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Is there a significant difference in the mean response
between groups?
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Functional-ANOVA gives a global answer to: do these
functions arise from the same stochastic process?
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If they are different, then test fewer times at a single temperature

8/31/22 | 3



Los Alamos National Laboratory

Is there a statistically significant difference between
the covariance across each group?

Covariance Information For Each Temperature

Covariance
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A stochastic process is a random function generator

y(t) ~SP(n(t),y)

40 Bernoulli Process (p = 0.5)
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A stochastic process is a random function generator

y(t) ~SP(n(t),y)

Poisson Process () = 0.5)

40 Bernoulli Process (p = 0.5)
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A stochastic process is a random function generator

y(t) ~SP(n(t),y)

Poisson Process () = 0.5)

40 Bernoulli Process (p = 0.5)

120 Gaussian Process of Acceleration Data
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A stochastic process is a random function generator

y(t) ~SP(n(t),y)

Bernoulli Process (p = 0.5) oisson Process () = 0.5) Gaussian Process of Acceleration Data
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The dependent variable t represents any domain
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GPs are defined by a mean and covariance

yj(t) ~GP(n(t), ) j=1..n
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Since we have an approximation of the mean and
variance, we can produce pseudo-samples

Randomly Generated from Real Data
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Understanding role of covariance in a GP

y(t) ~GP(n(t),y(s,t))

Gaussian Process with Full Covariance
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Understanding role of covariance in a GP
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Assume our functional data follow a Gaussian process
Main effect model: y;;(t) = n;(t) + v;;(¢t)
where v;;(t) <GP (0,7)
observation = mean + Gaussian error
j=1..n; (samples)andi=1...k (groups)
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Gaussian distributions have helpful properties for tests

Histogram of Heights

A ([ Heights
| —N(12,1) Density

True Mean
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Gaussian distributions have helpful properties for tests

04: Histogram of Heights 04: Histogram of Normalized Heights
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Gaussian distributions have helpful properties for tests
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We can hypothesize anything for the mean

Histogram of Squared & Normalized Heights
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GPs have similar useful properties

i ~ GP(n(t),
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GPs have similar useful properties

i ~ GP(n(t),
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Fact, if y;(t) = n(t) + v;(t) where y;(t) ~GP(1(t),y), then

- Y
Linear combinations of __— y(t) ~GP (77 (t);;)
Gaussian processes are
Gaussian processes

8/31/22 | 22



GPs have similar useful properties

i ~ GP(n(t),
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Then, by rules of expectations and variances, we have

V() = n(t)) ~ GP(0, y)
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GPs have similar useful properties

i ~ GP(n(t), 4 i(t) —n(t))?
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Fact, if y;(t) = + v;(t) where y;(t) ~GP( ,7), then
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GPs have similar useful properties
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Fact: if y;(t) = n(t) + v;(t) where y;(t) ~GP(1(t),y), then
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where A4,~x# and the 4, are the eigenvalues of y
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A chi-squared type mixture is fundamental

107 [ty neyzar
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The comparison is lacking in the denominator realm

Scalar Gaussian

L 2
@0 ® 9 Fact: if y; ~ N(n,y), then Gi~n) ~X%
vl !

8/31/22 | 27



The comparison is lacking in the denominator realm

Scalar Gaussian

L 2
@0 ® 9 Fact: if y; ~ N(n,y), then Gi~n) ~X%
vl !

Functional Gaussian process

Fact: if y;(t) = n(t) + v;(t) where y;(t) ~GP(7(t),y), then

[ (@ -n)’dt > 2.4,
r=1
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The comparison is lacking in the denominator realm

Scalar Gaussian

o0 %0 rauct if y; ~N(n,y), then %/%2"')(1
vl

Functional Gaussian process

r=1
@Must be a scalar
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The distribution of a Gaussian variance

Estimated variance of daisy height
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The distribution of covariance information

