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In a plasma, the ponderomotive force of an inhomogeneous electromagnetic field expels plasma from re-
gions of high intensity. When a laser propagates through a plasma, this force creates density wells that
subsequently modify the index of refraction. The beam refracts and focuses into these wells and may fila-
ment. In extreme cases, the laser beam will spray due to increasing angular divergence of the beam. The
threshold for ponderomotive self-focusing is well established for isolated laser hotspots or speckles. Here,
we define a practical threshold for characterizing the filamentation of thousands of speckles that are found
in the focal plane of high-power laser beams spatially smoothed with random phase plates as used at high
energy and power laser facilities studying inertial confinement fusion (ICF). This threshold is tested against
three-dimensional simulations of speckled laser light propagating through plasma. Four metrics are applied
to assess filamentation: the fraction of power above five times the average intensity, an effective f -number,
the mean-squared perpendicular wave number, and the fraction of rarefied density with deviation from the
initial density exceeding |δn/n| = 0.1. The speckled beams studied are generated by random phase plates,
both with and without additional polarization smoothing, in a parameter regime of relevance to indirect drive
experiments. While filamentation has been discussed extensively in the literature, we believe this to be the
first published simulation study with three-dimensional nonlinear hydrodynamics that addresses the onset
threshold of ponderomotive filamentation and establishes the lengths and time scales necessary to reach a
statistical steady state.

I. INTRODUCTION

Lasers have been used extensively in scientific investi-
gations of a wide variety of physical phenomena1–6. As
laser light propagates through plasma, laser-plasma in-
stabilities (LPI) can occur7–10. Of these instabilities, self-
focusing and subsequent filamentation can amplify trans-
verse variations in the laser intensity. The self-focusing
may arise due phenomena including ponderomotive and
thermal forces or relativistic effects in the plasma. Here,
we study plasma and laser parameters such that the pon-
deromotive force drives the filamentation11–14. In experi-
ments where filamentation occurs, laser decoupling to the
target can compromise the experimental objectives15.
In the absence of beam smoothing techniques, phase

front aberrations at the lens will produce large-scale in-
tensity variations across the spatial profile of a laser spot.
In turn, these intensity variations drive modulations in
the refractive index of the plasma that focus the laser
light and can further exacerbate undesirable LPI. To mit-
igate this, smoothing techniques are used. Phase plates
produce well-controlled and reproducible focal spot pro-
files with a specified shape and size16–18 and are used
in all high-power ICF laser facilities19–21. These phase
plates create a speckle pattern of the beam with the typ-
ical speckle width and length being approximately fλ0
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and 8f2λ0, respectively, where f is the f -number of the
laser and is defined by the ratio of the phase plate size to
the focal length22. Additionally, polarization smoothing
(PS) can be used to scramble the phase correlation be-
tween two orthogonal polarizations, reducing the coher-
ent intensity interacting with the plasma23,24, and tem-
poral smoothing may also be applied25.
The typically applied practical threshold for the onset

of ponderomotive filamentation26 examined in this study
is given by,
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where I is the average intensity of the beam, and Q is de-
fined as the filamentation figure of merit; also Te and Ti
are respectively the electron and ion temperatures, Z̄ is
the mean ionization state, ne is the electron number den-
sity, nc is the critical density and λ0 is the wavelength
of the light. Here, the specific heat ratios of the elec-
trons and ions (discussed later) have been set to unity.
Ref. 26 reported the threshold for a beam smoothed by
phase plates is Q = 1, and with PS, Q = 1.6 based
on undocumented pF3D10,13,27 simulations. Here, we
present in detail simulations qualifying and supporting
these thresholds and examine cases up to Q∼4.
We arrive at the threshold in Eq. (1) by considering

unmagnetized plasma with non-relativistic laser intensi-
ties relevant to ongoing inertial confinement fusion exper-
iments which produce underdense plasma at keV temper-
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atures. In the presence of an inhomogeneous, oscillating
electric field, the electrons respond to the ponderomotive
potential,

ϕp =
e2

〈
E2

〉
2mω2

, (2)

where e and m are the respective unsigned charge and
mass of an electron, ω is the angular frequency of the
light, and

〈
E2

〉
denotes a temporal average of the electric

field over time scales long relative to the period of oscilla-
tion. This ponderomotive potential expels electrons from
regions of high-intensity, creating a spatially varying in-
dex of refraction that acts as a lens and subsequently fo-
cuses the laser into these density wells. So long as the self-
focusing distance is shorter than the Rayleigh length, self-
focusing occurs. Combining estimates of these two quan-
tities results in a threshold for self-focusing12–14,28,29,(
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where vo = eE/mω is the oscillatory velocity of an elec-
tron, L is the characteristic transverse length scale of the
intensity distribution, here taken as fλ0. C is a numeri-
cal constant of order unity; its value may be determined
by simulations and is sensitive to additional properties of
the laser discussed below.

