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ABSTRACT: We use the amplitude soft bootstrap method to explore the space of effective
field theories (EFT) of massless vectors and scalars. It is known that demanding vanishing
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the (n+1)-pt amplitude is equal to a linear combination of n-pt amplitudes. We derive the
form of these soft theorems for general power-counting and spins of particles and use it as
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and leads us to the discovery of a new exceptional theory: Special scalar-vector Galileon.
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1 Introduction

On-shell scattering amplitudes are fundamental objects in weakly coupled quantum field

theories. The textbook approach to calculate amplitudes uses the method of Feynman

diagrams which is a diagrammatic representation of the perturbative expansion of the path

integral. In the last few decades, we have seen many discoveries of hidden mathematical



structures and symmetries in the perturbative S-matrix which are completely invisible in
the standard Feynman diagrams approach. Unitarity methods [1, 2] and recursion relations
exploit the locality and unitarity of tree-level amplitudes [3-7] and loop integrands |8,
9], CHY formula evaluates tree-level amplitudes as worldsheet integrals [10, 11], color-
kinematics duality relates amplitudes in different theories simplifying significantly complex
calculations [12-14], and in certain theories the S-matrix has been formulated in geometric
language using positive geometries leading to Amplituhedron picture for planar AN/ = 4
SYM amplitudes [15-22], and beyond [23-27].

Surprisingly, some of these recent developments have also been found in the context of
tree-level amplitudes in effective field theories. In the extension of tree-level unitarity and
BCFW recursion relations, the scattering amplitudes in non-linear sigma model, Dirac-
Born-Infeld theory, Volkov-Akulov, and Galileons were uniquely specified by special soft
limit behavior [28-33] and further lead to the discovery of Special Galileon theory [31, 34].
In all cases, the theory is uniquely fixed by vanishing soft limit of tree-level scattering am-
plitudes. Interestingly, same theories also appear in the context of color-kinematics duality,
CHY construction and ambitwistor strings [34-37], and belong to a larger web of duali-
ties among massless tree-level amplitudes [14, 38]. In the more generalized setup, we can
replace the requirement of vanishing soft limits by non-trivial (but known) soft theorems.
Such soft theorems appeared in the past in the context of supergravity, amplitudes on the
Coulomb branch, or in the context of low energy limit of string theory [39-43], and more
recently in the SU(N)/SU(N — 1) non-linear sigma model [44]. Similar strategy has also
been used in fixing amplitudes using IR constraints, gauge invariance, large-z behavior or
imposing BCJ relations [45-49]. The amplitudes approach was also useful in the classifi-
cation of counterterms and higher derivative operators in non-linear sigma model, gauge
theory and gravity [50-53].

In this paper, we continue the analysis of EFTs using amplitude methods. We first
explore the space of all vector effective field theories with vanishing soft limits. At the
leading derivative order this produces Born-Infeld as a unique theory as found in [54],
but beyond that, there are no new theories. Next, we couple vector fields to scalars and
prove that there are no non-trivial higher derivative theories fixed by vanishing soft limits.
Finally, we consider non-vanishing soft theorems and show that they might require the
coupling of fields of various spins. We focus on the case of scalar-vector theories with fixed
power-counting and demonstrate that there is a unique theory fixed by these soft theorems
which we call Special scalar-vector Galileon as the scalar part of this theory corresponds to
the Special Galileon. We end with the discussion of more general vector Galileon theories
which are related to theories studied in [55].

2 Soft bootstrap

The low-energy effective field theories are defined by the Lagrangian which can have in
principle an infinite tower of terms with undefined coupling constants. When the physical
system exhibits certain symmetry, it can dramatically constrain the form of the Lagrangian
and fix some (or all) coupling constants. The symmetries of the Lagrangian have profound



consequences on the properties of the perturbative S-matrix, and in the low energy context
can be often encoded in the soft limit behavior.

The soft bootstrap is based on the alternative point of view. We start with the space
of all tree-level S-matrices which have only physical poles and factorize properly. Such
S-matrix ansatz has a certain number of unfixed parameters which are in one-to-one cor-
respondence (up to field redefinitions) to free coupling constants in Lagrangian (when
redundant terms are eliminated by equations of motion and total derivatives). The idea
is to impose a prescribed soft limit behavior, fix most (or all) parameters and specify a
unique (or at least finite) set of special theories.

We start with certain lowest-order seed amplitudes (contact vertices), glue them to-
gether to ensure the right factorization, add all allowed contact terms multiplied by free
constants and then fix these constants by demanding certain soft limit behavior of the full
amplitude. We assume that the lowest-order seed vertices form a basis and similarly do the
higher-order contact terms. If the soft bootstrap method gives us only a trivial solution
(i.e. equivalent to free theory), we can claim that no theory with this soft limit behavior
exists. In the case that we get non-trivial solutions we have to elaborate further. In par-
ticular, we have to check that such candidate corresponds to a self-consistent theory. This
fact was in great detail discussed in [32] and was motivated by the “four-particle test” [56].

In what follow we will concentrate on the case of bosonic fields only (for fermions in
this context see e.g. [39, 57]). The important characteristics of the EFT Lagrangians is the
number of derivatives. We can schematically write a term with m derivatives on n fields as

Lon = 0md", (2.1)

where @ stands for any bosonic field. We will characterize a particular power-counting by

m — 2

p=—- (2.2)

The parameter p defines an infinite tower of possible terms in the Lagrangian. For example,
for scalar theories with p = 2 we have schematically

L— %(8@%7)2 +ea(8%6") + ¢6(01°6%) + cs (9M4¢°) + ...
— (99)? (; T+ ea(020)2 + c6(%0)* + cs(020)° + .. ) . (2.3)

In fact, at each order we get numerous different terms and multiple coupling constants
Cm — c%’). We see that the interpretation of p is the average number of derivatives per one
field ¢ once (0¢)? is stripped off as evident from the second line in (2.3).

The soft bootstrap approach is following: generate an ansatz for the tree-level am-
plitudes where each independent kinematical invariant is multiplied by a free parameter.
These parameters are in one-to-one correspondence with the independent parameters in
the Lagrangian (2.3) after the off-shell redundancies are removed. It is straightforward to
build an ansatz for kinematical terms, while removing redundancies from Lagrangian (total

derivatives, equations of motion) is generally cumbersome.



In the next step, we impose additional kinematical constraint: the soft limit. We
demand that in the soft limit of any external leg, i.e. for p — 0, the amplitude behaves as

A(p) =0O(p?), (2.4)

with the parameter o characterizing the soft limit scaling. The goal of the soft bootstrap
is to explore the space of all theories (with various particle content) for fixed (p, o), find
unique solutions or prove there are no such theories.

Soft limits are directly linked to the symmetries of the Lagrangian (see [32] for detailed
discussion). This means that the amplitude with a special soft behavior indicates the
existence of the theory with some special symmetries.

For the scalar EFTs the classification has been done in [32]. It is obvious that the
theories with o < p are “trivial” solutions since the Lagrangian has at least o derivatives per
field. The interesting solutions have o > p (except for p = o = 1 which is still trivial), i.e.
the number of derivatives is smaller, allowing for intricate cancellations between Feynman
diagrams in the soft limit caused by some underlying symmetries.

The special scalar theories with 4pt fundamental vertices are:

p,0) = (0,1): non-linear sigma model

(1,2): Dirac-Born-Infeld action

Galileon theories

p,o)=(2,2

2. (p,o) )E
- ( (2,3):

p,0) special Galileon

All non-trivial theories with o > 4 are excluded. Some of these theories also appear in
the context of color-kinematics duality and CHY formalism [34].

In what follows we will mainly concentrate on theories which are related to the Special
Galileon [31, 34]. The latter is a very interesting theory, since it occupies the very corner
of the allowed region in the (p,o) plane. Its soft scaling o = 3 is the largest possible one
among the nontrivial theories with ¢ > p. On the Lagrangian level such an enhanced soft
limit is a consequence of a polynomial shift symmetry [32]. The particular form of this
symmetry depends on the parametrization of the Lagrangian. In the standard case we
write the Lagrangian in D dimensions in the form

()P & e T 3
Ly, = D Z dpq1pettHDP1VD H 0p; O0u, P H Nujv; s (2.5)
n=0 i=1 j=n+1

with dop+1 = 0 and with either

_1\n 2(n—1)
= 2}3 (;) <2nD— 1) ’ (26)

or



where « is a dimensionful parameter which plays the role of the only coupling constant.
The symmetry transformation responsible for the soft behavior of the amplitudes is then
given for the above two possibilities as [58, 59]

op = G‘“’(a2:1:#x1, + 0,90,9), (2.8)

where the parameter G*” is an infinitesimal symmetric and traceless tensor. Here we
formally distinguish two branches of the Special Galileon Lagrangian — as we will see
later, they can couple differently to other fields.

The uniqueness of the special theories mentioned above also allows us to reconstruct
their amplitudes using soft recursion relations. First we have to set how exactly we will
perform the single soft limit p — 0. It is clear that we cannot move only one momentum to
zero without touching other momenta as they are related by the momentum conservation.
In order to parametrize one momentum soft shift (for example as p — tp) we need to
touch also at least two other momenta. If we want to have simultaneous information on
all possible soft limits in every line we can employ the so-called all-line shift [7]. As we
are working exclusively in D = 4, it is indeed possible to define for the n-point kinematics
with n > 6 the following rescaling shift

pi — pi(1 — za;) (2.9)
with all a; different. Then the studied amplitude has to behave as
Ap(z) ~ (1 — za;)° for z — 1/a; (2.10)

in all ¢ = 1,...n lines. In the theory with p fixed, under the all-line shift the amplitude
A, is expected to have the following asymptotics for z — oo

An(z) = O(2P"=2+2), (2.11)

In analogy with BCFW we can introduce a function

An(2)

fn(z) = Fn(z) )

(2.12)

where the denominator
n

F.(2) = H(l —a;2)7, (2.13)

i=1

is chosen so that the seeming poles z = 1/a; cancel with the anticipated soft behavior of
amplitude. Therefore the only singularities of f,(z) are the unitarity poles connected with
the factorization channels of the amplitude A,,. Provided p(n — 2) 4+ 2 < no we get

fulz) =00, — lim dz fnl2)
R—o00 |z|=R z

=0 (2.14)

and using the residue theorem for the meromorphic function f,(z)/z we can relate the
amplitude A(0) = res(fn(2)/z,0) to the sum of residue of f,(z)/z at the unitarity poles.
Thus, in analogy with BCFW we can reconstruct the amplitude recursively from the sum
of residua over the factorization channels.



