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Background and Objective

 Extension of phase field modeling of fracture to ductile materials is an 
active area of research

 We are aiming to improve the phase field predictivity in large scale 
yielding problems
 More focus on fracture initiation

 Want to maintain predictivity in small-scale yielding exhibited by phase 
field approach
 Toughness controlled fracture propagation

 Want correspondence with known ductile void growth mechanics
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Basic kinematics3

Multiplicative decomposition

Flow rule



Model form4

Free energy

Mechanical free energy

Additional parameter:

Serves as cohesive strength!
Degradation function of Lorentz et al., C.R. Mechanique 339 (2011)

Fracture free energy



Elastic/plastic constitutive relations5

Intact strain energy

Defect energy

Dual kinetic potential

Power law hardening

Power law rate sensitivity

Hencky elastic  strain



Approach to a cohesive zone model6

Tvergaard and Hutchinson  [JMPS (40) 1992] cohesive 
zone

ahead of crackfree 
surface
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Variational formulation7

Minimize

Splits naturally into 2 subproblems:

2. Equilibrium search (nonlocal)

1. Variational constitutive update (local)

cf. M Ortiz and L Stainier, Comp Meth Appl Mech Engrg 171 (1999) 419-444

Talamini et al. “Attaining regularization length insensitivity in phase-field models of ductile failure”, CMAME 2021



Solver implementation8

Robustly propagates damage across multiple 
elements in a single load-step

• Machine learning has led to a recent growth in non-convex optimization 
research

• We use our variational formulation to leverage this

Monolithic trust region solver
1. Local quadratic model
2. Inner iterations use preconditioned linear CG
3. Aggressively move in directions of negative curvature – avoids 

unstable & unphysical saddle points
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Monolithic rust region
(super-linear convergence)

Alternating minimization
(linear convergence)

*See talk by M Tupek, MS 613, 7/29 11:50 AM



INTERNAL LENGTH SCALE AND 
CRACK GROWTH RESISTANCE
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Role of phase field length scale10

 Plasticity introduces an additional length scale to fracture 
problem:

Plane strain estimate:



Procedure11

Simulate plane strain mode I 
crack growth in nearly infinite 
domain

†  MZ Hossain et al. J. Mech. Phys Solids (71) 2014

Note: not to scale, 
domain is much larger



Crack growth resistance predictions, Part I12

Isolines of equivalent plastic strain
Classic Ambrosio-Tortorelli model form



Crack growth resistance predictions, Part II14

Isolines of equivalent plastic strain



Effect of threshold energy in cohesive model15



Improving LSY ductile failure predictivity16

• Many alloys fail by void growth & coalescence
• Initial stable growth well approximated by RVE void growth 

mechanics (Rice-Tracey, Gurson, many more)
• Usually based on RVE calculations – valid when zone surrounding 

void can be considered in isolation
• In contrast, coalescence is inherently nonlocal

Idea: 
• Use classic void growth mechanics to characterize the initial 

stable void growth, 
• Use phase field to capture coalescence and macroscopic 

localization
Tekoglu et al. Phil Trans R Soc A 373 20140121



Improving LSY ductile failure predictivity17

1. Capture void fraction evolution with void growth mechanics relation:

For example, Rice-Tracey:

2. Evolve critical fracture energy density with changing void fraction:

E.g., simple mixture rule:

Could use more rigorous localization study based on average 
void size, spacing, loading conditions

3. Phase field tends to nucleate where strain energy density exceeds 
critical fracture energy density

However, model mantains well-defined surface energy G0
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Load step before failure Load step at failure

• Calibration of the model is in progress
• Multiple test data sources: round bar tension, notched bar, compact tension



Conclusions

 Cohesive phase field model restores role of internal length as 
regularization parameter for EPFM

 New model with a useful set of properties:
 Crack nucleation dependence on stress triaxiality history
 Consistent with classic void growth mechanics
 Correspondence with small scale yielding: critical energy release rate still a 

parameter
 Minimum principle formulation preserved

 Minimization structure can be exploited for solution, more accurate, 
more robust
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First attempt: Ambrosio-Tortorelli regularization model122

Free energy

Fracture free energy

Mechanical free energy

1Bourdin, B., Francfort, G.A., Marigo, J.-J., 2000 J. Mech. Phys. Solids 48 (4), 797–826.



Variational formulation23

Infimize

with

Euler-Lagrange equations

Linear momentum

Phase evolution

Yield condition

Flow direction

cf. M Ortiz and L Stainier, Comp Meth Appl Mech Engrg 171 (1999) 419-444



Is the model form sufficient?24

 Sometimes … 
 EPFM rules: limited plasticity, scale separation
 Can calibrate ℓ to standard fracture tests

Chris San Marchi (SNL)



Volumetric locking25


