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Key Points: 

• A modified interacting capillary bundle is developed to describe imbibition in a square 
tube with corner film. 

• Imbibition dynamics with corner film under various conditions are studied with both 
numerical and theoretical models. 

• A universal scaling law of imbibition for the main meniscus is developed and the scaling 
law for arc meniscus is analyzed. 
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Abstract 

Spontaneous imbibition in an angular tube with corner films is a fundamental problem in 

many scientific and engineering processes. In this paper, a modified interacting capillary bundle 

model is developed to describe the liquid imbibition dynamics in a square tube with corner films. 

The square tube is decomposed into several interacting sub-capillaries and the local capillary 

pressure in each sub-capillary is derived based on the specific shape of its meniscus. The 

conductance of each sub-capillary is calculated using single-phase lattice Boltzmann simulation. 

The modified interacting capillary bundle model and color-gradient lattice Boltzmann method 

are used to simulate the liquid imbibition dynamics in the square tube with different fluid 

properties. The predictions by the modified interacting capillary bundle model match well with 

the lattice Boltzmann simulation results for different conditions, demonstrating the accuracy and 

robustness of the interacting capillary bundle model to describe the imbibition dynamics with 

corner films. In addition, the interacting capillary bundle model is helpful to investigate the 

mechanisms during spontaneous imbibition and the influences of fluid viscosity, surface tension, 

wetting phase contact angle and gravity on imbibition dynamics. Finally, a universal scaling law 

of imbibition dynamics for the main meniscus is developed and the scaling law for arc meniscus 

is also analyzed. 

1 Introduction 

Spontaneous imbibition, where a non-wetting fluid is displaced by a wetting fluid by 

capillary forces, in porous media is a common phenomenon encountered in many scientific and 

engineering processes (Li et al., 2019; Meng et al., 2017; Qin & van Brummelen, 2019; Schmid 

& Geiger, 2012), such as oil recovery (Morrow & Mason, 2001; Yang et al., 2019), filtration in 

soil (Kao & Hunt, 1996), wicking in textiles (Parada, Derome, et al., 2017; Parada, Vontobel, et 

al., 2017) or paper-like materials (Liu et al., 2018), etc. In order to analyze the underlying 

mechanisms of spontaneous imbibition, porous media are usually simplified such that they 

consist of regular shaped capillaries (Cai et al., 2014), including cylindrical and angular tubes. In 

studies of spontaneous imbibition, liquid-gas systems are usually considered and the pressure in 

the non-wetting phase, i.e. the gas phase, is assumed to be constant. 

Spontaneous imbibition in a circular tube is governed by different forces such as the 

capillary, viscous, inertial and gravitational forces. In the different stages of the imbibition 
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process, different forces can override the uptake process. At the onset of the imbibition process, 

the viscous and gravitational forces can be neglected due to the quite small imbibition length, 

0h → . Therefore, imbibition is governed by the capillary and inertial forces, and this period is 

referred to as the inertial or inviscid regime (Das et al., 2012; De Gennes et al., 2013). Under this 

condition, the imbibition length (h) shows a linear relationship with time (t): 

 
2 cos

,h t
R

γ θ
ρ

=   (1) 

where γ  is the surface tension, θ  is the wetting phase contact angle, ρ  is the liquid density, R is 

the inscribed radius of the tube. The time scale for the inertial regime is 3t Rρ γ�  (Das et al., 

2012), which is usually quite short in comparison to the time scale of the whole imbibition 

process. 

When the imbibition length becomes sufficiently long, the influence of inertial force can 

be neglected and this period is referred to as the viscous regime, which is governed by the 

capillary and viscous forces provided that the gravitational force can be neglected, for example 

imbibition in horizontal tubes or tubes with sufficiently small cross-section. Assuming Hagen–

Poiseuille flow in the tube, the displacement of the main meniscus can be described by the well-

known Washburn equation (Washburn, 1921): 

 
cos

2

R
h t

γ θ
µ

=   (2) 

For liquid imbibition in a vertical tube, the gravitational force must be considered and the 

following equation describes the imbibition process (Washburn, 1921): 

 
22 cos

ln 1
2 cos 8

gR gR
h h t

gR

γ θ ρ ρ
ρ γ θ µ

 − − − = 
 

  (3) 

The above equation has been further modified by Fries & Dreyer (2008a) in an explicit 

form. Between the inertial and viscous regimes lies the visco-inertial regime (Bosanquet, 1923), 

in which both the inertial and viscous forces have to be considered. The transition between 

different regimes for a circular tube has been studied by Fries & Dreyer (2008b). 
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In actual porous materials, the geometry of pores can be quite irregular (Yang et al., 

2015). It is thus more representative to consider pores as angular tubes with corners, e.g. with 

square or triangular cross-sections, than circular tubes. Angular tubes are different from 

cylindrical tubes as corner films can develop along their edges (Wu et al., 2020). For a corner of 

a tube with half-angle of α, an arc meniscus can develop in this corner in front of the main 

meniscus if the wetting phase contact angle is smaller than (π/2-α), as shown in Figure 1. The 

imbibition dynamics of the main meniscus is similar to that in a circular tube due to the similar 

formats of driving and resistance forces (Gurumurthy et al., 2018), but the imbibition of the 

corner film is quite different because of the changing shapes of the arc meniscus along the 

corner. In addition, the corner flow of arc meniscus is coupled with the bulk flow of the main 

meniscus, making the imbibition process more complicated. Many efforts have been devoted to 

this specific liquid imbibition phenomenon and the scaling law between imbibition length (h) 

and time (t) for corner film has been investigated with different methods. 

 

Figure 1. Wetting fluid distributions in a square tube under different contact angle. (a) θ=60°, (b) 
θ=12.6°. 

Dong & Chatzis (1995) firstly analytically calculated the imbibition of corner film in a 

square tube without gravity effect and found that, for long imbibition time, the tip of the corner 

film moves as 1 2h t� . In addition, the influence of different parameters on imbibition in corner 

film was analyzed. Yu et al. (2018) analyzed the imbibition dynamics of both the main and the 

arc menisci with the least energy dissipation principle and found that both menisci move with 

1 2t , but the uptake rates are described by different coefficients. Gravity was also not considered 

in their work. Weislogel (2012) used the Laplacian scaling method to describe the imbibition 



A
ut

ho
r 

M
an

us
cr

ip
t 

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

dynamics of corner film and also obtained the scaling law of 1 2h t�  when no gravity effect was 

considered. When gravity was considered, assuming that the capillary pressure at the tip of the 

corner film is balanced with the hydrostatic head, the scaling law of 1 3h t� was derived. The 

same scaling law was obtained by Tang & Tang (1994) using similar assumptions. However, for 

a moving corner film, the capillary pressure should be balanced with both the hydrostatic head 

and the viscous friction. Ponomarenko et al. (2011) used a capillary bundle model to characterize 

the corner film and compared the imbibition dynamics in each sub-capillary considering gravity. 

