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ABSTRACT:

New patch smoothers or relaxation techniques are developed for solving linear matrix equations
coming from systems of discretized partial differential equations (PDEs). One key linear solver
challenge for many PDE systems arises when the resulting discretization matrix has a near null
space that has a large dimension, which can occur in generalized magnetohydrodynamic (GMHD)
systems. Patch-based relaxation is highly effective for problems when the null space can be spanned
by a basis of locally supported vectors. The patch-based relaxation methods that we develop can
be used either within an algebraic multigrid (AMG) hierarchy or as stand-alone preconditioners.
These patch-based relaxation techniques are a form of well-known overlapping Schwarz methods
where the computational domain is covered with a series of overlapping sub-domains (or patches).
Patch relaxation then corresponds to solving a set of independent linear systems associated with
each patch. In the context of GMHD, we also reformulate the underlying discrete representation
used to generate a suitable set of matrix equations. In general, deriving a discretization that
accurately approximates the curl operator and the Hall term while also producing linear systems
with physically meaningful near null space properties can be challenging. Unfortunately, many
natural discretization choices lead to a near null space that includes non-physical oscillatory modes
and where it is not possible to span the near null space with a minimal set of locally supported basis
vectors. Further discretization research is needed to understand the resulting trade-offs between
accuracy, stability, and ease in solving the associated linear systems.

INTRODUCTION AND EXECUTIVE SUMMARY OF RESULTS:

The presence of a large near null space presents unique challenges when solving linear systems via
iterative methods. This is primarily due to the fact that the norm of the residual associated with an
approximate solution might be small even though the norm of the error in the approximate solution
is large. The development of the smoothed aggregation AMG method was one of the earliest linear
solver approaches to highlight the challenges of the near null space [16, 20, 21]. Specifically, a
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technique was presented for developing interpolation operators that accurately represent the near
null space. This early work emphasized solving linear elasticity systems where the near null space
dimension is six. Unfortunately, these techniques are not well-suited for problems with particularly
large near null space dimension such as the eddy current formulation of Maxwell’s equations. Here,
several different techniques have been proposed including [9, 10, 18, 15, 7, 2, 3, 5, 11, 12, 13, 14,
6] where [2] is most closely related to the direction pursued in the research presented here. In
particular, [2] proposed a type of patch method where the set of patches takes advantage of the
structure of the near null space for the curl operator. The key is that even though the null space
dimension is large, the null space can be represented by a basis of locally supported vectors. The
work of this LDRD has been to develop general user-defined patch preconditioning capabilities that
allow for patches to span multiple MPI ranks and to adapt this patch relaxation technique to more
general PDE systems that are far more complicated than the eddy current equations.

Our primary initial target for the new techniques is a generalized or extended magnetohydro-
dynamic (GMHD) PDE system. The specific equations are outlined in the next section. One main
new ingredient is that this system actually has two different PDE expressions and each of these
can generate a large near null space. One expression contains the curl operator while the other
is a Hall term. It is possible for one of these terms to be dominant within some sub-regions of
the domain while the other term is dominant within other sub-regions. It is also possible that
both terms are dominant within the same sub-region or that neither term is dominant in other
regions. Further, the character of the near null space is quite different depending on which term is
responsible. For the curl operator, the null space corresponds to the space of gradients of certain
nodal basis functions while for the Hall term it is a restriction of the magnetic field locally.

One major finding of this LDRD is that the curl operator and the Hall term also complicate the
discretization process. The basic issue is that some discretizations are advantageous (e.g., preserve
certain null space properties) when considering a subset of the PDE terms but not desirable when
considering all PDE terms in the system. For example, we used the ALEGRA multiphysics code
base for our research [19]. The original GMHD discretization that had been developed and existed
in ALEGRA was found to lead to a discrete null space that included non-physical oscillatory modes.
Given this deficiency, we devised and analyzed several other discretizations with different trade-offs
in terms of accuracy, stability, and solvability. From these we identified one discretization scheme
that seems to be a better candidate for future GMHD work.