3 No-go theorems for EFTs

In this section, we present a number of negative results in searching for new EFTs with
vanishing soft limits. First, we explore the EFTs for spin-1 particles with p = 1,2 and then
coupled scalar-vector interactions with Galileon power-counting (p = 2). In both cases we
will assume for simplicity the conservation of parity. Let us also stress that all particles
studied in this article are massless and thus we refer to spin-1 particle sometimes as vector
and sometimes as photon but we mean the same thing.

3.1 Interacting spin-1 theories

Based on the successes of amplitude approach to uniquely fix certain scalar field theories
we turn our attention to abelian massless vector fields. In four dimensions, there are two
different helicity states h = £1 and the amplitudes are characterized by the number of
external particles n and the number of negative helicity states k

A(1727 ok (k+ )T .onh) = A (I 1) (3.1)

While in the Yang-Mills theory the fundamental amplitudes are three-point and all higher
helicity amplitudes for k € (2,...,n—2) are non-zero, in the context of higher derivative
low-energy effective field theories it is natural to start with a four-point vertex. In order to
ensure gauge invariance the Lagrangian must be a function of field strength F*”. At the
leading order in the derivative expansion, for p = 1, the general Lagrangian can be written
in a form

1
4

+ g FF + P (FFFFWFF) + ¢S (FFFFFF) + ..., (3.2)

£r=! (FFY + g\ FFFF) + ¢2(FF)?

where the traces (...) stand for (FF) = F*F,,, (FFFF) = FM"F,,FFF,,, etc. In four
dimensions the Lagrangian £°=! can be written in terms of two building blocks

1 1 ~
f= _EFWva g= _ZFWFW’ (3.3)

where FH = %GWPUFPU. The Lagrangian (3.2) then becomes a polynomial in f, g,
L= = a1 f? + asg® + b f° +bafg® + .., (3.4)

where in parity conserving theories g only enters in even powers. From this Lagrangian we
can construct scattering amplitudes parametrized by coefficients a;, b;, etc. and ask if there
are any constraints at the level of tree-level S-matrix which would fix these coefficients and
specify a unique theory.

The simple soft limit p — 0 becomes richer in four dimensions when using spinor
helicity formalism. The momentum p* factorizes into a product of two spinors' pt =

In the following sections we will use more convenient bracket notations for the spinors, e.g. 2p1 - p2 =
S12 = <12>[21}.



ohAA) AX 4 and we can define a chiral soft limit when only one of the spinors is sent to
zero, either holomorphic A — 0 or anti-holomorphic A — 0. We can then impose an
enhanced soft limit behavior of the tree-level amplitude as a constraint,

A —tA\, and lim 4, = O(t7). (3.5)
t—0

Here we assume that for helicity plus particles we choose the holomorphic (and for helicity
minus the antiholomorphic) chiral soft limit in order to avoid the artificially enhanced soft
behavior caused by the deformation of the polarization spinors. As pointed out in [54]
there are no combinations of parameters such that the Lagrangian (3.4) would exhibit an
enhanced soft limit behavior, in this case ¢ > 0. This could be achieved by performing
multiple chiral soft limit when all holomorphic spinors of helicity plus particles are sent to
Zero,

Ai = tA;, fori € I+, (3.6)

while also shifting (some of) the antiholomorphic spinors A; — A;(t) for i € I of other par-
ticles to preserve the momentum conservation. The n-pt scattering amplitude A,, derived
from (3.4) has generically O(t°) behavior for ¢ — 0 but imposing enhanced behavior,

lim A, = O(t'), (3.7)
t—0

we can fix all parameters (up to an overall scale A) and fix the amplitude, and hence also
the Lagrangian (3.4) uniquely. The resulting Lagrangian is

Lpr = At — A? 1—21{4—/@, (3.8)
which is the action for Born-Infeld (BI) theory.? Interestingly, all amplitudes in this theory
preserve helicity, i.e. K = n/2 and we have the same number of plus and minus helicity
states in any amplitude, but this condition itself is not enough to specify BI uniquely
(e.g. Bossard-Nicolai Lagrangian [60] also preserves helicity while lacks any special soft
limit behavior, see the detailed discussion in [61]). The BI theory and the preservation of
helicity has also been recently studied at one-loop [61-63].

Following the successful path of exploring scalar EFTs using soft limits, we can consider
the Lagrangian with higher derivative terms and impose stronger behavior in the soft limit.
In particular, we can shift various A and/or X spinors for + and/or — helicity particles,
send them to zero demanding

lim 4, = O(t7) (3.9)

and fixing coefficients in the Lagrangian. The first case of interest is the Lagrangian
generated by the 9°F* terms, i.e. for p = 2. Adding the infinite tower of higher point
contact terms, we can schematically write

o1
L7 = P Y AP Y0 Y e (3.10)
k k k

2This action corresponds at the same time to the bosonic sector of the &' = 2 SUSY Born-Infeld model.
The soft behavior of the amplitudes can be then related to the N’ = 2 —+ N = 1 SUSY breaking in this
model [54].



where at each order we have to sum over all possible contractions of the Lorentz indices.
We prefer to formulate this question alternatively in the language of tree-level amplitudes.
Demanding that the helicity is preserved, we find one non-trivial 4pt amplitude,

A (17273747) = 510(12)2[34]> & Ly=0f-0f +0g- g, (3.11)

where f and g are the invariants (3.3). Here and in what follows, s;jr.. = (pi + pj + pr +

..)2. Note that all other helicity preserving Lagrangian terms of the form 92F* can be
eliminated using equations of motion or integration by parts and thus do not contribute
to 4pt amplitudes. At six-point, we are interested in the amplitude Ag(17273741516™).
We have to sum over the factorization diagrams and the contact terms, schematically
represented as

+ (3.12)

where all permutations are tacitly assumed. The factorization diagrams can be obtained
from on-shell gluing of 4pt amplitudes. For one factorization channel,?

(s12(12)7[4P[?) x L x (sso (3P [s6]) - (L2 BT r2s6 B2

3.13
5124 S124 (3.13)

Any difference between this prescription and another one — where we represent the off-shell
4pt Feynman vertex in a different way — would correspond to a contact term. Next, we
generate an ansatz for all contact terms which have the correct derivative power-counting
and little group weights. At 6pt, there are 5 independent kinematical terms. A particular
choice of this basis is:

Cs =cx (512(23)2(13)[36][45]% ) + 2 (s12(12)2(13)(23)[16][26] [45]?)
+ e (512(12)2 (13)2[16]2[45]% ) + e (s14(12)?(13)(23)[16][26][45]?)
+cs (<12>2<23>2<24>[14}[16] [26] [45]2) : (3.14)
All terms are then symmetrized in legs 1, 2, 3 and 4, 5, 6. The general ansatz for Ag =

Ag(1727374%5%6T) is then

A6 = +Cﬁ(cl7"'7c5)7 (315)

3 (12)2[56)%s12556(3|1+2/4]
P 5124

where P denotes symmetrization. Following p = 1 case we shift Ag using (3.6) and impose
soft behavior for t — 0, Ag = O(t?) for certain 0. Note that we perform multi-chiral soft

3Here we use the convention |—P) = i|P).



limit so the connection between p and o is not that straightforward as in the single soft
limit case.

First, we observe that the factorization terms (when symmetrized) behave like O(t4),
while the contact terms have general O(t?) behavior. There exists one linear combination
of these terms which have enhanced O(t?) scaling,

&1

Cy = 5, Cc3 = (1, C4=C5=0. (3.16)

Plugging back in (3.14) we get one-parametric contact term,
1
Ce =c1 ) _ s12(13)[45]? ((23>2<13> 36]% + 5<12>2<23>[16] [26] + <12>2<13>[16]2> . (3.17)
P

where P stands for the symmetrization in 1,2,3 and 4,5,6. There exists no value of
coefficient ¢; such that the (3.15) exhibits even stronger O(t%) scaling. As a result, we get
one parametric solution and the theory is not unique. While there is a way how to fix this
one parameter at six-point using a different multi-chiral soft limit (sending only two As to
zero), this breaks again at 8pt. The ansatz for the 8pt contact term Cg has 94 independent
coefficients and the soft limit behavior fails to fix all of them leaving us with multiple free
parameters. We performed various soft shifts including sending some momenta to zero at
different rates, or introducing more parameters in the soft-limit, none of that produced
a non-trivial answer. Namely, for the 8pt amplitude we considered {a,b} shift where we
perform the soft shift of some number a of A\ spinors and b different by spinors,

Nip = 2N, E=1,2,...,a, N, = 2\, k=1,2,...b. (3.18)
In this notation, the standard holomorphic soft limit corresponds to {1,0}, while sending
half of the As to zero would be {4,0}. Here we consider more general shift, but still we
have not found any non-trivial soft limit scaling. Furthermore, we generalized the shift by
sending various spinors to zero at different rate. This was done just for holomorphic shifts
of two, three or four A\ spinors.

Xip = 27N (3.19)

ik
We tried z, 22, 22 powers in various combinations but none of that lead to any non-trivial
soft limit behavior either. For example, using the three-particle soft limit {3, 0} and sending
the spinors to zero at the same rate, we find multiple solutions at O(#?), and one contact
term with O(t®) behavior. While this specifies a unique amplitude, it also eliminates all
factorization channels leaving us just with a contact term. Other shifts (including shifting
A, X for both + and — helicities) lead to the same conclusion: there is no non-trivial 8pt
amplitude with special soft-limit behavior. This does not prove there is no way how to
fix the amplitude uniquely, but at the moment we have to conclude that no standard soft
limit checks work. This is consistent with the statements in the EFT literature that there
is no “vector-Galileon” theory [64].



3.2 Scalar-vector theories

Since we were unable to find a unique pure vector theory fixed by standard soft limits,
we can try to couple vectors with other particles. The simplest choice is to couple vectors
with scalars. There is some chance that this combined theory containing both scalars
and vectors could be fixed uniquely via some non-trivial relations between the amplitudes.
For simplicity, we concentrate only on single-p theories with Galileon power-counting (i.e.
p = 2) which are parity conserving and which conserve helicity. We also suppose that their
only non-zero amplitudes are with an even number of legs. As in the previous section, we
formulate the problem using the tree-level amplitude language.

