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Motivation

Fractional-order operators have long history in subsurface

applications.

Encode self-similar material at the macro level.

Commonly used constant coefficient kernels cannot adequately

model material layers.

Variable coefficient fractional-type kernels

p. v.

∫
Ω∪ΩI

(u(x)− u(y))γ(x, y)dy = f(x) x ∈ Ω ⊂ Rd,

u(x) = 0 x ∈ ΩI = (Ω + Bδ) \ Ω.
with kernel

γ(x, y) =
φ(x, y)

|x− y|d+2s(x,y)
X|x−y|≤δ

Well-posedness

Let γs(x, y) =
1
2 (γ(x, y) + γ(x, y)) and set

|||v|||2γ :=

∫∫
(Ω∪ΩI)2

(v(x)− v(y))2γs(x, y) dx dy,

HΩ(Ω ∪ ΩI; γ) :=
{
v ∈ L2(Ω ∪ ΩI), |||v|||γ < ∞, v|ΩI

= 0
}
,

Assume existence of constants s, s, and φ, φ such that

0 < s ≤ s(x, y) ≤ s < 1,

0 < φ ≤ φ(x, y) ≤ φ < ∞.
Let

β(r) := sup
|x−y|≤r

|s(x, y)− s(y, x)| , α(r) := sup
|x−y|≤r

|φ(x, y)− φ(y, x)| .

Require ∫ 1

0

dr
(β(r) |log r|)2

r1+2s
< ∞

and that α is (s+ ε)-Hölder continuous for ε > 0 arbitrarily small.

Then the problem is well-posed.

Two domain examples

Ω = [−1, 1], δ = 1, f = X[0.2,0.4], P1 finite elements
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Figure: Solutions for symmetric kernels, piecewise on (R+,R−)
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Figure: Solutions for non-symmetric kernels with s = s(x), φ = φ(x) smooth

Constant s leads to differentiable solutions at the interface.

Non-symmetric kernels require (even more) specialized quad

rules near x = y.

Convergence
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problem: constant – s=leftRightFractionalOrder(ll=0.25,rr=0.75,lr=0.5,rl=0.5,sym=1)
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Figure: Convergence in L2 and energy norm matches equivalent result for

constant coefficient kernels.

2D example

Ω = [−1, 1]2, δ = 1/2, f ≡ 1

H-matrices for efficient assembly & solve

4 horizontal layers with increasing fractional order
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