Covariance
Gaussian Process with Full Covariance Full Covariance Value
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Analogous to how independent & normal variance estimate (62) is distributed as y2Z_,
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77:n=1 ATET

tr(y) - 1 where A,~xZ_, and the A, are the eigenvalues of y
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The test statistic considers both hypothesis
information and covariance information

Num = [n(y(t) - n(t))zdt 12
Den = tr(y)

E(Num) = tr(y)

E(Den) = tr(y) >0'8
mo2A §oe
F*:Num_) r_lrr o
Den X7, AE,
n—1 0.2+
Ratio of Chi-squared type mixtures 0

or F-type mixture

Example of F-Type Mixture

— F-type Mixture: df, =1, df, = 49

T o
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Now, we hypothesize Mean Low == Mean Medium

400 . Data from Two Groups

Temperature
=== Mean Low
350 Mean Medium
Data from Low
300 Data from Medium
@250
Xe/]
g i
Ke]
© 200
o
©
Q
150+
100 -
50+
0 L L L L I}
0 500 1000 1500 2000 2500 3000
Frequency (Hz)

The null hypothesis is Hy:ny =1,
= (y1. —72) ~GP(0,y)

n
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Under this hypothesis A(t) =
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Now, we hypothesize Mean Low == Mean Medium

Data from Two Groups (Mean Low - Mean Medium)2
400 4500 -
Temperature
=== Mean Low
L 4000 ¢
350 Mean Medium
Data from Low
i 3500 -
300 Data from Medium
. 3000 r
© 250 )
= (2]
: i ity B
® 200 2
% £ 2000
o Q
< 150 - %]
< 1500
100 -
1000 |
50+ R : L
/\f“" 500
0 \—‘:Fu‘ / L L L L L I} 0
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Frequency (Hz) Frequency (Hz)

The null hypothesis is Hy:n; = 1,
(1. —72) ~GP(0,y)

nqins;

Under this hypothesis A(t) =

n
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Now, we hypothesize Mean Low == Mean Medium
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Under this hypothesis A(t) =
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The extension to k groups happens naturally

Low|n1 =39
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The FAMILYWISE null hypothesis becomes Hy:n,(t) = n,(t) = -+ = n,(t)

For any group i, \n;(¥; —¥.) ~ GP(0,y) under the null that all effects are the

same
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The extension to k groups happens naturally

We construct the Sum of Squares of our Hypothesis:
k

SSH(t) = z n; (yi.(t) — 37..(0)2

i=1 \ \

Data from group i Grand mean

If null is true, y; = y and SSH is small.

Like before, we get a chi squared mixture:

SSH(t)dt m_ 2A,.A
IO, bt yhore 4,7
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Don’t forget to incorporate the covariance information

The Sum of the Squared Errors: model vs reality

k n;

SSE@) = ) ) (i) =7(®)" = (=070

i=1 j=1/ \

Group i Mean
Curve j from group i

SSE does not change regardless of hypothesis

[ SSE(t)dt

ZT =T
— —t()e#whereEr ~XE L
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Take the ratio to get the test statistic

Put it all together to get a ratio of chi-squared mixtures:

fSSH(t)dt YL ArAy

* k-1 k-1
F = [SSE@L = Y ArEr
n-—k n-k
To get this distribution, we can:
- simulate Skip, but important!

- approximate via Welch-Satterthwaite — Tells you when to
reject or accept.

- bootstrap
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Answering the long-awaited question

_ Acceleration Response from Shock

Temperature
w

P-value 5e-14 1e-16

|
(All p-values are ~0)

Under the assumptions of Gaussian process distributed, independent
observations, and equal covariance across groups, we find that there is a near
zero probability of observing our data (or data more extreme) under the null
hypothesis that the effects of temperature are all equal.
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Answering the long-awaited question

_ Acceleration Response from Shock

Temperature
w

Dlstrlbutlon
imulation Approximation Bootstr
Method Simulatio pproximatio ootstrap

P-value 5e-14 1e-16

|
(All p-values are ~0)

At least one temperature causes a different response.
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But which temperatures are different from each other?