Leveraging the the new discretization scheme, we then adapted a type of patch preconditioner
for the linear systems on two different problems (a shock tube system and a current sheet problem).
The degrees-of-freedom defining each patch lie within a group of 2 x 2 x 2 neighboring elements.
With the previous discretization and several previous linear solvers (including AMG for curl oper-
ators employing a variety of different smoothers), the linear solver failed to converge or converged
extremely poorly for some problem/parameter regimes. We demonstrate that the newly developed



r)R LABORATORY DIRECTED
AN RESEARCH & DEVELOPMENT

WHERE INNOVATION BEGINS

patch solver can address these highly ill-conditioned linear systems when the reformulated dis-
cretization is employed. In particular, most of these difficult problems can be solved in less than 50
iterations and the overall convergence rate is not greatly affected by the mesh resolution. Further
research is needed to extend the patch methodology to more complex cases and to further evaluate
the associated convergence behavior to see if further adaptions might be necessary.

DETAILED DESCRIPTION OF RESEARCH AND DEVELOPMENT AND METHOD-
OLOGY:

To solve PDE systems such as GMHD, we focus on complementing existing AMG procedures with
patch-based relaxation schemes. These patch-based relaxation schemes correspond to an overlap-
ping Schwarz or equivalently an overlapping block Jacobi procedure. Figure 1 depicts a sample
mesh covered by a set of patches. Theoretically, the sub-domains (or the Jacobi blocks) should be

Figure 1: Sample mesh covered with 6 overlapping patches.

chosen so that there is at least one sub-domain associated with each vector of a minimal basis that
spans the PDE system’s near null space. The size of the sub-domain should be sufficiently large to
completely encompass the local non-zero support of its associated basis vector. Thus, the first part
of the project focuses on understanding the discrete near null space of the PDE system that one is
interested in solving while the second major part of the project develops a general framework for
creating patch-based preconditioners.

Discretization and understanding the near null space. Our initial target application comes
from generalized MHD. The equations of interest are

oD —curlH+ J =0, 0B + curl E =0, D = ¢E, B = uH, (1)
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and
TOJ+IJ—-BxJ—-—cE=0 (2)

with

e - (3)
Here, E is the electric field, H is the magnetic field, D is the displacement field, J is the current
density, B is the magnetic flux density (magnetic induction), |B| is the so-called Hall parameter, o
is the electrical conductivity, u is the magnetic permeability, € is the electric permittivity, e denotes
the unit electric charge, n. the electron number density, me the electron mass, and 7 the ion-electron
relaxation time. We note that (2) is a generalized Ohm’s law which replaces the classical Ohm’s
law J = oE. The presence of (2) gives rise to generalized MHD (as opposed to more traditional
ideal or resistive MHD equations) and leads to additional numerical complications. The Hall term
B x J can be problematic due to the fact that the 3x operator has a large null space. Recalling
the vector identity v x v = 0, it follows that for a given B, [51d(x,y, 2), B20(z,y, 2), B30(x, y, 2)]
lies in the null space of Bx for any spatial location given by (x,y, z). Here, §(z,y, 2) is the Dirac
delta function centered at (z,y,z) and B refers to the k' component of B. The introduction of
d(z,y, z) follows from the fact that Bx includes no spatial derivatives or that the vector identity
holds at any point within the domain. When the magnitude of f is large relative to other PDE
terms, the B x term leads to a large near null space of the generalized Ohm’s law PDE.

While the continuous near null space due to the Hall (x) term is easy to identify, it is important
to actually understand the discrete near null space for the resulting discrete linear system in order
to design patches for a patch preconditioner. To begin, we must first define a suitable discretization.
In particular, consider the 2 x 2 E-J block system

Ap Agp] [EP by
h| — ) (4)
Agr Aga| |J b
where E" and J" are the basis coefficients for the electric field and current density, respectively, at
time ¢"F1.