Rewriting Eq. (3) in appropriate units, one obtains
Eq. (1). The dependence on Ti from the ion pressure is
often neglected, but in plasmas with Z̄ ∼ 1 and com-
parable electron and ion temperatures, as is the case in
the following, this additional term is important. For the
parameters chosen in this study, γe = 1 is appropriate
due to the isothermal behavior of the electrons (discussed
later). In prior work28, γi = 1 was also assumed. In
the following, C (or equivalently, Q) is evaluated using
γi = 1; C changes by ∼10% if γi = 5/3 (appropriate for
a monotomic gas model with three degrees of freedom)
is instead used.

Filamentation may be enhanced or even predomi-
nantly driven by thermal self-focusing. Estabrook et al.30

showed with two-dimensional (2D) nonlinear fluid hy-
drodynamics, flux-limited Spitzer-Härm heat conduction,
and light wave ray tracing that inverse bremsstrahlung
heating of underdense plasma caused a plasma gradi-
ent perpendicular to the laser propagation direction that
subsequently focuses the light. Filamentation of spa-
tially and temporally smoothed beams in regimes where
thermal effects are important has been studied31,32 using
paraxial light wave propagation and a linearized plasma
density response and flux-limited Spitzer-Härm heat con-
duction. In general, when “classical” heat conduction
is used, ponderomotive forces remain dominant on the
small laser speckle scales which self focus in ∼10 ps rather
than a few nanoseconds for whole beam self focusing.
With a Vlasov Fokker-Planck (VFP) treatment of the
electrons that captures nonlocal transport, thermal fila-
mentation was recognized as potentially as important as

ponderomotive at the speckle size33. Subsequent theo-
retical analysis with linearized VFP equations confirmed
this result and developed formulae that modified hydro-
dynamic coefficients such as the thermal conductivity
and viscosity34–39. Simulation work of smoothed laser
beam propagation using a linearized solution to the VFP
equation and a nonlinear plasma density response has
also been carried out40. In this work, the chosen plasma
parameters result in sufficient heat conduction such that
ponderomotive filamentation is the dominant filamenta-
tion mechanism.

To date, fully kinetic simulations of filamentation have
largely been restricted to 2D because of computational
cost. In addition to VFP, particle-in-cell simulations have
also been used to study the ponderomotive filamentation
of a Gaussian beam in 2D41,42. While kinetic numerical
methods may more naturally describe the rich physics
of the plasma response, the applications of interest here
where the filamentation of thousands of speckles of light
produced by spatially smoothed beams is studied pre-
clude such methods due to the limits of current compu-
tational feasibility. Recent research has also been carried
out into the impact of multi-ion species kinetic effects on
the filamentation of speckled laser light using a multi-
fluid hydrodynamic model in a 2D geometry43.

This paper presents a detailed 3D study of pondero-
motive filamentation using pF3D simulations of a laser
beam propagating through a plasma described by a non-
linear hydrodynamic model. Above the threshold for fila-
mentation, density holes as low as 20% of the initial den-
sity are observed, illustrating the necessity of the nonlin-
ear treatment. Four metrics are defined to assess filamen-
tation: the fraction of power above intensity (FOPAI)
used previously29, an effective f -number44, the mean-
square of the transverse wave number of the beam, de-
termined by Fourier analysis, and the fraction of rarefied
density with deviation from the initial density exceed-
ing |δn/n| = 0.1. The metrics are used to determine
thresholds for filamentation. Prior simulation work has
also studied the threshold of filamentation and subse-
quent evolution of the beam in Fourier (k) space44,45, but
was restricted to two spatial dimensions, which alters the
threshold. In order to do a focused study on ponderomo-
tive filamentation, backscatter processes such as stimu-
lated Raman scattering (SRS) and SBS are neglected in
the simulations. Inverse bremsstrahlung heating46 is also
neglected to eliminate thermal filamentation30,33 and to
keep the spatially averaged temperature constant.

The paper is organized as follows. Section II describes
the simulations and justifies the neglect of thermal fila-
mentation for the chosen plasma parameters. The met-
rics are defined in Sec. III with details of temporal and
spatial convergence given in Appendix A. The results are
given in Sec. IV with conclusions summarized in Sec. V.
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II. SIMULATION SETUP

To study filamentation, the massively parallel laser
plasma interaction code pF3D27 is used with the laser
propagation described by a near-paraxial light model47.
Because of the well-separated timescales between the ion
dynamics within speckles and the light crossing time,
simulation results are unchanged whether the light prop-
agation is assumed instantaneous or it propagates at
the speed of light. The laser light is coupled to the
background plasma which is described in the fluid ap-
proximation but using the full nonlinear hydrodynamic
equations48. pF3D provides a variety of additional
physics models and allows for versatility in describing
the laser profile making it well-suited for examining pon-
deromotive filamentation.

