
Photos placed in 

horizontal position 

with even amount 

of white space

between photos 

and header

Photos placed in horizontal 

position 

with even amount of white 

space

between photos and header

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin 

Corporation, for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-AC04-94AL85000. SAND NO. 2011-XXXXP

Combined Lagrangian and 
Eulerian approaches in 
peridynamic material 
modeling

Stewart Silling
Multiscale Science Department
Sandia National Laboratories
Albuquerque, New Mexico

ASME IMECE 2016

Phoenix, Arizona

November, 2016

1

SAND2016-10315 C

SAND2021-2245C

This paper describes objective technical results and analysis. Any subjective views or opinions that might be expressed
in the paper do not necessarily represent the views of the U.S. Department of Energy or the United States Government.

Sandia National Laboratories is a multimission laboratory managed and operated by National Technology & Engineering Solutions of Sandia, LLC, a wholly owned
subsidiary of Honeywell International Inc., for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-NA0003525.



Outline

• Peridynamics background

• Eulerian vs. Lagrangian material models

• Combining the two

• Applications

• Contact and friction

• Postfailure response

• Soft materials

• Bird strike
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Peridynamics basics:
Horizon and family
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General references
• SS, Journal of the Mechanics and Physics of Solids (2000)
• SS and R. Lehoucq, Advances in Applied Mechanics (2010)
• Madenci & Oterkus , Peridynamic Theory & Its Applications (2014)



Motivation

• The traditional form of peridynamics is Lagrangian.

• Material models refer explicitly to a reference (undeformed) 
configuration.

• Good assumption for solids if there isn’t too much deformation

• This is not well-suited to fluids and large deformations.

• What about materials that have both solid-like and fluid-like 
behavior?
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States: 
Objects that keep track of families
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Thermodynamic form of a peridynamic
material model

6

SS & Lehoucq, Adv Appl Mech (2010)
Oterkus, Madenci & Agwai, JMPS (2014)



For fluids, we’d like to apply the horizon in 
the deformed configuration
• Points interact only with other points within 𝛿 in the Eulerian family.
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Undeformed family
Deformed family

𝐱

Eulerian family

Very large deformation

𝐱
𝐲(𝐱)

Moderate deformation



Effectively Eulerian material models
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This term makes the model Lagrangian



Eulerian model for a fluid
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Deformed bond length

𝜔



Surface tension examples
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• Two droplets collide.
• Mie-Gruneisen EOS is used.

Low impact velocity High impact velocity



Combining Lagrangian and Eulerian 
response in a single material model
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Friction and contact as Eulerian forces

Material deformation Damage

VIDEOS
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Frictional forces contribute to material 
failure

Material deformation Temperature



Fragmentation and recompression of 
fragments
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Piston
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Bird strike simulant (gelatin)
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Typical test
(credit: Arthur Core)

Meshless PD Meshless PD
with bond damage



Summary
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• An Eulerian material model is a special case of a Lagrangian model that 
doesn’t explicitly involve undeformed bonds.

• Can assume that the horizon cuts off interactions in the deformed 
configuration.

• Search for neighbors in each time step (changes over time).
• Otherwise, Eulerian and Lagrangian parts of a model are the same and 

can be combined arbitrarily.