Let f}z denote an arbitrary edge basis function for the discretization of E, and j@ denote an
arbitrary edge basis function for the discretization of J. Aj; is defined by the bilinear form

~ o~ ~ o~ At ~ ~
All(Ei7 E]) = é /Q E; - Ej dQ) + 7 /QCUI‘I E; - curl Ej dfQ. (5&)



r)R LABORATORY DIRECTED
AN RESEARCH & DEVELOPMENT

WHERE INNOVATION BEGINS

Aq9 is defined by the bilinear form

(B 3)) = /QE 3, de. (5D)
The second block row of the discrete system represents the generalized Ohm’s law relationship
between current and electric field. Originally, this Ohm’s law relationship was discretized in ALE-
GRA by leveraging an element projection operator. Among several advantageous features, this
projection operator allowed one to define a smaller linear system involving only the electric field
(and not the current) via an analytic Schur complement elimination approach. Unfortunately, one
of the main discoveries of this project is that the resulting discrete matrix system is problematic
from a linear solver perspective. Specifically, while the edge elements nicely conserve null space
properties of the curl operator, the combination of edge elements and the element projection op-
erator introduces non-physical oscillatory modes into the near null space associated with the Hall
term. More broadly, our investigation highlights an unanticipated GMHD discretization challenge
that centers on trying to preserve important properties of two null spaces, each of which has a very
different character.
To avoid some of these oscillatory near null space difficulties, we opted to eliminate the use of
the special element projection operator and instead solve the large 2 x 2 block system. Specifically,
the lower block row of the matrix equation is defined by

Agl(ji,ﬁj) = —/ 0,n+1 (31 . E]) dQ, (50)

Q

a3 = [ (14 5) (33) - 5 (B3] ) a2 (50)

While a complete analysis of this system will be performed in future work, the resulting discrete
linear system appears to be more suitable for solving linear systems via iterative methods.

and

Patch preconditioner When solving a linear system
Au = f,

a single iteration of a patch preconditioner generally has the form

Np
Myt =Y VWIW(ViAVD) T (6)
k=1
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where n,, is the number of patches, W}, is a diagonal scaling or weight matrix, and V}, is a rectan-
gular binary restriction matrix. Specifically, V}, selects those entries in the solution vector u that
appear within patch k. That is, the (i, j)th element of V} is nonzero and equal to one if and only
if the ¥ degree-of-freedom within the k" patch corresponds to the j* degree-of-freedom in the
global solution vector u. The (4,7)"" entry of the weight matrix W normally corresponds to the
reciprocal of the number of patches that include the associated solution vector degree-of-freedom.
Thus, VkAVkT projects the matrix system on to a single patch. Overall, the entire patch precondi-
tioner corresponds to solving n, independent small linear systems and averaging the result within
overlapped regions. In the example depicted in Figure 1, n, = 6.

The Ifpack2 package [17] within the Trilinos framework [8] already included some patch precon-
ditioning capabilities. As these capabilities did not directly suit our needs, we generalized them
and adapted them so that they are now much broader and useful when solving PDE systems.
Specifically, it is now possible to conveniently specify any patch by providing a set of global ids.
Previously, it was necessary to define patches by providing processor-local ids. This is often quite
awkward within many applications and effectively made it impossible to define a general patch
which could span multiple MPI ranks. The adapted patch methods now allow for overlapping
patches to be defined where individual patches might cross several MPI ranks when the new ca-
pability is combined with Ifpack2’s overlapping Schwarz functionality. A second major addition to
Ifpack2 includes the definition of the diagonal scaling matrix Wj. Previously, Ifpack2 only provided
a symmetric version of scaling and the definition of the weights did not correspond to averaging
in overlap regions, which is the most natural choice for patch preconditioners. Further, it was
not possible to properly compute weights when some patches were fully defined on one MPI-rank
while other patches spanned multiple MPI-ranks. A new Ifpack2 option now allows one to define
Wi so that proper averaging occurs in overlap regions regardless of whether each patch reside on
one MPI-rank or across several MPI-ranks. A couple of other minor Ifpack2 adaptations were also
added to fix some algorithmic shortcomings in terms of how singleton blocks are defined.