The imbibition speed in each sub-capillary was calculated and the leading sub-capillary with the 

radius of Lr  which has the maximum imbibition speed was found approaching the vertex of the 

corner as 1 3
Lr t−
� . Based on this assumption a universal scaling law of 1 3h t�  was derived for 

the corner film. However, the derivation of equation (4.2) in their work shows some limiting 

assumptions, making the results less accurate, which will be improved in this paper. 

Among these mathematical models, the capillary bundle model is the simplest and easiest 

one. However, the main limitation of this capillary bundle model to describe the imbibition with 

corner films is that the interactions between different sub-capillaries are not considered. As a 

result, the imbibition velocity in the main meniscus can happen to be higher than that of the arc 

meniscus (Ponomarenko et al., 2011), which is in conflict with other numerical simulation results 

(Gurumurthy et al., 2018). We will show in this paper that the arc meniscus always imbibes 

faster than the main meniscus. To overcome this limitation, we propose to use an interacting 

capillary bundle (ICB) model to describe the imbibition dynamics with corner films. The ICB 

model was firstly proposed by Dong et al. (Dong et al., 2005; Dong & Zhou, 1998) in which 

interactions between connecting capillaries are considered. This model was mainly used to 

describe the imbibition process in porous media at continuum scale (Li et al., 2017; Wang et al., 

2012) rather than in a single pore. In this work, a modified ICB model is developed to describe 

the imbibition dynamics in a single square tube. 

Numerical methods are very helpful tools to understand the underlying mechanisms of 

multiphase flow in porous media and to validate analytical models (Golparvar et al., 2018; Zhao 

et al., 2019). The different numerical methods to simulate multiphase fluid flow mainly include 

computational fluid dynamic (CFD) which couples the Navier–Stokes equations with interface-

capturing methods (Zhang et al., n.d.; Zhu, Chen, et al., 2019; Zhu, Kou, et al., 2019), the lattice 
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Boltzmann method (LBM) (Chen et al., 2014; Huang et al., 2015; Liu et al., 2016; Qin et al., 

2018, 2019, 2020; Sukop, 2006), the dissipative particle dynamics method (Groot & Warren, 

1997) and the smoothed particle hydrodynamics method (Yang et al., 2020), etc. Raiskinmäki et 

al. (2002) used LBM to simulate the imbibition dynamics in a circular tube and the simulation 

results matched well with the theoretical solutions both with and without considering 

gravitational forces. Son et al. (2016) used a pseudopotential multiphase LB model to study the 

influence of contact angle on arc menisci in polygonal tubes and validated the simulation results 

with the Mayer and Stoewe-Princen (MS-P) theory. Gurumurthy et al. (2018) used the CFD with 

the solver OpenFOAM to simulate liquid imbibition dynamics in a square tube with corner films 

and analyzed the influences of different parameters on the imbibition dynamics. The shapes of 

the corner films were analyzed in detail. In this work, we use LBM to validate the modified ICB 

model and to analyze the underlying mechanisms during imbibition process. More specifically, a 

color-gradient lattice Boltzmann model is used, which has proven to be an accurate method to 

simulate multiphase flow in porous media (Chen et al., 2019; Zhao et al., 2018, 2020).  

The corner film is also important during drying of a porous material, which can 

significantly improve the drying rate (Lal et al., 2019; Laurindo & Prat, 1998). Through 

analyzing the drying process in a square tube with both microscale experiment and numerical 

simulation, Chauvet et al. (2009) observed three drying periods including the constant rate 

period, falling rate period and receding front period. The corner film was found to play an 

important role in the transition between different periods. Wu et al. (2020) conducted 

microfluidic experiments of liquid drying from a strong liquid wetting pore network. It was 

found that the main meniscus invades faster into the pore network, leaving liquid films residual 

in the corners. The continuous wetting corner films connected to the bulk liquid fluid 

significantly increased the drying rate. In addition, a pore network model considering corner film 

flow was developed which matched well with the experimental results. In the current work, we 

mainly focus on the spontaneous imbibition in an angular tube without phase change 

phenomenon. However, the modified ICB model developed in this work could be potentially 

extended in future to account for liquid drying with corner films, which has a broad range of 

applications. For example, in passive desalination of seawater, capillary action plays an 

important role in the photothermal materials (Arunkumar et al., 2020), which could supply water 

to the evaporative region to sustain the incoming heat flux by incident light. The porous wicking 
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materials should be well designed to ensure strong water transport and mitigates salt 

crystallization or migration. 

This paper is arranged as follows. In section 2, we propose a modified ICB model to 

describe spontaneous imbibition in a square tube with corner films, where the local capillary 

pressure and conductance are derived based on the specific shape of each sub-capillary. In 

section 3, the color-gradient lattice Boltzmann method is briefly introduced and validated, and 

the simulation setups are also described. In section 4, both the modified ICB model and LBM are 

used to simulate the spontaneous imbibition in a square tube with different fluid properties. The 

accuracy of the modified ICB model is verified by comparisons between the ICB and LBM 

simulation results. In this section, the influences of different parameters on the imbibition 

process are also investigated. In section 5, we further discuss the scaling law of imbibition 

dynamics for both the main and arc menisci during the imbibition process. The conclusions are 

summarized in section 6. 

2 Theoretical model: interacting capillary bundle model 

2.1 General model description 

In this work, a modified ICB model is used to describe the imbibition dynamics in a 

square tube considering corner films. Figure 2 shows the schematic of an interacting capillary 

bundle model for the liquid-gas system which consists of n capillaries. pci is the capillary 

pressure in the i-th capillary, which is the driving force for spontaneous imbibition. hi,t is the 

imbibition length (height) in the i-th capillary at time t. As the density and dynamic viscosity of 

the gas phase are much smaller than those of the liquid phase, we neglect the hydrostatic 

pressure drop and viscous dissipation in the gas phase to make the model simpler, which results 

in a constant pressure in gas phase. In the ICB model, fluid can flow laterally between two 

connecting capillaries with no flow resistance. Therefore, the pressure drop in the lateral 

direction is neglected, which means the liquid phases have the same pressure in different 

capillaries at the same position h. Accordingly, the pressure distribution along the imbibition 

height is shown as the solid line. 
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At a given time t, for a certain range of imbibition length hi-1,t<h<hi,t (i>1), the driving 

pressure difference ip∆   is the capillary pressure difference between the (i-1)th and i-th 

capillaries: 

 1i ci cip p p −∆ = −   (4) 

We focus on the viscous regime in this work, therefore the inertial force is neglected. As 

a result, the resistance forces consist of two parts: viscous dissipation and gravitational force. For 

the i-th capillary, the relationship between volume flux (q) and viscous pressure drop over a 

certain length ih∆  can be calculated by: 

 ,vis i
i i

i

p
q g

h

∆
=

∆
  (5) 

where ig  is the conductance of the i-th capillary dependent on the shape of the capillary. ig  can 

be calculated with the following expression which is widely used in pore network modeling 

(Zhao et al., 2020): 

 
2

,i i
i i

A G
g c

µ
=   (6) 

where A is the cross section area of the i-th capillary. G is the shape factor which is defined as 

A/P2, where P is the perimeter of the cross section. µ  is the dynamic viscosity of the liquid 

phase. ci is the modification coefficient which depends on the shape of the cross section. As 

shown in Figure 2, for hi-1,t<h<hi,t, the wetting phase can imbibe into the capillaries in which the 

capillary pressure is larger than 1cip − . Therefore, the total liquid volume flux in this range can be 

calculated by: 

 ,
,

n n
vis i

k t k
k i k i i

p
q g

h= =

∆ 
=  ∆ 

∑ ∑   (7) 
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Figure 2. Schematic of the interacting capillary bundle model for liquid-gas system. Liquid 
imbibition from left side of the capillaries. 

