR3hvN06Gx1mU="></latexit>

EDMC(
4
S3/2) = �5.3885(12)Ha

<latexit sha1_base64="EuzeArfpJb78rl7xjq1tVOwjRqw=">AAACFHicbVBNS0JBFJ1nX2ZfVss2QxIokb33VHITSBa4CYzyA9Rk3jhPB+d9MDMvkIc/ok1/pU2LItq2aNe/adS3KO3AhTPn3MvceyyfUSF1/VuLLS2vrK7F1xMbm1vbO8ndvbrwAo5JDXvM400LCcKoS2qSSkaaPifIsRhpWMPyxG88EC6o597JkU86Duq71KYYSSV1k8dX3bDNHXh5XR6n7/O3s1fu1Bxn4Dk8KWRzxWIhbZgZWEHdZErP6lPARWJEJAUiVLvJr3bPw4FDXIkZEqJl6L7shIhLihkZJ9qBID7CQ9QnLUVd5BDRCadHjeGRUnrQ9rgqV8Kp+nsiRI4QI8dSnQ6SAzHvTcT/vFYg7WInpK4fSOLi2Ud2wKD04CQh2KOcYMlGiiDMqdoV4gHiCEuVY0KFYMyfvEjqZtbIZc2bfKp0EcURBwfgEKSBAc5ACVRAFdQABo/gGbyCN+1Je9HetY9Za0yLZvbBH2ifP4DFmgY=</latexit>

EDMC(
2
P3/2) = �5.2417(15)Ha

<latexit sha1_base64="I504gf1Lt/LHur3fx1xZazk0G3A=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoEevMtKVuhGIVuhEq2Ae0tWTSTBuaeZBkhDL0I9z4K25cKOLWhTv/xrSdhVoPXDg5515y77EDRoU0jC8tsbS8srqWXE9tbG5t7+i7ew3hhxyTOvaZz1s2EoRRj9QllYy0Ak6QazPStEeVqd+8J1xQ37uV44B0XTTwqEMxkkrq6cdXvajDXXh5XZlk7qza/JU/tSZZeA5PijmrYJYyZjELq6inp42cMQNcJGZM0iBGrad/dvo+Dl3iScyQEG3TCGQ3QlxSzMgk1QkFCRAeoQFpK+ohl4huNDtqAo+U0oeOz1V5Es7UnxMRcoUYu7bqdJEcir/eVPzPa4fSOetG1AtCSTw8/8gJGZQ+nCYE+5QTLNlYEYQ5VbtCPEQcYalyTKkQzL8nL5KGlTPzOeumkC5fxHEkwQE4BBlgghIogyqogTrA4AE8gRfwqj1qz9qb9j5vTWjxzD74Be3jG227mfo=</latexit>

�DMC(
2P3/2 !4 S3/2) = 3.99(5)eV

<latexit sha1_base64="zuBZWITcRvWTy/uJdcDCe/htLao="></latexit>

�COSCI(
2P3/2 !4 S3/2) = 4.43eV

<latexit sha1_base64="u5TlKI/XpMpGgFI53yAebmXWzmw="></latexit>

�expt(
2P3/2 !4 S3/2) = 4.11eV

<latexit sha1_base64="N0Y6hNKvU9F24cyFyKoF0WLBRiE="></latexit>