For a single fluid (as used in this study), pF3D solves
a set of fluid equations,

∂ρi
∂t

+∇ · (ρiv) = 0, (4a)

∂t (ρiv) +∇ · (ρiv ⊗ v) +∇p = pf + d, (4b)
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,

(4d)

where the ion pressure equation is chosen to be the aux-
iliary energy relation. Since pi ≪ pe, this has numeri-
cal advantages when decomposing p into its constituent
partial pressures. These six differential equations for six
unknowns (ρi, v, pi, and p) are supplemented by the
algebraic relationships,

ne = Z̄ρi/Ā, (quasineutrality) (5a)

pe = p− pi, (Dalton’s Law) (5b)

Te = pe/ne, (Boyle’s Law) (5c)

the sums for effective local material properties, and suit-
able definitions for the sources pf , d, de, and se where
pf is the ponderomotive force, d represents the Landau
damping of the momentum, de is the rate of Landau
damped kinetic energy deposited into ion thermal energy,
se is the energy absorbed by inverse bremsstrahlung from
the laser, and qe is the electron heat flow. The behav-
ior of the electron temperature depends of the ratio of
the scale of the perturbation relative to the electron-ion
mean free path. If the electron heat flow is large, tem-
perature variations are rapidly smoothed resulting in an
approximately isothermal plasma. On the other hand, if
the heat flow is weak, the electron temperature tends to
the adiabatic limit.

In the simulations reported here, the plasma is com-
posed of fully ionized hydrogen with ne = 0.1 × nc,
Te = 3 keV, and an ion temperature of Ti = 1.5 keV

with no initial plasma flow. Under these conditions,
the electron-ion mean free path for a thermal electron
is 180 µm. A nonlocal coupling coefficient, Ak, can be
employed as described in Ref. 38 to estimate the enhance-
ment of the linear growth rate of filamentation due to
thermal effects. For our plasma parameters and assum-
ing the half-wave length of the growing perturbation can-
not exceed the speckle width, we find a maximum possi-
ble increase of Ak due to thermal effects relative to the
purely ponderomotive limit of 9%, consistent with our
choice to suppress inverse bremsstrahlung heating and
thermal filamentation. The ion-ion mean free path is
54 µm, an order of magnitude larger than the speckle
width. For simplicity, the ion heat flow is neglected in
Eq. (4d). We compared simulations with and without ion
heat flow turned on and did not observe a significant im-
pact of this process on filamentation for the parameters
considered.

This study used a box size of 2048 × λ0 = 0.72 mm
in the transverse direction and 0.72 − 1.44 mm in the
axial direction, with λ0 = 351 nm, corresponding to the
third harmonic of a neodymium laser medium and the
wavelength used at both the National Ignition Facility
(NIF)19, the Laser Mega Joule(LMJ)21, and OMEGA20.
This axial distance is four to eight speckle lengths for an
f = 8 beam for reasons discussed in Sec. IV and allows
for the observation of filamentation while minimizing the
growth lengths of forward stimulated Brillouin scattering
(SBS), which is beyond the scope of this study. The light
propagates in the z direction, and x and y are the trans-
verse directions. Because forward SBS grows from ther-
mal fluctuations of the plasma, numerical noise, or tran-
sient waves caused by the localized expulsion of plasma
from the laser ponderomotive force, significant amplifi-
cation occurs over distances much longer than a speckle
length. Further, the spatial growth rate is inversely pro-
portional to the ion acoustic wave (IAW) damping rate
which also suppresses FSBS in the simulations reported
here.

Cell sizes of ∆x = ∆y = 0.5λ0 and ∆z = 4λ0 are
used in the main study. This choice is made based on a
convergence study described in Appendix A. The electro-
magnetic boundary conditions are chosen to be periodic
in the transverse directions and outflowing longitudinally.
Boundary conditions for the fluid equations are also cho-
sen to be periodic in the transverse direction. To prevent
plasma flowing out of the domain, reflecting boundary
conditions are imposed on the fluid equations in the lon-
gitudinal direction. Other choices were found to lead
to temporal variations in metrics as the total amount of
plasma decreased with time.

Using the plasma conditions chosen for these simula-
tions, the threshold determined by Eq. (1) is 50% higher
than would have been the case if Ti were neglected. The
simulations are run for at least 100 ps so transient IAWs
sufficiently damp and the plasma reaches a statistical
steady state. The ponderomotive force is included in the
fluid equations to allow for filamentation. Landau damp-
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ing, included as the source term d in Eqs. (4)b and (4)c,
is in practice applied in Fourier space and acts on all
modes,

∂ṽ⊥

∂t
= −ηc̄s

k⊥

k⊥
k⊥ · ṽ⊥, (6)

where ṽ⊥ is the Fourier amplitude of the transverse flow
velocity, k⊥ = kxx̂+ kyŷ is the transverse k-vector, c̄s is
the sound speed of an IAW averaged over the transverse
plane, and η is a constant set in the simulation that is
equal to the ratio of the damping rate to the oscillatory
frequency. The kinetic energy lost due to Landau damp-
ing is conserved via an increase in ion thermal energy. A
relatively high damping rate, η = 0.2, is applied in the
cases shown here, appropriate for the damping of long
wave length IAWs (i.e., kλDe ≪ 1, where k is the ion
acoustic wave number and λDe is the Debye length) in a
hydrogen plasma where Te/Ti = 2. In our simulations,
electron heat conduction modifies the IAW response by
effectively making the electrons isothermal. It is also in-
cluded in a linearized form by Fourier transform. Any
modification to the heat flux due to nonlocality49 is ne-
glected.

