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DIGITAL TWIN

History Future

Digital Twin

Asset

• NUMERICAL MODEL CONSISTENT WITH CURRENT ASSET 
STATE

• USED TO MAKE PREDICTIONS OF FUTURE STATE



ANOTHER DIGITAL TWIN
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Given uncertainty in future loads and material 
properties predict displacement y using model 
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MEASURES OF RISK

Common risk measure is 
probability of failure



COMPUTING PROBABILITY OF FAILURE WITH SURROGATES

Use surrogates instead

Evaluating risk using high-fidelity 
model is intractable

Surrogates can under-estimate 
probability of failure

Surrogates that conservatively 
estimate (do not under-estimate) 
risk are needed



CONSERVATIVELY ESTIMATING RISK MEASURES

This talk will present methods for 
building surrogates that:

Conservatively estimate a 
SINGLE risk measure

Conservatively estimate a SET of 
risk measures



DIFFERENT RISK MEASURES



DIFFERENT RISK MEASURES



DIFFERENT RISK MEASURES



Risk measures are subjective and must 
be tailored to beliefs of decision makers 

First elicit regret function that quantifies 
displeasure with the outcomes y

y
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ELICITING RISK MEASURES: 
UTILITY/REGRET
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Regret measures can be used to construct 
optimized uncertainty equivalent risk measures 
that encode stakeholder beliefs

ELICITING RISK MEASURES: 
OPTIMIZED UNCERTAINTY  EQUIVALENT MEASURES



SURROGATE LOSS FUNCTIONS MATTER

Typically least squares loss function is used to 
train surrogates

Frequency of 
under-estimating 

risk

Risk-
tailore

d
0%

LstSq 
89%

This approach frequently under-estimates risk

We can limit underestimation by tailoring loss 
function to risk measure



TAILORING LOSS FUNCTIONS TO ESTIMATE RISK MEASURES

Loss functions (error functions) used to train 
surrogates should be tailored to the risk 

measure



TAILORING LOSS FUNCTIONS TO ESTIMATE RISK MEASURES

Loss functions (error functions) used to train 
surrogates should be tailored to the risk 

measure



Step1: Solve the regression problem using the 
loss associated with the decision makers regret

Build surrogates of the form

From M training data 
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ESTIMATING A SINGLE RISK MEASURE:
TWO STEP PROCEDURE [2]



Step1: Solve the regression problem using the 
loss associated with the decision makers regret

Step 2: Introduce the bias

Build surrogates of the form

From M training data 
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ESTIMATING A SINGLE RISK MEASURE:
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Step1: Solve the regression problem using the 
loss associated with the decision makers regret

ESTIMATING A SINGLE RISK MEASURE:
TWO STEP PROCEDURE [2]

Step 2: Introduce the bias

Build surrogates of the form

From M training data 
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Surrogates are guaranteed to satisfy



CONVERGENCE FOR ORTHONORMAL SYSTEMS

If bias is large enough any approach will produce conservative surrogates

We produces surrogates that both conservatively and accurately estimate risk

Consider orthonormal surrogates, e.g. PCEs

If

(and some other assumptions) then minimizing difference between true and 
surrogate risk measures yields



COMPUTATIONAL ASPECTS

A number of regression problems arising from risk quadrangles can be 
solved efficiently for linear models. For example,

We solve the following optimization problem via a linear program

We the compute the shift



FIRST-ORDER STOCHASTIC DOMINANCE (FSD)
• Risk preferences of two different 

stakeholders may differ

• Stochastic dominance can be used to 
construct surrogates that conservatively 
estimate a set of risk measures

Guarantees that for all law invariant risk 
and monotonic risk measures

• First-order stochastic dominance 



• ICX guarantees

INCREASING CONVEX ORDER (ICX)

ᵄ� 3≽icxᵄ� 2

• FSD can be to risk averse
• ICX ordering is a weaker condition than FSD

• In fact for any convex, monotone, translation 
equivariant, law invariant risk measures



• Constraints are enforced at the training data
• Smooth the constraints to use gradient based 

optimization

• We adopt similar smoothing approach for ICX

COMPUTATIONAL ASPECTS

• We construct FSD surrogates using constrained 
least squares regression



• Constraints are enforced at the training data
• Smooth the constraints to use gradient based 

optimization

• We adopt similar smoothing approach for ICX

COMPUTATIONAL ASPECTS

• We construct FSD surrogates using constrained 
least squares regression



CONVERGENCE

• Then ICX and thus FSD surrogate               satisfy



• Consider Gaussian random variables X

• Y  is lognormal (exact statistics known)

NUMERICAL EXAMPLES: ESTIMATING A SINGLE RISK 
MEASURE

D=1, M=30 D=3, M=100 

Linear PCE

D=3, M=100 



NUMERICAL EXAMPLES: ESTIMATING A SET OF RISK 
MEASURES

• Consider Gaussian random variables X

• Y  is lognormal (exact statistics known)

Quadratic PCE
D=1, M=30 



NUMERICAL EXAMPLES: ESTIMATING PROBABILITY OF 
FAILURE

• Consider Gaussian random variables X

• Y  is lognormal (exact statistics known)

D=3, M=30 D=3, M=100 D=3, M=30 

Quadratic PCE



NUMERICAL EXAMPLES: CONVERGENCE

• Consider Gaussian random variables X

• Y  is lognormal (exact statistics known)

Quadratic PCE
Over sample ratio: 5

Degree Degree 



NUMERICAL EXAMPLES: TRUSS - AVAR

• Use quadratic PCE in 10 dimensions with 66 terms
• Use 80 training samples
• 9,000 validation samples
• Compute AVaR with p=0.90



NUMERICAL EXAMPLES: TRUSS - PROBABILITY OF FAILURE



NUMERICAL EXAMPLES: DIMENSION REDUCTION

• Consider model of 10D wing weight

• Compute 1D active subspace

• Signed relative error in AVaR (p=0.9) using 30 
    samples

• FSD:        0.029
• SSD:        0.008
• Quantile:  0.010



CONCLUSIONS

• When estimating uncertainty the loss (error) function matters

• The risk measures should be elicited from stakeholder preferences

• The surrogate regression problem should be tailored to the risk 
measure (especially for limited data)

• The resulting surrogate is assured to conservatively (over-estimate) a 
chosen risk measure

• If single risk measure is agreed upon the risk quadrangle is most 
effective

• Stochastic dominance can be used to enforce conservativeness with 
respect to multiple risk measures
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RISK QUADRANGLE

The risk quadrangle formulates risk from regret

The risk quadrangle tailors the error (loss) function used to build surrogates with regression

We can use these connections to ensure surrogates conservatively estimate risk