By demanding p = 2 and the correct little group scaling, we find there are three
(contact) 4pt amplitudes possible for various combinations of scalars and vectors,

Aps(1¥2%394%) = cos 512513523
Ago(17273%4%) = c99 534[1]3]2)[1[4]2) (3.20)
Ago(17273747) = c40 512[12]3(34)%

The amplitudes are denoted A, ,,,, where n, is the number of vector particles (or “photons”
in what follows), n, is the number of scalars, and the constants c,n, are free couplings.
Apart from the pure vector 4pt amplitude Ayg, there are two additional 4pt amplitudes
containing scalars. Just like in the previous section, any 6pt amplitude is constructed by
gluing appropriate 4pt vertices together and adding independent 6pt on-shell contact terms
with unknown constants. We can try imposing certain soft limits on the constructed ansatz
to fix both the 4pt and 6pt constants.

There are four 6pt amplitudes: Agg, A24, Agz, and Agg. Both the pure scalar one Agg
and the pure vector one Agp have been examined in the previous sections. The remaining
two amplitudes Asy and A4o are new. The diagrams contributing to the amplitude Ayy are

iAy = / (3.21)

There are 29 independent 6pt on-shell contact terms,

v (1727 394%596%) = {s§2[1|3\2>2, sa.[11312)2, s26[1]3]2)2, . ... } + perm . (3.22)

Demanding the O (t?’) soft limit behavior? for any scalar leg fixes all these coefficients
uniquely. This is in agreement with the reconstructibility condition (2.14). After perform-
ing the all-line shift of the external momenta and dividing the deformed amplitude by the
cubic soft terms (1 — a;2)3, we find that Apn, scales as

An—ynw (Z) 22(nytng)—2-n,

Jrom,(2) = 7% (1 — ay2)? ~ pT = O(z™ " 72), for z — o0, (3.23)
i=1 i

4This means we try to couple the photons to Special Galileon. This was suggested originally in [62] and
also discussed in [65] from the Lagrangian point of view.

~10 -



and thus f, n, — 0 for ny, = 2 and n, = 4. As discussed in the previous section, this
means that Aoy is reconstructible.
The amplitude A4o is more interesting. The contributing diagrams are

Ay = (3.24)

We have verified that demanding just the O (#3) soft limit behavior in any scalar leg is
not enough to fix the amplitude uniquely. This again agrees with the considerations based
on (3.23), for n, = 4 and n, = 2. Nevertheless, it is possible to fix the amplitude using
an additional soft limit demanding the O(t) multi-chiral soft limit in two of the photonic
legs. Interestingly, this soft limit also fixes one of the 4pt constants, either ¢4y or coo. Note
that the purely photonic amplitude Agy was also uniquely fixed using the multi-chiral soft
limit behavior in two legs.

At 8pt we have five distinct amplitudes: Ags, Asg, Aaa, Az and Agg. The pure
scalar amplitude Agg can be fixed by demanding the O(p?) soft behavior giving us the
amplitude in the Special Galileon theory. The same procedure now allows us to fix the
amplitude Aog again using the soft limit in one of the scalar legs in agreement with the soft
reconstructibility argument (3.23). However, all remaining amplitudes A44, Aga can not be
possibly fixed using any standard soft limits. We have tried various combinations of soft
limit vanishing in scalar legs and multi-chiral soft limits in photons, but nothing lead to a
unique theory. This is consistent with our inability to fix the pure photonic amplitude Agg
in the previous subsection.

To conclude, we have not been able to find a theory with Galileon power-counting,
containing both scalars and vectors, uniquely fixed by the O(p?) soft limit and some type
of multi-chiral limit(s). The results are summarized in figure 1.

4 EFTs with non-trivial soft theorem

As we have concluded in the previous two sections, apart from the Born-Infeld action there
are no vector or scalar-vector EFTs which can be fixed by vanishing soft limit behavior. In
this section, we consider more general type of the tree-level soft theorems, schematically

A1 (0, 1,.n) P20 85(p) x AD(1,. .. n) + Ot (4.1)

when the leading O(p?) term in the soft limit of the amplitude A,,41 is equal to the linear
combination of lower point amplitudes Ag) depending on the hard momenta {1,...,n}
multiplied by certain rational soft factors S;(p). The latter depends on both the soft and
hard momenta. The amplitudes Ag)(l, ...,n) on the right hand of (4.1) side can have
completely different particle content in comparison with the amplitude A,4; on the left

hand side, i.e. the helicities and the other discrete quantum numbers of the particles with

- 11 -



Ao Ay
/ \ /
29
Agy
\ / \
2152 1280
Ayq Ag2
/ \ /
?
A

Figure 1. The web of the amplitudes and the contact terms. We use the notation A#W%, where

Ay n, is either the set of contact terms (# is their number), or the amplitude. Whenever two nodes
of the web can be connected by an oriented path, the contact terms corresponding to the starting
point of the path contribute to the amplitude attached to the endpoint of the path. Provided
the theory exists, the green-colored amplitudes can be uniquely reconstructed recursively from the
O(p?) soft limit alone, the red-colored ones should be fixed by some additional requirements. The
orange-colored amplitudes A, 12, could be reconstructed using just one such extra requirement.

momenta {1,...,n} can be changed. The Lorentz invariance, the little group scaling and
the mass dimension of the amplitudes involved in (4.1) set constraints on the form of the
soft factor Sj(p) as well as on the soft exponent o and on the changes of the helicities of

(%)

the particles in A;’. For instance, as we will prove in what follows, in the case of the
pure massless vector theories with p = 2 studied in the previous sections, and under some
additional assumptions,” the only possible rational soft factor is S;(p) = 0. In order to
get nontrivial soft factor in theories containing massless vectors it is therefore necessary to
have also particles with other helicities in the spectrum of asymptotic states. The simplest
possibility how to enlarge the vector theory is to add additional massless scalars.

We will later derive the soft theorems in the massless single-flavor scalar-vector theory

with p = 2 power-counting, in the following form:

e For soft positive helicity massless vector particle h = +1,

p—0 @

i (P17 20 S i (1),
el t

+% S P A (I 1.19) 1+ 0(p). (42)

k 1P
iel®

where A is some scale and a and b are dimensionless parameters. We denoted p™
the soft momentum of the positive helicity vector particle, I, I~, I¥ is a collective
notation for positive or negative helicity vectors and scalars. The subscript of the
amplitudes on the right hand side, i* — i¥ and ¥ — i~, indicates the change of the
type of particles corresponding to the momentum i. The soft theorem for particle with
helicity h = —1 is analogous and within parity conserving theories it is parametrized
by the same a, b and A.

5Tt suffices to require that the soft factor does not depend on the reference spinors defining the polar-
ization vectors of the soft particle.
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o For soft massless scalar particle,

At (p7, 17,17, 19) = % S (e i)An (IF,17,17)
ieltul—

+% > (p-i)A, (I+,I‘,I“") +0(%).  (43)

iel¥

Now we will present a general discussion of the soft theorems (4.1) with various exam-
ples for different power-countings and helicities of the soft particles.

4.1 General multi-spin soft theorems in EFTs

Let us consider the scattering amplitude A, which generically behaves as O(p”) in the
soft limit due to power-counting. The enhanced O(p°*!) behavior would correspond to a
non-trivial, perhaps unique theory if exists, but suppose there is no such theory and instead
we assume a generalized tree-level soft theorem in the form (4.1), or more explicitly

Anih 1.2l ) =038 () AP (1.2, 0@, ) 0 (7). (44)

where h,a are the helicity and the discrete quantum numbers of the soft particle, while
h = {hy,..., hy} denotes the helicities and o = {«v, ..., ay, } the discrete quantum numbers
of the hard particles in amplitude A, 1. The right-hand side includes n-pt amplitudes A,(f )
where the helicities h(Y and quantum numbers a® are generally different form h and c.

In the above ansatz, Si(p) = Si(|p), [p], {l7),[4]}}=1) is an appropriate rational soft
factor built from spinors corresponding to the momenta {p,1,2,...,n}. Note that in the
case of soft photon, gluon or graviton, the soft factor might also depend on the reference
spinors defining the polarization vectors. Since we assume only the single-p higher deriva-
tive EFTs with interaction Lagrangian built solely in terms of F},, or linearized Riemann
tensor, we do not consider this possibility in what follows. We further assume S;(p) to
be a homogeneous function of all its arguments and also separately as a function of the
spinors |p), |p] only. Let us define the holomorphic and antiholomorphic weights a; and s;
according to

Si(tp), ulp], {t]7), ulil}j=1) = t"w* Si(|p), Ip), {17), 71} j=1) (4.5)
and similarly the weights a? and s as
Si(tlp), ulp), {1) 11} 5=1) =t Si(p), Ip), {15, 131} 7=1)- (4.6)

In the single-p theory we have the following balance of the degrees of homogeneity of both
sides of the relation (4.4)

1
pln+1-2)+2=S(ai+si) +p(n—2) +2, (4.7)
while the right little group scaling requires

2h+ 2h| = s; — a; + 2/h®)], (4.8)
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where we have denoted |h| = 37" ; h; the total helicity of the hard particles in the amplitude

Apy 1 and similarly [h(®)] is the total helicity of the particles involved in the amplitude AD.

Also, using the little group scaling for the soft particle and the required O(p?) soft scaling,’
2h =s' —al, 20+ 2|h| =st +dl, (4.9)

1
where a? and s? is the holomorphic and antiholomorphic weights of S;(p) with respect to
the spinors |p) and |p] spinors only. The solution of these constraints reads”

ai:p—h—Ai|h|, Si:p+h+Ai|h|
al = o+ |h|—h, s' =o+|h|+h, (4.10)

where A;|h| = |h| — [|h®] is the change of the total helicity of hard particles.
These general constraints can be further simplified under the assumption that in the
i—th term on the right hand side of (4.4), the soft factor S;(p) depends only on |p), |p]

and the spinors |i), |i] corresponding to the i—th particle, and that only the i—th particle
; ()

J

are motivated by the most usual mechanism of appearance of such soft factors. They are

changes its quantum numbers, i.e. hjZ = h; and a;’ = «; for j # i. These assumptions
typically caused by Feynman diagrams with soft particle attached to i—th hard external
line via three-point vertex.® The form of the soft factor and the helicity change are then
generated as a result of interplay between the soft limit of the three-point vertex and the
off-shell propagator connecting it with the rest of the graph. Both these building blocks
depend just on |p), |p] and [i), |i] and only the quantum numbers of i—the particle can be
changed. For particular realization of such a mechanism see appendix A.

