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2l Problem Formulation
We consider the general optimization problem (OP),

mei)rg f(x) subject to g(x)=0, TxeC.

Notation, problem data and assumptions:

o f: X —>Randg: X — Y are continuously differentiable.

f and ||g(-)|ly are weakly lower semicontinuous.

Welet C=CGnN---NCp#0 with G C Z nonempty, closed and convex sets.
@ X, Y are real Banach spaces and Z is a real Hilbert space.

T € L(X,Z) and T* is injective.

@ Projection of x € X onto C is P¢(x) and the distance from x to C is dc(x), with

de(x) = min |lx —yllx = [lx = Pc(x)llx.

C; are boundedly regular, i.e., for every bounded sequence {xx} C X

“max d¢(Txk) =0 = dc(Txx) — 0.
=1,....m

i=1
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3l Motivation
PDE-constrained optimization:

min f(y, u) subject to gly,u)=0, TiyeCG, TweG.
y,u

@ Given a control u, the PDE g(y, u) = 0 is expensive to solve for the state y = y(u).
Keep PDE as constraint and solve it “gradually” using trust-region SQP (no nonlinear solves).
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@ Given a control u, the PDE g(y, u) = 0 is expensive to solve for the state y = y(u).
Keep PDE as constraint and solve it “gradually” using trust-region SQP (no nonlinear solves).

@ Linear (KKT-like) systems in SQP take advantage of iterative solvers and good preconditioners.

Use trust-region SQP that efficiently handles inexact linear system solves; also mesh adaptivity." '’

THeinkenschloss, Ridzal (2014), A matrix-free trust-region SQP method for equality constrained optimization, SIOPT.
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Penalize Tx € C explicitly using augmented Lagrangian.
@ Control and state constraint multipliers typically have different regularity properties, e.g., L2 for control
multipliers and measures for state multipliers, resulting in vastly different scales.

Use separate penalties and multiplier estimates for control and state constraints.

@ Many nonlinear programming methods exhibit mesh dependence, i.e., iterations grow with problem size.
Prove convergence in infinite-dimensional Banach/Hilbert spaces.

THeinkenschloss, Ridzal (2014), A matrix-free trust-region SQP method for equality constrained optimization, SIOPT.
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4| Example 1 State and control constrained semilinear PDE-constrained optimization

min {1|| ~ YolPaey + L2 }
yeri@) vz | 2 Y = Ydlli2() 2 2()

subject to
—Ay+y’=u inQ
y=0 on o
Ya<y ae. inQ
u; <u<up ae. inQ,
with
yi =-1, a=10"° wu,=-10, up= 10,
va(x) =-%+ %min{xl + X,

min{l 4+ x1 — xo, min{l — x1 + x2,2 — x1 — xz}}}.

Denis Ridzal

Optimal state

Optimal control

00
ya multiplier u, multiplier up multiplier
Borgens, Kanzow, Steck (2019), Local and global

analysis of multiplier methods for constrained
optimization in Banach spaces, SICON.
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5| Example 2 Rényi entropy maximization with constraints

Applicable to other co-dim. problems, nonlinear T:

1 P
pg}_g();l) s log (/Q p(x) dx)

subjectto p >0 ae.

/Qp(x) dx =1

/Q p(x)xdx = p
det ([ p0tx = ) = )" ax) <o
where p = (0.45,0.45) and
o= %det (/ﬂ(x —u)(x—p)" dx> ~ 0.00368.

Objective is p-order Rényi entropy, with p = 2.5.

Denis Ridzal

Optimal density

0.5

X 1 0 Y

Van Erven, Harremos (2014), Rényi divergence and
Kullback-Leibler divergence, |IEEE Trans. Inf. Theory.
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6. Derivation of the Augmented Lagrangian
o Let Ic(y)=0ify € Cand Ic(y) = o0 if y € C. Then (OP) is equivalent to:
miQ {f(x)+ Ic(Tx)} subjectto g(x)=0.
x€

@ Exact penalty Ic(Tx) = Ic,(Tx) + ... + Ic,(Tx) is relaxed using
Wilx, A, r) o= sup{(u, Tx)z = 1¢ (1) = 5[l = A2},
pnez
where r >0, i=1,...,m, and IZ (1) := sup,cc, (i, z)z is the Fenchel conjugate of I,.

