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Motivation
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• Goal: Increasing the peak load capacity of a structure, in addition to the structural toughness
• Proposal: an elastoplastic topology optimization formulation which incorporates both ductile failure and 

buckling resistance

Maximize Total Work 
Only

Maximize Total Work With Ductile Failure 
Constraints



Macroscopic view of proposed procedure
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Elastoplastic Analysis
Compute:
(1) total work
(2) local ductile failure 
indicators

Linear Elastic Buckling 
Analysis
Compute:
(1) buckling load factors
(2) buckling mode shapes

Large deformation 
ductile failure 
verification analysis



Elastoplastic model used during optimization procedure
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• Small-strain J2-plasticity model with nonlinear hardening law

Global Residual 
Equations:

Local Residual Equations:

If Elastic 
Step:

If Plastic 
Step:

Voce-type hardening law:



Buckling analysis used during optimization procedure
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• Small-strain linear elasticity

• Linear elastic buckling eigenproblem

• Transformed eigenproblem

• Buckling aggregation function   

Buckling load factors

Employed buckling formulation largely consistent with:
Ferrari, F., Sigmund, O., 2019. Revisiting topology optimization with buckling constraints. Struct Multidisc Optim 59, 
1401–1415.



SIMP Density Filter / Projection Operations
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• Helmholtz PDE filter used to mitigate typical mesh instabilities

• Smooth Heaviside hyperbolic tangent projection used to obtain 0/1 designs with continuation on the 
projection parameter

Lazarov, B.S., Sigmund, O., 2011. Filters in topology optimization based on Helmholtz-type differential equations. IJNME.
Guest et al., 2004. Achieving minimum length scale in topology optimization using nodal design variables and projection 
functions. IJNME.
Wang et al., 2011. On projection methods, convergence and robust formulations in topology optimization. SMO.



Optimization problem formulation
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Augmented Lagrangian technique used to enforce local 
constraints at each quadrature point

Maximize 
Total Work

Maximize Buckling 
Load Factors

Enforce Local 
Ductile Failure 

Constraints

Constrain Mass

Elastoplastic 
Analysis Constraints

Linear Elastic Buckling 
Analysis Constraints

Elastoplastic Analysis
Linear Elastic Buckling 
Analysis



Local ductile failure constraint enforcement
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Local 
constraint: 

Senhora, F.V., Giraldo-Londoño, O., Menezes, I.F.M., Paulino, G.H., 2020. Topology optimization with local stress constraints: a stress aggregation-free approach. Struct Multidisc 
Optim.

Previously proposed constraint function 
form:

Modification to control nonlinearity and prevent entirely zero 
gradient:



Material model calibration (Aluminum 2024-T351)
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Calibrated large deformation, ductile phase field fracture model to three round bar uniaxial tension 
experiments

12mm Radius Notch 
Test

Bao, Y., Wierzbicki, T., 2004. On fracture locus in the equivalent strain and stress triaxiality space. International Journal of Mechanical Sciences 46, 81–
98.
Borden et al. 2016. A phase-field formulation for fracture in ductile materials: Finite deformation balance law derivation, plastic degradation, and 
stress triaxiality effects.

Phase 
Field



Ductile failure criterion calibration (Aluminum 2024-T351)
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Bao, Y., Wierzbicki, T., 2004. On fracture locus in the equivalent strain and stress triaxiality space. International Journal of Mechanical Sciences 46, 81–
98.
Alberdi, R.A., 2019. Computational Methods for Multiscale Analysis and Design of Nonlinear Multifunctional Materials and Structures for Energy 
Management (Ph.D.). University of Notre Dame, United States -- Indiana.

Calibrated Johnson-Cook ductile failure criterion to the same three round bar uniaxial tension 
experiments

Smooth Bar

12mm 
Radius Notch

4mm 
Radius 
Notch



Cantilever beam numerical example

12WBF: Design with ductile failure constraints and 
buckling

WB: Design with buckling only (omitting ductile 
failure)

WF: Design with ductile failure (omitting 
buckling)

W: Design only maximizing total 
work

Phase 
Field

Phase 
Field

Phase 
Field

Phase 
Field

Failure 
Due 
To 

Buckling

Failure 
Due 

To Ductile 
Fracture

+15.4% Peak 
Load
+899%  Work



Portal frame numerical example
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WF: Design with ductile failure (omitting 
buckling)

WBF: Design with ductile failure constraints and 
buckling

W: Design only maximizing total work

WB: Design with buckling only (omitting ductile 
failure)

Phase Field

Phase Field

Phase Field

Phase Field

Failure 
Due 

To Ductile 
Fracture

Failure 
Due 
To 

Buckling

+5.2%   Peak 
Load
+270%  Work



Optimization problem reformulation
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Minimize Volume Fraction Instead of Maximizing Work

Constrain 
Reaction Force 

Instead of 
Volume Fraction



Portal frame numerical example
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With Failure (VF 0.416)

With Failure & Buckling (VF 0.446)

Without Failure & Buckling (VF 
0.411)

With Buckling (VF 0.427)

Failure 
Due 

To Ductile 
Fracture

Failure 
Due 
To 

Buckling

+19.0% Peak 
Load
+428%  Work
+8.5%   Volume



Concluding Remarks
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• Demonstrated the importance of incorporating both failure constraints and buckling in design optimization

• Demonstrated, simple, computationally-efficient method for incorporating buckling resistance into topology 
optimization with ductile material physics

• Adapted Augmented-Lagrange local constraint methodology for elastoplastic local ductile failure indicators

• Demonstrated importance of verification step, either experimentally or with higher fidelity numerical models with 
large strain kinematics

• For more information please refer to the following publication:

Russ, J.B., Waisman, H., 2020b. A novel elastoplastic topology optimization formulation for enhanced failure resistance via local 

ductile failure constraints and linear buckling analysis. Computer Methods in Applied Mechanics and Engineering 373, 113478.



Back-up
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Large strain ductile phase field fracture model

18

* Borden et al. 2016. A phase-field formulation for fracture in ductile materials, CMAME.



SIMP interpolation
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Interpolation used for plasticity:

With hardening function:

Interpolation used for buckling:



Sensitivity analysis
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Begin with last step

i.e. the last step of 
the forward 
analysis

Subsequently, traverse the forward analysis in backward 
order

= ?



Sensitivity analysis continued
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Assemble At Element 
Level

Fast Element 
Level 
Operations



Sensitivity analysis continued
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Numerical verification of sensitivities with finite 
differences



Topology Optimization for Ductile Failure and Buckling Resistance

23WBF: Design for ductile failure and bucklingWB: Design for buckling only

WF: Design for ductile failure (omitting 
buckling)

W: Design only maximizing total 
work

Phase 
Field

Phase 
Field

Phase 
Field

Phase 
Field

Failure Due 
To Buckling

Failure Due 
To Ductile 
Fracture

+15.4% Peak Load
+899%  Work To Peak Load 
Capacity

Calibrated constitutive model to 
test data provided for Aluminum 
2024-T351


