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Classical bit:
(bit)

Prob. bit:
(p-bit)

Quantum bit:
(qubit)

OR

+1 = Head -1 = Tail
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{+1, -1}

State space

Quantum Bits Live in a Sphere
2

+1 with probability p
-1 with probability 1-p



How to describe a Generic distribution of 
qubits?3

Local Statistics determined by low-order moments
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Generic quantum state:



Moment Matrices4
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 Redundant Description of Quantum State

 Equivalent to Density matrix description



“Quantumizing” Max Cut5

� �� = 1/2(� − � �� �)

ℎ�� = 1/4(� − � �� � − � �� � − � �� �)

“How close” to the singlet on 
each edge?

singlet
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Motivation6

Anti-ferromagnetic Heisenberg model: roughly 
neighboring quantum particles aim to align in 
opposite directions.  This kind of Hamiltonian 
appears, for example, as an effective Hamiltonian 
for so-called Mott insulators.
[Image: Sachdev, arxiv:1203.4565]

Motivation
The Heisenberg model is fundamental for describing quantum magnetism, 
superconductivity, and charge density waves. Beyond 1 dimension, the properties 
of the anti-ferromagnetic Heisenberg model are notoriously difficult to analyze.



Moment Matrix Picture7

In the Moment matrix picture, define C:
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Different representations of the same problem!!

vs.

 QMA-hard, so we seek approximations 



Approximation Algorithms and Ansatze8

Runs in poly time in n, 
provable guarantee independent of instance

G

{� ��}

Classical Description 
Of Quantum state

 Unlike classical Max-cut not clear what kind of description is best
 Ansatz- “kind” of quantum state the algorithm outputs.

Product State Ansatz

� = ∏��� � i

Singlets+Product States
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Previous Work9

Reference Approximation Factor 
Achieved

Bansal, Bravyi, Terhal, 07’ PTAS (for planar instances)

Gharibian, Kempe, 12’ PTAS (for dense instances)

Brandao, Harrow, ‘16 PTAS (for dense instances)

Harrow, Montanaro, ‘17 Graph Dependent constant

Bravyi, Gosset, Koenig, 
Temme, ‘18

Gharibian, Parekh, ‘19 0.498

Parekh, Thompson, ‘20 0.467

Anshu, Gosset, Morenz, ‘20 0.531

This work 0.533

 Constant factor algorithms for 
QMC (without additional 
assumptions) is an active area 
of research

 All except AGM20 produce 
product states

 Performance is limited 
because generic states (i.e. 
maximal e-vectors of QMA-
complete) are highly “non-
product”



Relaxing the Moment Matrix
10

� � 1 � 1 � 1 � 2 … � � � 1� 2 … � 1� 2� 3 … � 1…� �

������� � 2

Can optimize over a (polynomial large) submatrix
 Still guaranteed PSD
 Satisfies all equality constraints the matrix intersects with
 Relaxation because submatrix likely not embeddable

[Lasserre ‘01]
[Pironio, Navascués, Acìn, ‘10]



Relaxation Quality
11

 Entanglement- “Quantum” correlation between subsystems.  

 Monogamy of entanglement- can’t enforce inconsistent quantum marginals 

Star Bound
[Lieb, Mattis, ’62]
[Anshu, Gosset, Morenz, ‘20]



Rounding Algorithm12

Employing Singlets+Product state Ansatz
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Analysis13

 Additional proof techniques
 Symmeterization over transformations
 “Sum of Squares” proofs

 Standard approach: try to bound objective loss from rounding
 What if most edges have large value and L has high degree?

 Star bound implies L has low degree

[Goemans, Williamson, ‘94]

d=2 for our results



Implications14



15 Open Questions