Under the above assumptions, the only building blocks for S;(p) are then the brackets
(pli) and [p|i] and thus a; = 2a?, s; = 2s?. The general form of the soft theorem reads

n
0 . . ; ;
A1 (21,2, nlhy @) P20 3 Cupli) e [pli]* An(1,2, ..., n|h®, )10, (4.11)
=1
where C; are some constants and where now
1
p

1 1
i = 5P~ h, s = §P+ h, Ailhl=h, o= 9P~ |, (4.12)

i.e. on the right hand side, the helicities of the hard particles are given in terms of the
helicities on the left hand side as

h® = {hy, ho,... hi — h,... k). (4.13)

Note that the weights a?, s and o have to be integers, which excludes some of the pairs
(p, h).

SNote that taking the p — 0 limit we do not deform the holomorphic spinors for h < 0 and the

antiholomorphic spinors for h > 0.

"Note that these constraints can be easily adopted for multi-p theories when the amplitudes A, i1
and A, are characterized by different p’s. In such a case we have to replace p — Ap, where Ap =
pnt1(n — 1) — pp(n — 2) and where the p parameters of the amplitude A,+1 and A, are pp+1 and p,
respectively.

8Note, however, that the presence of three-point vertices is not the only source of nontrivial soft factors.
Explicit example of more complex mechanism can be found in [44].
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4.2 Examples of multi-spin soft theorems

We will now apply the general soft theorems derived in the previous section to particular
cases of interest: p = 0, 1,2 power-counting.

p = 0: the only possible case of a nontrivial soft theorem is for integer helicity h =
0,=£1,... and the non-positive value o = 0, —1, —2,.... For a scalar theory, h = 0, we get
n
An+1 (pa, 1> 2’ R n|a) pzo Z CzAn(la 27 cee 7n|a(1)) + O(p) (414)
i=1

This type of the soft theorem was discussed in [44] in the context of nonlinear sigma models
and in [66] in the context of dilaton and non-Goldstone particles. In theories with massless
vectors and for soft particle with helicity h = +1 we get

n ah '
Anii(02,1,2,.. nfh,e) 2" S € [i;ghAn(L 2. onfh,a) n_p + O(1).  (4.15)
=1

(
This form of the soft vector theorem case was introduced in [67] as a new possible subleading
term in soft photon theorem within higher derivative EFTs.

A combination of both soft theorems can be studied in theories that non-trivially mix
scalar and spin-1 degrees of freedom. Typical example would be N' = 2 CP! NLSM, an
important case in this context [33], which we leave open for future work.

p = 1: the only nontrivial soft factor is possible for half-integer helicities of the soft
particle. For h = 1/2 we get

n
0 ‘ ;
An+1(pa/27 17 27 oo ,?’L’h, a) p;) Z Cz[p’Z]An(17 27 oo 7n|h7 a(Z))’hiﬁhifl/2 + O<p) (416)
i=1
Similarly to previous case we leave a deeper study of possible realization of this soft theorem
open for future (tentative model should non-trivially mix between bosons and spin-1/2).
The soft factor for h = 3/2 reads:

n 12
0 1 i

Awi1 (P2 1,2,.. njh, @) "2 Zcﬁ&'é An(1,2, . nfh, D)l 372+ O(1). (417)
i=1

p = 2: only integer h’s are possible for nontrivial soft factor and then

n 1 h
An-l—l(pga 17 27 R n’h7 a) pzo Z Cz <[g;2]>h (p : i)An(lv 27 ceey n‘h7 a(i))’hz’%m*h + O(pz_‘h‘)'
= (4.18)
The case of scalar theory, i.e. h = h; = 0 was discussed in [68] in connection with multi-
flavor Galileon theories while the case h = 2 was first established in [67] as a new subleading
term in the soft graviton theorem in effective field theories.

Let us now return to the general form (4.4) of the soft theorem and apply the con-
straints (4.10) on the case we have discussed in the previous sections, namely to the scalar-

vector theory with Galileon power-counting. For h =1 and p = 2 we get from (4.10)
a; =1—A;lhl, si = 3+ Alhl,
a = o, st =0+2. (4.19)

~15 —



Let us first assume a theory which contains only massless vector particles in the spectrum
of asymptotic states. Since both a; and s; have to be even due to the Lorentz invariance
and since for h; = £1 we get only even helicity change Ah; = 0,£2, the only consistent
possibility in pure vector theory is S;(p) = 0. Therefore, to get nontrivial soft factor for the
case of single soft particle with h = +1 we need to add other particles with different spins to
the theory which could produce odd sum of the helicity changes. The simplest possibility is
to add scalars to the spectrum and, as we discussed above, to change the helicity only of the
i—th particle in the i—th term of the sum on the right hand side of (4.4). We assume that
Si(p) depends only on |p), |p] and the spinors corresponding to the i—th particle. These
assumptions lead to the soft theorems of the general form (4.2) and (4.3) mentioned above.

5 Non-trivial soft bootstrap of scalar-vector Galileon

We will now employ the non-trivial soft theorems in the bootstrap of the scalar-vector
theory with Galileon power-counting p = 2.

5.1 The simplest extension

First, we will concentrate on the special form of the scalar soft limit, namely O(p?) behav-
ior. It is the first natural generalization of completely vanishing soft limits, as studied in
section 3.2. We will thus demand here:

At (p7 1,17, 19) P20 25 37 pil? A (17,17, 1)

; it —i®
eIt

+%Z[p,i]2An(I+,I‘,I‘P) +0(p)  (5.1)

ic1e 1P =1
for a plus helicity and similarly for a minus helicity and for scalars:
An+1 <p<p)-[+7-[77-[90> pzo (p3) (52)

This is a starting point for the soft amplitude bootstrap. As before, we generate the most
general kinematical ansatz for the amplitude A,y and then fix the free parameters de-
manding the validity of the above soft theorems. In this case, in addition to free parameters
in the kinematical ansatz we also have additional parameters a, b from the soft theorems.

As before we assume the parity conservation. Again, due to the Lorentz invariance for
our power-counting only the amplitudes with even number of vector particles are allowed.
One important difference from the bootstrap setup in previous section, is the presence
of odd amplitudes, and we need to consider vertices of any multiplicity in our ansatz.
There are no 3pt amplitudes for p = 2 power-counting, so the pure 4pt and 5pt vertices
are immediately the corresponding amplitudes (i.e. they don’t factorize to subamplitudes).
By the nature of the vector soft theorem we cannot limit ourselves to helicity conserving
amplitudes only. The 4pt amplitudes given already in (3.20) must be thus extended by the
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helicity-violating 4pt vertices to the following seven-parametric set

Apa(1929394%) = o4 512513523

Ago(17273%4%) = c99 834[1]3]2)[1[4]2)

Aga(17213%4%) = ¢y (513523 + s14504)[12]% + i 579[12] (5.3)
Ayp(17213747) = cq9 512[12]%(34)2

Ago(1727374%) = ¢y (s12[12]2[34]? + 513[13]%[24])% + s23[23]%[14]%)

Ago(17273747) = cfy ((14)2[12]2[13]2 + (34)%[23][13])? + (24)2[12]?[23]?) .

We can now proceed to the 5pt and 6pt vertices. For reference purposes let us summarize
the numbers of terms of the vertex basis. For the 5pt vertices there are in total 26 constants,
schematically represented by the helicity state (&) for a photon and ¢ for a scalar:

++++9(3), +++—¢4), ++——¢(6), ++ppp (6), +—ppp (5), preep(2)  (5.4)

(with an exact number of terms for the individual combination in parenthesis). The number

of terms grows rapidly, so for the 6pt vertices there are already 215 monomials:

ot t+++ 3), +4+++—(4), +4+++——(12), +++———(5), ++++pp (23),
F++—pp (56), ++——pp (42), ++pppp (36), +—pppp (29), pepppp (5).  (5.5)

Requiring the validity of the soft theorems (5.1) and (5.2) lead to a set of non-trivial
relations entangling the 4pt, 5pt and the 6pt constants. The system is easy to reduce and
the result is very surprising: the whole theory is governed by only one free parameter! So
not only all the 5pt and 6pt vertices are completely fixed by the 4pt inputs (5.3), but these
4pt inputs are subject of such strong conditions that they are all fixed. The same is true
for the parameters of the soft theorem, namely a and b. Let us summarize the results. The
parameters a and b are related as

where A is some dimensionful scale, and the solution for the 4pt vertices reads:

1 / ]‘ / /"
Co4 = €22 = 75, C40 = Cio = ~ 55 Coy = Cog =y =0. (5.7)

Note that the nontrivial amplitudes Ags and Asy obey the O(p?) enhanced Adler zero due

to the momentum conservation, e.g.

A22 = A6812[3|2’4>[3|1’4> A6$12[3|2|4> A6812[3’1|4> (58)

and the amplitudes Ass and Ayg vanish in the single soft vector limit in accord with the
soft theorem, since there are no 3pt on-shell amplitudes.
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It is interesting that almost all 5pt amplitudes vanish. The only non-vanishing combi-
nation is A4 (17273%7475%) and its parity conjugated one A4 (172737415%), explicitly”

_ 4
Ay (172137475%) = F815<14>2[12]2[53]2 + perm(1,2,3). (5.9)
Note that the calculations of the 6pt amplitudes (at least of some of them) were necessary
to reduce the system of parameters to one variable. In the next subsection we will try to
understand this behavior from the another point of view based on recursion relations.

5.2 Soft recursion relations

From the previous subsection we have a strong hint that there is a unique scalar-vector
theory with Galileon power-counting which obeys the soft theorems (5.1) and (5.2). We will
postpone the actual construction of its Lagrangian based on a symmetry to the next section.
Let us now assume its existence and discuss deeper the general properties of its amplitudes.
We will start with a proof that the amplitudes of this theory are fully reconstructible using
the soft BCFW-like recursion. Assume the amplitude A, ,,(I",1~,I¥) with n, vector
particles (photons) and n, scalars. Provided n, + n, > 6, we can apply the all-line soft
shift [7]

[)) = (1 —bz)|i)  forielt
=1 —-b2)i] foriel”
i=(l—a2)i foriel?, (5.10)

where a; and b; are (partially) fixed by the momentum conservation. Under this shift, the
amplitude scales for z — oo as

Ay, (2) = O (Hmme)=2om ) = O (R2etm2) (5.11)

since, according to the power-counting p = 2, the degree of homogeneity in momenta is
2 (ny + ny) — 2 and the shift was chosen in such a way that the polarization of the photons
are not shifted.!® The shift allows to probe the soft limit of all the lines and including the
corresponding soft factor, the function

Fron (2) = 52 Ao, "“’n(f) (5.12)
[T (1—a;i2)® [T (1 —b;2)
i=1 j=1
scales for z — oo as
fryng (2) =0 (z’"*ﬁ) : (5.13)

Therefore, there is no residue at infinity. The residue at z = 1/a; vanishes due to the Special
Galileon soft theorem, which ensures the scaling ﬁn%mp (2) = O((1 — a;2)3). Although the

9The result for A4 (172737 475%) is obtained by the exchange of the angle and square brackets.
10Note that the little group scaling requires undeformed |]|4] factor for each positive helicity photon and
similarly undeformed [i)]é) for each negative helicity photon.
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amplitude An%n(p (z) does not vanish for z = 1/b;, the corresponding residue is known in
terms of the lower point amplitudes as a consequence of the soft theorem (5.1). For instance
forie It

1 1 g it 1 2 ieim (1
res (fnnb) - [Z i) A <b> D LY <b>] (5.14)

ert+ jeI¥
and similarly for ¢ € I~. As usual, the only remaining poles of f, n.(z) are the uni-
tarity poles of the deformed amplitude and the corresponding residue are known from
factorization in terms of products of lower point amplitudes. We can therefore apply the
residue theorem on the meromorphic function f, »,(2)/z and reconstruct the amplitude
Anin, = Anyn, (0) recursively,

. dz 1
lim —fan,(2) =0 — Ay n,=-— Zres (fnvnw b-) - Zres (fryng» 27) -
J J F

R—o00 |z|=R %
(5.15)

The second term in the sum corresponds to standard factorization poles for Pr(zr)? =
0, where P]Q_- is the propagator denominator in the factorization channel F. The seed
amplitudes for the recursion are given in (5.3) with (5.7).