An f = 8 circular random phase plate (RPP) with
12801 elements is used to create a speckle pattern repre-
sentative of experimental facilities such as the NIF. For
simplicity, we consider here RPPs, where the phase im-
parted to the electric field at the lens is a random pattern
of either 0 or π. This RPP beam fills the entire physical
box with no spatial envelope defining the spot, and the
beam is described as a disk with radius 1/(2f) in k-space.
In addition, polarization smoothing can also be imposed;
this splits the beam into two orthogonal polarizations
that do not interact with each other23. This is done in
the simulation by creating two beams with orthogonal
polarizations. The beams are then offset relative to each
other by 45 wavelengths in the y-direction and the re-
sulting intensity is the incoherent sum of the two beams.
The power in each beam is reduced by two relative to a
beam without polarization smoothing so that the total
power and spatially averaged intensity of the superim-
posed beams are unchanged.

Before illustrating a realistic RPP beam, self-focusing
in the presence of a single Gaussian spot is shown. The
interpretation of filamentation for RPP beams usually
invokes the behavior of individual speckles of varying in-
tensity that are thought of as Gaussian spots of intensity
with rspot = fλ0/2 such that |E0(x, y)|2 = exp(−ζ(x2 +
y2)/r2spot). With ζ = log(2), the intensity is one-half

the peak value at r =
√
x2 + y2 = rspot. The nonlinear

stability of Gaussian spots was shown to depend on the
power in the spot with the threshold power given by28

Pc = c nc(Te + Ti/Z)
nc
ne

λ20
π

√
1− ne

nc
(7)

= 7.6× 108W (8)

where the value in Watts is determined with the pa-
rameters earlier in this section. For a peak intensity of

2 × 1015 W/cm2, the power in the speckle is Pspec =
1.78× 108 W, about 25% of the threshold power.

pF3D simulations of a single f = 8 Gaussian speckle at
1.8× 109 W, about twice the threshold power are shown
in Fig. 1 after self-focusing has occurred. The peak inten-
sity at the focus has increased and, just after, the beam
breaks into a ring. In an RPP beam with average inten-
sity of 2× 1015 W/cm2, there are few speckles with such
an intensity for these plasma conditions. The extreme
symmetry in this case will be broken in a realistic simu-
lation where the beam at focus will have aberations that
will break up the ring formation into a ring of beads. The
threshold power, Pc, for a single Gaussian in Eq. (7) has
the same scaling as the threshold Q in Eq. (1), and thus
speckles with twice Pc are expected to break into smaller
speckles with less power but not necessarily less inten-
sity. Further, Fig. 1(c) shows the density depression that
occurs in the self-focusing region illustrating the need for
a nonlinear hydrodynamic treatment.

In Fig. 2, an example of the propagation of an RPP
beam is shown. The vertical axis is the propagation direc-
tion, and the horizontal axis is the orthogonal x-direction
for a slice at y = 0. Only one-fourth of the width is shown
so that the size and intensity of the speckles are visible.
For the first speckle length, the intensity of the more un-
stable speckles increases without much visible decrease in
the length. The second speckle length shows a dramatic
decrease in the speckle size and increase in the number,
consistent with the behavior of the individual Gaussian
speckles previously considered. The behavior in this RPP
case is more dynamic because the filamented beams are
creating smaller scale plasma holes as the light waves in-
terfere constructively.

The speckle pattern of an RPP beam in the plane
perpendicular to the propagation axis is shown in Fig.
3 with the top and middle panels showing the speckle
pattern at the entrance plane and at the exit plane, re-
spectively, and the bottom panel, the electron density at
the exit plane. The horizontal and vertical axes corre-
spond to the transverse dimensions of the domain scaled
to the wavelength. The plotting limits are a subset of
the full transverse domain in order to visually observe
the speckle structure. Here, the mean intensity of the
beam is I0 = 3.24 × 1015 W/cm2 which corresponds to
Q = 2.7. The top panel clearly shows the initial speckle
pattern with bright speckles appearing at intensities over
five times the mean. These speckles will filament most
strongly, breaking into smaller structures. This is ap-
parent in the middle panel which illustrates the resulting
speckle pattern after interaction with the plasma. The
corresponding case with polarization smoothing is shown
in Fig. 4 with the top and bottom panels showing the re-
spective speckle pattern at the entrance and exit planes
as before. The reduction in filamentation due to polariza-
tion smoothing is apparent if one compares Fig. 3(b) to
Fig. 4(b). In making quantitative assessments, filamen-
tation is most easily observed in k-space as a spreading of
the initial Fourier distribution. Observations in physical
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FIG. 1. The self-focusing of a single 3D Gaussian speckle
at roughly twice the threshold power (a) in the y-z plane at
x = 0, (b) in the x-y plane at z = 945 × λ0, and (c) the
associated electron density in units of the critical density in
the y-z plane at x = 0.

FIG. 2. Speckle pattern of an RPP beam plotted in the xz
plane with z the direction of laser propagation. A smaller
subset of the domain is selected for clarity of presentation.
The mean intensity is 3.24 × 1015 W/cm2 with a range of
intensities following the RPP probability distribution function
described in Eq. (9). The plasma consists of hydrogen with
ne/nc = 0.1, Te = 3 keV and Ti = 1.5 keV. Self-focusing is
apparent over the first speckle length (512 λ) with breakup
into smaller speckles apparent over the second speckle length.

space are complicated by the speckled pattern and the
difficulty that arises in uniquely determining a speckle.
In Fourier space, filamentation is quite obvious by the
spreading of the power spectrum. This is most clearly
seen in Fig. 5, which corresponds to the Fourier spectrum
associated with the speckle pattern shown in Fig. 3(b).
The initial Fourier representation of the beam is a disk of
constant amplitude with radius 1/(2f) as shown by the
dashed, white circle in the figure. The expansion of the
power to large k vectors is indicative of filamentation.
This spreading motivates the metrics that are defined in
the next section.