Taking , , 1i i t i th h h −∆ = − , the viscous pressure drop from hi-1,t to hi,t is: 

 
( ), 1,

, , ,

n
i t i t

vis i t k tn
k i

k
k i

h h
p q

g

−

=

=

−
∆ = ∑

∑
  (8) 

The pressure drop caused by gravity is: 

 ( ), , , 1,g i t i t i tp g h hρ −∆ = −   (9) 

Finally, the driving force is balanced by the resistance force in terms of pressure difference: 

 
( ) ( ), 1,

, , 1, 1, 2,3,...,
n

i t i t

k t i t i t ci cin
k i

k
k i

h h
q g h h p p i n

g
ρ−

− −
=

=

−
+ − = − =∑

∑
  (10) 

For the first part from 0 to 1,th , we have: 
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 1,
, 1, 1

1

1

n
t

k t t cn
k

k
k

h
q gh p

g
ρ

=

=

+ =∑
∑

  (11) 

The volume flux in the k-th capillary can be approximated by the following expression ( Dong et 

al., 2005): 

 , , ,
,

k t k t k t t
k t k k

dh h h
q A A

dt t
−∆− 

= ≈  ∆ 
  (12) 

Combining equations (10) - (12), the following equations are obtained and can be solved with 

Newton’s iteration method (Dong et al., 2005). 

 

( ) ( ), 1, , ,
, 1, 1

1, , ,
1, 1

1

1

, 1

, 1

n
i t i t k t k t t

k i t i t ci cin
k i

k
k i

n
t k t k t t

k t cn
k

k
k

h h h h
A g h h p p i

tg

h h h
A gh p i

tg

ρ

ρ

− −∆
− −

=

=

−∆

=

=

 − −
+ − = − >

∆



− + = = ∆



∑
∑

∑
∑

  (13) 

2.2 Modified interacting capillary bundle model for the square tube 

2.2.1 Decomposition of the square tube 

In the modified ICB model, the square tube is decomposed into several interacting sub-

capillaries to describe the imbibition dynamics of a wetting liquid. According to equation (13), 

the imbibition process is determined by three parameters: the conductance gk, the cross section 

area Ak and the capillary pressure pc in each sub-capillary. To keep as much information as 

possible, the square tube is decomposed into several sub-capillaries without shape simplification. 

Figure 3 (a) shows one example of the decomposition result of a square tube. Due to the 

symmetry of the square tube, the imbibition process in all the four corners is the same. 

Therefore, only one quarter of the square tube is shown. The decomposition follows the 

following three steps. 

First, the critical radius (Rc) of a square tube is calculated by the following equation at a 

given contact angle ( 4θ π< ) (Dong & Chatzis, 1995): 
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( )

( ) 2

cos 4 sin cos
,

2 4 cos sin cosc

W
R

θ π θ θ θ
θ π θ θ θ

 − − +
 =
 − + −
 

  (14) 

where W is the side length of the square tube. The corresponding capillary pressure c cp Rγ=  is 

the entry capillary pressure of this tube. The arc line with radius of Rc is selected as the boundary 

of the first sub-capillary, shown as red line in Figure 3 (a). The first sub-capillary corresponds to 

the main meniscus in the square tube. 

 

Figure 3. Decomposition of the square tube into interacting capillary bundles of different shapes. 
Only one quarter of the square tube is shown. 

As shown in Figure 3 (b), the length from the arc line to the vertex of the corner (li) can 

be calculated as: 

 ( )2 cos 1i il Rθ= −   (15) 

By setting Ri=Rc, we obtain the maximum length lmax according to above equation. 

Second, we set a minimum li (lmin) for the interacting capillary bundle model. The 

corresponding radius Rmin can be also calculated by equation (15). The arc line with radius of 

Rmin, shown with a green line in Figure 3 (a),  is the boundary of the last sub-capillary. 

Finally, we decrease li from lmax to lmin with a constant step of ( ) ( )max min c 2l l l N∆ = − − , 

where Nc is the total number of interacting sub-capillaries, which is 5 in Figure 3 (a). The 

corresponding radii Ri are calculated based on li and equation (15). The arc lines with radii of Ri 

are shown as blue lines in Figure 3 (a), which are the boundaries for the different sub-capillaries. 
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The first sub-capillary corresponds to the main meniscus of the tube and all the other sub-

capillaries correspond to the arc meniscus in this corner. 

According to this decomposition process, only lmax is determined for a certain square tube 

with a given contact angle. The values for lmin and Nc are self-defined. In section 4.1 we analyze 

the influence of both parameters on the imbibition process. 

2.2.2 Cross-section area and local capillary pressure of each sub-capillary 

Based on geometric analysis of Figure 3, the cross-section area of each sub-capillary can 

be calculated by: 

 

( )
( ) ( )

( )

2 2 2
1

2 2 2
1

2 2

4 cos sin cos 4 , 1

cos sin cos 4 , 1

cos sin cos 4 ,
c c

c

i i i c

N N c

A W R i

A R R i N

A R i N

θ θ θ π θ

θ θ θ π θ

θ θ θ π θ
−

  = − − − − = 


 = − − − − < <  


 = − − − =  

  (16) 

When the wetting phase contact angle is smaller than 4π , the wetting liquid meniscus in 

the corner develops faster than the main meniscus, forming a long arc meniscus in the corner 

along the axis of the tube. Therefore, the curvature of the arc meniscus in the plane perpendicular 

to the axis of the tube is much larger than that in the plane along the axis of the tube. Neglecting 

the curvature in the direction parallel to the axis of the tube, the local capillary pressure can be 

calculated by c ip Rγ=  for the arc meniscus shown in Figure 3 (b). For the sub-capillaries 

shown in Figure 3 (a), we calculate the local capillary pressures by: 

 ( )
1

1

, 1

2 , 1

,
c c

c c

ci i i c

cN N c

p R i

p R R i N

p R i N

γ
γ
γ

−

 = =


= + < <
 = =

  (17) 

2.2.3 Flow conductance of each sub-capillary 

For the regular capillary, the conductance can be calculated by analytical or empirical 

expressions (Zhao, et al., 2020). However, the decomposed sub-capillaries in this work are quite 

irregular and the corresponding conductances cannot be calculated analytically. Therefore, the 

flow conductance of each sub-capillary is calculated based on single-phase lattice Boltzmann 

simulation (Zhao, et al., 2020). Figure 4 shows the cross section of a square tube with a side 
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length of 400 lattices. This cross section is extended in z direction with 3 lattices. Then a multi-

relaxation-time single-phase lattice Boltzmann model is used to simulate external-force-driven 

single-phase flow in this tube. The fluid density is set as 1.0 and the kinetic viscosity is set as 

0.5. A small external acceleration az=5.0×10-6 is imposed in z direction and periodic boundary 

conditions are considered. When the relative volume flow rate change in 100 consecutive 

simulation steps becomes less than 10-6 we assume the simulation has reached the steady state. 