RESULTS AND DISCUSSION:

While patch-based methods have been used for some MHD systems [1] and have also been used for
incompressible Navier-Stokes systems [22], we are unaware of any prior work that employs patch
preconditioners for GMHD. As already discussed, a range of GMHD discretizations were investi-
gated and devised. We applied the 2 x 2 discretization (without the special element projection
operator) along with a specific set of patches to the initial time step of a shock tube problem.
Figure 2 displays the initial geometry of the shock tube. In particular, a n x 2 x 2 element mesh
is used for varying values of n. Dirichlet boundary conditions are employed in the long dimension
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Figure 2: Left: Edges of shock tube (circles denote edge center point). Right: edges associated
with one sample patch.

while the other two dimensions enforce periodic boundary conditions. The degrees-of-freedom are
the electric field and current basis coefficients for the edge elements. Figure 2 depicts edges corre-
sponding to the electric field and current basis coefficients that are being determined by solving a
linear system. Edges on the far right and top of the n x 2 x 2 element mesh do not appear explicitly
in the linear system due to the periodic boundary conditions. The various model parameters are
taken to be o = 10%, m, = 107%/(1 4+ 107%), e = 10*/(1 + 107%), = 1, and € = 10~*. The initial
conditions for the electron density and magnetic field are given by

(7)

~f10, 00<z<o05, g _ J(075,410,00), 0.0<z <05,
‘700125, 05<z<1.0, (0.75,—1.0,0.0), 0.5 <z < 1.0,

It should be noted that in this parameter regime the generalized Ohm’s law term is dominant
and that the curl term does not contribute significantly to the ill-conditioning of the matrix. The
Ohm’s law Hall term does not include any spatial derivatives and so it resembles a type of mass
matrix whose sole source of ill-conditioning is due to the near null space aspects of the 3 x operator.
Despite the relatively modest size of this problem, the condition number is over 107 primarily due
to these near null space effects. For the patch preconditioner a set of n — 1 patches are defined.
In particular, each patch corresponds to all degrees-of-freedom that lie within a 2 x 2 x 2 set
of adjacent elements that effectively form a two-element wide slice of the tube. Figure 3 shows
the convergence profile when the patch method is used as a preconditioner for GMRES on the
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shock tube problem. Here, one can see that convergence rates are quite rapid and nearly constant

N 10 x 2 x 2 elements
., — -20x 2 x 2 elements
102¢ ——40 x 2 x 2 elements

GMRES || residual ||2 estimate

iteration

Figure 3: Residual histories using GMRES with patch preconditioner on shock tube problem.

regardless of the number of elements in the long direction of the shock tube. It should be noted that
we were unable to satisfactorily solve this problem with our traditional algebraic multigrid solvers.
In this particular case, the patch preconditioner is used without multigrid, which is not needed due
to the lack of dominant spatial derivatives in this parameter regime. That is, a local overlapping
Jacobi-style method can completely address the ill-conditioning due to the near null space of the
Hall term. When we use the patch method as a smoother within a two level geometric multigrid
scheme, the convergence is almost identical to that obtained without multigrid as expected. We
anticipate that in other parameter regimes multigrid will be needed and so the patch method is
best employed as a multigrid smoother (perhaps introducing a scalar damping parameter before
the summation in (6)).

As a second test example, an 2n X n X 2 element mesh is considered for a perturbed current
sheet problem (cf. [4] for details of the problem setup). Dirichlet boundary conditions are enforced
in the y dimension while the other two dimensions enforce periodic boundary conditions. The
various model parameters are taken to be 0 = 10%, m, = 4.16 x 1072/(1 +4 x 107 %), e =1, u = 1,
€ =1/c?, where c = 5m;1/2, m; = 1.04/(1 44 x 1072), and § is taken to be either 102 or 10°. The
matrix condition number for the 64 x 32 x 2 element mesh is 4.7 x 10'0 when § = 10? while the
condition number is 7.4 x 10'" when § = 106. It should be noted that for this problem the curl term
now also contributes to the condition number of the matrix proportionally to the value of §. While
the near null space ill-conditioning is problematic, we found that large variations in the magnitude
of matrix entries coming from the four sub-blocks also contribute somewhat to the ill-conditioning
and additionally lead to significant rounding error effects within GMRES. Specifically, the precon-
ditioned GMRES internal estimate of the residual’s 2-norm becomes highly inaccurate after a 10~%
reduction, ultimately leading to convergence stagnation. Fortunately, a simple symmetric scaling
transformation helps reduce rounding error effects on convergence. In particular, we found that
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scaling A1 by 104, A by 102, Ay by 10? and not scaling Ago approximately equilibrates the
Frobenius norm of the four sub-matrices leading to an equivalent linear system where the GMRES
internal estimate of the residual’s 2-norm remains accurate even when the residual is reduced by
nearly 8 orders of magnitude. Further, the condition number is reduced by about 2 orders of mag-
nitude with this scaling. To maintain consistency, the first component of the linear system right
hand side b; must be scaled by 100 and the first component of the final GMRES solution must also
be scaled by 100 to arrive at the final approximate solution. In this case, the patch preconditioner
is applied to the scaled system and each patch again corresponds to a 2 x 2 x 2 set of adjacent
elements. The total number of patches is 465 (= 31 x 15 x 1) and 1953 (= 63 x 31 x 1) for the small
and large meshes respectively. Figure 4 shows the convergence profile when the patch method is
used as a preconditioner for GMRES on the scaled current sheet problem. Here, one can see that