III. METRICS

Four metrics are used to identify ponderomotive fila-
mentation and determine the threshold Q. Of these, one
is related to the intensity profile of the beam, one to the
depth of the density perturbations associated with the
intensely focused speckles, and two to the angular distri-
bution and transverse size of the speckles.
The first metric is the fraction of power above 5I0,

where I0 is the average intensity of the beam. This metric
is derived from the FOPAI, denoted as F (I). For an RPP
beam, the FOPAI is initially29

FRPP (I) =

(
1 +

I

I0

)
e−I/I0 , (9)

where I is the intensity. For an RPP beam with PS, the
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FIG. 3. Speckle pattern of an RPP beam (a) at the entrance
plane and (b) after traveling through the domain (1024 wave-
lengths long) with the same average laser intensity and plasma
parameters shown in Fig. 2. The breakup of the speckles into
smaller speckles is apparent by comparing the top and mid-
dle panels. The bottom panel (c) shows the electron density
associated with the beam at the same location as the middle
panel. The deepest holes are correlated with the most intense
speckles.

FIG. 4. Speckle pattern of an RPP beam with polarization
smoothing (a) at the entrance plane and (b) after traveling
through the domain (1024 wavelengths long) with the same
average laser intensity and plasma parameters shown in Fig. 2.
The breakup of the speckles into smaller speckles is apparent
in comparing the top and bottom panels. Contrasting the
bottom panel with Fig. 3(b), the reduction in filamentation
due to the use of polarization smoothing is apparent.

FOPAI is initially23

FPS(I) =

(
1 +

2I

I0
+

2I2

I20

)
e−2I/I0 . (10)

The above equations reflect the fact that polarization
smoothing decreases the fraction of power at larger in-
tensities thereby reducing the filamentation risk. Because
there is no light absorption, the transversely averaged in-
tensity is constant even in the presence of filamentation.
The FOPAI can be computed numerically by perform-
ing a cumulative sum of an intensity weighted histogram
of the spatially varying intensity. To assess filamenta-
tion, the maximum value of F (5I0) and its value at the
exit plane of the simulation is determined. The FOPAI is
evaluated at 5I0 so that it is sampling the tail of the inten-
sity distribution where filamentation most strongly alters
the intensity profile. An RPP beam traveling through a
vacuum using the setup as defined in the previous section
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FIG. 5. The Fourier-space intensity distribution for a fil-
amenting beam corresponding to the speckle pattern in
Fig. 3(b). The initial intensity distribution is a constant value
out to radius 1/(2f) as shown by the dashed, white circle.
The spreading of the beam to larger perpendicular k vectors
outside this circle is apparent. This is an indication of self-
focusing and filamentation.

will conserve the value of F (5I0) = FRPP (5I0) ≈ 0.04
for an RPP beam and F (5I0) = FPS(5I0) ≈ 0.0028 with
PS. When plasma causes the speckles to self-focus, F (I)
develops a larger tail in the distribution, and this is re-
flected in a larger value of F (5I0). This can be seen
in Fig. 6(a), where the FOPAI for an RPP beam with
I0 = 3.24 × 1015 W/cm2 in the presence of a plasma is
plotted. If the RPP beam was propagating through vac-
uum, F (I) would remain unchanged over the course of
the simulation. Here, the curves are plotted at differ-
ent axial locations with the blue, orange, green, and red
curves corresponding to 0, 1, 2, and 4 speckle lengths,
respectively. The blue curve is well described by Eq. (9).
The FOPAI develops a large tail after one speckle length
that subsequently relaxes as speckles filament into two
or more smaller speckles with less power that are con-
sequently less prone to further self-focusing. After four
speckle lengths, the intensity distribution is nearly the
same as the incident distribution, albeit with a larger
number of speckles with less power in each.

The next metric characterizes the depth of the density
holes produced near the region where the largest F (5I0)
occurs. In Fig. 6(b), the fraction of rarefied density with
deviation from the initial density exceeding x = |δn/n|
is shown. The initial and final distribution of density
perturbations is nearly identical but the final power per
speckle is below the threshold for further filamentation.
The largest fraction of deep holes coincides with the lo-
cation of largest FOPAI. Very large depressions occur
for which linearized hydrodynamics is inadequate even if
forced to be non-negative consistent with what is seen in
Fig. 1(c).