. Acceleration Response from Shock
=
Mean Medium
500 === Mean High

Data from Low
Data from Medium
Data from High

=7

400 -

Acceleration (g's)
w
S
o
T

I | I I I |
0 500 1000 1500 2000 2500 3000
Frequency (Hz)

The PAIRWISE null hypothesis is Hy:ny = n5 or Hy:n, = 13

You could do a two-sample test for just these two groups

Don’t leave data on the table — use contrasts!
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Linear functions of the hypothesis are general and
maximize the data used in the test

For null Hy:n, = n3, rewrite thisasn; —n; =0

Contrasts form a linear function of SSH
SSH(t) = (CA(t) —c)T(CDCT)7(CAH(L) —¢) I

Called contrasts because the procedure explicitly compares effects
(¥) contrasts are available: Low vs Medium | Mediumvs High | Low vs High

However, while SSH changes for a contrast, the SSE remains the same.
[ SSH(t)dt

T * k—q
Test statistic is F = TSsEar

n-k

where g = rank(C) (contrast matrix)

Denominator uses all the data to inform the covariance estimate (good!)
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Pairwise results conclude temperature matters

_ Acceleration Response from Shock

Temperature
n Low

Distribution method

A
_‘_/M HypotheS|s Approximation Bootstrap
Low vs Med. 2e-5 1e-6
Low vs High 2e-14 3e-13 0
Med. vs High 2e-14 4e-11 0
\ J
|
P-values

(All p-values are ~0)

All groups are different from each other
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But wait!

Do you remember all our assumptions?

Equality of covariance Gaussian process
across groups distributed

2
5150
5
<

100

50

0
[ 500 1000 1500 2000 2500 3000
Frequency (Hz)

Independence
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Checking for equality of covariance across groups
New hypothesis Hy:y; =y, = V3
Utilize central limit theorem to make the claim that y(s,t)~GP(y (s, t), w)

k
T = ;(ni ~DJ [ (7:(5.6) = Ppoor (s, t))2 dsdt

Covariance

Low |n=39 Medium | n = 42 High|n =28 Pooled | n = 109 Value
3500
500 500 500 500 3000
2500
1000 1000 1000 1000
v ¥ ¥ T 2000
) 3 ) )
S 1500 S 1500 5 1500 S 1500 1500
3 =] 3 =}
g g g g
w w w i 1000
2000 2000 2000 2000
500
2500 2500 2500 2500 0
-500
3000 . 3000 3000 3000 .
1000 2000 3000 1000 2000 3000 1000 2000 3000 1000 2000 3000
Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)

Regular distributional tests requires n large to exploit central limit theorem
Random permutation test easier to understand and more flexible
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Covariance across groups are not approximately equal

Covariance
Low |n=39 Medium | n = 42 High|n =28 Pooled | n =109 Value
3500
500 500 500 500 3000
2500
1000 1000 1000 1000
¥ N g z 2000
) 3 3 )
21500 21500 £ 1500 € 1500 1566
=1 3 3 >
s g g g
- w uw I 1000
2000 2000 2000 2000
500
2500 2500 2500 2500 0
-500
3000 3000 3000 3000 .
1000 2000 3000 1000 2000 3000 1000 2000 3000 1000 2000 3000
Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)
Approximation 1 | Approximation 2 Rancein
Permutation
P-Value Not Feasible 2.1e-4 1.9e-4

Remediation: heteroscedastic FANOVA, weighted least squares
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Distributional assumptions not necessarily satisfied

Temperature

=== Mean Low

Mean Medium

500 = Mean High
Data from Low
Data Medi

Dot fom i 2891 Hz

%300 5 E/_, 100 -

100 / - %
0 500 1000 FrqueSr(‘]CDy 2 2000 2500 E 3000 %
f=2891Hz & o
i .
-50 § . —
Quantiles not equal across groups d00r

. . L Medi High
Often skewed quantiles (not pictured) o s L N

Remediation: transformation, generalized least squares
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Distributional assumptions not necessarily satisfied

