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Abstract—Job scheduling at supercomputing facilities is im-
portant for achieving high utilization of these valuable resources
while ensuring effective execution of jobs submitted by users.
The jobs are scheduled according to their specified resource
demands such as expected job completion times, and the available
resources based on allocations. Jobs that overrun their allocated
times are terminated, for example, after a grace-period. It
is non-trivial and often very complex for users to accurately
estimate the completion times of their jobs, and consequently
they face a dilemma: underestimate the job time to have a
higher priority and risk job termination due to overrun, or
overestimate it to ensure its completion and risk its delayed
execution. In this paper, we investigate whether providing grace-
period can benefit facility performance by developing a game-
theoretic model between a facility provider and multiple users
for a simplified scheduling scenario based on job execution
times. We present closed-form expressions for the provider’s and
user’s best-response strategies to maximize their respective utility
functions. We describe conditions under which offering a grace-
period is advantageous to both facility provider and users by
deriving the Nash equilibrium of the game.

Index Terms—grace-period, job completion times, under- and
over-requested time, game theory, supercomputers

I. INTRODUCTION

Supercomputing centers typically support batch scheduling
of computing jobs wherein users submit jobs with specified
execution times. These times are used by the facility providers
to schedule the jobs by adding them to the batch queues.
Typically, jobs with smaller specified times receive a higher
priority, and also are more likely to fit within the gaps between
larger jobs and hence are likely to be scheduled for an earlier
execution as a part of backfilling [7].

Jobs that run past their specified times are terminated ac-
cording to a specified policy, which often involves waiting for
a grace period as practiced at Argonne Leadership Computing
Center (ALCF) [1] and National Energy Research Scientific
Computing Center (NERSC) [2]. However, it is not always
possible to accurately predict the execution times of jobs [3],
[11], and it is reported that users’ requested job execution
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times were usually inaccurate [4], [8], [10]. For instance,
Mu’alem et al. [8] found from three datasets that for jobs
which ran to completion, most of them were evenly distributed
in using 5% to 95% of their requested job execution times, that
is, most of them overestimated the job time. Meanwhile, the
portion of users who underestimated the execution times of
their jobs is found to vary from 4.4% to 12.6%, depending on
the dataset used. Typically, users are faced with two conflicting
choices: overstate the execution times to ensure job completion
at the risk of lower priority and hence longer turnaround time,
or understate them to ensure higher priority at the risk of
premature termination.

The performance of supercomputers is typically measured
by the efficiency of resource utilization including the use of
computational resources and running times of successfully
completed jobs. Ideally, the facility is fully utilized and all
jobs are successfully completed without terminations. While
job completions benefit both users and the provider, their goals
are somewhat orthogonal: users want to minimize the job com-
pletion times whereas the provider wants to maximize facility
utilization by completed jobs. Meanwhile, job terminations
negatively affect both, and they can be reduced by allowing
jobs to run past the allocated times. Thus, one consideration
of job scheduling policy in supercomputers is whether to offer
grace period for users’ submitted jobs.

This paper investigates whether offering grace period is
beneficial to supercomputers’ performance by developing a
simple game-theoretic model between a facility provider and
multiple users. The conditions under which offering grace
period is optimal are explored under a simple scenario of
scheduling a single computing system based on job execution
times. This task entails utilizing users’ strategy information
to avoid rewarding users that intentionally underestimate the
job execution times, while accommodating compliant users
with inaccurate estimates. Here, the users’ strategy entails
requesting execution time by taking into account the grace
period, which may or may not be disclosed by the provider.

It is natural to apply game-theoretic models to study the
interactions between the users and facility provider on job
scheduling, as they both need to fuse the information about
the other in determining their strategies. Indeed, game theory
has been applied to study various scheduling aspects. Sedighi



et al. [9] modeled the interactions between users in a HPC
environment as a zero-sum game while the scheduler acts
as the mediator. In the paper, however, they assumed that
each player wants to obtain as many resources as possible
instead of having a specific number of resources necessary to
have the job completes. Feldman and Tamir [6] studied how
coalition formation affects the performance of NE strategies
in job scheduling systems where n jobs are assigned to m
identical machines and incur a cost which is equal to the
total load on the machine they are assigned to. The authors
showed that in the job scheduling problem, NE schedules
provide approximate stability against coalitional deviations,
and a subclass of NE schedules produced by the Longest
Processing Time (LPT) rule give better stability towards such
deviations. Czumaj et al. [5] studied the routing problem of
serving n data streams by m servers, which is similar to
the scheduling problem above except for the cost function
considered, i.e., waiting or service time is used instead of
the loading at the machine. The authors studied the price of
selfish routing in non-cooperative networks, which is defined
as the difference in cost between the worst possible Nash
equilibrium and the social optimum. In particular, one of the
cases investigated is queuing under heterogeneous traffic in
which data streams are of different sizes, and the authors
showed that the ratio between the cost of the worst possible
Nash equilibrium and the social optimum could be unbounded
if the servers have to accept all the requests.