For the next two metrics, an intensity weighted averag-

FIG. 6. (a)The FOPAI distribution for an RPP beam travel-
ing through plasma with I0 = 3.24×1015 W/cm2. The plasma
conditions are ne = 0.1nc, Te = 3 keV, and Ti = 1.5 keV. The
different lines correspond to increasing axial distance along
the direction of propagation as shown in the legend. One
speckle length is roughly 180 µm. The blue vertical line is the
5I0 line; it intersects the FOPAI line at the value of F (5I0).
(b) The fraction of the initial density, nl displaced by speckles
that has an amplitude of perturbation exceeding |δn/nl| = x

ing over the transverse wave numbers is performed. This
is defined for a generic quantity, ψ as,

⟨ψ⟩ =
∫
ψI(k)d2k∫
I(k)d2k

. (11)

Using this averaging procedure, the mean-square trans-
verse wave number, κ2, can be defined. This measures
the angular dispersion of the beam. It is a composite
metric, and is defined as

κ2 =
⟨k2⊥⟩ − k2⊥0

k20
(12)

where k2⊥0 is the initial value of ⟨k2⊥⟩ which is unchanged
in vacuum. Thus, κ2 represents the change in ⟨k2⊥⟩ as
the beam propagates through a plasma and self focuses,
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developing larger perpendicular k-vectors, spreading in k
space, and increasing κ2. This can be seen when compar-
ing the dashed, white circle in Fig. 5 with the resultant
spread in the same figure. When the intensity is below
the threshold for filamentation, little spreading beyond
the dashed, white circle is seen. Above the filamenta-
tion threshold for a given speckle, the maximum unsta-
ble wavenumber, kmax

⊥ =
√
ne/2nc(vo/v̄e)(ω/c). For the

parameters considered here, ckmax
⊥ /ω is 0.074 for I = I0

and 0.16 for I = 5I0.
The third metric is feff or the effective f -number of the

beam44,

feff =
1

3 ⟨|k⊥|⟩
. (13)

This metric allows for an effective f number to be com-
puted as it changes due to interaction with the plasma.
Prior to filamentation, feff = f . Because the f number is
related to the speckle size, this metric can also be used to
determine the variability of speckle size due to interaction
with the plasma; the speckle width is fλ0. When a beam
begins to filament, self-focusing causes the speckle size
to decrease. This is shown by comparing Fig. 3(a), the
initial speckle pattern, with Fig. 3(b) where the speckles
are visibly smaller after propagating through the plasma.
This behavior of the beam is represented by the decrease
in feff.
Relating feff and κ2, feff ∼ 1/

√
⟨k2⊥⟩, so that as one

decreases the other increases. However, due to the lower
power of k in feff, it is not as sensitive to high k⊥ modes
as κ2. Since F (5I0) is not explicitly dependent on the
k-space distribution of intensities, it is the least sensitive
to high k⊥ modes. This means that significant numer-
ical noise at high k⊥ can complicate interpretation and
comparison of these metrics. Further, the Feit and Fleck
algorithm47 is only valid for modes that satisfy the parax-
ial approximation. For this reason, a cutoff is introduced
into Eqs. (12) and (13) at k⊥ = k0/

√
2 ≈ 0.7k0. To

illustrate this, a characteristic intensity distribution is
integrated along kx and plotted against ky in Fig. 7 for
a filamenting (orange) and non-filamenting (blue) case.
The broadening of the intensity profile as a function of
ky in the filamenting case reflects the spreading of the
beam in the transverse directions.

IV. RESULTS

To find the threshold Q, the simulations are performed
as described in Sec. II with the average intensity varied.
In this way, the threshold is determined by an intensity
variation, though the plasma conditions could instead be
varied. Two different beams are used for the study: an
RPP beam without PS, and an RPP beam with PS. The
intensities ranged from 0.4 to 3.25 ×1015 W/cm2 for RPP
only and from 0.76 to 5.2 ×1015 W/cm2 for RPP+PS.
The threshold is Ithr = 1.22 × 1015 W/cm2. Here, Ithr
corresponds to a value of Q = 1.

FIG. 7. The intensity distribution in k space summed along
kx and plotted against ky. This is plotted for the initial dis-
tribution (green) and the distribution after passing through
the plasma both for a filamenting (orange, I0 = 1.5Ithr =
1.8× 1015 W/cm2) and non filamenting (blue, I0 = 0.5Ithr =
6.1× 1014 W/cm2) case.

For each beam type and initial average intensity the
steady state values of the four metrics are evaluated. The
metrics, feff and κ2 are evaluated at the last plane in
the simulation so that they aggregate the entire interac-
tion with the plasma with significant changes occurring
while filamenting. These laser beam metrics are plotted
versus initial average intensity in Fig. 8 with the top,
middle, and bottom panel corresponding to F (5I0), feff,
and κ2, respectively. The orange and blue curves cor-
respond to the associated metric with and without PS,
respectively. From Fig. 8(a), it is difficult to discern a no-
ticeable threshold from F (5I0)max (the maximum value
along the z direction); the slope of the metric changes
gradually. For the lower intensities, the F (5I0)Lz (the
value after four speckle lengths) is the same as the maxi-
mum value. That is, the intensity increase does not lead
to breakup (filamentation) of high intensity speckles but
only to an increase caused the the refraction of the light
into the density holes produced by the ponderomotive
force. Only when that increase exceeds the filamentation
threshold do the speckles breakup into smaller scales with
less power per speckle. That is reflected by the decrease
in F (5I0) at distances beyond the location of the max-
imum. As the intensity increases, the distance of the
maximum of F (5I0) from the initial simulation bound-
ary decreases. Examining the next panels (b) and (c)
of Fig. 8, feff and κ2 exhibit a dramatic change in feff ,
decreasing abruptly from its initial value of feff = 8, and
similarly an abrupt increase in κ2 above a certain thresh-
old value. Further, the middle and bottom panels show
that the RPP beam with PS has less severe filamentation
even when the threshold is exceeded.

