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Abstract  

Rare earth elements (REE), the thirteen naturally occurring lanthanides, yttrium, and 

scandium, are now ubiquitous in modern life as they are critical resources to many advanced 

technologies. However, the demand for the REEs is not equal, with the heavy rare earths (HREE) 

having a higher demand. Xenotime (HREEPO4) is an important HREE ore mineral and globally is 

an economical source of HREE. Much of the crystallographic and thermodynamic properties of 

the xenotime end-members have been elucidated through a combination of calorimetric methods, 

solubility studies, and high-pressure studies. Yet, in natural systems, endmembers are rarely 

encountered, and instead, HREE solid solutions are more commonly observed. In this work, we 

report the crystal chemistry, thermodynamics of HREE mixing, and high temperature material 

behaviors and thermochemistry of a synthetic Er-Yb binary xenotime solid solution series 

(Er(x)Yb(1-x)PO4), with implications for their mineralization processes and industrial applications 

as thermal coating materials. This was done through a combination of X-ray fluorescence 

spectrometry, synchrotron X-ray powder diffraction implemented with Rietveld analysis, Fourier 

transform infrared spectroscopy coupled with attenuated total reflectance, Raman spectroscopy, 

and thermogravimetric analysis coupled with differential scanning calorimetry.  
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1. Introduction 

Rare earth elements (REE), the thirteen naturally occurring lanthanides, yttrium, and 

scandium,1 are now ubiquitous in modern pedestrian life as they are critical resources to many 

advanced technologies. This is demonstrated by that REE are found utilized in the permanent 

magnets found in electric vehicles, wind turbines, and smartphones.2 However, industrially, REE 

have been important commodities for over a hundred year, being utilized in everything from gas 

lighting mantels to petroleum cracking catalysis.3 The list of potential applications for REE is ever-

growing, with industries continually finding even more applications for the elements. The 

aerospace industry is an example that has historically used REE in guidance systems,2 and now 

investigates many different types of REE-based ceramic materials to be as environmental barrier 

coatings (EBCs) in order to improve the efficiency of the combustion engines.4–12 It is clear to 

predict that the demand for the REE will continue to surge, which, however, will certainly stress 

the overall supply of REE. While the REE have bulk crustal abundances equal to those of other 

industrially important metals such as copper, zinc, or molybdenum,2,13 they are hardly ever 

concentrated to economic levels. REE are commonly subdivided into light (LREE) and heavy 

(HREE) based upon their atomic radii,13,14 as the lanthanides exhibit a systematic decrease in 

atomic radii with increasing atomic number (Z).15 The LREE consist of La – Eu and HREE consist 

of Gd– Lu, in addition to Sc and Y. Typically, the LREE comprise 60–90% of REE ores, whereas 

the HREE, which are in most industrial demand, are rarely concentrated to economic levels.2,16,17 

Up to date, there are only a few notable deposits (i.e. Lofdal (Namibia) and Browns Range 

(Australia)) where HREE can make up >80% of the total REE budget.18–21  

In both of these deposits, xenotime (HREEPO4) is an important ore mineral, and globally 

an economical source of HREE, which is commonly associated with other hydrothermal 

deposits.22 Much of the thermodynamic properties on the xenotime end-members have been 

elucidated through a combination of calorimetric methods,23–25 solubility studies,22,26 and high 

pressure studies.27–30  Albeit, in natural systems endmembers are seldomly observed, and instead, 

an intermediate composition, as a result of solid solutions, is more commonly presented. In solid 

solutions, the mixing behavior of the HREE in the xenotime structure (I41/amd) is paramount in 

modeling ore-forming processes.31 If the HREE are mixing as ideal solutions, then no additional 

interaction parameter (Wx) is needed to model their thermodynamic behavior; however, if their 
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mixing is non-ideal, then regular solutions or subregular solutions will need to be employed, where 

Wx must be included in order to accurately describe their mixing behavior.32 Although Wx of other 

REE phosphate minerals, monazite and cheralite, have been experimentally determined by 

calorimetric techniques,33–35 only a few theoretical studies36,37 and an empirically derived 

estimations31 have been conducted on HREE xenotime.  