Let us point out that also the 5pt amplitudes can be fixed uniquely in terms of 4pt
ones. In this case, the all-line shift is not possible, but we can always apply a three-line
soft shift with two compensating momenta or a four-line soft shift with one compensating
momentum. These correspond to the so-called all-but-two-line and all-but-one-line shifts,
respectively (for details we refer to [32]). Indeed, the shifted amplitude scales in both cases
as ﬁnwg,,m(z) = O(2% ™) or better and since n, is always even, it is enough to use the
three-line soft shift, i.e. more precisely 3¢ soft shift for Ags amplitude, 2¢ + 1 or 3¢ soft
shift for As3 amplitude and 1¢ + 27+ soft shift for A4;. In the latter two cases we have to
choose carefully the type of the soft shift for various helicity configurations.

5.3 Soft bonus relations

In the previous subsection we have used the analytical properties of shifted amplitudes to
reconstruct any higher-point amplitudes from the 4pt seeds. However, the role of the soft
recursion relations is much subtle and consequently more important. This comes from the
so-called bonus relations which serve as a consistency check on the inputs. Let us explain
briefly where they come from. As already mentioned, the maximal soft shift we can employ
on the 5pt amplitudes comes from the all-but-one-line shift, where 4 legs are simultaneously
accessible for the soft limits. Note that all functions f;,, n,(2) given by (5.12) scale at least
as 1/2%, and so for all 5p amplitudes A5(z) we don’t need the 1/z factor in the Cauchy’s
integral (5.15). If we drop the 1/z factor, we will not create a residue at infinity and thus
we can apply the residue theorem directly to fy,, n,(2) and obtain relations among the 4pt
vertices only. The similar analysis for the 6pt amplitudes leads to the same conclusion —
all amplitudes (including the 6-photons) have the large z behavior at least as 1/z2. This
can be easily generalized for higher points and we can summarize:

lim dz fnyn,(2) =0, for ny +ny, >5. (5.16)

R—oo |z|=R
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Starting with n, +n, = 5 we get that the sum of residua f, ., includes only the lower-
point amplitudes i.e. the 4pt vertices. If we use the general inputs as summarized in (5.3)
it must give us relations among them. After this first iteration we found that it reduced
the seven 4pt parameters down to three. Now, turning attention to the second iteration,
i.e. on the 6pt amplitudes, we got that all the 5pt vertices are fixed based on the 4pt
inputs. So studying bonus relations with n, + n, = 6 leads again to relations among the
4pt inputs. After performing this iteration we found out that only one parameter is left
and the solution agrees with the direct calculation summarized in (5.7).

We have thus used a second method which gave us exactly same result as a direct
“gluing” of amplitudes. The advantage of the method based on the bonus relations is
mainly in the fact that we don’t need to create an explicit basis for the higher point
vertices. For the 5pt and 6pt this was still possible, however, for the higher ones this would
be more and more difficult and, thus, the bonus relation method would be the only real
option. In both cases we have come to a theory that has a chance to be an exceptional
EFT, i.e. theory which is uniquely fixed by a single coupling constant.

5.4 Generalization

We have limited our discussion so far to a special form of the scalar soft limit (5.2). Now let
us briefly focus on the general case of the soft scalar limit. We know that instead of O(p?)
behavior in (5.2) we can demand general soft scalar limit with a non-zero right-hand side,
given in (4.3). Now we may repeat the previous steps and try to reconstruct the theory
again bottom up. There is, however, one technical difficulty. One can easily check that
not all 5pt amplitudes are reconstructible anymore. To be more specific: the all-scalar 5pt
amplitude cannot be reconstructed from the 4pt ones, but instead, it serves as one of the
inputs for the 6pt (and higher-point) amplitudes. We have already mentioned that there
are two basis monomials for this amplitude (see (5.4)), but one can be eliminated by the
scalar soft limit (4.3). For this combination, the right-hand side of the soft theorem is zero
(trivially due to the momentum conservation) and hence this vertex must be equivalent to
the 5pt Galileon amplitude

A05(1@24‘D3<‘04<‘05¢) = 24605 det{Sij}ijzl = C05512513514515 + perm(1,2,3,4,5) . (5.17)

All other 5pt and higher-pt amplitudes are, however, reconstructible, i.e. they are zero, or
they can be expressed by the seven 4pt constants, one 5pt constant and the parameters
of the soft theorems (4.2) and (4.3). There are only three such parameters as the momentum
conservation can be used to eliminate ¢ or d. We will take the following combination:

a, b and (d — ¢) (5.18)

as the independent choice.
Let us summarize what we have obtained after performing the same steps as for the
special case, i.e. after testing all 5pt and 6pt amplitudes. There are two non-trivial cases:

I) a# —b, (d - C) =0, 6/2,2 =0, C40 = CilO = ab, CZO =0,

1
II) a = _bv (d - C) 7é 07 0/2/2 = ib(d - C)7 C40 = cilO = _b27 CZO =0.
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So in both cases the parametric space is reduced to six parameters: two soft-theorem
constants (a,b or a = —b,d — ¢), three 4pt constants cp4, co2, ch, and one 5pt constant
co5- Note that these are only candidates for the solution, as we should check the self-
consistency (stability of the solutions) by going to higher orders. In fact calculating all the
7pt amplitudes and one 8pt (the helicity-conserving amplitude Agg), we found out that the
first solution trivializes and only the second survives. We will see this is in agreement with
results of the next section.

Before concluding this section let us mention one technical aspect which has never
been discussed in literature. It concerns the above construction of the 5pt amplitudes
based on the general soft scalar limit. As we have mentioned, not all 5pt amplitudes are
reconstructible and it can be easily shown that those 5pt amplitudes that are reconstructible
give no room for the bonus relations. Now, taking the amplitude A5(112737475%), we have
found out that not-only this amplitude is completely fixed by the 4pt vertices (as it should
be), but as a by-product we got one relation on the 4pt vertices themselves. How is this
possible and how it can be explained using the general soft bootstrap reconstruction; does it
mean that we have missed some possible shift for the 5pt kinematics, as summarized in [32]?
The answer is both, no and yes. It is true that it is not possible to shift simultaneously
all five legs, as would be needed for the lacking bonus relation. However, the trick is, we
can shift twice for the same kinematics, so effectively we can shift all five legs. First, we
can shift say legs 17,27, 3%, 5% and then legs 17,27 ,47,5¢. Both shifts must produce the
same kinematics for z = 0. In such a case we have two non-trivial and non-equivalent ways
how to construct the amplitude As, schematically

soft bootstrap = A5(0)|shitt 1 = A5(0)|shigs 2 (5.19)

and this leads to the desired constrain(s) on the inputs, i.e. on the 4pt vertices.

To summarize the soft bootstrap procedure produced unique amplitudes for massless
vectors and scalars with p = 2 power-counting that satisfy the soft theorems (4.18). This is
a smoking gun for the existence of a particular theory with some underlying symmetry. On
top of that, the situation is similar to the pure scalar Galileon, where for the general theory
there exists a special choice of couplings leading to the Special Galileon, which possesses a
hidden symmetry. This seems to be also true in the scalar-vector sector as hinted by the
soft bootstrap results. We will elaborate on this in the next section.

6 The scalar-vector Galileon theory

Based on the results of the last section, we are now looking for a coupled scalar-vector theory
with p = 2 power-counting, with scattering amplitudes satisfying the soft theorems (5.1)
and (5.2).

6.1 The coupling of Special Galileon to massless vector

Our starting point in the identification of this theory is the purely scalar sector. It must
be given by the Special Galileon theory in D = 4:

1
'CsGal = _7()0|:|()0 +

1
5 5139 ((09)° +20,000,0°00,0" ¢ — 3000,0,00" "), (6.1)
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which leads to the desired soft limit behavior (5.2). Here « is a dimensionful parameter
with [a] = 3 which sets the scale of non-linearity and plays the role of a coupling constant.
The two possible signs correspond to two branches of the Special Galileon Lagrangians,
which can be connected by means of analytic continuation « — ic. According to the
general theorem proved in [32], the soft behavior of the amplitudes can be understood as a
consequence of some generalized polynomial shift symmetry. In the case of Special Galileon
Lagrangian (6.1), such a symmetry can be treated as a simultaneous transformation of the
coordinates and the Galileon field [58, 59]

ot =t + G"O,p (), ¢ (2') = p(x) — %Gaﬁ (:l:oanaxg — 6a<p85g0> (6.2)

with an infinitesimal parameter G, with properties G = G"*, 1, G* = 0. The =+ signs
correspond to two branches discussed above.