 

Figure 4. Velocity distribution in a square tube simulated by single-phase lattice Boltzmann 
method. The velocity is in lattice units. 

Figure 4 shows the steady sate velocity distribution in this tube in lattice unit. To 

calculate the conductance of a sub-capillary, the cross section of this sub-capillary is firstly 

mapped onto the whole square tube. The region outlined by red lines in Figure 4 shows one 

typical cross section of a sub-capillary i (1<i<Nc). Then the volume flux across this sub-capillary 

( iq ) is calculated by integrating the velocity distribution within the marked region. The 

conductance of this sub-capillary can be calculated by ( Zhao et al., 2020) 

 ,i LBM
i

z

q
g

a

µ
ρ µ

=   (18) 

where LBMµ  is the dynamic viscosity used in LBM simulation and µ  is the dynamic viscosity 

used in the modified ICB model. It should be mentioned that, as lattice units are used in this 

simulation, the obtained conductance can be rescaled and applied in the square tube with 

different dimensions when appropriate scaling is used for length, time and mass (Zhao et al., 

2020). 
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3 Numerical model 

3.1 Color-gradient lattice Boltzmann method 

In this work, a multi-relaxation-time color-gradient lattice Boltzmann model is used to 

simulate and analyze the spontaneous imbibition process in a square tube. The results are also 

used to validate the accuracy of the modified ICB model. The color-gradient LBM is a 

multicomponent multiphase lattice Boltzmann model which uses two density distribution 

functions to represent the immiscible two fluids. This model has been widely used to simulate 

two-phase flow in porous media (Huang et al., 2014; Liu et al., 2014, 2015; Zhao et al., 2018). 

The details of the model can be found in the references (Liu et al., 2012; Xu et al., 2017; Zhao et 

al., 2018; Zhao et al., 2020). 

To realize the no-slip velocity on solid surfaces, the halfway bounce-back boundary 

condition is used. To achieve a specific contact angle, a recently developed wetting boundary 

condition is used in this work, which is based on the geometry of the solid surface and yields a 

more accurate contact angle and much smaller spurious velocity (Akai et al., 2018; Chen et al., 

2019; Leclaire et al., 2017; Xu et al., 2017). 

3.2 Model validation 

3.2.1 Contact angle test 

The contact angle is a decisive parameter in determining the imbibition process in an 

angular tube. The corner film can be developed only when 2 2θ π α< − . Therefore, we 

evaluate the accuracy of the color-gradient LBM in achieving a specific contact angle. As 

demonstrated  previously (Chen et al., 2019), the accuracy of simulated contact angle is related 

to the viscosity ratio. In this work, we focus on the liquid-gas system with dynamic viscosity 

ratio (M) between liquid and gas set at M=73.5. At initial condition we put a non-wetting gas 

bubble in the liquid on a flat surface. We let the bubble evolve and once steady state is reached, 

the contact angle is measured. Different liquid contact angles, ranging from 10° to 90°, are 

evaluated in this work and the relationship between the prescribed contact angle and simulated 

contact angle is plotted in Figure 5. As can be seen from this figure, the relationship is very good 

in the 60-90° range. Below this range, the simulated contact angle deviates slightly from the 
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prescribed one, but the deviation remains acceptable for our investigation. In the following 

description, when we mention the contact angle, we refer to the simulated one, not the prescribed 

one. 

 

Figure 5. Comparison between prescribed and simulated contact angles. 

3.2.2 Imbibition in a circular tube 

The imbibition dynamics in a circular tube is simulated with LBM and the simulation 

results are compared with theoretical solutions to verify the accuracy of LBM. In this validation, 

the radius of the circular tube is 500 µm; the densities of the liquid and gas phases are 750 kg/m3 

and 1.18 kg/m3, respectively; the dynamic viscosities of the liquid and gas phases are 6.8 mPa∙s 

and 0.0925 mPa∙s, respectively, and the surface tension between the two fluids is 0.024 N/m. The 

liquid fluid is the wetting phase and three different wetting phase contact angles are considered, 

60.5°, 21.9° and 12.6°, respectively. The physical units are transferred into lattice units using 

dimensionless numbers including Capillary number (Ca) which represents the ratio between 

viscous to surface tension forces, Ohnesorge number (Oh) which means the ratio between 

viscous to inertial and surface tension forces, and Bond number (Bo) which indicates the ratio 

between gravitational to surface tension forces. It should be mentioned that the same densities 

are used in the LBM simulation for liquid and gas phases to keep the model stable, which is 

1.0l gρ ρ= = . The influence of gravity is introduced with different gravitational forces. If 

gravity is considered, the gravitational accelerations for both fluids are 62.205 10lg −= ×  and 
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93.4692 10gg −= × , respectively, which are obtained based on the above mentioned 

dimensionless numbers. As demonstrated in the following validation, this treatment has 

negligible influence on the accuracy of the imbibition dynamics in the tube. As a result, in lattice 

units, the viscosities of the liquid and gas phases are 0.136lµ =  and 0.00185gµ = , respectively 

and the surface tension is 0.072. 

 

Figure 6. Comparison of the imbibition dynamics in a circular tube obtained by Washburn 
equation and LBM (a) without gravity; (b) with gravity. 

A circular tube with inscribed radius of 25 lattices and length of 1400 lattices in z 

direction is constructed. At initial condition, the non-wetting gas phase fills most of the tube and 

a small amount of wetting liquid phase is located at the bottom of the tube. The pressure 

boundary conditions are used at the bottom and top boundaries with the same pressure value to 

simulate the spontaneous imbibition process. The relationships of imbibition length versus time 

are plotted in Figure 6 for the cases with (a) and without gravity (b). The theoretical solutions 

are calculated based on equations (2) and (3) shown in the introduction. It should be mentioned 

that the two-phase interface is initialized as a flat interface at the beginning of the simulation and 

it takes some time for the interface to reach an equilibrium shape. To eliminate the influence of 

this early period, the start time of the theoretical model is adjusted a little compared to the LBM 

curve. As can be seen in Figure 6, the LBM simulation results match well with the theoretical 

solutions for different wetting phase contact angles, both with and without gravitational force, 

demonstrating the accuracy of LBM to simulate the imbibition dynamics in a tube. In addition, 
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the strategy of using the same density but different gravitational forces is found to be appropriate 

to consider the influence of gravity.  

3.3 Simulation setup 

This work focuses on the spontaneous imbibition in the square tube considering corner 

films. Due to the symmetry of the square tube, we only simulate the imbibition dynamics in one 

quarter of the tube to save computational resources. The schematic of the simulation domain is 

shown in Figure 7. The black box shows the whole square tube, while the blue box shows one 

quarter of the square tube, as considered in our simulation. The initial condition and pressure 

boundary conditions on the top and bottom boundaries are the same as those introduced in 

section 3.2.2. Two sides, the back and left boundaries, are solid walls and wetting boundary 

conditions combined with halfway bounce-back boundary conditions are applied. For the two 

other sides of the blue domain, the symmetry boundary conditions are adopted on the front and 

right boundaries. 