As mentioned above, many REE-based ceramics materials are being investigated for a wide 

swath of applications as advanced ceramic material. The thermophysical and thermochemical 

properties of xenotime make it ideal to be used as EBC or thermal barrier coating (TBC) in 

aerospace applications4 as the material possesses low chemical reactivity and a high melting 

point.38–43 Currently, through the utilization of solid solutions, one can tailor and ultimately 

improve the thermophysical and thermochemical properties of EBC or TBC,6  which is most likely 

a result of the entropy-driven stabilization effect.44 

Additionally, the low chemical reactivity, low solubility, and resistance to radiation 

damage also make xenotime a promising ceramic waste host candidate for the permanent 

immobilization and disposal of actinides associated with nuclear waste.45–50 As xenotime is 

isostructural to other zircon structure-type phases, including coffinite (USiO4), thorite (ThSiO4), 

and stetindite (CeSiO4), they shares many similar thermochemical and thermophysical properties, 

while having the ability to accommodate trivalent elements, the dominate valence state of the late 

actinides (Am-Es).51–53 As it has been found that actinides orthosilicates heavier than thorium are 

thermodynamically disfavored to form from their binary oxides,54–56 the ability to have a ceramic 

waste host that allows the trivalent state is an obvious benefit. All of the actinide orthophosphates 

(Pu-Es) synthesized in the air have been reported to adopt the monazite structure,49,51,57–60 yet there 

are also reports that Np and Pu were found to be stabilized in the xenotime structure (Y(x)An(1-

x)PO4, where An = Np or Pu) under reducing environments.51 This stabilization within the xenotime 

structure could most likely be attributed to favorable energetics of mixing, similar to what is found 

with uranothorite (Th(x)U(1-x)SiO4).
56,61,62  

Thus, studying the crystal chemistry associated with a xenotime solid solution series has 

both fundamental and applicable significance. In this work, we report the crystal chemistry, high 

temperature material behaviors, and thermodynamic stability of a Er-Yb binary xenotime solid 

solution series (Er(x)Yb(1-x)PO4) with hydrothermal origins. This was done through a combination 
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of X-ray fluorescence (XRF) spectrometry, synchrotron X-ray powder diffraction implemented 

with both Rietveld, Fourier transform infrared spectroscopy coupled with attenuated total 

reflectance (FTIR-ATR), Raman spectroscopy, and thermogravimetric analysis coupled with 

differential scanning calorimetry (TGA-DSC). 

 

2. Experimental Methods  

2.1. Sample synthesis 

Er(x)Yb(1-x)PO4 were hydrothermally synthesized through modification of a method 

originally reported by Mesbah et al.,63 for xenotime-thorite solid solutions. The following reagents 

were used: Er(NO3)3·5H2O, Yb(NO3)3·5H2O, H3PO4, NaHCO3, NaOH, and HNO3. The 

concentration of the solutions utilized was 0.05~0.3 M Er(NO3)3·5H2O, 0.05~0.3 M 

Yb(NO3)3·5H2O, and 0.05~0.3 M H3PO4. A 1.0 M solution of NaHCO3 was prepared as a buffer 

and a 4~8 M NaOH solution and 8 M NaOH solution were used to adjust the pH to 8.7. The 

procedure involved pipetting stoichiometric amounts the Er3+, Yb3+, and PO4
3- solutions into under 

constant stirring. The pH was then adjusted to 11 - 12 by dropwise addition of NaOH and 

subsequently buffered to 8.7 by adding NaHCO3. The final solutions contained by a 23 mL Teflon 

line Parr autoclave were then placed in a pre-heated oven, of 220 ~ 250 °C for 7 days, followed by 

natural cooling to room temperature. The resulting precipitates were separated from the 

supernatant by centrifugation at 4000 rpm, washed 4-5 times with 18.2 mΩ deionized water and 

once with ethanol. The resulting solids were then dried overnight at 60 °C.  

2.2. Total Reflection X-ray Fluorescence Spectroscopy (TXRF) 

A Bruker S2 PICOFOX benchtop TXRF spectrometer equipped with an air-cooled 

molybdenum X-ray source 50 kV was used for the study.64 The instrument’s gain correction and 

resolution were calibrated prior to each series of measurements. Each measurement had an 

acquisition time of 120 secs and was performed in triplicate with the average reported here. The 

spectra were processed by Spectra 7 software using the optimized Bayes fit technique.65 The 

resulting spectra are presented in Figures S1 and S2 and listed Table S1.  

2.3. Thermogravimetric analysis coupled with differential scanning calorimetry (TGA-DSC) 
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The TGA-DSC measurements from 28 to 1200 °C, with a heating rate of 10°C/min, under 

a flowing N2 atmosphere (20 mL/min), were performed by a Setaram SetSYS 2400 

thermogravimetric differential scanning calorimeter. The temperature and sensitivity of the 

instrument were calibrated by heating indium, tin, lead, zinc, and aluminum across their fusion 

point repeatedly at the temperature change rates of 5, 10, 15, and 20 °C/min. 

