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Control Volume Physics Informed Neural Networks (cvPINNs)

o Deep learning method for solving hyperbolic PDEs.

o Assimilates traditional finite volume methodology. 

o Introduce regularizations that bias solutions towards the zero-viscosity limit.

o Ensures a thermodynamically consistent treatment of  forward and inverse problems.

o Extract data-driven equations of  state for shock hydrodynamic problems.
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Hyperbolic conservation laws

Hyperbolic PDE for a conserved variable 
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Conservation Law

Initial condition

Boundary condition

Solve for 

@tu+ @xF (u) = 0
<latexit sha1_base64="qo6RgBOrwNhOSwzFvr50QNMO7f4="></latexit>
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(x, t) 2 boundary
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t = 0
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t = 0
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interior

x
<latexit sha1_base64="nKRIecI/Jcwms1llXx5EKwv1BOc="></latexit>

t
<latexit sha1_base64="OX0QUf2IB99o6Qwg7hpFdg+RAZU="></latexit>



Euler Equations4

We will consider solutions to Riemann problems,

u(x, 0) = uL if x < 0

u(x, 0) = uR if x � 0
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x
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Conserved Variables Conservation Laws Equation of  State (EOS)

p = �⇢2(@⇢s)(@es)
�1
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Outline
1. cvPINNs as a numerical method for hyperbolic PDEs (Forward problem)
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2. Equation of  state discovery with cvPINNs (Inverse problem)

p = �⇢2(@⇢s)(@es)
�1
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Physics informed neural networks1 (PINNs) 
as a PDE collocation scheme

6

@tu+ @xF (u) = 0
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Let the solution be defined by a neural network,
u = u(x, t; ⇠)

<latexit sha1_base64="U1mi/WbKyYhjAASTy+3wYlRRTnc="></latexit>

Define a residual,
R =||@tu+ @xF (u)||2`2(x,t)interior

+ �BC ||Bu� f ||2`2(x,t)boundary

+ �IC ||u� g||2`2(x,0)
<latexit sha1_base64="eJNb/sZ6QfMHrpZ+ZRvUVvv8DRQ="></latexit>

Bu = f
<latexit sha1_base64="EH54IqE839u7oIuuXy3Opcv1ADw="></latexit>

u = g
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Choose collocation points in space-time

Minimize

⇠ = argmin
⇠̂

R(⇠̂)
<latexit sha1_base64="wVfCDdb5EG05fnXgmJcFZWffKME="></latexit>

1 Raissi et al., arXiv:1711.10561

boundary

t = 0
<latexit sha1_base64="mWZUgr3QzaU6aCPLGnwK8Th09Q8="></latexit>

interior

x
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t
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Control volume PINNs (cvPINNs)7

Choose mesh in space-time

Let the solution be defined by a neural network,
u = u(x, t; ⇠)
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@tu+ @xF (u) = 0
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Apply divergence theorem to each cell in the meshZ
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Approximate integrals with quadrature

Minimize residuals
⇠ = argmin

⇠̂

X

c

R2
c
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Rc =
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Fluxes at boundaries replaced by prescribed values
x
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t
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cell c



Potential issues with cvPINNs

Solutions to the integral form aren’t unique.

We want the physically meaningful entropy solution,
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lim
⌫!0

@tu+ @xF (u) = ⌫@2
xu

<latexit sha1_base64="1H1BsNRoCPUHnm3d9hwmOLEOOF4="></latexit>

Entropy solution to Burgers equation 

Unphysical solution from unregularized cvPINNs

Converging to unphysical solution Oscillatory behavior near shock
May occur due to:
◦ Estimating discontinuous solutions using an L2 

framework

◦ Suboptimal training/approximation 
of  the deep neural network

Euler equation



Entropy regularization – Bias Towards Entropy Solution9

Given entropy pair,         , the entropy solution obeys:

Add the entropy penalty,       , for each cell c to the loss:

(q, ⌘)
<latexit sha1_base64="gcqMP5U8UcYnYelfBxXt+0hRXxU="></latexit>

RE
c

<latexit sha1_base64="Ykj6f/dZYP8H+eGWGMhwIa4QB1s="></latexit>

cvPINNs 

Analytical solution

�E = 0
<latexit sha1_base64="aa7aKt/xOL2YdtfeGIlUOpu/tNU="></latexit>

�E = 0.01
<latexit sha1_base64="cFsK0kVIOOQ4Smi3PgghFUyPF6w="></latexit>

�E = 1
<latexit sha1_base64="gptfNw+h/ELiUtdGMY+CDH5+ArU="></latexit>

RE
c

<latexit sha1_base64="pBxlGVJNdy6QvZQSdT+c183hTec="></latexit>

u
<latexit sha1_base64="EtL/JEV7CZV4isAPnyrp64P0i2E="></latexit>

Burgers equation with neural network 
initialized to unphysical solution.