1010 e, ., B 1010 e, =~ R
o ., 32 x 16 x 2 elements o WOON e 32 x 16 x 2 elements
g ., [= =64 x32 x 2 elements |’ g W 0N . |7 -64x32x2elements 1
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Figure 4: Residual histories using GMRES with patch preconditioner on scaled current sheet prob-
lem. Left: Hall term dominates (§ = 10?). Right: significant curl term (§ = 10°)

convergence rates are still fairly rapid and do not vary too significantly between the two mesh sizes
for the smaller ¢ case. Once again, we are unable to satisfactorily solve either of these problems
with our traditional algebraic multigrid solvers. It is worth noting that incorporating the patch
method as a smoother within a 2-level Multigrid cycle does not significantly improve the residual
convergence behavior of preconditioned GMRES even in the larger ¢ scenario where convergence
is slower on the refined mesh. Clearly, further investigation is needed to analyze this large § case
and to understand whether convergence rates can be improved for refined meshes. It should be
emphasized that these results are extremely preliminary in nature and that more follow-up work
is necessary to see if the reformulated discretization can be used in conjunction with the precondi-
tioner to address the Hall term near null space for more complex problems defined with complex
domains. In these cases, one would need to adapt the patch definition used here for a structured
domain to something more general for complex domains. One possibility might be to define one
patch for each internal mesh node such that it includes all degrees-of-freedom defined within all
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elements adjacent to the mesh node.
ANTICIPATED OUTCOMES AND IMPACTS:

Many multi-physics systems encompass a range of complex interacting effects that significantly
complicate the linear solution process. Unfortunately, these solver challenges could severely limit
future simulations. This project has helped highlight the importance of discrete representation
trade-offs between accuracy, stability, and linear system solvability. A new discrete GMHD repre-
sentation that we developed shows promise in terms of accuracy, stability, and solvability, though
further research is still needed. In particular, we have shown that patch-based methods can be very
effective on at least some highly ill-conditioned GMHD matrices. The LDRD reformulation work
will spur GMHD Sandia solver developments, and we anticipate that this work will be of interest
within the GMHD research community. It also has relevance when considering other extended
MHD extensions that incorporate additional physics (Nernst, Ettingshausen, Righi-Leduc). This
physics is extremely important, requiring care in developing discrete representations and solvers.
More broadly, patch-based preconditioners and patch-based multigrid smoothers will continue
to play an important role for solving PDE systems. Previously, they have demonstrated their
utility for some incompressible Navier-Stokes systems and for some MHD systems. As described in
this report, patch-based methods also now show potential for solving the reformulated generalized
MHD systems described in this manuscript. Currently Sandia and much of the DOE community
frequently use ILU-based relaxation schemes for PDE systems, which is generally less-scalable both
theoretically and in practice than the patch-based methods. It is also somewhat more challenging
to leverage advanced accelerators when employing ILU methods. The heavy use of ILU-based
schemes is due in part because of the lack of easy-to-use generalized patch-based software that can
automatically address complex domains and function naturally with algebraic multigrid methods.
The work that we have done has extended the Trilinos capabilities to construct fairly arbitrary
patch-based methods and so this should help promote/facilitate their adoption. Further work,
however, is necessary to continue to simplify their use for application developers. Additionally, new
tools are needed to help employ patch-based smoothers within algebraic multigrid methods where
there is normally no notion of an element on automatically generated coarser levels. Finally, the
current implementation of the patch method is most likely not optimal and so some future work
will be required to optimize this algorithm, which may involve some non-trivial refactorization.
Given the significant potential of patch-based methods, a follow-on project is planned to consider
many of these issues and to further develop tools in the context of GMHD systems. Specifically,
the reformulated GMHD system that we developed will serve as a starting point for our future
GMHD work at Sandia. While the resulting linear system is larger than the original matrix system