2.4. Vibrational Spectroscopies   

Samples were characterized through a combination of FTIR and Raman spectroscopy. The 

FTIR spectra were recorded in the 600-4000 cm-1 range via a Perkin Elmer FTIR Spectrum 400 

device. Powder samples were deposited directly on the surface of an ATR crystal without any prior 

preparation and with a collection time of 30 seconds and five scans. The Raman spectroscopic 

measurements were conducted using an HR Evolution Labram Raman Spectroscopy system 

equipped with both a 532 nm laser and a 785 nm laser to avoid the fluorescence of Er3+ (in the 532 

nm laser) and Yb3+ (in 785nm). The laser outputs were filtered to 25-30 mW to prevent thermal 

damage. The total time of counting ranged from 3-120 seconds. The system is equipped with a 

grating of 600 gr/mm, which yields and effective resolution of less than 1cm-1. For both FTIR and 

Raman data, band component analysis was done by means of the Peakfit function within the 

OriginPro 2020 software suite using a Lorentz function with the minimum number of components. 

Correlation coefficient R2 greater than 0.967 was obtained for all results displayed in Figures S5-

S8 and reported within Tables S4-S6 and S8-S9. 

2.5. Scanning Electron Microscopy & Energy Dispersive X-ray Spectroscopy (SEM-EDS) 

Scanning electron microscopy was carried out to observe size distribution and surface 

morphology, by the FEI Apreo VolumeScopeTM SEM equipped with a field emission gun 

electron source, backscattered electron detectors, and TEAMTM Pegasus integrated EDS-EBSD. 

All micrographs were collected under high vacuum conditions with accelerating voltage of 20 kV, 

and magnifications from 50 times to 40,000 times. Images are deposited in the electronic 

supplement.  

2.6. Synchrotron powder X-ray Diffraction (XRD) 

Synchrotron powder X-ray diffraction was conducted at Sectors 6-ID-D and 11-ID-C of 

the Advanced Photon Source (APS) at Argonne National Laboratory (ANL). The wavelength of 
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the X-ray beam was 0.123696 Å (the distance to the detector between 350-360mm) and 0.1173 Å 

(1600 mm as the sample-detector distance), respectively, for 6-ID-D and 11-ID-C. All collected 

two-dimensional (2D) images were calibrated, masked, and integrated through the use of Dioptas 

processing software,66 which were then analyzed through the Rietveld method using General 

Structure Analysis System software version II (GSAS-II),68 where the instrument parameters were 

obtained using the CeO2 standard. The backgrounds were modeled by the Chebyshev function 

with 6 - 20 coefficients. 

 

3. Results 

3.1. Thermogravimetric analysis coupled with differential scanning calorimetry (TGA-DSC) 

  TGA-DSC experiments (Figure 1) revealed that the samples have good thermal stability 

up to 1200 °C under an N2 atmosphere. A long mass loss (~ 4.2 %) was identified from 50 to 1000 

°C, which could correspond to the removal of absorbed and confined molecular water (in [001] 

channel of the xenotime structure), as well as hydroxyl species due to its endothermic nature. Such 

an attenuated or “sluggish” dehydration and dehydroxylation of other zircon-type materials have 

been previously reported and discussed in the works by Strzelecki and Barral et al.67 Further details 

on the dehydration and dehydroxylation are discussed further in later sections. The samples 

recovered from the TGA-DSC experiments were further analyzed via synchrotron powder X-ray 

diffraction, FTIR-ATR, and Raman spectroscopy.   

3.2. Synchrotron powder X-ray Diffraction (XRD) 

The diffraction patterns of the pristine samples confirmed single-phased orthophosphate 

(I41/amd), with no observed impurities or chemical inhomogeneities (Figure S3). We performed 

the Rietveld refinements based on the structural models reported by Ni et al.69 for ErPO4 and 