600 -
— 2891 Hz | Group = Medium
=== Mean Low
Mean Medium r
500 = Mean High
Data from Low
Data fgom Medi - st
Data fsom High
400 L o &
7 . 7
o L 52
z . /
2 » x
® 300 . ++ r
ko) u 4
< < 2 3
200 f 5 0 + #
. -
- /
]
100
b
4
0 = 2,
0 500 1000 1500 2000 2500 : 3000
Frequency (Hz) -
=

)
S
i

QQ Plots confirm non-Gaussian

Quantiles of Input Sample
o

Shapiro-Wilkes tests agree with visual j

guesses -100 ' ' ‘ ‘

-2 -1 0 1 2
Standard Normal Quantiles

Remediation: transformation
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AN
b 23
Motivaw MW P;fmry

= e
Testing hypoth Assumptions revW Generalization

to beyond
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Extension to general linear models with air bearing data

0.09 & /
0.08 1 0.072
—a
0.07 —7
= 2
£ —5
50.06 | ——6 |1 0.07
= 12
—9
50.05 —10| 1 &
o B—— £
= 11 & 0.068
0.04 5 2
1 =
0.03 1 E
0.066
0.02
1 1.5 2
Roll Rate (cycles/s) 0.064
; —2
0.062 g , i , i .
175 1.8 1.85 1.9 1.95 2
Roll Rate (cycles/s)

Torque decay y;(t),j = 1...44 curves exhibit variability
Collected covariate information: test day/run, environment (3), system (4)
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Detection/quantification of important covariates

y(t) = fo + ,leday + B2 Xpruns +
IBSxtemperature + ,84xpressure + .Bsxhumidity +
,36xcylindrical + ,B7xinlet + ﬁstpherical + ,B9xsystem
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Is there a significant difference in the mean response
between groups? YES (probably)

Acceleration Response from Shock

600

Temperature
Same: sensor, location, direction =Mean Low

Mean Medium

Different: racks, series, shots ==Mean High

Data from Low

500 —

Data from Medium
Data from High

400

Acceleration (g's)
W
o
o

200

100

— \ \ \ | !
0
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Fin

Public URLS for pictures:
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Bootstrapping and Central Limit Theorem

Option 1: Assume the functions are Gaussian
Option 2: Assume we have a large enough sample, so that the mean is approximately Gaussian distributed
Option 3: If n is small, bootstrap the data to exploit converging distribution of mean to a Gaussian process

CLT: If y;~(u,0?) and 0% < oo, theny -> N (u, Gn—z) asn — oo

Histogram of n = 100 Histogram of Means
60 Draws from Gamma(1,2) 120 N = 1000 Bootstrap Samples QQ qut of Sample Data versus Standard Normal
100 7
° /
o
80| £25
n
£ F
5 60 £
2 c
O [72]
2
40t € 2t
]
(¢}
20
0 15— ‘ ‘ ‘
0 2 4 6 8 10 2 25 3 -4 -2 0 2 4
X Mean Standard Normal Quantiles

Bootstrapping assumes the sample is representative of the population
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Contrasts are linear adaptations of hypotheses

o0 %o

Iv 1
Imagine daisy example: y~N(n,y), then cy ~ N(cn, c?y)
M V1.
Stack main effects in a matrix: n(t) = 12 and 7(t) = y.
N3 V3.

) _ 1 1 1
And #(t)~G P, (n,yD) where D = dlag(n—l,g, )
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Contrasts are linear adaptations of hypotheses

We want to test null hypothesis of n; = n; (rewritten as n; —n3 = 0)

AllowC=1 0 -1,thenC=*n(t) =0 = cisourlinear hypothesis
Then, under the null, CA(t)~GP,(c,yCDCT)
and SSH(t) = (CA(t) — )T (cDCT)~1(CAH(t) — ¢)

For the pairwise hypothesis above, this simplifies to
nins

SSH(D) = = (. = 2)?
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No data is left on the table with contrasts

However, while SSH changes for a contrast, the SSE remains the same.

k n;
—_— 2 9
SSE(t) = Z Z(yij(t) —y(®)" = @O -k7t)
i=1j=1
J ssioae
Test statistic is F* = 50
n—k

where g = rank(C) (contrast matrix)