In this paper, we formulate a game-theoretic model for a
simplified scenario wherein N jobs are scheduled based on
the users’ specified job execution times, and those exceeding
grace period w are terminated. The provider’s utility is based
on the facility utilization and a linear combination of terms
corresponding to job execution times and job terminations,
which is optimized by choosing the grace period w for the
facility. The utility function of a user is based on a reward term
for job completion time and linear terms corresponding to job
completions and terminations, which is optimized by choosing
the requested job execution time (), for job n. We derive
closed-form expressions for both optimal provider and user
strategies, namely, w and @, and algorithms with complexity
O(N?) and O(N), respectively, to compute them. We also
provide the conditions under which grace period is optimal
by deriving the Nash equilibrium of the game.

This paper is organized as follows. The game-theoretic
problem of scheduling under grace period is formulated in
Section II. The best-response strategies for users and provider
are derived and shown to be computable with polynomial time
complexity in Sections II-A and II-B, respectively. Nash equi-
librium conditions are presented in Section III. Conclusions
are presented in Section IV.

II. GAME-THEORETIC MODELING OF GRACE PERIOD
POLICY

The impact of grace period policy on the performance of
supercomputers not only is a facility provider’s decision but
also relies on users’ behavior on requested job time. The more
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TABLE I
RELATIONSHIP BETWEEN 0y, AND wyp FOR SUCCESSFUL JOB COMPLETION

inaccurately estimated job execution times will likely decrease
supercomputers’ resource utilization efficiency more. Consider
a simultaneous game with complete information between a
facility provider and a user, in which user knows whether the
supercomputer offers grace period. From the user’s perspec-
tive, the requested time will differ in response to whether grace
period is offered. Usually users underestimate job time when
grace period is offered and overestimate job time without grace
period. User’s estimated time likely deviates from actual job
time. Let
Qn - J, n

JTL

be the ratio of time over-estimated or under-estimated to actual
job time, 0y, € (—1, 0ynaq]- Here @, > 0 is user n’s requested
job time, J,, is user n’s actual job time, and o,,4, is the
maximum ratio of time estimation deviation to actual job time.
0, < 0 when user n underestimates the job time, and o,, > 0
when user n overestimates the job time. Let w,, be the ratio
of grace period to user n’s requested job time and w be the
grace period. Specifically, w, = & = and w €
[0, Winax]-

When the job from user n is completed successfully without
early termination, we have @, — J, + w > 0. Hence, user
n’s job is completed when w,, > 7(7:11’ or equivalently,
oy > _wfh’ and is terminated otherwise.

Figure 1 shows the grace period ratio w,, correlates non-
linearly to the requested job time deviation o,,.

Table I shows the relationship between o, and w, when
the requested job time is moderated by the grace period to
be the actual job time, i.e., the job is completed exactly by
the requested time plus the grace period. It shows that when
a user under-requests 20% of actual job time, the facility
provider should give a grace period of 25% of underestimated
time. When the user over-requests 10% of actual job time,
the provider needs to lower down the user’s requested time
by 9.09% to complete the job exactly, which is not done in
practice because w > 0.
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Fig. 2. User’s response regions 7, (.) for different o, ranges.

User underestimates job time (i.e., o, < 0) without grace
period and overestimates (o, > 0) when grace period is
offered. Either over-estimated or under-estimated job time
provides users benefit and facility provider loss. Assume the
loss due to job termination is linearly proportional to the
amount of job time deviation. In the following we develop
game-theoretic models between a facility provider and users
under different grace period policies.

A. User’s utility model

A user’s utility is evaluated based on whether a job is
successfully completed and the benefit from requested job time
deviation.