r)R LABORATORY DIRECTED
m) RESEARCH & DEVELOPMENT

WHERE INNOVATION BEGINS

formulated within ALEGRA, we believe it is more amenable to a combination of patch-based
smoothers and multigrid. We will also investigate generalizations of patch methods to complex
domains and with algebraic multigrid as smoothers.

CONCLUSION:

We have studied a class of patch preconditioners for multi-physics PDE systems. These methods
correspond to a type of overlapping block Jacobi method and can potentially be used for a wide
range of systems. The purely local nature of the patch linear sub-systems make them highly
parallelizable, but often they may need to be used in conjunction with a multigrid method in order
to achieve rapid linear solver convergence. This project has focused specifically on adapting patch
methods to GMHD systems that previously proved problematic (significant convergence limitations
or even stagnation) for our existing linear solution techniques. A spectral analysis of our initial set
of GMHD test matrices revealed potential discretization concerns from the perspective of solving
linear systems when the Hall term plays a dominant role. In particular, the discrete near null
space included some non-physical oscillatory modes. As a result of this finding, we investigated
alternative discrete representations settling on one that avoids an element projection operator at
the expense of now needing to solve a larger linear system. Using this reformulated matrix, we
devised a set of patches for a shock tube GMHD simulation and for a current sheet GMHD test
problem. In both cases, patches are chosen by taking sets of overlapping 2 x 2 x 2 element cubes.
We showed that the corresponding patch preconditioner is able to solve an initial time step matrix
system rather easily. For example, the shock tube system requires only 13 iterations, which is
independent of the number of elements used to discretize the length of the tube. Previously,
our standard algebraic multigrid procedures struggled to solve the original matrix systems. Our
preliminary work will lead to a follow-on project where several unanswered research questions need
to be addressed before a practical and general-purpose solver can be realized. Additional questions
revolve around adaptations to more complex domains and the more general integration of the patch
techniques with an algebraic multigrid procedure.
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ADDENDUM:

LABORATORY DIRECTED
RESEARCH & DEVELOPMENT

WHERE INNOVATION BEGINS

Composing preconditioners for multiphysics PDE systems
with applications to Generalized MHD
Pl: R. Tuminaro, PM: J. Feddema , Team Members: M. Crockatt & A. Robinson

Project goal

Develop algorithms wf i
and software to solve o
linear systems
associated with multi-
physics PDEs using
generalized magneto-
hydrodynamics
(GMHD) as an
application driver

Increasing cyclotron frequency

Completed Technical Milestones

Analysis of GMHD discrete linear system near | 3/2022
null space

Reformulation of discrete GMHD system with | 5/2022
improved near null space properties

Design new patch solvers (leveraging ASC 7/2022
Trilinos capabilities)

Apply patch solve to GMHD shock tube matrix | 8/2022

Mission Impact

This capability opens up new multigrid strategies
for multi-physics PDEs. It could impact future
Sandia Next Generation Pulsed Power Facility
objectives and impact future computational models for
inertial confinement fusion that include additional
physical effects beyond those of traditional resistive
MHD.

Transition Plan

Algorithms and software developed in LDRD will
transition into Trilinos (NNSA NA-10 funded
Advanced Simulation and Computing (ASC)
program), an FY23 1400/1600 partnership project,
and possibly a future DOE Office of Science
Advanced Scientific Computing Research (ASCR)
project.

Figure 5: Year-ending PowerPoint summary.