In order to extract a threshold for filamentation from
the F (5I0) metric, the beam is defined to be filament-
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FIG. 8. Intensity scan of the three metrics with (a), (b), and
(c) corresponding to F (5I0), feff, and κ2 respectively. A value
of I/Ithr = 1 with Ithr = 1.22 × 1015 W/cm2 corresponds
to Q = 1. The orange and blue curves correspond to an
RPP beam with and without PS, respectively. The solid and
dash curves in (a) are the maximum and at the exit plane
respectively. The filamentation threshold is coincident with
the intensity for which the solid and dashed curves diverge.

ing if the maximum value of F (5I0) exceeds the value at
the exit plane. To be meaningful, the length of simula-
tion in the propagation direction of the beams must be
long enough for the filamentation process to complete.
For high intensity, two speckle lengths are sufficient. For
intensities near threshold, four speckle lengths are suffi-
cient for RPP beams without PS. With PS, six speckle

1 2 3 4
I/Ithr

0.0

0.1

0.2

0.3

δn
/n
>
0.
1

FIG. 9. The the fraction of the volume where the density
depression is bigger than 0.1 is shown for an RPP beam (blue)
and for an RPP+PS beam (orange). This metric increases
abruptly above I/Ith = 1 for an RPP beam and above I/Ith =
1.6 for an RPP+PS beam.

lengths were needed. For the other two laser beam met-
rics, threshold is determined by |feff − fvac|/fvac > 1%
and κ > 1%. Because we are plotting κ2, this amounts
to a threshold value of κ2 = 10−4. In these expressions,
fvac = 8 corresponds to the initial f number as shown by
the asymptotic value at low intensities in Fig. 8(a). To
the precision of the intensity scan, all metrics result in a
threshold value of Q = 1.0 for a simple RPP beam, and
Q = 1.6 for an RPP beam with PS.
Finally, Fig. 9 shows the increase of large density de-

pressions that occur once the filamentation thresholds
are exceeded. This is the same metric as reported in
Fig. 6(b). Here, the fraction of the volume where δn/n is
plotted versus I/Ithr. At intensities below the threshold
for filamentation, this metric is relatively flat and near
zero, indicating that linearized hydrodynamics is appro-
priate. Above threshold, however, the rapid increase in-
dicates the necessity of a nonlinear hydrodynamic treat-
ment.

V. CONCLUSION

In this paper, we examined the ponderomotive fila-
mentation figure of merit for two different beam types:
an RPP beam with and without polarization smooth-
ing. The simulations neglect inverse-bremsstrahlung ab-
sorption in order to isolate this effect from, e.g., ther-
mal filamentation. It is found that temporal convergence
required reflecting boundary conditions in the axial di-
rection for the fluid equations to avoid plasma escaping
the domain. Periodic boundary conditions in the trans-
verse directions are also employed. Damping and ther-
mal conduction are included as important physical pro-
cesses. Damping also aids in the development of a steady
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state. After performing a spatial convergence study in
the transverse direction (see Appendix A), it was found
that ∆x = ∆y = 0.5λ0 is sufficient. Higher resolution is
needed as the threshold for ponderomotive filamentation
is exceeded, especially for the metrics that depend on the
tail of the distribution of intensity in k-space.
Once a steady state is reached, the metrics for filamen-

tation are evaluated. The first metric, F (5I0), or fraction
of power above 5I0, measures the intensity profile of the
beam. The next metric measures the fraction of area of
the plasma where the density depressions, |δn/n| > 0.1.
Without self-focusing, this is a extremely small fraction
of the plasma area in the focal plane. Above threshold,
there is a dramatic increase. The other two metrics κ2

and feff are nearly inverses of each other, and measure
the angular dispersion of the beam and the effective f -
number, respectively. The κ2 metric could be used to
develop a reduced model of filamentation to be employed
in a ray-tracing description of the laser because it can
be related to spreading of the beam through its interac-
tion with the plasma. Defining the angle, θ, relative to
the direction of incidence, tan θ ≈ θ = k⊥/k0, where the
small angle approximation is consistent with the parax-
ial approximation underlying the description of the laser.
With this relation, it is apparent that,〈

∆θ2
〉
= κ2, (14)

where
〈
∆θ2

〉
can be thought of as the mean-square de-

flection angle of the laser as it interacts with the plasma.
Given that the simulation has a defined length of plasma
and that the deflection should scale linearly with this dis-
tance, the quantity,

〈
∆θ2

〉
can be used to construct the

quantity, d
〈
θ2
〉
/ds, through the relation,

d
〈
θ2
〉

ds
=
κ2

L
, (15)

where L is the length over which the beam is filamenting.
Within a radiation-hydrodynamics code, the plasma con-
ditions and intensity within a local volume could be used
to generate an effective Q value through Eq. (1), and the
corresponding value of κ2 could then be determined via
a table that captures the results of the simulations pre-
sented here. The ray could then be deflected accordingly
using a statistical description of the scattering.