Uy(on|w, Jy) =
Tr(on, w, Jy) — 0 Jnon+
¢p min(o, + wy, + w,op,0)
Tn(on, w0, Jy) + OnJnon—
c/n max(op, + Wy + Wyoy, 0)

if —1<0,<0

if 0 <o, < 0mas

where 7,(+) is user n’s reward function for job completion;
6, is user n’s earnest level of job completion time for under-
estimating job time, and valuation of successful job completion
for over estimation; ¢, is the loss due to job termination; c; is
the loss from low priority in the queue due to overestimation
of requested job time. When a job time is under-requested
(¢, < 0), the job is terminated when J, > Q, + w, i.e.,
Jp > Qn+wnJ (1+ op), then o, + wy,, + wpo, <0, ie.,
wy, < —Z25. When a job time is over-requested (o, > ())
loss from low priority in the queue occurs when w,, > — aiil .
User’s best-response condition can be obtained as follows.
Ondn — cn(wy + 1)
—0pJp + ¢, (w, +1)

Therefore, user’s best response yields the following reward
function.

1f71<crn<f

W, +1

dry, (") <0

doy,

if 0 < O’n S Omax

0nJn .
wa+1  Cn lf—1<0'n<—
Tn() = 0 an 1

(00T + ¢ (wy + 1)]0max if O S On < Omax

W 'iT where R(-) is the provider’s reward and c,, c,
if — Z#g < 0% <0 loss of inaccurately requested job time. Specifically, ¢

This response is specified by closed-form expressions in three
separate regions for ratio o, of user m’s job as shown in
Figure 2, which represent three fixed values. When the user
overestimates, the best-response is given by a single expression

r(w+Qn) o
Q. M
which can be used to derive an expression for U, (o, |w, J,)
in terms of ,. Then, this can be ensured to be larger than
a given quantity by solving the resultant quadratic equation
for Q.

When the user underestimates, the response is specified in
two different regions:

e Under the condition —1 < o, < — wfil that results
in job termination, we have the best response expression
?w_{jb%” C), that can be used to estimate U, (o, |w, Jp)
in terms of (),,. The resultant quadratic equation in terms
of @), can be solved to obtain its best strategic estimate.

o Under the condition —w“’—il < g, < 0 that ensures job
completion, the response is given by (fﬁi&f)’ which can

be used to estimate U,(o,|w,J,). Again, this can be

ensured to be larger than a given quantity by solving the

resultant quadratic equation for @,,.

[c'n(wn -+ ].) — ean]Umax =cC x eanamaxa

Based on w, = % user’s best response
n n

P (0n|w, Jp,) can be represented in the following form.

() =

anJ2(0n+1) . w
Wil a1y — G 1fan<—ﬁ

6, J,w e w
w+=]n(1+(7n)’ lf JIn S On < O

|:_9an+c;l(m+1):|amaxv lfOSO'n Samax

Under complete knowledge, including w and .J,,, a user can
compute the utility in each of the regions and pick @, to lie
in region with the highest utility; this algorithm has O(N)
complexity for all jobs. In practice, however, w may not be
disclosed by the provider and an accurate estimation of .J,
remains a challenge. In such cases, the utility estimates in the
individual regions can be used to estimate bounds on the errors
due to the inaccurate estimates of w and .J,,.

B. Facility provider’s utility model

When a facility provider offers grace period to jobs exceed-
ing requested time, his utility is evaluated as the reward from
job completion subtracted by cost of inaccurate requested time
and job termination.

Up(wlo,J) = R(w,0,J)

N
- Z [c; max{J,on,0} + ¢, max{—J,on,0}

n=1

+ ¢p max{—w — Jpop, 0}]

" and ¢p are unit
.
is the

8
is the unit loss

e’r e

unit loss due to over-requested job time, ce
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Fig. 3. Provider’s response region R(-) for o, < 0 for different w ranges.

due to under-requested job time, and ¢, is the loss due to job
termination.
Provider’s best response is derived as follows.

dR()
dw
—Ne¢, if0<w< —Jyon
—(N =1)¢, if max(—Jyon,0) <w < —Jn_10N-1
—(N —n)e, if max(—Jn_pnt10N—n+1,0) <w
< _JN—nUN—n
0 if max(—Jy101,0) < w < Wimax
where Ji01 < Joog < --+ < Jyop is the order statistic of

users’ requested time deviation from actual ones. Therefore,
the provider’s best response satisfies the following condition.