YbPO4. The occupancy of the MO8 site in Er(x)Yb(1-x)PO4 was fixed to the compositions determined 

by TXRF. The resulting refinements yielded Rwp values ranging from 2.65 to 8.34 %. The pristine 

xenotime phase is nanocrystalline, with a size ranging from 15 - 70 nm,  typical of a synthetic 

hydrothermal route.70–75 In the diffraction patterns of the samples recovered after the TGA-DSC 

to 1200 °C, there was additional diffraction peaks in each composition (Figure S4), not attributed 

to any reflection of xenotime, but to a Er-Yb sesquioxide solid solution phase (Er(2x)Yb(2-2x)O3), 
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which is isostructural to bixbyite (Ia3).76 As xenotime has been found to be thermally stable to 

over 1600 °C, which is its melting point,38 the observations of Er(2x)Yb(2-2x)O3 post-1200°C imply 

several possibilities. The first, and most likely, is that there was amorphous Er(2x)Yb(2-2x)O3 in the 

sample, similar to what has been found in the hydrothermal synthesis of uranothorite.77 The other 

reason is that the hydroxylated samples (Er(x)Yb(1-x)PO4-xOHx) thermally decompose to Er(2x)Yb(2-

2x)O3 and P2O5. As there are no observable reflections for P2O5, nor any exothermic signatures from 

DSC for thermal decomposition, this has been ruled out.  

The refined unit cell parameters of Er(x)Yb(1-x)PO4 are listed in Tables S2 and S3 and also 

in Figure 2. The unit cell parameters of the pristine and thermally treated Er(x)Yb(1-x)PO4 decrease 

as a linear function of x following Vegard’s law. However, both the unit cell volume and the a-

axis of all sample compositions significantly decrease after being thermally treated to 1200 °C. 

Whereas the c-axis for some of the compositions was found to be increased for some compositions 

and decreased in others. Hypotheses for the cause of the change in unit cell parameters after the 

thermal treatment to 1200°C are discussed in the succeeding sections.  

3.3. Vibrational Spectroscopies 

The FTIR spectra were recorded for both the pristine samples (Figure 3a) and those after 

TGA-DSC to 1200 °C (Figure 3b). The spectra of the pristine samples could be separated into 

three distinct zones of interest: 600 – 1300 cm-1, 1300 – 2000 cm-1, and 2500 – 4000 cm-1. The 

spectra of those collected after TGA-DSC to 1200 °C only had one distinct zone of interest being 

that of the first zone (600 – 1300 cm-1). As xenotime is isostructural to zircon, it shares the same 

vibrational behavior that the band assignments reported in Nasdala et al.81 and Dawson et al.78 for 

zircon can be used to assign the internal vibrational modes of the PO4 tetrahedron. The I41/amd 

space group has seven active FTIR vibrational modes, which were determined again through a 

factor-group analysis.78,79 These vibrational modes can be assigned to the internal and external 

vibrations of the PO4 tetrahedron. Of the seven vibrational modes, four (Γint = 2A2u + 2Eu) can be 

assigned to internal vibrational modes and three (Γext = A2u + 2Eu) can be assigned to external 

vibrational modes. The vibrations observed within 600 – 1300 cm-1 corresponds to the internal 

vibrational modes of the PO4 tetrahedron. Noted that a wide massif was systematically recorded 

between 700 – 1200 cm-1, similar to what was found in work by Clavier et al.,80 which makes it 

difficult to unambiguously discriminate the components assigned to symmetric and antisymmetric 
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stretching vibrations. As only the antisymmetric internal motions of the PO4 tetrahedron are visible 

by IR, due to symmetry reasons, this would mean that the doubly degenerate antisymmetric 

stretching mode (ν3 – Eu) is around 998 cm-1, while the antisymmetric stretching mode (ν3 – A2u) 

would be around 1125 cm-1. The sharp band centered between 600 – 700 cm-1 corresponds to the 

antisymmetric deformation mode (ν4 - A2u) and occurs around 639 cm-1. Then, the doubly 

degenerate antisymmetric deformation mode (ν4 - Eu) and the three external vibrational modes (Γext 

= A2u + 2Eu) were not able to be observed as they appear below 600 cm-1.  

The vibrational bands occurring in 1300 – 2000 cm-1 and 2500 – 4000 cm-1 are indicative 

of hydration and hydroxylation, which only appear in the pristine samples. Three relatively sharp 

vibration bands were observed, with the first corresponding to the deformation band of hydroxyl 

(OH-) groups located near 1300 cm-1, the second located near 1400 cm-1 for the stretching mode 

of CO2, and the third near 1600 cm-1 for the deformation band of molecular water. Lastly, a large 

broad band in high wavenumbers (~3500 cm-1) corresponds to the stretching modes of both 

hydroxy groups and molecular water.82,83 

For Raman spectroscopy, the I41/amd space group has twelve active Raman vibrational 

modes, belonging to the D4h point group.78,79,84 Seven (Γint = 2A1g + 2B1g + B2g + 2Eg )
78,84 can be 

assigned to the internal vibrations of the PO4 tetrahedron, while the remaining five (Γint = 2B1g + 