Denominator uses all the data to inform the covariance estimate

What type of distribution does this follow?
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Previous contributions, future contributions, and

lessons learned this summer

» Contributions this summer
* Analysis of distributional assumptions
» Contrasts implementation
» Checking, validating, and generally improving f-anova package
» Equal covariance functions
»  System import

» Central repository for import — continue into future data phases —
about 7 pages describing useful tools, functions, methods, and
more relating to the import process

e Lessons learned

» The wide variety of projects and functions our team performs and
how Echo can unite them

* More standard method for getting new employees up to par with
respect to Echo data processing and analysis flows

* Developed statistical experience in the realm of functional data
* General refresher on dynamics
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Exploring how the p-values are distributed

P-values not distributed uniformly for approximation methods
Should use simulation methods even though it takes more time

N = 1000 samples | Distribution = Scaled Approximation | Covariance = Estimate
" 10

#* 1000
120 70

100

QQ plot (Uniform)

QQ plot (Uniform) ] QQ plot (Uniform)
09 0. / 09
08 08
07 07 o /
$ ] ]
Eo0s Eos Y/ Eo
8 8 8
& & O]
g 0s § 0s § 0s
8 8 8
04 ) 04 04
- - 2 3
03 / 03 03
02 02
/ /
o1/ 01 /
o o
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Actual Quantiles Actual Quantiles Actual Quantiles
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All pairwise results conclude temperature matters

_Acceleration Response from Shock

Temperature
=== Mean Low

Mean Medium
= Mean High

Data from Low

500

Data from Medium

Distribution method
A

IS
=1
3

Acceleration (g's)
8
8

N
=1
3

W/ !

. L2- . L2-Bias . : . F-Bias
Hypothesis . : L2-Naive L2-Bootstrap | F-Simulation F-Naive F-Bootstrap
Simulation Reduced Reduced

Low vs Med. 5e-12 6e-7 4e-7 1e-4 2e-5 1e-6 1e-6 0

Low vs High 2e-14 1e-14 5e-15 0 2e-14 5e-13 3e-13 0

Med. vs High 2e-14 5e-12 3e-12 0 2e-14 6e-11 4e-11 0
Family-Wise_Method Test-Statistic P-Value Verdict Parameter_1_Name Parameter_1_Value Parameter_2_Name Parameter_2_Value
"L2-Simul" 1.2344e+08 4.4853e-14 "Reject Null Hypothesis for Alternative Hypothesis" "KDE: Kernel" {'normal’ } "KDE: BandwWidth" {[ 4.8332e+05]}
"L2-Naive" 1.2344e+08 [’} “"Reject Null Hypothesis for Alternative Hypothesis" "beta" {[1.2856e+06]} "d" {l 4.58801}
"L2-BiasReduced" 1.2344e+08 [’} “"Reject Null Hypothesis for Alternative Hypothesis" "beta" {[1.2463e+06]} "d" {l 4.6952]1}
"L2-Bootstrap" 1.2344e+08 ] "Reject Null Hypothesis for Alternative Hypothesis" "Bootstrap: Resamples" {I 1000]} "Bootstrap: Type" {["nonparametric"]}
"F=Simul" 20.928 4.4853e-14 "Reject Null Hypothesis for Alternative Hypothesis" "KDE: Kernel" {'normal’ } "KDE: Bandwidth" {l 0.0837]})
"F-Naive" 20.928 2.2204e-16 “"Reject Null Hypothesis for Alternative Hypothesis" "d1" {I 4.5880]} "d2" {I 243.1660]1}
"F-BiasReduced" 20.928 1.1102e-16 "Reject Null Hypothesis for Alternative Hypothesis" "d1" {l 4.6952]} "d2" {l 248.8455]}
"F-Bootstrap" 20.928 ] "Reject Null Hypothesis for Alternative Hypothesis" "Bootstrap: Resamples" {I 1000]} "Bootstrap: Type" {["nonparametric"]}
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