R(-) =
NCPJNUN
if0<w< —-Jyon,on <0
(N — l)Cp(JN_l(J'N_l — JNO'N)
if —Jyoy <w<—-Jy_10ny_1,0n8 <0
(N— 1)CpJN_1O'N_1
if0<w< —JIy_1ony—1,0n8 20

(N =n)ep(IN-nON-n = IN—n+10N—n+1)
if —JN_nt10N—nt1 SW < —JIN_pON_p,
ON-—n+1 < 0
(N - n)cpJN,naN,n
if 0 <w< _JN—nUN—'mUN—n—i-l > 0,

wmax+Jlgl
if —Jio1 <w < Wyax,01 <0

wmax

ifoéwgwmaxagl ZO
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Fig. 4. Provider’s and users response regions R(-) for different w ranges at
Nash equilibrium.

This set of equations provide N + 1 values for R(-) for the
corresponding intervals of w; the interval n exists based on
condition o _,, < 0, as illustrated in Fig. 3. This interval has
the right hand limit of —Jy_,0N_y,, while its value of R(-)
and its left limit depends on on_y41:

(1) under condition o _y4+1 > 0, its value is

(N - n)cpJN_noN_n

in the interval [—JN_p4+10N—n+1 : —JIN-—nON—_n] and 0
elsewhere; and
(i1) under condition o _p,41 < 0, its value is

(N —=n)cp (IN—nON-n — IN—n410N-n+1)

in the interval [0 : —Jy_n0N_y] and zero elsewhere.

In each interval, U,(w|o, J) can be estimated based on the
execution times of the jobs, and w can be selected as any value
within the interval with the highest utility value. The time
complexity of this algorithm is O(NN?) since computation of
Up(w|o, J) in each region has O(N) complexity. Unlike the
utility of the users, the underlying quantities are all known to
the provider.

III. NASH EQUILIBRIUM CONDITIONS

When both users and facility provider play their best re-
sponses as shown in Sections II-A and II-B, respectively, the
interactions reach Nash equilibrium specified by the following



conditions:

HNJ]%[(O'N + 1)

TN(') = m —CN,
R() = NCpJNUN,

if0<w< —-Jyon,on <0

_ QNJNIU

TN(') w+ JN(UN + 1)7
R()= (N =1)ep(In_10n-1 — INON),

if —Jyoy <w<-—-Jy_10ny_1,0n8 <0
() = [ = OnTy + c}v(ﬁ + 1)}%“,
R(-) = (N = 1)y Jn-10N-1,

if0<w<—-Jy_108v-1,0 < on < Omax
N () = ON-—n+1JRX_py1(ON—nt1 + 1) Cenomen,

W+ IN—nt1(ON—pt1 + 1)

R(-)=(N—-n+1)cp(JN-nt10N-—nt1 — IN-n120N_nt2),

if —JN_n20N—nt2 SW < —=JIN_py1ON—nt1,

ON-n+2 <0
TN— n+1() - n+1JN n+1(UN ntt 1) — CN—n+1,
W+ JIN-pt1(ON-—nt1 + 1)

R()=(N—n+1)cpN-nt10N—n+1,

fO<w< —JN_n+10N-—n+1,0 LoN_nt2 < Omax
TN-nt1(") = ON-n41IN-na1w ,

W+ JIN—nt1(ON—nt1 + 1)

R() = (N =n)cp(IN-nON-—n — IN-n+1ON—n+1),

if —JN_nt10N—n+1 SW < —IN_nON—_n,
ON-—n+1 < 0
TN-nt1(-) = [— ON-—nt1IN—nt1t
’ w
Can+1(JN_n+1(JN_n+1 1) + 1>]Umax,
(N —n)cpJN-—nON—n,

R(:) =
if 0 <w< 7<]N—7LO—N—TL70 < ON—-n+1 < Omax

01J% (01 + 1)

Tl(') = m — C1,
R(:) = ¢y o1,
if 0 <w< —Jy01,0 < 09 < opax
01J1w

7“1(') = m,
R() :wmax+J1017
if — J10'1 S w S Wmax, 01 < 0
’ w
ri(-) = [— 0J1 + C1(m + 1)]0max,

R() = Wmax,
if 0 <w < Whyax, 0 < 01 < Omax

A generic case of provider and user response regions based
on these equations are illustrated in Fig. 4.

The NE condition shows that provider’s reward depends on
the extent of all users’ requested time deviation from actual
time (J,0,), and the grace period (w). Users’ reward is de-
termined by the valuation of priority in the waiting queue and
job completion (#,,), under- or over-requested time ratio (o),
job actual time (.J,,) and provided grace period (w). Consider
a low-dimension case in which there are two jobs, N = 2. Let
Jl—J2—91—92—C1—CQ—Cl—Cz—Cp—l then the
NE condition turns out to be as follows.