3Eg)
78,84 can be assigned to the external vibrations of the PO4 tetrahedrons.78,84,85 Due to the 

interaction of the PO4 tetrahedrons with the MO8 dodecahedrons, the tetrahedrons cannot be 

considered as strictly independent units.86 As a result of these interactions, there has yet to be a 

reporting of spectra with all twelve of the active Raman modes for materials of the zircon structure-

type.79  

All the spectra from the two lasers are separated into two distinct zones of interest (Figure 

4): 900 – 1200 cm-1 and 100 – 900 cm-1. First, P-O stretching motions are observed and assigned 

as the symmetric stretching (ν1 - A1g) occurring around 1005 cm-1, the anti-symmetric stretching 

(ν3 – B2g) occurring around 1065 cm-1, and doubly degenerate anti-symmetric stretching (ν3 - Eg) 

occurring around 1029 cm-1. The second zone contains the internal bending motions of the PO4 

tetrahedron, and the lattice or external motions of the PO4 tetrahedron. In addition, this zone is 

where the majority of Er3+ and Yb3+ fluorescence is observed when using the 532 and 785 nm 

laser, respectively. However, several of the bands were able to be assigned as the symmetric 
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bending (ν2 - A1g) occurring around 492 cm-1 and the anti-symmetric bending (ν4 – B2g) occurring 

around 692 cm-1. The spectra and peak positions are in excellent agreement with previously 

reported by Begun et al.,87 for ErPO4 and YbPO4.  

 

4. Discussion  

4.1. Role of hydration and hydroxylation on the xenotime structure 

The mass losses observed in TGA from 50 to 1000 °C are interpreted to be a combination 

of the breakdown of hydroxylated phosphate tetrahedrons (PO4-x(OH)x), similar to what has been 

observed with zircon82,88 and coffinite67 and also the release of confined molecular water within 

the [001] channels in the xenotime structure, which has been confirmed for coffinite89 and 

stetindite.67 This is also supported by the determined unit cell parameters of samples after TGA-

DSC in comparison to those of the pristine samples (Figure 2). First, the unit cell volume has a 

significant decrease (1.5% ± 0.2%) after being heated to 1200 °C, which agrees extremely well 

with those of the end-members previously reported by Ushakov et al.25 and Ni et al.69, who used 

flux-grown crystals that were completely anhydrous. 

The reduction in the unit cell volume is mainly a result of the decrease in the a-axis. The 

[001] channels are perpendicular to the a-axis, and thus, control the dimensionality of the axis. 

This further collaborates with the original hypothesis of Janeczek89 and those of Strzelecki & 

Barral et al.67. In work by Kijowska in 2003, the author also observed a prolonged mass loss via 

TGA-DSC and contractions of the unit cell parameters on the material recovered afterwards,90 

which, however, was hypothesized to be related to zeolitic water. In regard to the c-axis, there was 

no systematic trend before and after thermal treatments. This may be because of the cancellation 

of hydrated and hydroxylated features, the latter of which yields a shorter unit cell axis than one 

without.67,88 The vibrational spectroscopy collaborates with all previous assertions. The FTIR 

spectra indicate that the pristine materials are clearly both hydrated and hydroxylated (Figures 3a, 

S7), whereas post-TGA samples are completely anhydrous. From Raman spectra, the positions of 

the ν1 and ν3 vibrational bands move to higher wavenumbers after being calcined (Figure 5), which 

indicates the decrease in P-O bond length upon calcination and implies the removal of the confined 

[001] water.88 Again, this is in excellent agreement with observations by Strzelecki & Barral et 
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al.67 on CeSiO4, where the ν1 and ν3 vibrational bands shift to higher wavenumbers using in situ 

high temperature Raman spectroscopy.  