 

Figure 7. Schematic of the simulation domain of square tube. 

The accuracy of LBM simulation results increases with grid number. After sensitivity 

analysis, we select W=100 lattices. Five cases listed in Table 1 are considered to analyze the 

imbibition dynamics in the square tube with corner films in order to investigate the influences of 

different parameters on the imbibition dynamics. Case1 is the base case. In Case2 the dynamic 

viscosities of both fluid and gas are changed. In Case3 the surface tension is doubled and the 

height of the tube is increased. In Case4, the contact angle is decreased, while in Case5 the 

height is increased considering no gravity. 
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Table 1. Different cases for spontaneous imbibition analysis. 

 W (μm) H (mm) ρl (kg/m3) ρg (kg/m3) μl (mPa∙s) μg (mPa∙s) γ (N/m) g (m/s2) θ (°) 

Case1 700 11.2 750 1.18 6.8 0.0925 0.012 9.8 21.9 
Case2 700 11.2 750 1.18 13.6 0.185 0.012 9.8 21.9 
Case3 700 17.64 750 1.18 6.8 0.0925 0.024 9.8 21.9 
Case4 700 11.2 750 1.18 6.8 0.0925 0.012 9.8 12.6 
Case5 700 17.64 750 1.18 6.8 0.0925 0.012 0 21.9 

 

4 Results and analysis 

In this work, both the modified ICB model and LBM are used to predict the imbibition 

dynamics in a square tube with corner films. The LBM simulation results are used to verify the 

accuracy of the modified ICB model. In addition, the influences of different parameters on the 

imbibition dynamics are investigated and the underlying mechanisms are analyzed. 

4.1 Sensitivity analysis of the modified interacting capillary bundle model 

As stated in section 2.2.1, the length lmin and number of interacting sub-capillaries Nc are 

self-defined parameters in the modified ICB model. To analyze the influences of both parameters 

on the results of the modified ICB model and to select optimal values, a sensitivity analysis of 

these two parameters is performed. The fluid properties in Case1 are used in this analysis. First, 

lmin is set as lmin=0.1lmax, where lmax is obtained from equation (15). Different values of Nc 

ranging from 3 to 9 are used to predict the imbibition dynamics and the results are shown in 

Figure 8. Figure 8 (a) shows the relationship between imbibed wetting liquid volume versus 

time and Figure 8 (b) shows the imbibition heights in different sub-capillaries, where “center” 

refers to the imbibition height in the first sub-capillary, which corresponds to the main meniscus 

in the center, while “corner” represents the last sub-capillary, which corresponds to the height of 

the corner film. As shown in Figure 8 (a), the imbibed wetting liquid volume is not very 

sensitive to Nc and the curves for different values of Nc almost coincide with each other. The 

main reason is that the total imbibed wetting phase volume mainly depends on the imbibition 

length in the first sub-capillary representing the main meniscus, which is insensitive to Nc, as 

shown in Figure 8 (b). However, Nc has some influence on the imbibition dynamics in the 

corners. As shown in Figure 8 (b), when Nc is too small (Nc=3), the imbibition height in the last 

sub-capillary is underestimated. When Nc is larger than 5, the imbibition dynamics obtained with 
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different values of Nc almost coincide with each other. In conclusion, the prediction results of the 

modified ICB model is insensitive to Nc when 5cN ≥ . In the following analysis, we set Nc=7. 

 

Figure 8. Influence of number of sub-capillaries Nc on the prediction results of the modified 
interacting capillary bundle model (a) relationship between wetting phase volume and time; (b) 
imbibition height versus time at different positions of the square tube. 

 

Figure 9. Influence of length lmin on the prediction results of the modified interacting capillary 
bundle model. (a) relationship between wetting phase volume and time; (b) imbibition height 
versus time at a certain position of the square tube. 

Next, the influence of the length lmin of the last sub-capillary is analyzed by setting 

different values of lmin, namely 0.05lmax, 0.1lmax and 0.2lmax while Nc is fixed to 7. Figure 9 

shows the imbibition dynamics predicted by the modified ICB model with different lmin. Figure 9 

(a) shows the imbibition volume versus time. As a smaller lmin results in a higher imbibition 
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height of the last sub-capillary, in order to compare the prediction results for different lmin, we 

plot the imbibition height versus time at the same position of the corner with l=22.5µm in Figure 

9 (b), where l is the distance to the vertex of the corner in the diagonal of the tube, as shown in 

Figure 3 (b). It should be mentioned that l=22.5µm corresponds to the center of the fifth sub-

capillary when lmin=0.1lmax. Therefore, h shown in Figure 9 (b) is the imbibition height of the 

fifth sub-capillary when lmin=0.1lmax. While for lmin=0.05lmax (lmin=0.2lmax), the position of 

l=22.5µm locates between the fourth and fifth (fifth and sixth) sub-capillaries and h in Figure 9 

(b) is obtained by linear interpolation of the imbibition heights of these two adjacent sub-

capillaries. According to the prediction results, lmin has no influence on the imbibition volume 

and imbibition height at the same position of the corner (l=22.5µm) with Nc=7 when lmin<0.2 

lmax. Therefore, in the following analysis we set lmin=0.1lmax and Nc=7. It should be mentioned 

that a smaller lmin also results in a higher equilibrium height of the last sub-capillary due to the 

larger capillary pressure. We have also tested the influences of both parameters for other fluid 

properties and contact angles and came to the same conclusion. 

4.2 Comparison of the interface profiles at different times 

After selecting the values of lmin and Nc in the modified ICB model, both LBM and the 

modified ICB models are used to predict the liquid imbibition dynamics in a square tube for 

Case1. For the LBM simulation, at initial condition, the tube is filled mostly with gas phase and a 

small amount of liquid phase is located at the bottom of the tube, as shown in Figure 10 at t=0. 

As time goes, the liquid phase invades into the tube. At the early stage of imbibition, the arc 

meniscus in the corner is slightly higher than the main meniscus in the center, as shown in 

Figure 10 at t=40000  and 80000. Later on, after t>160000, the arc meniscus in the corner 

develops faster than the main meniscus and the arc meniscus becomes more and more prominent. 

The origin of this mode of evolution is discussed in section 4.3. To compare the results of the 

modified ICB model with the LBM simulation results, the interface profile seen in a plane set 

diagonally across the tube is plotted at different times, as shown in Figure 11. The solid lines 

show the interface profiles obtained by LBM simulation, which correspond to the five in-

progress configurations shown in Figure 10. The modified ICB model imbibition heights in 

seven sub-capillaries are plotted for the same five imbibition times. As shown in Figure 11, the 

arc meniscus becomes lengthening with time. In general, the prediction results of the modified 
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ICB model match well with the LBM simulation results, demonstrating the possibility of using 

the modified ICB model to describe the imbibition dynamics in a square tube with corner films. 