Our task is to construct the most general Lagrangian including the fields ¢(z) and
A, (x) which is invariant with respect to the transformation (6.2) enlarged appropriately
to the field A,(x). The geometrical interpretation of the Special Galileon developed
in [59] proved to be particularly useful for our purposes. Within this approach, the Spe-
cial Galileon field is treated as the only nontrivial degree of freedom corresponding to a
particular gauge description of a configuration of a D—dimensional Lorentzian brane in
2D dimensional flat target space with pseudo-Riemannian metric with a signature either
(2,2D —2) or (D, D) according to the branch. The Special Galileon symmetry can be then
interpreted as a linear isometry of the target space and its non-linear nature when acting
on the Special Galileon field is a consequence of a particular gauge fixing. Such picture
allows us to easily construct the covariant building blocks with respect to this symmetry.
Namely, the basic objects are the induced metric on the brane

1
G = M £ ?8#34,0 - 00,5, (6.3)

which transforms as a rank two tensor under (6.2), the inverse metric g*”, the corresponding
covariant derivative with the Christoffel symbol I',,,,, and the extrinsic curvature KC,pq,

Lo = i%@,ﬁ,ﬂqﬁ - 00,0, Kuva = —é@a%&,d), (6.4)

where /C,, transforms under (6.2) as a rank three tensor. Next building bock is the scalar
o which is defined differently for two branches mentioned above, namely

o g . det (77 + ;8&0) nd o det (n + éa&p) |
21 det (17 — é@@gp) 2 det (77 — é@@cp)

for the “plus” and “minus” branches, and it transforms as an invariant with respect to the

(6.5)

Special Galileon symmetry
o'(2") = o(x). (6.6)

The last building block is the invariant measure d”z+/[g] on the brane, where g = det G-
Then any diffeomorphism invariant built from the above building blocks is automatically

- 29 —



invariant with respect to the Special Galileon symmetry (6.2). This suggests to enlarge the
Special Galileon symmetry to the vector field A, according to
/ / Oz af
A (@) = 5o Aa (2) = Au(w) = G2030,0(x) A (2). (6.7)
Scalar-vector Lagrangians invariant with respect to (6.2) and (6.7) lead then automatically
to the amplitudes satisfying the enhanced O(p?) soft scalar limit.
From the above building blocks we can construct the following minimal invariant La-
grangian which corresponds to the coupling of the vector field A, to the Special Galileon

1 o
£v = Luca ~ \lolV (2) FuaFung s, (63)

where V' is an arbitrary potential given by the expansion
o =1 o\"
Vi—-)=1 — — . 6.9
<a> +nZ::1n!vn <a> (6.9)

The canonical normalization of the vector kinetic term requires V (0) = 1 and hermiticity
needs v, to be real. Note also that the Lagrangian has the same power-counting as the
Galileon, i.e. each vertex has p = 2. The minimal form of such a Lagrangian with V' =1
has been studied in [65].

Of course, Ly is not the most general invariant Lagrangian with the Galileon power-
counting since we can freely add non-minimal invariants which are higher order in F},, of
the schematic form

L=V(s)- D' K™ . F"  with np—2=np+ng, (6.10)

where D,, is the covariant derivative associated with the metric g,,. The constraint on
powers ng, np, ni is necessary to preserve p = 2 power-counting. The minimal case (6.8)
has np = 2, np = nxg = 0. The terms quartic in F},, are of the schematic form VFAKC? (12
independent terms), V(DK)F* (4 terms), V(DF)?F? (9 terms), V(DF)F3K (10 terms),
and V(D?F)F3 (5 terms), and so on.

Note that any scalar-vector theory invariant with respect to the above Special Galileon
symmetry (6.2), (6.7) has to include the minimal Lagrangian Ly with some choice of V' in
order to get the kinetic term for the vector field A,. Even in this minimal case we are left
with an infinite number of independent parameters v,. In order to get a unique and on-
shell reconstructible theory based on Ly, we need therefore to fix the form of the potential
V. This confirms the above results based on amplitude bootstrap: the scalar-vector theory
cannot be fixed uniquely using only the O(p?) single scalar soft limit.

6.2 The Special scalar-vector (Galileon

Assuming the minimal Lagrangian Ly and fixing the “minus” branch of the Special
Galileon, the choice of the potential V' (z) according to

V(z)=e" (6.11)
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is very special. In this case, the action of the theory has additional symmetry which
together with the Special Galileon symmetry fixes the tree-level S—matrix uniquely, and
it corresponds to the solution we found using the bootstrap method.

To reveal this additional symmetry we can use the Galileon duality transformation
(see [69] and [70] for details) extended appropriately to the vector filed A,, which relates
the original theory to an equivalent dual theory with the same S—matrix. For a particular
choice of the duality transformation the additional symmetry will be manifest in the dual
formulation of the theory. This duality transformation can be described as follows. Let us
rename the original fields and coordinates in the Lagrangian (6.8) as

z—y, p) = p(y), Au(z) = Bu(y), Fu(®) = Gu(y), (6.12)

then the new fields and coordinates, which we denote again as z, ¢(z) and A,(x), are given
in terms of the original ones as

T=1y— éap(y), p(x) = ply) — iap(y) 0p(y), Auly) = gzzBa (y) - (6.13)

This transformation leads to the dual action S’[¢p, F),,] defined as S'[p, Fj,.] = S[p, G-
Explicitly we get

1 o (x
Sl Ful = [ @bl — 1 [ate iy @lexp (T2 B (0) Fos (0) 97 (0) 9 (@),
(6.14)
Since the original scalar-vector interaction Lagrangian was build from geometrical objects

which transform covariantly under the change of the coordinates, the general form of this
part of the Lagrangian is preserved under the duality transformation, while the Special
Galileon Lagrangian is replaced by the dual Special Galileon Lagrangian L. ., [58, 71]

Cal = Z E DI —n) (a) () ghHanatiagiivavsva H (‘)Mawgp(:c) H M jv; -
= ! !

=1 j=n+1

(6.15)

The dual transformed metric g,,, (in the above formula g is the corresponding inverse)
and scalar invariant o’ can be expressed in terms of the dual field ¢ as

G (0) = 1+ 20u00p (), ' () = 5 |9/ (2)]. (6.16)

After some manipulation!'! we find for the dual scalar-vector interaction Lagrangian

/

1 o 1~ ~
Line = —7\/19'lexp <a> FuaF,pg"" g = ZFWFc“ﬂgﬁmg’yg, (6.17)

where FH = %5“’”15 F,3. Explicitly we get

A

1 1
e = 4FHVF/W+ZgaﬁM1M2876V1V2FaﬁF75 (8,“({‘)1,1 ONpgrs + Eam&,l <p8“2(9y2g0> . (6.18)

0%

11 pipgoros vivafB1B2 ./ / — _ (A B1vL g2V Ipive /v
Here we use the formula ¢ € Gorp19asse = —2l9'|(g g Y g )-
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Note that the last form of the Lagrangian L{, can be identified with a special case of
the shift symmetric scalar-vector Lagrangians discussed in [65] which are related to the
scalar-vector sector of the flat space decoupling limit of the massive spin-2 pseudo-linear
theory. It appears also as a decoupling limit of the special case of the generalized Proca
Lagrangians introduced in [72].
Written in the form (6.18), £, is manifestly invariant (up to the total derivative) with
respect to the shift
(5Fa5 = mag y (619)

where m, s is the infinitesimal antisymmetric tensor. Such a shift is induced by the following

linear shift of the four-potential

1
0A, = §xamau. (6.20)

The original Special Galileon symmetry (6.2) can be expressed in the dual formulation as
ot =at — G"x,, O (2)) = p(x)+ %Gaﬁxaw[g (6.21)

and its extension (6.7) to the vector field A, reads now
Al (a") = Au(z) + G, An() . (6.22)

This transformation remains to be a symmetry of the dual action S’[¢, F),,]. Since the
S—matrix in both the original and dual formulations are the same, the amplitudes are
unchanged and obey the enhanced O(p3) Adler zero for soft scalars. The shift symme-
try (6.19), (6.20) results in the additional soft-vector theorems which is a special case of
the general one (4.2) (for the proof see appendix A). For a helicity plus soft vector particle

we get
. - 1 . .
limg Ansr (94,1517, 09) = = 37 pyal? A (1717,19) |
P @ ielt v
1 . -
tog DAt A () (629
1el®

and similarly for the helicity minus soft vector particle. We checked explicitly that for o =
A3/2 the Lagrangian (6.18) generates the same amplitudes we found using the bootstrap
method and it is indeed identified with the unique solution to the soft limit constraints (5.1)
and (5.2) we found earlier.

6.3 General scalar-vector Galileon

The Lagrangian (6.18) is not the most general form which emerges as the decoupling limit
of the massive spin-2 pseudolinear theory or generalized Proca theory. Similarly, the form
of the soft theorems satisfied by the corresponding amplitudes are not of the most general
form (4.2) and (4.3) discussed in section 4. In this subsection, we will discuss other examples
of theories with more general soft theorems.
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Assume the Lagrangian which couple the general Galileon with massless vector that
has been derived in [55] as the most general scalar-vector sector of the decoupling limit of
the massive spin-2 pseudolinear theory, namely

L = 5880 . 890 + Z A?In—l) @5M1M2#3M48V1U2V31/4 H 8;”81/1-80 H M (624)
n=2 =1 j=n+1
1 1 a a
*ZFMVF#V + 150‘5“1#2675”1V2FQK3F“/5 ([éamayl ONpsvs + A—‘éc’)mayl 908M28y2<p> .

It is manifestly invariant (up to the total derivative) with respect to the shift
0F,5 = mag (6.25)
and with respect to the Galileon symmetry
Sp=a+b-x. (6.26)

The first symmetry is responsible for the soft photon theorem (see appendix A for more
details)

. _ Q . —
;I—I;%A"H (p+,I+,I ’Fp) - _ﬁ 621; [p,z]QAn (I+’I ,I"O>i+_w
+os EI: p i A (14,07,1%) . (627)
iel?

The second symmetry leads to a nontrivial soft scalar theorem (note that unlike the Special
Galileon case we have uncorrelated cubic vertices!?) of the form

_ —0 ds . az . _
Ay (p#,17,17,1%) 72 [—GM Yi-g5 X b z)] A (17,17, 17) + 00%),
i€l? eltur—
(6.28)
(for the proof see section A.1). The amplitudes of the theory with n, + n, > 6 are fully
reconstructible using the soft recursion relations. Indeed, using the all-line shift based on

the above soft theorems, we get for z — oo

2(ne+ny)—2—n
fnn(z): A(Z) —0 z Ty Y _0 2_2 .
NP Ny 9 Ty z2n¢2"7
I1 (1 —aiz)” IT (1 —b;2)
i=1 j=1

Unlike the Special Galileon case, not all 5pt amplitudes are reconstructible, since the all-line
soft shift is not available. However, we can use the soft four-line shift, which, as discussed
in [32] or in previous section, is available for n, + n, > 5. Using the 1y + 3¢ soft shift for
Aos and 37+ 1¢ soft shift for A4; we can reconstruct these amplitudes form the 4pt seeds.