 

4.2. Thermodynamics of Xenotime Solid Solutions with Implications for Their Mineralization  

When looking at the size distribution of the ionic radii of the HREEs within the xenotime 

structure ( 𝑟𝐻𝑅𝐸𝐸3+) 
𝑉𝐼𝐼𝐼 , the average size is 1.008 Å, closest to that of Er3+ (1.004Å). The maximum 

difference in ionic radii exhibited by the HREEs in the xenotime structure is 6.25 % (Tb & Lu), 

while the average difference in the size of the ionic radii is 2.0 %, approximately that of Er3+ and 

Yb3+ (1.9 %). On the other hand, naturally occurring xenotime is dominated by Y3+, which reflects 

that it has the highest overall geochemical abundance of any HREE.91 The difference in size 

between Y3+ and other HREE is 1.8 %, also approximately that of Er3+ and Yb3+ (1.9 %). Therefore, 

the ErPO4-YbPO4 solid solution system is an ideal system in understanding the thermodynamic 

mixing behavior of HREE in the natural xenotime systems.  

The results of the XRD (and Raman) indicate that the mixing of Er and Yb in Er(x)Yb(1-

x)PO4 follows Vegard’s Law, as their unit cell parameters have a nearly linear dependency as a 

function of x. This would imply that a regular solution model should be employed effectively to 

evaluate the thermodynamics of cationic mixing in the ErPO4-YbPO4 solid solution. In accordance 

with the regular solution model, the Gibbs free energy of mixing can be calculated:  

∆𝐺𝑚𝑖𝑥 =  ∆𝐻𝑚𝑖𝑥 − 𝑇∆𝑆𝑚𝑖𝑥        (1) 

where both the enthalpy of mixing (ΔHmix) and the entropy of mixing (ΔSmix) are needed. As the 

regular solution model is being used, ΔHmix can then be expressed by using the interaction 

parameter (Wx): 

∆𝐻𝑚𝑖𝑥 = 𝑊𝑥 ∙ 𝑥 ∙ (1 − 𝑥)       (2) 

Typically, Wx is experimentally determined through calorimetric techniques,
56,92–97 or empirically 

approximated through a method employed by Migdisov et al.,31 which requires the knowledge of 

unit cell volume and Young’s modulus:  

𝑊𝑥 = 𝐸 (
∆𝑉2

6𝑉
)        (3) 
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where 𝐸 is the average Young’s modulus of all the REE xenotime end-members (168.8 GPa),31 

and ∆𝑉 is the difference between the molar volumes of the endmembers of interest. The average 

molar volumes of the thermally treated endmembers determined from data experimentally 

collected in this work is 42.453 ± 0.009 cm3/mol for ErPO4 and 41.646 ± 0.005 cm3/mol for YbPO4. 

Using these values, we determine the Wx for mixing Er and Yb in ErPO4-YbPO4 to be 0.44 ± 0.12 

kJ/mol. Glynn98 proposed that in order for a solid-solution system to be thermodynamically stable, 

the interaction parameter needs to be constrained by W/(KBT) < 2, which then transforms to W < 5 

kJ/mol under ambient conditions.31,98 The newly derived value of Wx is well beneath this threshold 

and indicates that there should not be any miscibility gaps between ErPO4 and YbPO4. 

Furthermore, this derived value is in good agreement with the value predicted by Migdisov et al.31 

(0.36 kJ/mol). Using equation 2, we can then predict the enthalpy of mixing of the ErPO4-YbPO4 

solid solution system (Figure 6a). As the value of Wx is slightly positive, the derived enthalpy of 

mixing is also weakly endothermic. This implies that the solid solution is enthalpically not 

favorable to form. While this conclusion builds upon the work done previously by Migdisov et 

al.31 in confirming their empirical derivation for Wx, there is limitations to this value that the 

average Young’s modulus of xenotimes was only estimated that has not yet to be measured and 

confirmed experimentally. Thus, the true value of Wx should be determined experimentally by 

other techniques, such as high temperature oxide melt drop solution calorimetry. 

To effectively evaluate ΔSmix, we calculated both configurational entropy of mixing 

(ΔSmix,config) and vibration entropy of mixing (ΔS°mix,vib) of Er3+ and Yb3+ in the MO8 dodecahedron 

site at room temperature. Here the configurational term was calculated using the Boltzmann 

entropy formula: 

ΔSmix,config = – R·[(1 – x)·ln(1 – x) + x·ln(x)]                                        (4) 

whereas the ΔS°mix,vib was estimated by using an empirical relation of standard entropy of 

formation (S°298 K) to the molar volume (Vm) of a compound.99,100 Typically, the linear equations 

presented in Jenkins and Glasser are used to calculate S°298 K.44,101–103 However, large discrepancies 

between the experimentally derived values of S°298 K for other phosphate minerals22–24,104–106 was 

found when applying these equations. Therefore, we derived our own empirical relation of 

standard S°298 K and Vm that minimizes the discrepancies between the experimentally derived 
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values of S°298 K for phosphate minerals22–24,104–106 (Figures S10 & S11). This empirical relation is 

represented in the following equation:  