We observe that the imbibition heights of the main meniscus predicted by the modified ICB 

model are always slightly higher than the LBM simulation results. This may be caused by several 

possible reasons as discussed next. The modified ICB model consists of several 1D sub-

capillaries. For each sub-capillary, there is only one imbibition height. In the LBM simulation, 

the main meniscus is a curved interface, as shown in Figure 10. By averaging the curved 

interface of the main meniscus to a flat surface, the obtained imbibition height would be slightly 

higher than the imbibition height at the center of the tube. In addition, the flow resistance of gas 

phase is neglected in the modified ICB model, which may make the imbibition process faster. 

Finally, the ICB model is based on simplifications, which may also cause some difference with 

the more accurate LBM simulation results. 

 

Figure 10. Wetting liquid distributions obtained by LBM at different simulation steps. 
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Figure 11. Comparison of interface profiles at different imbibition times. 

4.3 Imbibition dynamics in square tube 

The imbibition dynamics for Case1 obtained by LBM simulation and the modified ICB 

model are compared, as shown in Figure 12. Figure 12 (a) shows the imbibed wetting liquid 

volume versus time and Figure 12 (b) shows the imbibition lengths of both main meniscus and 

arc meniscus versus time. The imbibition length of main meniscus corresponds to the center of 

the tube in LBM simulation and the first sub-capillary in the modified ICB model, while the 

imbibition length of arc meniscus shows the imbibition length at l=14.8µm for both LBM 

simulation and the modified ICB model, marked as dashed solid line shown in Figure 11. 

Similar to the validation in section 3.2.2, the start time of the modified ICB model is shifted a 

little from 0 to eliminate the influence of the early period when the interface evolves from a flat 

surface to an equilibrium shape. All the curves stop at the same imbibition height of arc 

meniscus. As can be seen, for both the imbibed wetting liquid volume and imbibition length, the 

prediction results of the modified ICB model match well with the LBM simulation results. 

In addition, from Figure 12 (b) we observe that the imbibition length of arc meniscus is 

always higher than that of the main meniscus, meaning that the arc meniscus is always advancing 

faster than the main meniscus does. We remark the non-interacting capillary bundle model of 

Ponomarenko et al. (2011) did not uncover this phenomenon, which can be well captured by the 

modified ICB model. In Figure 12 (b), the predictions of the original interacting capillary bundle 
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(OICB) model, as per Dong et al. (2005), which only consists of circular sub-capillaries, are also 

plotted for comparison, shown as dash-dot lines. As can be seen, the OICB model can well 

describe the imbibition dynamics of the main meniscus, because the driving and resistance forces 

of the main meniscus in a square tube are similar to those in a circular tube. However, for the 

sub-capillaries in the corners, the OICB model fails to accurately capture the relationship 

between driving and resistance forces, resulting in a poor prediction of the imbibition dynamics 

of the arc meniscus. As the modified ICB model keeps the real geometry of the filled corners, it 

describes well the imbibition dynamics of both main and arc menisci. 

 

Figure 12. Imbibition dynamics in a square tube. (a) relationship between wetting fluid volume 
and time; (b) imbibition length of main and arc menisci obtained by LBM and two different ICB 
models, where center refers to the main meniscus in the center of the tube and corner means the 
arc meniscus in the corner. ICB represents the modified interacting capillary bundle model 
developed in this work; OICB refers to the original interacting bundle model which consists of 
circular sub-capillaries. 

Using the modified ICB model, we further analyze the imbibition dynamics of main and 

arc menisci in a square tube. Figure 13 (a) shows the imbibition lengths versus time for each 

sub-capillary. As can be seen, at early times, the imbibition lengths in the different sub-

capillaries are similar. As time goes on, the water in the corners moves ahead of the main 

meniscus, identified as the 7th sub-capillary. This is mainly due to gravity as will be explained 

below. For spontaneous imbibition in a square tube, the driving force is the capillary force and 

the resistance force includes viscous and gravitational forces when gravity is considered. For a 

certain sub-capillary in the modified ICB model, the pressure difference ( cp∆ ) caused by 
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capillary force is a constant, while the pressure difference ( gp∆ ) caused by gravitational force 

increases with the imbibition height. Figure 13 (b) shows the proportion of gp∆  to cp∆  in the 

seven sub-capillaries versus time. With the imbibition process going on, g cp p∆ ∆  increases 

rapidly in the first sub-capillary, i.e. the main meniscus. The pressure difference driving the 

imbibition process ( c gp p∆ − ∆ ) decreases accordingly, leading to a slower imbibition velocity of 

the main meniscus. In contrast,  g cp p∆ ∆  increases much less for the other sub-capillaries 

forming the corner film, with the smallest influence of gravity in the last sub-capillary showing 

the highest capillary pressure. These different trends in the main meniscus and the other sub-

capillaries mainly arise from the difference in the acting driving and resistance forces. For the 

main meniscus, cp∆  is the capillary pressure of main meniscus and gp∆  the pressure difference 

from the bottom of the tube to the main meniscus caused by gravitational force. gp∆  increases 

linearly with the imbibition height of main meniscus. However, for the other sub-capillaries in 

the corners, the driving force is the capillary pressure difference between connecting sub-

capillaries and the resistance gravitational force is caused by the different imbibition heights in 

the connecting sub-capillaries. For example, for the second sub-capillary which connects to the 

first sub-capillary (main meniscus), cp∆  represents the capillary pressure difference of the 

second sub-capillary and main meniscus, and gp∆  is the pressure difference between the 

imbibition heights in these two sub-capillaries cased by gravitational force. gp∆  increases 

linearly with the imbibition height difference between these two sub-capillaries. As shown in 

Figure 13 (a), the main meniscus quickly invades into the tube while the imbibition height 

difference between connecting sub-capillaries grows slowly. As a result, g cp p∆ ∆  shows 

different trends for the main meniscus and sub-capillaries in the corners. 
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Figure 13. Imbibition dynamics in each sub-capillary of the modified interacting capillary 
bundle model. (a) Imbibition length versus time in each sub-capillary. (b) Proportion of pressure 
difference caused by gravity (Δpg) to the capillary pressure difference (Δpc) versus time in each 
sub-capillary. (c) Imbibition velocity (v) versus imbibition height of first sub-capillary (h1). (d) 
Relative velocity difference compared with the imbibition velocity in the first sub-capillary 
versus the imbibition height of first sub-capillary. In all graphs, the solid lines represent the 
results considering gravity and the dashed lines indicate the results not considering gravity. 

To illustrate at what position the corner film development becomes more pronounced, we 

further plot Figure 13 (c) and (d). Figure 13 (c) shows the imbibition velocity for different sub-

capillaries versus the imbibition height of the main meniscus (h1). Figure 13 (d) shows the 

relative velocity difference of each corner sub-capillary compared with the first sub-capillary 

versus h1. For illustration, we run the model with (solid lines) and without gravity (dashed lines). 