12Tn the case of the Special Galileon, 67\% = a3/A* = 1/2a and the theorem is trivial due to the momentum

conservation.
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We are left with just seven'? seed amplitudes of the schematic type Ags, Aos, Ago, and
Aps. They are not all independent since they are expressed in terms of five independent
couplings ds, d4, ds, a3 and a4 only.

There is another interesting class of theories, which are related to the La-
grangian (6.24). These theories are invariant with respect to one parametric generalization
of the shift symmetry (6.20) with the deformation parameter 6,

0A, = %ma# (xa + 21533%0) =014, + 0604, (6.29)

as well as with respect to the Galileon symmetry (6.26). Such theories correspond to the
scalar-vector sector of the decoupling limit of the massive gravity as discussed in details
in [55]. The Lagrangian of these theories can be obtained from the “seed” Lagrangian (6.24)
by the deformation procedure which produces infinite tower of descendant terms from each
scalar-vector interacting terms of the Lagrangian (6.24). Schematically,

4 oo
L=Lea+ Y > LW, (6.30)

n=2k=n

where the seeds /ngn) for n = 2, 3, 4 are the vector kinetic term, the 2y cubic term and 2y2¢
quartic interaction terms of the original Lagrangian (6.24), while E%k) are their descendants
(here k denotes the number of fields while n denotes valence of the seed). These satisfy
the fundamental relations

6O k) — gs) £k=1) (6.31)

which ensure the invariance with respect to (6.29). The solution to the above relations
was found in [55], where the reader can also find the explicit formulas which we do not

reproduce here. Let us only mention the explicit form of the only new cubic vertex LéB)

£ = %F“O‘F”a@uﬁyw, (6.32)
which is crucial for the derivation of the soft scalar theorem. The resulting Lagrangian
contains six free parameters, namely the Galileon couplings ds, dy4, ds, the seed couplings
as, a4 and the deformation parameter 6. For this theory it can be proved the following
modification of the soft theorems'* (6.27), namely for helicity plus soft vector

_ 2a3 — 0 , _
: + 7+ Y — _ 2 + (2
lim An iy (pr.rr ) = -2 ‘;;r[p,z] Ao (1017,0%)
K3
2@3—9 12 4 _ )
e GZI; pil* A (17, 17,07)  (6.33)
K3

and similar one for helicity minus case, and for soft scalar

d 2 0
An-‘rl(p(pyl—i_v-[_a-[@) pzo [_6/é’ Z(pl)_ 9 1 Z (pl)‘|An(I+7I_’I<P)—|—O(p2)

3
elv 2A ieltul—

(6.34)

13Here we take into account various helicity configurations, however, we do not take the helicity flipped
amplitudes as independent due to the parity conservation.
14The general proof will be published elsewhere.
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This theory is a realization of the general soft theorems (4.2) and (4.3). As above, the
amplitudes are reconstructible from the six parametric set of seed amplitudes Aoy, Ao,
A40 and A()5.

7 Summary of Galileon theories

The most general case of the scalar-vector Galileon theory, which is described by the
Lagrangian (6.30), can be uniquely defined as a theory satisfying the following generalized
soft theorems, namely for the soft helicity plus vector

lim A4 (f,ﬁ,r,z@) = ¢ il A, (I*,r,ﬂ’)

rat it
3
2 + — o)
+§Z€ZN pil* A (17, 17,1%) (7.1)

for the helicity minus soft vector

lim Ay (p*,ﬁ,r,rf’) = -3 (p,i)24, (I*,r,rf’)

ielt o
+6 Y (p i) A, (I, 17,17) (72)
iel®
and for the soft scalar
Ayt (7, 15,17, 19) 200 S (p-i) A (I7,17,19) + 0 (7). (7.3)
iele

The seeds for the soft recursion based on the above soft theorems are the 4pt amplitudes
Ap4(19273%47) = co4 512513523
Aga(17273%94%) = co9 534[1]3[2)[1]4[2)

A22(1+2+3¢4@) = 0/22 (813823 -+ 814824)[12]2 + gﬂ 8%2[12]2

2 (7.4)

Ago(17273747) = —€2 519[12]%(34)?

Ago(17273741) = —€2 (512[12]%[34]* + 513[13]%[24]? + s23[23]*[14]?)

Ap(1T273T47) =0
and one 5pt amplitude
Aps(1929394%5%) = cp5512813514515 + perm(1,2,3,4,5) . (7.5)

Altogether we have six free parameters: &, 1), cos, C22, ¢hy and c¢ps, which determine the
theory uniquely. Their explicit form in terms of the Lagrangian parameters as, a4, ds3, d4,
ds and 0 can be found in appendix B. It is the most economic way how to represent this
theory. Note that within the Lagrangian description we need to specify the couplings of

an infinite tower of vertices.
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A special choice of the parameters leads to an exceptional EFT, the Special scalar
vector Galileon. This theory corresponds to the fixing of the parameters in terms of just
one free coupling a according to

1 1
:ﬁvnzo and 6042022:@7

g 6/22 = Co5 = 0. (76)

In this case, the soft scalar theorem is even enhanced in comparison with (7.3) with n = 0,
namely

Ay (p#,17,17,1%) 220 (") - (7.7)

This theory can be expressed by a Lagrangian in a closed form. We have found two
equivalent formulation. In the first form it is still expressed by infinitely many terms

1 1 3 v v
Lopec = = 500~ 00 = 5250 ((09)* + 20,000, 0°00,00 — 3000, 000" p)
1 1
~1 det (77 + a@ago) F”aFl,Bg“”gaﬁ , (7.8)

as the inverse of metric is given by the following series
174 124 S 1 n 17
g =0+ Y 51909 006)" 1 (7.9)
n=1

where the power of the bracket is understood as a matrix power, for example for n = 2
it is (O"0n, PO Ony P02 0ns p0*30”¢). In the equivalent dual form (now with the kinetic
terms dropped)

4 —1 n 4
[/int () () gH1H2k3Ha g1V2VEVe 9,0 ng(x) N
spee 7;2(71—1—1)!(4—71)! a g pimy j:1;[+1 Hivi
1 1
+ EgaﬁuluzgvdumFaBFw (8“161,1 ONpovs + aam&,l wﬁm&,zgo) . (7.10)

It is expressed using the finite number of terms, though, the price to pay is the existence
of the three-point and five-point vertices in the scalar sector.

8 Conclusions

In this paper, we have analyzed a particular class of effective field theories using the direct
methods based on the soft amplitude bootstrap, and the Lagrangian methods based on
geometry and symmetry considerations. We focused on effective field theories with spon-
taneous symmetry breaking which describe the dynamics of Goldstone bosons living in the
cosets furnished by the broken symmetry pattern. Apart from previous works, we included
the interactions with an odd number of fields which naturally lead to the non-vanishing
soft theorems.

The non-vanishing soft theorems generalize the standard Adler zero. The naive con-
nection between the Goldstone bosons and the vanishing soft limit can be violated due to

the presence of cubic vertices in Lagrangian and/or linear terms present in the non-linear
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symmetry transformation of the Goldstone fields. In fact, these two conditions are related.
We can remove the three-point vertices by means of the field redefinition, which seems
natural as there are typically no three-point amplitudes for the EFT power-counting, but
we might change the symmetry transformation.

In this paper, we have presented a generalization of the whole class of soft theorems
with the non-zero right-hand side, particular cases of which have been discussed in the
literature in context of photons, gluons and gravitons [67], nonlinear sigma models [44] and
multi-flavor Galileons [68]. They connect the n-pt amplitude with (n — 1)-pt amplitudes
multiplied by soft factors whose form is dictated by the little-group scaling and power
counting. We have demonstrated the usefulness of the non-trivial soft theorems on a
problem of the non-existence of the vector analog of Galileon theories.

We have first presented the amplitude-based proof of a no-go theorem for existence
of a unique exceptional pure vector theory with a Galileon power counting and with en-
hanced vanishing soft limits. We have also shown that the natural extension using an
additional scalar degree of freedom cannot solve this problem. The solution is to require
the generalized soft theorems instead of the enhanced Adler zero condition.

We have then proceeded with a formal proof of the existence of scalar-vector Galileon-
like theory using a combination of the soft amplitude bootstrap and symmetry based con-
struction of the Lagrangian. We have obtained a theory with the Galileon power counting
which couples massless scalar and vector degrees of freedom and which is fixed by means of
generalized soft theorems. This general scalar-vector Galileon has six parameters in total.
It represents a whole class of theories known from the literature [55, 72]. These theories
usually arise in connection with the decoupling limit of the massive spin-2 particle or gen-
eralized Proca fields. The status of variants was unclear, and our work thus represents a
unified way of their definition.

In the scalar case, for a particular values of the parameters of the general Galileon
theory, there is a unique theory, the Special Galileon, with enhanced soft limit caused
by an underlying hidden symmetry. We showed that the same phenomenon also happens
for scalar-vector Galileons. In this case, the requirement of the enhanced O(p?) soft scalar
behavior together with generalized soft vector theorem fixes uniquely a Special scalar-vector
Galileon theory. This theory can be understood as a particular case of the coupling of the
Special Galileon to spin-1 massless particles and its soft limit behavior can be derived from
the extended Special Galileon symmetry and a shift symmetry of the vector field.

The above results give a hope that the general soft theorems might open the space
for systematic exploration of the landscape of effective field theories with particles with

various spins.
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A Proof of the soft theorems

In this section we will give the proof of the soft theorems for the theory described by the
general Lagrangian (6.24). It is useful to rewrite the Lagrangian (6.24) in terms of the
symmetric spinors ¢4 and d) defined as

FAABB:FMVO'AA BB_¢AB€AB+¢ABEAB, (Al)
where in our convention o = (1, —0?), o# = (1,0%) and £12 = €;5 = 1, and to construct

the Feynman rules directly in terms if the helicity spinors. Then the propagators of the
fields ¢pap and qb Wthh correspond to the internal lines of the Feynman graphs are

i

4
O 0an (2) oy )10) = [ S e @D [y b+ pye] (A2

(2m)* p* +i0
4
(0[T¢ap (z) dcp (y) [0) = —i/ ((217:;4 e 7Y [cqcepp + eapenC] (A.3)
dip
OIT¢ 5 (2) by (W) 10) = _i/ (27:;461]3'(“) leacean a0 50) (A-4)

and we attached the polarization bispinor \@]p]A|p]B to each helicity plus external line
with momentum p and similarly v/2|p)a|p)p for the helicity minus external line.'> The
interaction vertices can be then read off form the Lagrangian

L= Egal

o [0an0 00+ 3,5 D+ 2048301075

oradwsd, M0, Vo — 204y 0, MOV g

Qa4

16AS
+5MA$N33MA8N B@} 8AAaBB<P- (A.5)

A.1 Soft scalar theorem

The leading order contributions in the single scalar soft limit p — 0 of the amplitude
Apy1 (p?, I7,I7,1%) comes from the graphs with the soft scalar attached to external lines
of some semi-on-shell n-point amplitude. Therefore we need the semi-on-shell 3pt vertices

. . ds )
Vag (p7,i%, — (p +1)?) = 122 (p-i)?