@ Maximization problem is strongly concave and has the unique solution
NG ) = r((r A+ Tx) = P (r A + Tx)).

This is the usual augmented Lagrangian multiplier update.

@ Maintain separate multiplier estimates \; and penalty parameters r; for each constraint
Tx € C; to account for differing constraint scales. Our augmented Lagrangian is

L(X, A1y Ay Py ey P +Z (A Ay i) 15 = N3

Denis Ridzal ALESQP



71 Examples of C and Multiplier Updates
@ Norm constraints: Let p > 0 and z5 € Z. We consider the set
Cz{zeZH|z—zo||Z§p}:zo+BpZ.
In this case,
Ax, A\, r) = (1 — min {1, m}) (A + r(Tx — z9)).
@ Conical constraints: Let K C Z be pointed, closed, convex cone. Consider,

C={zeZ|z—{teK}=(+K,

then
Ao A ) =—(A+r(Tx=1))_.
o Finitely many linear constraints: Let {a1,...,a,} C X*\ {0} be linearly independent,
{b1,...,bp} CRand C = {z € R"|z > b;}. Moreover, (Tx); = (a;, x)x= x for
i=1,....n Then

Ax, A r)i = min{0, A + r({ai, x)x=x — bi))}, i=1,...,m.

Denis Ridzal ALESQP



sl Properties of the Augmented Lagrangian
o Forfixed \;e Zand r; >0,i=1,....m, L(-; A1y, Amy 1y e oy Fm) iS
(i) weakly lower semicontinuous if f is;
(ii) convex if f is; and

(iii) continuously Fréchet differentiable if f is.

Moreover, in case (iii), the derivative of L(-,A\1,...,Am, r1,...,rm) is given by

LG AL - Ay 1y ) = F(x) Y T, A 1),

i=1

and if ' is Lipschitz continuous, then so is Ly(-, A1, ...y Amy 1y - vy Fim)-
@ Subproblem (SUB): Find approximate stationary point of

mi)rg L(x, A1,y Amsf1,.-.,tm) subject to g(x)=0.
S

The solvers of Heinkenschloss, Ridzal (2014) and Ziems, Ulbrich (2011) almost apply
in Hilbert space; must extend twice-continuous with Lipschitz-continuous differentiability.

Denis Ridzal ALESQP



9 ALESQP Iteration k of Augmented Lagrangian with Equality-constrained SQP

1:

13:
14:
15:
16:
17:

Use ESQP to solve (SUB) and compute (x(K), ¢(K)) € X x Y* that satisfies
lg(x)lly <80 and [|F(x19)) + 53, T*A (<19, A0, 199 4 g/ (<)) ¢ o < &0,

s fori=1,...,mdo // penalty parameter updates

if,_%k)nA,-( XA, 9y =2z > 7{) then

k1) _ (k)
fi =il
9§k+1) = min{l/rl.(kJrl),@,-} and ‘rl.(kH) = TI.(O)(HI(kH))O‘f // geometric decay
else
,i(k+1) — ri(k)
9§k+1) = min{l/rl.(kJrl),H,-} and Tl.(kH) = Ti(k)(9§k+l))6f // exponential decay
end if
: end for
sfori=1,...,mdo // multiplier updates

if [|A(xC, A 9y < i (r* D) then
AHD ,\((k AW 00

el se
NEING

end |f
end for

Denis Ridzal ALESQP



10l Comparisons with Existing Approaches

@ ALESQP incorporates multiple penalty functions to handle varying constraint scalings.
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@ ALESQP is related to LANCELOTT with two additional differences:

o ALESQP can handle both finite and infinite dimensional spaces.
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this is related to the finite-dimensional SECO'' algorithm.

TConn, Gould, Toint (1991), A globally convergent augmented Lagrangian algorithm for optimization with
general constraints and simple bounds, SINUM.

Tt Birgin, Bueno, Martinez (2016), Sequential equality-constrained optimization for NLP, Comp. Optim. Appl.
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@ In a nutshell, ALESQP is an infinite-dimensional extension of the SECO formulation with
the inner workings of LANCELOT, with the added benefits of multiple penalty functions.

