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Summary: CP with Data Flexibility

• Standard CP makes implicit 
statistical assumption

• Normal-distributed

• New generalized CP allows 
other statistical assumptions

• Bernoulli (0/1)
• Poisson (counts)

• Elegant formula for gradients 
• Amenable to stochastic 

optimization methods
• Takes advantage of existing 

kernels for sparse tensors

• Experimental results show 
advantages in interpretation
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CP Tensor Decomposition
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ModelData

= # components

Component

Factor Matrix

CP = CANDECOMP/PARAFAC or Canonical Polyadic

 = order

Hitchcock 1927, Harshman 1970, Carroll & Chang 1970



CP Tensor Decomposition
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ModelData



“Standard” CP
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ModelData

Typically: Consider data to be 
low-rank plus “white noise”

Equivalently, Gaussian with mean mi

Gaussian Probability 
Density Function (PDF)

Want to maximize likelihood of model:

Equivalent to minimizing negative log likelihood:

Results in the “standard” objective:



Generalized CP
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ModelData

“Standard” CP uses:

Poisson CP (Chi-Kolda 2012) uses:

Bernoulli CP uses:

or:



Generalized CP Gradient
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Define a tensor such that

Then

Recall

Matrix Version:

No dependency of functionNo dependency 
on model form

Matricized tensor times Khatri-Rao product (MTTKRP)



Generalized CP Gradient 
with Missing Data
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ModelData

= Set of Known Entries in Data Tensor

Define a tensor such that

Then (no change except G):

Acar, Dunlavy, Kolda, Morup 2011



Fitting Generalized CP
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Compute
Gradient

Compute optimization 
step and take it

Use either checks on function value or gradient

Acar, Dunlavy, Kolda, J Chemometrics 2011



Observations on Generalized CP

• Can use any optimization method to solve the optimization problem

• Can easily add regularization

• If data tensor (X) is sparse, there is no guarantee that the gradient will 
be efficient

• Standard CP is a special case that has exploitable structure
• Scalability is potentially a major problem

• If known data is sparse (Omega), then gradient will be efficient
• Doesn’t require any sparsity in data tensor
• Perhaps this can be exploited? Yes – stochastic algorithms.
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“Stochastic” Generalized CP
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Compute
Stochastic
Gradient

Take tiny step 
(alpha is small)

Using approximate function values

Different samples 
every time

Same sample every time in 
line 1 & 13

Sparse MTTKRP, 
super cheap!



ADAM SGD for CP
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Moment 
Correction
Terms

Kingma and Ba, 2015



Example Results: 
Senate Voting Data

• Data on U.S. Senate: 1989-2016
• 271 Senators

• Two senators per state (100 total)
• Six-year term, can serve multiple 

terms
• Two main parties: Republicans 

(red) & Democrats (blue)
• 9044 Items 

• Roll calls from 1989 to 2016
• 3 possible Votes

• Yea, Nay, No Vote (NA)
• Tensor is 3-way & binary

• 63% missing
• Stochastic method only samples 

from known entries in data tensor
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Algorithm Details

7/13/2017 Kolda - Generalized Tensor Factorization - AN17 15



Different Statistical Assumptions 
and Interpretation
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All models are wrong. Some models are useful. – Box 

Normally-DistributedNormally-Distributed Poisson DistributedPoisson Distributed Bernoulli DistributedBernoulli Distributed



Gaussian (+/- 1 Data)
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Republican

Democrat

Independent

Bernie 
Sanders

Ted 
Cruz

Supported by majority of both parties
Supported by majority of Republicans only
Supported by majority of Democrats only
Not supported by majority of either party



Poisson
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Bernoulli – Log Odds
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Bernoulli
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Summary: CP with Data Flexibility

• Standard CP makes implicit statistical 
assumption

• Normal-distributed

• New generalized CP allows other 
statistical assumptions

• Bernoulli (0/1)
• Poisson (counts)

• Elegant formula for gradients 
• Amenable to stochastic optimization 

methods
• Takes advantage of existing kernels for 

sparse tensors

• Experimental results show advantages 
in interpretation

• What’s still missing
• Performance of ADAM compared to CP-

ALS, CPRAND, CP-APR (Poisson)
• Understanding effect of # iterations per 

epoch, batch size per iteration
• Theoretical analysis

7/13/2017 Kolda - Generalized Tensor Factorization - AN17 21

For more info: Tammy Kolda, tgkolda@sandia.gov
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Generalized CP Gradient in the 
Standard Case
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