A3

L _\AB
Viss (0707, =0 +1)7)" =0
Vga (P71 = o+ )") 1, = 0

, \—\4B as .
Vigo (0707 = (0 +0)7)" = S5 V2ilp"ilp"
Vo (0707, =0 +0)7) . = Z5v2ilp  ilp; (A.6)
o (P77, —(p BT IAS pylilpy - :

15VVe take all particles as outgoing. The alternative convention which associates the polarization bispinors

iv/2|p]* |p]B and iv/2|p)a|p) 5 to the external lines is also possible. In this case, the sign of the parameter a
of the soft-vector theorem is changed.
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Figure 2. The graphs with a nontrivial single scalar soft limit.

Let us denote also

APy = adlsi T Paplpa

ABAB P2

The corresponding nontrivial contributions are then (see figure 2)

1 -
00 _ _ © s N\ + = 70
Fove = ~Vap (0717 = (p 1) )(p+i)2A" (I I 1 )w—>(p+z‘)“”
_ d3 N A + 77— 70 o d3 . N ) 2
0 A (), 0B e (1) 10 ()
(A.8)
AB ~ cD
- . © s+ _ -\ — =+ —_ ©®
L ogs = Vgo (P it —(p+1) ) [eaceBp +€apepc] An (f AT )i+_>(p+i),
_ B titoaliloed. (1T 1- 1) _ o[
= 5paV2lilpalilos An (17,17,1) 7 =0(p?) (A.9)
AB ~ CcD
=+ - V- (pPit. — )~ ; . + I I¢
F«JM o Vw¢¢ (p i, = (p i) ) A(JD—H)ABCDA" (I 11 )i+%(p+i)+
as . TR _ CD
=~ 0 DVl A (17,17 17) 10
as . _
= 55 (- ) A, (I7.17.17) + O () (A.10)
AB ~ CD
++ —(p?. i — Nt + 7 Iv
Loz = Veos (p i, = (p+1) ) {gACEBD +€AD€BC] An (I S )z'——>(p+i)+
_ 93 S il A + 7= 790 CD _ 2
= 2A3\@<z|pA<z]pBAn (I 7T )r—>(p+z‘)+ =0 (p ) (A.11)
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AB ~ CcD
+- _ _ — N+ N + —
Fw@ N _Vw¢¢ (pgo’Z = (p+1i) ) A(JU—’_Z)ABCDA” (I 1 ’Igo)i——>(p+i)7
a . L~ 3 cD
- _Ai?3 (p- i) V2ile (il pAn (I+’I ’Fp)i—%(eri)_
= —% (p1) An (17,17, 1%) + 0 (?) . (A.12)

On the left hand side, we have indicated the type of the 3pt vertex involved and the
superscript refers to the type of the propagator corresponding to the internal line connecting
the 3pt vertex with the remnant of the graph. On the right hand side, the tilde means
that the corresponding amplitude is semi-on-shell and the subscript indicates the type of
the off-shell line.

All other graphs, i.e. those where the soft scalar is attached to the 4pt vertex or to
doubly-off-shell 3pt one, yield contributions of the order O(p?) since these vertices scale
as O(p?) and there is no singular propagator which could cancel this behavior in the soft
limit. Summarily we get the single scalar soft theorem in the form

Ay (p?,1F,17,17) 20| _gds 3 (p-i)—% S (pei)| An (I, 17,19)40 (p?) |
iel® ieltul—
(A.13)

A.2 Soft vector theorem

Also in this case, the only relevant graphs are the ones with the soft vector particle attached
to the external lines. For the helicity plus soft vector we need the following semi-on-
shell vertices

Vg, (P53t = (0 +0)7) = %W]Q (p+1)° (A.14)
Vs (P72 1% = 0 +0)") =0 (A.15)
Vaso (P17 = (0 +)7) = 25Dl (p+9) 1) = 0 (A.16)
Voo (0375 — 04 1)7) " = S5 VRlpl pli®. (A7)

The corresponding nontrivial contributions are then (see figure 3)

00 _ _ + st N4 A + 17— 79
F¢>¢so PP (p i = (P +) )(p+i)2A” (I 1 )i+—>(i+p)‘p

= 5 %A, (Iﬂf*,f%@)

it —(i+p)*

+0(p) (A.18)

it —i¥

= bl A, (1,17, 1%)
AB = b
I + oo N — + Y
T50s = Voo (p ;1% — (p +1) ) [faceBD + apepc] An (I 1 )z‘tpﬁ(eri)_
a . T - AB
s V2plialplinA, (I4,17,19)
a . e _
= SaslpliPAnd, (17,17,17)

1P —(p+i)”
AB
o O (p) (A.19)
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Figure 3. The contribution of graphs with a nontrivial single vector soft limit.

Figure 4. The contribution of graphs with a double off shell 3pt vertices with nontrivial single
vector soft limit.

AB ~ AB
-+ _ - + 0 -\ — o . 4+ o=
To00 = Voo (p 1% = (p+1) ) Aypap Pt An (17,1 ’I(p>w—>(p+z')+
a . ~ B AB
= A%ﬁ(p'@) [pl [Pl 5 An (Iﬁf ,I“”)iH(pH)+ =0(p) . (A.20)

In contrast with the scalar soft theorem, in this case the remaining graphs can have nonzero
contribution for p — 0, but the shift symmetry forces them to cancel each other. We will

illustrate the mechanism of this cancellation on the graphs where the helicity plus soft
vector particle is attached to doubly-off-shell 3pt vertices listed below:

. . as .
Vigo (P71, = (0 +0)7) = 5 V2Dl ol (0 + )
o Ao\ AB as . )
Vago (P57, = (0 +0)7) " = Z5V20pli pli".

We get the following contributions (see figure 4)
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£, = Vi (7= 000" gt +anse] A0 e (0400
= ;jfgf[pl [p; AAB( ) Ay (p+ 1) (A.21)
T = Ve (0787~ 047 )ABA(i)ABCD AP (i) mgw((pﬂ)“’)
= O lplialplin AP (i7) A, (0 +)°) .
AP -

F;;w - Vcbdw ( i, —(p+i)”? ) leaceBD +€apeBC] ACP (2) o+ Z.)QASO ((p+1)%)

= _;\%ﬂ[pﬁA[p‘iBgAB () (l)ii)ggtp ((p+1)%) (A.23)
Lpe = Voo (p+’i_’ — i)w)AB A (i) y periy A7 (0) (p+ i)ﬂ“” ((p+9)7%)

i2

(p+1i)?

TAB 1 .
= V2l |, AP (i) Ay (0 + 1) (A.24)
and thus the contributions, which differ only by the replacement of the contact helicity
violating propagator with the pole helicity conserving propagator but with the same off-
shell remnants /Lj and A48 or A48, cancel each other in the limit p — 0. Namely,

e _ + ——\ _

Dy (F¢>¢w + F$¢>¢> =0, lim (F¢>¢w + Fdw) =0

A similar mechanism ensures cancellation of possible nonzero contributions of those graphs

where the soft vector leg is attached to the (semi)off-shell 4pt vertex. Summing up therefore
only the non-vanishing contributions in the soft limit, we get the soft theorem in the form

Ant1 (p It I I‘p> p20 2A3 Z p, i] (IJF’I_’I@)ﬁ—w
+5 A3 GZW pil” A (I1,17,1%)  +0(p). (A.25)

B 4pt and 5pt amplitudes

We have presented our results in section 7 using the soft-theorem parameters and the seed
amplitudes. Here we will summarize the 4pt and 5pt amplitudes using the Lagrangian
parameters introduced in section 6.3. As already mentioned, we have used a certain con-
vention which can differ from others due to the phase for a certain field type. Typically,
the vector external field could have been multiplied by an extra ¢ and then one has to flip
a sign for the amplitudes below with exactly two vectors.

Let us start with the parameters of the soft theorems (7.1) and (7.3)

2a3 — 0 _ —12d3+2a3+ 0
4A3 Y 77_ 2A3 .

§= (B.1)
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The 4pt amplitudes are
A6 A04(1902<'03<p450) = — 3(9d§ — 2d4) 512513523
1
AS Agp(17273%4%) = — 17),((2@, + 6)% — 8ay) s34[1]3|2)[1]4]2)

1
A6 A22(1+2+3¢4¢) = — E((2a3 — 9)(2(13 + 9) — 4(14) (813823 + 814824)[12]2

1
+ 15 (203 — 0)(2a3 + 0 — 12d5) s95[12]2
A% Ay(1T273747) = — 1%(2% — 0)% 512[12](34)?
1
AS Ayp(17273741) = — 173(zag — 0)? (512[12]%[34]? + s13[13][24])* + s23[23]*[14]%)
A® Ag(1T273747) =0. (B.2)

The pure scalar 5pt amplitude is

AY Ags(192374%5%) = (72d3 — 24dsdy + 5ds)s12513514515 + perm(1,2,3,4,5) . (B.3)

1
16
It is the most important 5pt amplitude as it introduces a new and final parameter ds and
all other amplitudes can be now obtained by the soft recursion. For simplicity, we will

summarize the remaining 5pt amplitudes only for d3 = d4y = a4 = 0:
A Agg(172°3°495%) = — (205 — 6)(2a3 + 0)*[1[45]20% (513 + s29) + perm(3,45)
A® Ag3(11273%495%) = é(mg —0)*(2as + 0)[1]345]2)*
+ 6%(2% + 0)3[1|4|2)% 513525 4+ perm(3,4,5)
AP Ay (IF2737475%) = - (2a5 — 0)*(2a5 + )12 34 51515 + perm(1,2,3.4)
AP Ay (17273747 5%) = é(?az; — 0)°[12]%[3|5]4)%s15

1 (2a3 — 0)(4a3 + 6%)[12)%[3]5/4)[3|2|4) s34 + perm(1,2,3)

3
1

AS A (172737475) = = (2a3 — 0)* (23 + 0)[12)° (34)* (s12(s35 + s15) + s3a(s15 + 525)
— sT5 — 855 — 835 — 54215) : (B.4)
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