. o1 +1 oo+ 1
=" N 27
(Z) Tl() w_|_0_1_|_1 7T2() ’U)—|—0'2—|—1 9
R(:) =209, if 0 < w < —09,092 < 0;
.. o1+ 1 w
=" N
(i) ni() = =2 ) =
R()=01— 09, if —09 <w < —01,02 <0;
w WO max
e & ) =
(ZZZ) Tl() w+0—1+1 ,T2() 0_ +1’
R()=o01, if —oo<w< —01,-1< 01 <0,

0 <02 < Omax;
w w

T e AT
R() = Wpax + 01, if —01 <w < opax,
—1<01<0,00 <0
w WO max
mi)= ——,r2") = )
10) w—+o;+1 2() oo+ 1
R() = Wmax 1 01, if — o1 <w< Omax>

(v)

0 <02 < Omax;
WO max WO max
ri) = r2(") =
1() 01+1’2() 02<F].7
R() = Wmax if 0 <w< wmaxao < 01 < Omax-

(vi)

When grace period w is shorter than both users’ under-
requested amount of time (case ¢), provider’s reward equals
to twice of the shorter under-requested job time; and users’
reward is negatively correlated to the length of grace period.
When grace period is longer than the user with smaller under-
requested time but shorter than that of the other user, and both
users under-request job time (case ¢7), provider’s reward equals
to the difference of requested deviation time ratios. User’s
reward with shorter deviated requested time () is positively
correlated to grace period w and user with longer deviated
requested time (7) is negatively correlated to w. When one
user under-requests job time and the other over-requests job
time (case i:¢) both users’ rewards are positively correlated
to grace period w. Provider’s reward equals to the under-
requested job time. When grace period is longer than both
users’ under-requested time (case iv), provider’s reward is
determined by the summation of shorter deviated request time
and the maximum possible grace period. In this case, users’
reward are positively correlated to grace period w. When one
user under-requests job time and the other over-requests time,
while the grace period is longer than the under-requested job



time (case v), both users’ rewards are positively correlated
to the length of grace period. When both users over-request
job time (case v7), provider’s reward equals to the maximum
possible grace period time. Users’ rewards reach maximum
level of 7;":4_@1" ,n=172

Therefore, facility provider is suggested to provide shorter
or no grace period, ie., 0 < w < —o2 when o >
max{—o, Ztgmes Wmax}: relatively small grace period
—0p < w < —oy when o1 < min{ %, —Wmnax, 01 — Wmax }3
relatively large grace period —o7; < w < oOpmax When
—Wmax < 02 < %(01 + Wmax) and at least one user over-
requests job time o; > 0; and large grace period 0 < w <
Omax When o1 — Wpax < 02 < %wmax and at least one user
under request job time.

In general, the grace period policy that can maximize
provider’s reward depends on the distribution of deviation of
users’ under- or over-requested job time from actual time (o),
the maximum grace period that the facility provider is willing
to provide (wmax), user’s earnest level of job completion and
valuation of successful job completion (6,,), user’s valuation
of loss from job termination and low priority in the waiting
queue (¢, cln), the actual job time J,,, and provider’s valuation
of job termination c,,.

IV. CONCLUSIONS

In this paper, we investigated whether providing grace-
period for job executions on the supercomputing facility
performance can benefit facility provider and users, an issue
that is overlooked in analytical approaches in the literature.
We performed the study by developing game-theoretic models
between the facility provider and n users for a simplified
scheduling scenario in which provider determines grace period
length and users determine the under- or over-requested job
time. We derived the best responses and Nash Equilibrium of
the game, and showed that the facility provider and n users
could maximize their utilities by implementing different grace
period policies. The grace-period policy is affected by the
distribution of deviation of users’ under- or over-requested
job time from actual time, the maximum grace period that
the facility provider is willing to provide, user’s valuation of
waiting time and successful completion of job, and provider’s
valuation of job termination.

Future work may consider a finer facility model by account-
ing for the number of processing units such as CPUs and GPUs
as a part of user’s request. Here, jobs with smaller requests
can be back-filled into existing allocations, and it would be
of future interest to consider impacts of grace-period on user
and provider strategies. It would of future interest to develop
methods for users to estimate w when it is not disclosed by
the provider by strategically selecting (Q,, values of set of jobs
to ensure a combination of completions and terminations.
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