Using the converged simulations, an intensity scan
is performed, and the corresponding metrics are deter-
mined. Threshold behavior is clearly exhibited by the
F (5I0), feff, and κ2 metrics in Fig. 8. The threshold is
determined using the F (5I0) metric by determining the
maximum value over the axial distance and subtracting
the final value at the exit plane of the simulation. For
feff and κ, threshold is determined by when the difference
between feff and its initial value exceeds 1% and when κ
exceeds 1%. The fraction of the volume with δn/n > 0.1
is also computed. At intensities below threshold, this
fraction is negligible indicating the appropriateness of
a linearized hydrodynamic treatment. Above threshold,

this fraction grows, illustrating the need for a nonlinear
hydrodynamic treatment. The thresholds determined in
this way are consistent with each other for all metrics
within the precision of the intensity scan. The deter-
mined threshold values for an RPP beam without and
with PS are Q = 1.0 and Q = 1.6 respectively which
agrees with that stated in previous work26,29. In these
previous studies, plasmas with higher values of Z̄ were
used: Ref. 29 used a CH plasma, and Ref. 26 a CO2

plasma. For that reason, the ion pressure term in Eq.
(1) was previously neglected. Here, a hydrogen plasma is
used, and it is found that for such a low Z̄ medium, the
ion pressure term must be included in Eq. (1).
Here, we have sought to provide a more rigorous ex-

amination of the ponderomotive filamentation threshold
(filamentation figure of merit), Q, for spatially smoothed
laser beams than is present in the existing literature. Pit-
falls associated with performing these simulations have
been identified with an emphasis on numerical conver-
gence. The time to achieve steady state (longer than
100 ps in the cases considered here) can potentially ex-
ceed the time over which plasma conditions change or
laser properties evolve in realistic experiments as they
do when temporal beam smoothing is used. However,
we have provided a fairly simple yet descriptive way to
define such a threshold. This methodology could be ex-
tended to account for other smoothing techniques in the
future.

Appendix A: Convergence

In this section, convergence is only examined in the
transverse direction due to the sensitivity of filamenta-
tion to adequate resolution in that plane. Resolution in
the longitudinal direction is adequate.
In order to obtain useful information, the metrics must

approach a single value as a function of time (steady
state), and this value must be adequately resolved so that
finer transverse resolution would not greatly change the
metric. Both numerical and physical damping of IAWs
will cause this steady state to be achieved more rapidly.
The chosen value of the damping coefficient requires be-
tween 100 and 200 ps to reach a steady state. This can
be seen in Fig. 10 where all the metrics eventually ap-
proach a steady value in time regardless of the intensity of
the beam. Above threshold, the F (5I0) metric converges
most rapidly of the three laser beam metrics because the
location where its maximum occurs must be less than the
total length. In fact, the more intense beams converge
fastest because their maximum occurs at distances less
than a speckle length. The other two metrics are slow to
converge because the plasma density fluctuations in the
second, third, and higher ranks of speckles depend on the
previous rank of speckles to settle down. This fact is the
basis of the concept of plasma self-smoothing45

Next, spatial convergence in the transverse direction is
assessed. Using all the settings listed in Sec. II, but vary-
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FIG. 10. The time evolution of all three metrics with (a), (b),
and (c) corresponding to F (5I0), κ2, and feff, respectively.
The color of each curve corresponds to a different intensity
ranging from 0.6 to 2.6 times Ithr = 1.22 × 1015 W/cm2 as
indicated by the legends.

ing the transverse resolution by factors of two between λ0
and 0.25λ0 it is found that 0.5λ0 is adequate to resolve
the metrics. This is shown in Fig. 11 where all three
metrics are plotted versus resolution for three different

(a)

(b)

(c)

FIG. 11. (a) F (5I0), (b) κ2, (c) and feff plotted versus reso-
lution in the transverse direction. The magenta dash-dotted
curve, cyan dashed curve, and red solid curve correspond to
intensities of 6×1014, 1015, and 1.4×1015 W/cm2. The points
correspond to the metric at that intensity and resolution, and
the curves are polynomial fits. Higher resolution is required
for the κ2 and feff metrics than for F (5I0) at higher intensi-
ties.

intensities. The top panel plots F (5I0), the middle panel
κ2, and the bottom panel feff. The magenta dash-dotted
curve, cyan dashed curve, and red solid curve correspond
to intensities of 6 × 1014, 1015, and 1.4 × 1015 W/cm2.
The lower intensity is below the self-focusing threshold,
and little variation is seen in the metrics with resolution.
As the intensity increases and self-focusing becomes pro-
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nounced, more resolution is required especially for the
metrics which depend strongly on the tail of the inten-
sity distribution in k-space, κ2 and feff. It is likely that if
intensity is increased arbitrarily, greater resolution than
chosen here would be needed to resolve self-focusing and
filamentation. However, since it is the aim of this work to
characterize the threshold at which self-focusing occurs,
a resolution of 0.5λ0 is adequate. For arbitrarily large
intensities, κ2 and feff will not be reliable.
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