As can be seen, the development of the corner film depends on the difference in the imbibition 

velocity between the main meniscus and corner films. Without gravitational force, the imbibition 
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velocities in all sub-capillaries remain similar and the corner films develop very slowly. In the 

presence of gravity, when the imbibition height is small (h1<2mm), the influence of gravity is 

negligible and the imbibition velocities of the sub-capillaries are similar. As a result, the 

imbibition height versus time in each sub-capillary almost collapses on the same line, as shown 

in Figure 13 (a). With increasing imbibition height, the influence of gravity becomes more and 

more significant, especially for the first sub-capillary. When the imbibition height of main 

meniscus gets larger than 4mm, the relative difference between the smallest sub-capillary and the 

first sub-capillary (main meniscus) increases larger than 20%, resulting in a prominent 

development of corner film, as observed in Figure 13 (a). Finally, when the main meniscus 

gradually approaches its equilibrium height after h1>6mm, the velocities of the corner sub-

capillaries diverge more and more from that of the main meniscus, yielding a much faster growth 

of corner film compared with the main meniscus. In summary, the arc meniscus in the corners 

develops with time, and this growth occurs more prominent as the main meniscus gets higher, as 

clearly shown in Figure 10. We note that when there is a high inlet flow resistance, even without 

gravitational force, the difference in the imbibition velocity between the main meniscus and 

corner films would also be significant, resulting in fast development of corner films. 

4.4 Sensitivity analysis of different parameters on the imbibition dynamics in a square 

tube 

In this section, both LBM simulation and the modified ICB model results are used to 

describe the imbibition dynamics with different fluid properties, in order to investigate the 

influences of different parameters on the imbibition dynamics, and to verify the accuracy and 

robustness of the modified ICB model under different conditions. 

First, the influence of viscosity on the imbibition dynamics is investigated. As listed in 

Table 1, the viscosities of the liquid and gas phases in Case2 are twice of those in Case1 while 

the other parameters remain the same. The imbibition dynamics of the main meniscus in the 

center and of the arc meniscus in the corner for Case2 obtained by different methods are shown 

as red lines in Figure 14. In general, the prediction results of the modified ICB model agree with 

the LBM simulation results. With increasing fluid viscosity, the imbibition process becomes 

slower, as can be observed by comparing the black (Case1) and the red lines (Case2) in Figure 

15, which shows the relationships between wetting fluid volume and time obtained by different 
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methods for different cases. As the conductance of each sub-capillary is inversely proportional to 

the fluid viscosity and the pressure difference (c gp p∆ − ∆ ) which drives the imbibition process is 

the same for different fluid viscosities, under the same imbibition height the imbibition rate is 

inversely proportional to the fluid viscosity accordingly. This can be observed by comparing the 

black and red lines in Figure 16, which shows the imbibition velocities of main (solid lines) and 

arc menisci (dashed lines) versus the imbibition height of main meniscus. Accordingly, for a 

certain imbibition height, the time range for Case2 is twice that for Case1. In addition, the 

prediction results of the modified ICB model match well with the LBM simulation results for the 

imbibition volume versus time. 

 

Figure 14. Imbibition heights of main and arc menisci versus time obtained by modified ICB 
and LBM for different viscosity (Case2), surface tension (Case3), wetting phase contact angle 
(Case4) and gravitational force (Case5). 
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Figure 15. Relationship between wetting fluid volume and time obtained by modified ICB and 
LBM for different cases. 

 

 

Figure 16. Imbibition velocity versus the imbibition height of the first sub-capillary for different 
cases. 

The blue lines in Figure 14-Figure 16 show the effect of surface tension on the 

imbibition dynamics. Figure 14 shows that, in terms of imbibition heights, the prediction results 

of the modified ICB model match well with the LBM simulation results for Case3. Figure 15 

shows that, with increasing surface tension, the imbibition rate gets higher. For a certain 

imbibition height, the pressure difference caused by gravity ( gp∆ ) is the same for Case1 and 
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Case3. As the driving capillary pressure difference ( cp∆ ) is higher in Case3 because of the larger 

surface tension, the net pressure difference (c gp p∆ − ∆ ) which drives the imbibition process is 

larger in Case3, leading to a higher imbibition rate. Therefore, for the same imbibition height, the 

time range for Case3 is much smaller than that for Case1. In addition, for the same imbibition 

height, the influence of gravity is less important in Case3, resulting in smaller velocity 

differences between the main and arc meniscus, as shown in Figure 16. Accordingly, the 

imbibition height difference between the main and arc menisci becomes also smaller for the 

same imbibition height of main meniscus, as observed in Figure 14. 

In Case4, the wetting phase contact angle is decreased to 12.6° while the other parameters 

remain the same as Case1. According to green lines shown in Figure 14 and Figure 15, the 

prediction results of the modified ICB model match well with the LBM simulation results, for 

both imbibition height and volume. The contact angle influences both the driving capillary force 

and viscous force as it changes the shape of arc meniscus. With decreasing wetting phase contact 

angle, the driving capillary pressure difference (cp∆ ) increases, and the cross section areas of the 

sub-capillaries in the corners also increase, resulting in an increase of the conductances of sub-

capillaries in corners. Accordingly, the imbibition rate increases and the time range decreases for 

a certain imbibition height, as shown in Figure 16. 

Finally, the influence of gravity is analyzed with Case5. As shown in section 4.3, and 

also the orange lines in Figure 16, for the case without gravitational force, the relative difference 

in imbibition velocity between the main and arc menisci is small and constant at different 

imbibition heights. Therefore, the difference in imbibition height between the main and arc 

menisci becomes much smaller when the gravitational force is not considered, as shown by the 

orange lines in Figure 14. According to Figure 15, at the early times of imbibition process, the 

influence of gravity is negligible and the imbibition volumes are similar for Case1 (black lines) 

and Case5 (orange lines). With progressing imbibition and increasing imbibition height, the 

imbibition volume in Case1 becomes much smaller than that in Case5 due to the influence of 

gravity. 

According to above analysis, the main and arc menisci show different imbibition 

dynamics and time ranges with different fluid properties, which is caused by the different 

interactions between capillary, viscous and gravitational forces. The comparison results between 
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the modified ICB model and LBM simulations show that the modified ICB model can well 

describe the influences of different parameters on the imbibition dynamics in a square tube. In 

addition, the modified ICB model is very helpful to analyze the mechanisms during the 

imbibition process. 

5 Discussion 

We discuss the scaling law of spontaneous imbibition in a square tube. As stated in the 

introduction, the imbibition dynamics of the main meniscus in the square tube is similar to that in 

a circular tube due to the similarity in driving and resistance forces. In the viscous regime, the 

imbibition dynamics of the main meniscus considering gravity can be described by a more 

general formulation of equation (3): 

 
( )

( ) 22
ln 1 ,

2

gRf b gR
h h t

gRf

ρ θγ ρ
ρ θ γ µ

 
− − − = 

 
  (19) 

where ( )f θ  reflects the influence of wetting phase contact angle on the capillary pressure, b is a 

coefficient related to the calculation of viscous force. These two parameters are both dependent 

on the shape of the tube. For a circular tube, ( ) 1 cosf θ θ= , b=0.125 and equation (3) is 

recovered. For a square tube, ( ) ( )
( ) 2

cos 4 sin cos
2

4 cos sin cos
f

θ π θ θ θ
θ

θ π θ θ θ

 − − +
 =

− + −  

 and b=0.140575. 