S°298 K = k·(Vm) + c                            (5) 

where the two correlation coefficients k is 2.46 ± 0.03 /J K-1 mol-1 and c is 5.79 ± 7.03 /J K-1 mol-

1, and Vm is the experimentally obtained molar volume (cm3) of Er(x)Yb(1-x)PO4. This value largely 

reflects the change in the vibrational entropy based on the volumetric change of the unit cell. The 

calculated S°298 K for each of the Er(x)Yb(1-x)PO4 compositions are presented in Table S9. By 

calculating the difference between S°298 K of Er(x)Yb(1-x)PO4 and endmembers (ErPO4 and YbPO4), 

an approximate ΔS°mix,vib was extracted and combined with the configurational ΔSmix,config to yield 

an estimate for ΔSmix (Figure 6b). Using all this information, ΔGmix at 25, 100, 250, and 400 °C 

were obtained and plotted in Figure 6c. These elevated temperatures were selected based on 

geochemical knowledge, such as fluid inclusion homogenization temperatures, reported for known 

REE deposits.19,107–110  

While it was found that ΔHmix was endothermic and thus thermodynamically unfavorable, 

the overall ΔGmix was found to be exothermic. This implies that ΔSmix is the driving force for the 

mixing of Er3+ and Yb3+ in the xenotime cationic sublattice. As stated earlier, the ErPO4-YbPO4 

solid solution system is an ideal system in understanding the mixing behavior of HREE. This then 

further indicates that ΔSmix is also the dominating driving factor for HREE mixing in xenotime. 

This result is reasonable because HREE have their 4f electrons more deeply shielded due to 

lanthanide contraction, and thus, their bonding are dominantly ionic. It is also interesting to 

compare this work (mixing of HREE in xenotime) to the mixing of early actinides in an 

isostructural system (mixing of Th and U in zircon), the latter of which shows a strong influence 

on the thermodynamics of mixing from ΔHmix rather than ΔSmix, originated from the relatively 

stronger covalent characters.56,62 We then can conclude that mixing HREE in xenotime is ideal due 

to the pure ionicity, which may become non-ideal when early actinides and/or LREE are presented 

for mixing (i.e., HREE(x)An(1-x)PO4, where An = Th, U, Np or Pu). 

 

4.3. High Temperature Thermochemistry of Er(x)Yb(1-x)PO4 
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With interests in numerous fields of materials science in using HREEPO4 in various high 

temperature applications, such as being used as a topcoat for EBC in the aerospace industry, it is 

necessary to understand the bulk thermochemistry of HREEPO4 phases at high temperatures. Here 

we calculated the necessary remaining thermodynamic parameters of Er(x)Yb(1-x)PO4 in order to 

evaluate the materials suitability under such environments. Firstly, it is paramount to have the heat 

capacity (Cp), the function of which will yield temperature-dependent enthalpy and entropy terms 

of a given phase: 

∆𝐻𝑇 =  ∆𝐻298 + ∫ 𝐶𝑝𝑑𝑇
𝑇

298
    (6) 

∆𝑆𝑇 =  ∆𝑆298 + ∫
𝐶𝑝

𝑇
𝑑𝑇

𝑇

298
  (7) 

Although Cp of both ErPO4 and YbPO4 have been determined experimentally by various 

calorimetric techniques,24,26,41,42 Cp of the intermediate compositions, although not available, may 

be estimated by employing the Nuemann-Kopp’s rule that relies on the summation of known Cp 

of its constituent binary oxides.111 The derived Cp
104,112 were in good agreement with the 

previously reported data for each of the end-member phases (Figure S11).24,26,41,42 ΔHT and ΔST 

can then be calculated and combined to ΔGT for each composition for the following potential 

reaction of interest to the aeronautical industry, 𝐸𝑟𝑥𝑌𝑏1−𝑥 𝑃𝑂4(𝑠𝑜𝑙𝑖𝑑)
+ 3𝐻2𝑂(𝑔𝑎𝑠) →

𝐸𝑟𝑥𝑌𝑏1−𝑥(𝑂𝐻)3(𝑔𝑎𝑠) + 𝐻3𝑃𝑂4(𝑔𝑎𝑠). However, due to the lack of gas-phase thermodynamic data 

of H3PO4 at high temperatures, thermochemistry of the above reaction cannot be assessed. 