@ Existing infinite-dimensional augmented Lagrangians: Borgens, Kanzow, Steck (2019).
There are three fundamental differences:

o Different subproblems: ALESQP treats the equality constraint (e.g., PDE) explicitly versus
implicitly through an exact nonlinear solve.

o Inexact solves: ALESQP enables large-scale iterative linear solves and mesh adaptivity.

e Convergence analysis: ALESQP theory assumptions are weaker and the results are stronger.
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11 Convergence Theory Dual convergence

o Let {)\’(.k)} be an infinite sequence of multipliers for the /" constraint generated by
ALESQP, and let v; < 1/2. If r'*) = oo, then

(k ||)\ ||Z:O Ya > 9.
( )*
@ Moreover, for the corresponding sequence of iterates {X(k)}, the following are equivalent:
(i) Iikminfdc,.(Tx(k)) =0
—00

(i) lim inf %n/\,-(x(”, AWy A0, =0

i

(iii) I|m |nf ||/\ ( )\(k r,-(k))HZ =0.

!

@ Moreover, if the Lagrange multipliers \; are updated finitely many times, or if the penalty
parameters r; are updated finitely many times for all j = 1,..., m, then the sequence of

multipliers {)\Ek)} converges strongly to some \; € Z.

Denis Ridzal ALESQP



12 Convergence Theory Finite termination and asymptotic stationarity

Stopping Conditions: Let §, >0, ¢, > 0 and 7, > 0. ALESQP exits if

le(xM)lly < 6.
I1L'(x9) + g’ (x190) "¢

X*Sg*

=1,...,

@ ALESQP either exits after a finite number of iterations; or
produces a sequence that satisfies the asymptotic stationarity conditions:

lg(x*)[ly =0
and

limsup (—(F'(x) + g’ (x%)*¢W),y —x)x. x <0 Vy e THO).

k—o0

Denis Ridzal ALESQP



13 Convergence Theory Feasible points, stationary points and extensions

Strong accumulation points of {x(k)} are stationary under mild assumptions.
Finite Dimensions: ALESQP converges to a stationary point.

Infinite Dimensions: In general, weak accumulation points X of {x(¥)} satisfy:
3t > 0 with ff +...+ £, = 1 such that

Tx € flCl +...+ fmCm,
but need not be feasible!

Weak accumulation points of {x()} are feasible for many practical situations:
m =1, or T completely continuous, or X finite dimensional, or there exists a Banach
space X that is compactly embedded in X such that {x(¥)} c Xj and x(¥) — % in Xo.
— Holds for many PDE-constrained problems with control/state/mixed constraints.

Require strong assumptions on g to show that weak accumulation points are stationary.

Can extend theory to nonlinear T to handle, e.g., complementarity constraints.

Denis Ridzal ALESQP



1al  Subproblem solver: Trust-region SQP

Start with the equality-constrained optimization problem:

- . _
min (x) subjectto g(x)=0

where L: X = R and g : X — Y, for some Hilbert spaces X and Y, and where
L is Lipschitz continuously and g is twice continuously Fréchet differentiable.

Define SQP Lagrangian functional £: X x Y* — R:
L(x,¢) = L(x) + (¢ c(x))v=,v

Solve a sequence of nonconvex quadratic trust-region subproblems:
) 1
min §<vxx£(xka Ck)s, s)x= x + (VaL(xk, Ck), $)x+ x + L(Xk, Ck)
st g()s+e(x) =0, [sllx < Ax

Extended the Byrd-Omojokun composite-step approach to support inexact linear solvers.

Denis Ridzal
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151 Composite-step method for trust-region subproblem

@ Trust-region step: sy = ny + tx

@ Quasi-normal step ny:
reduces linear infeasibility
. / 2
min g’ (x)n + g(x)lly
s.t. lInllx < CAk

o Tangential step t;:

improves optimality while staying in the null
space of the linearized constraints

) 1
min §<VXX£(Xk7 C)(t+ni), t+ midx x + (Ve L(xi, k), t 4 nie) x x + L(xk, Ck)
s.t. g'(x)t=0, [t+mlx <Ay

Omojokun (1989), Byrd, Hribar, Nocedal (1997), Dennis, El-Alem, Maciel (1997)

Denis Ridzal ALESQP



161 Matrix-free trust-region SQP algorithm

© Compute quasi-normal step ny using
Powell dogleg, where for the Newton
step we solve an augmented system

inexactly.