We further normalize the imbibition height and time with the following characteristic 

length and time: 

 
( )

( ) ( )

*

*
2 3

,
2

,
2

eq

eq g

h h
h

h gRf

t t
t

h u g bR f

γ ρ θ

γµ ρ θ

= =

= =
  (20) 

where eqh  is the equilibrium imbibition height balanced by capillary force and gravitational 

force. The equivalent height is inversely proportional to the radius R. 2
gu gbRρ µ=  is the mean 

velocity in the tube when driven only by gravity. Then, equation (19) can be rewritten in the 

following simplified way: 
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 ( )* * *ln 1h h t− − − =   (21) 

Through expansion of the term ( )*ln 1 h−  on the left-hand side of above equation, we get 

the following relationship: 

 
*2 *3 *4

*...
2 3 4

h h h
t+ + + =   (22) 

We normalize the imbibition dynamics of both main and arc menisci based on equation (20) for 

Case1 to 4 and the results are shown in Figure 17 (a). The imbibition dynamics in a circular tube 

used in the validation in section 3.2.2 is also plotted for comparison. As can be seen, the 

imbibition dynamics of main meniscus in the square tube and of the meniscus in the circular tube 

all collapse to the same line in the normalized form following equation (21) or (22). At early 

time of imbibition, *h  is very small and the influence of gravity can be neglected. Therefore, 

both the main and arc menisci develop as *1/2t� . This is also reflected by equation (22). When 

*h  is very small, the first term dominates the left-hand side and all the higher order terms can be 

neglected, and equation (22) becomes * *2h t= , which is in fact the Washburn equation not 

considering gravity. As time goes on, the higher order terms in equation (22) become more and 

more significant and the imbibition of main meniscus deviates from the scaling law of *1/2t� . 

After t*>1, the imbibition height of main meniscus gradually converges to the equilibrium height 

( * 1h → ), while the arc meniscus develops in a slower rate to higher heights (* 1h > ). In addition, 

we observe that the height of the arc meniscus for all cases also collapse to the same line for 

cases 1 to 3. These three cases have the same wetting phase contact angle, which determines the 

shape of arc meniscus and thus the resulting driving and resistance forces. A different wetting 

phase contact angle yields a different shape of arc meniscus and thus different imbibition 

dynamics. Accordingly, the dashed green line of arc meniscus for Case4 deviates slightly from 

the other lines.  
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Figure 17. (a) Imbibition dynamics in square and circular tubes in normalized form. For the 
square tubes, cases 1 to 4 are plotted. (b) Imbibition dynamics in different sub-capillaries for 
Case1 in normalized form. 

We further analyze the scaling law of the imbibition process for arc meniscus at late time 

after t*>1. We set lmin to a small value (lmin=0.02lmax) and the number of sub-capillaries to a high 

value (Nc=15) in the decomposition process to get more detailed information on time behavior of 

the arc meniscus. The imbibition dynamics in different sub-capillaries are plotted in Figure 17 

(b) in normalized form. The bottom curve represents the main meniscus in the center and the top 

curve indicates the smallest sub-capillary in tip of the corner. From the center to corner, the 

equilibrium imbibition height gradually increases due to the smaller pore size (see equation 20). 

At early time, the tip of the corner develops as *1/2t� , following the main meniscus. This is 

because the gravity can be neglected and the imbibition in each sub-capillary roughly follows the 

square root of time, as analyzed above. The main meniscus has the highest imbibition rate due to 

the largest pore size and corresponding smallest flow resistance. As the imbibition of arc 

meniscus is driven by the capillary pressure difference between main and arc menisci, the fast 

invading main meniscus pushes the arc meniscus to develop in a similar rate. While at late time 

(t*>1), the main meniscus nearly stops at equilibrium height and the tip of the corner develops in 

a slower rate as *1/3t�  for some time, which has also been observed in experiments 

(Ponomarenko et al., 2011). The slower imbibition rate is mainly because of the smaller size of 

sub-capillaries and corresponding larger flow resistance. Finally, the capillary in the tip of the 

corner will also deviate from the scaling law of *1/3t�  and reach an equilibrium height, which is 

determined by the lmin set in the modified ICB model. With a smaller lmin, the scaling law of  
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*1/3t�  for the tip-corner capillary persists for a longer period as the modified ICB model covers a 

broader range of the arc meniscus. 

6 Conclusion 

In this paper, a modified interacting capillary bundle model is developed to describe the 

imbibition dynamics of a liquid-gas system in a square tube with corner films. The square tube is 

decomposed into several sub-capillaries and fluid can flow laterally between two connecting sub-

capillaries without flow resistance. The local capillary pressure in each sub-capillary is 

determined based on the shape of meniscus and the flow resistance is upscaled from single-phase 

lattice Boltzmann simulation results. The imbibition dynamics in a square tube with different 

fluid properties is calculated with both the modified ICB model and a color-gradient lattice 

Boltzmann method. The predictions of the modified ICB model match well with the LBM 

simulation results under different conditions, in terms of both the imbibition volume and 

imbibition heights of main and arc meniscus, demonstrating the accuracy and robustness of the 

modified ICB model to describe the imbibition dynamics in a square tube. It should be 

mentioned that the original ICB model can only predicts well the imbibition dynamics of main 

meniscus but significantly overestimates the imbibition rate of arc meniscus as its lack of fidelity 

to geometry prevents it from accurately describing the relationship between driving and 

resistance forces of arc meniscus. 

In addition, the influences of different parameters on the imbibition dynamics and the 

underlying mechanisms are analyzed in detail with the help of the modified ICB model. The 

fluid viscosity affects the imbibition process through changing the conductance of each sub-

capillary. The imbibition rate is inversely proportional to the fluid viscosity. A higher surface 

tension results in a larger driving capillary force, which results in a faster imbibition rate. In 

addition, the influence of gravity becomes less important for a certain imbibition height with the 

higher surface tension. With decreasing wetting phase contact angle, both the driving capillary 

force and the conductance of corner film increase, resulting in a higher imbibition rate. If gravity 

is not considered, the imbibition rate becomes much faster. In addition, the relative imbibition 

velocity differences between the main and arc menisci are small and remain constant at different 

imbibition heights, resulting in a smaller difference of imbibition length between the main and 

arc menisci. 
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Finally, the scaling law of imbibition dynamics for both the main and arc menisci is 

discussed. A universal scaling law describing the imbibition dynamics of main meniscus is 

developed, which applies to different shapes of tubes. At early time, the arc meniscus develops 

as *1/2t� , following the imbibition of main meniscus. At later time when the main meniscus 

reaches its equilibrium height, the tip of the corner develops according to *1/3t� , which agrees 

with some experimental observations. 

In summary, the modified interacting capillary model is simple and accurate to describe 

the imbibition dynamics in a square tube with corner films. In addition, it is very helpful to 

understand the mechanisms of the imbibition process and can be easily extended to other 

geometries. However, the developed model experiences some limitations. First, it only applies to 

gas-liquid systems as the viscous dissipation in the non-wetting gas phase is neglected. Second, 

the model assumes the pores to be straight tubes and cannot directly be used in more complex 

porous media. Both these limitations will be addressed in our future work. 
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