Therefore, we performed a thermochemical evaluation of just the Er(x)Yb(1-x)PO4 solid solution 

phase up to 727 °C (or 1000 K), with their detailed thermodynamic parameters deposited in the 

electronic supplement. As temperature increases, the effects of the positive entropy of mixing 

become increasingly more obvious that at the highest temperature investigated (727°C), an overall 

deviation of the composition-dependent ΔGf toward the exothermic direction began to emerge 

(Figure 7). The maximum of the negative curvature is at the composition where the concentration 

of Er is nearly equal to that of Yb. This implies that that the entropy of mixing in the Er(x)Yb(1-

x)PO4 solid solution is further enhancing the thermal stability with respect to the end-members.  

Thus, from an application point of view, if Er(x)Yb(1-x)PO4 is used as an EBC material, one 

should synthesize the material that realizes an equal molar of Er and Yb. Furthermore, in order to 

further increase the favorable entropy of mixing and ultimately improve the thermal stability, 
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multiple HREE in nearly equal molar quantities would be recommended. Ideally, the selected 

HREE should be chosen so that the differences are minimized for their ionic radii and thus the 

steric effect. For instance, mixing of equal molar portions of Y, Ho, Er, Tm, and Yb (the maximum 

difference in size is only 3.4%) will generate 14.4 J/mol·K (using equation 4) to benefit thermal 

stability that scales up with temperature. Recent work by Zhao et al. applied such a high-entropy 

concept to LREEPO4-monazite with promising results.113 The advantage of the HREEPO4-

xenotime system over the LREEPO4-monazite system is that the predicted Wx of HREE is smaller 

than those for the LREE.31 From a manufacturing and processes perspective, this would lead to 

more predictable phases being able to be produced, as there would be less likelihood for developing 

nanodomains or exsolution.114 Overall, these observations and the subsequent discussion support 

the concept for high entropy oxides,115 similar to their alloy counterparts that make the use of 

entropy of mixing to develop materials with superior high temperature stability.116  

 

5. Conclusions  

The crystal chemistry of a binary ErPO4-YbPO4 xenotime solid solution was explored 

through a combination of X-ray fluorescence (XRF) spectrometry, synchrotron X-ray powder 

diffraction implemented with Rietveld analysis, Fourier transform infrared spectroscopy coupled 

with attenuated total reflectance (FTIR-ATR), Raman spectroscopy, and thermogravimetric 

analysis coupled with differential scanning calorimetry (TGA-DSC). It was found that water has 

a profound role in the thermal stability of the xenotime phase, when prepared or originated 

hydrothermally. Furthermore, the unit cell parameters of the xenotime solid solution follow 

Vegard’s law, strongly suggesting a random distribution of Er and Yb in the metal sites of 

xenotime. This further enables the complete thermodynamic analysis using a regular solution 

model, where the entropy of mixing is the dominating term that dictates the thermodynamic 

stability of ErPO4-YbPO4. It is expected that the use of HREE solid solution or high entropy 

xenotime ceramics as environmental barrier coating or thermal barrier coating will be greatly 

benefited by the entropy-driven stabilization.  
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Figures  

 

Figure 1: TGA-DSC curves of Er(x)Yb(1-x)PO4 samples, where the TG traces are solid curves and 

DSC traces are dashed curves.  
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Figure 2: Variation of unit cell parameters of Er(x)Yb(1-x)PO4. Blue symbols (a-c) indicate the data 

points taken on the pristine samples, red symbols indicate date collected on the samples 

recovered after TGA-DSC, green symbols indicate literature values.25,63,69 The data represented 

with triangles are those of the first batch collected at beamline 6 ID-D, circles are from the 

second batch collected at beamline 6 ID-D, and squares are second batch collected at beamline 

11 ID-D.       
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Figure 3: FTIR spectra of (a) pristine Er(x)Yb(1-x)PO4 and (b) Er(x)Yb(1-x)PO4 after the TGA-DSC 

experiments to 1200 °C.  
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Figure 4: Raman spectra collected with both 532 nm and 785 nm lasers for (a) ErPO4 and (b) 

YbPO4.  
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Figure 5: Variation in the P-O stretching motions as a function of Er content.  
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Figure 6: (a) Enthalpies of mixing. (b) Entropies of mixing. (c) Gibbs free energy of mixing.   
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Figure 7: Predicted free energy of formation (ΔGf) for Er(x)Yb(1-x)PO4 at 727 °C.  
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