@ Solve tangential subproblem for %, via
projected Steihaug-Toint CG, where
the projections are computed by solving
augmented systems inexactly.

© Restore linearized feasibility, for
tangential step ti, via another

inexact projection.

@ Update Lagrange multipliers (x1 by
solving an augmented system inexactly.

@ Evaluate progress.
Heinkenschloss, Ridzal (2014)

Denis Ridzal

Augmented System

Ixx- & (xk)* y'Y_ (b n el
g/(Xk) 0 y2 - b2 e2
@ The size of (e' %) is governed by the progress of

the optimization algorithm:

lle*[lx=+[le*[ly < func (Ilblllxu 1%l ||y1HX7Ak)

In optimal control, augmented systems are:

Iy y= g

| . /% s };
)
8y 8u 0

Projected CG: Riesz identity Ix x= may use
Augmented Lagrangian penalty derivatives.
Gould, Hribar, Nocedal (2002), On the solution of
equality constrained quadratic programs, SISC.
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171 ALESQP Components

Augmented Lagrangian ALESQP

Composite-step SQP
Quasinormal step ( e TG )
Projected Steihaug-

Toint Conjugate ( hex- (%) )
Gradients g0 0

Tangential step box- g0
via projection (s’(m) 0 )

I x- 80"

g'lx) 0

Equality-constraint
multiplier (

Note: Each box is an iterative process!

Denis Ridzal ALESQP



181 Numerical experiments

@ Consider max entropy and semilinear PDECO problem.

Augmented Lagrangian ALESQP
@ Each constraint has its own starting penalty parameter.

Composite-step SQP

Quasinormal step

@ Discretize infinite-dimensional objects using triangular
.. . Projected Steihaug-
finite elements on regular grids. Toint Conjugate

Gradients

@ Use diagonal Riesz maps in every ALESQP component. Tangentialstep

via projection

Equality-constraint

@ Consider direct (exact) and iterative (inexact) solves. mtier

Iterative augmented system solves:

@ We use MINRES with constant preconditioners. Constraint Preconditioner

=il
@ Unpreconditioned for the max entropy problem. Ivsy -1 8
.. .- U*,u
@ Schur complement preconditioner’ for semilinear 0 0 g *lyg’ F

problem. Linearized forward and adjoint systems are
“solved” using a few V-cycles of algebraic multigrid.

fRees, Dollar, Wathen (2010), Optimal solvers for PDE-constrained optimization, SISC.
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19

Maximum Rényi Entropy

Mesh AL SQP CG normg grad-lag feas

64x64 11 566 249 1.11e-16 1.77e-08 1.42e-08
128x128 | 11 54 242 1.36e-16 3.58e-08 2.09e-07
266x2566 | 12 67 342 3.55e-16 2.11e-08 2.27e-08
512x512 | 12 65 312 8.85e-16 1.15e-08 7.46e-09

feas is the constraint violation max; dc,(Tx(%)).

ALESQP performance for varying spatial discretization (Mesh).
AL is the total number of augmented Lagrangian iterations.

SQP is the total number of SPQ iterations.
CG is the total number of conjugate gradient iterations.

normg is the equality constraint violation ||g(x())]|y.

grad-lag is the gradient norm for subproblem Lagrangian ||L] (x(¥)) 4 g’ (x(K))*¢ (K| x-.

We observe that the AL, SQP, and CG iterations are nearly mesh independent.

Denis Ridzal

ALESQP



201 Optimization of Semilinear PDE

Control State Control + State
Mesh AL SQP CG AL SQP CG AL SQP CG
64x64 11 21 55 15 29 73 18 40 95
128x128 | 11 21 57 17 37 97 18 45 110
256x256 | 15 24 65 18 39 105 20 a7 119
512x512 | 15 26 68 20 44 122 22 50 131

o ALESQP performance for varying spatial discretization (Mesh).

@ Control: only control constraints;

State: only state constraints;
Control + State: both control and state constraints.

@ AL is the total number of augmented Lagrangian iterations.
@ SQP is the total number of SPQ iterations.

@ CG is the total number of conjugate gradient iterations.

We observe that the AL, SQP, and CG iterations are nearly mesh independent.

Denis Ridzal
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