TVD regularization- Prevent Oscillations Near Shocks10

TVD schemes in standard discretizations
prevent oscillations

For              at grid values u(x, t)
<latexit sha1_base64="6AjrH7jFrwYAubDO3RUtMGGROl8="></latexit>

un
i = u(xi, tn)

<latexit sha1_base64="9FU5LmL875ueaoTHEpPYR47QTCA="></latexit>

TV (un) =
X

i

|un
i+1 � un

i |
<latexit sha1_base64="D6Oik61CXYzRymTwyHtmQt8Ndiw="></latexit>

TV (un+1)� TV (un)  0
<latexit sha1_base64="JMdDOZTmlJVRf8YUZRhvcMwhapQ="></latexit>

Define a regular grid on top of  the 
mesh and add another term to the loss:

Euler equations with gamma law gas



Outline
1. cvPINNs as a numerical method for hyperbolic PDEs (Forward problem)
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2. Equation of  state discovery  with cvPINNs (Inverse problem)

p = �⇢2(@⇢s)(@es)
�1
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Inverse problems with hyperbolic conservation laws: 
Equation of state discovery

Given a set of  scattered point observations, 

12

L =
X

c

R2
c + �E

X

c

max(0, RE
c )

+ �T

X

n

max(0, TV (un+1)� TV (un))

+ �D||u� udata||`2(x,t)data
<latexit sha1_base64="cXjUGjBZrATzg16DmtwLDONafr4="></latexit>

@t⇢+ @x⇢u = 0
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@t⇢u+ @x(⇢u
2 + p) = 0

<latexit sha1_base64="OUOTXEHZpJI3cnh4IL4r+WMCvTQ=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkJJqqAboejGZQV7gSaGyXTSDp1MwsxELKHP4cZXceNCEXfixrdx0gbR1h8Gfr5zDmfO78eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2h5dZvX1HhKQRv1GjmLgh6nMaUIyURp5pOzESiiLmKeiIQQQTeAR/2D2sTOFtTeP4EJ5DyzPLVtWaCM4bOzdlkKvhmR9OL8JJSLjCDEnZta1YuWm2AjMyLjmJJDHCQ9QnXW05Col008lpY3igSQ8GkdCPKzihvydSFEo5Cn3dGSI1kLO1DP5X6yYqOHNTyuNEEY6ni4KEQRXBLCfYo4JgxUbaICyo/ivEAyQQVjrNkg7Bnj153rRqVfu4Wrs+Kdcv8jiKYA/sgwqwwSmogyvQAE2AwQN4Ai/g1Xg0no03433aWjDymV3wR8bnNyj8nl0=</latexit>

@tE + @xu(E + p) = 0
<latexit sha1_base64="49KZp5eozWyNbwiNvr9hhVC8Jk0=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGWmCroRiiK4rGAf0A5DJs20oZlMSDJiGfoHbvwVNy4UcevWnX9jpi2i1QOBk3Puvck9gWBUacf5tHJz8wuLS/nlwsrq2vqGvbnVUHEiManjmMWyFSBFGOWkrqlmpCUkQVHASDMYXGR+85ZIRWN+o4eCeBHqcRpSjLSRfHu/I5DUFDFfw0t4CL+vdzApZYI4gGfQ8e2iU3bGgH+JOyVFMEXNtz863RgnEeEaM6RU23WE9tJsOGZkVOgkigiEB6hH2oZyFBHlpeN9RnDPKF0YxtIcruFY/dmRokipYRSYygjpvpr1MvE/r53o8NRLKReJJhxPHgoTBnUMs3Bgl0qCNRsagrCk5q8Q95FEWJsICyYEd3blv6RRKbtH5cr1cbF6Po0jD3bALigBF5yAKrgCNVAHGNyDR/AMXqwH68l6td4mpTlr2rMNfsF6/wLILJnq</latexit>

Objective: learn both             and the equation of  state, 

s(⇢, e; ⇠EOS)
<latexit sha1_base64="10Ad95dsQdm0z6Pjd+KX67BBzno=">AAACC3icbVDLSsNAFJ3UV62vaJdugkWoICWpBQU3BRHcWdE+oAlhMp20QyeTMDMRQ8gn+A1ude1O3PoRLv0Tp20WtvXAhcM593Iux4soEdI0v7XCyura+kZxs7S1vbO7p+8fdEQYc4TbKKQh73lQYEoYbksiKe5FHMPAo7jrja8mfvcRc0FC9iCTCDsBHDLiEwSlkly9LKo2H4Wn+NJ+Im56fXufnbh6xayZUxjLxMpJBeRoufqPPQhRHGAmEYVC9C0zkk4KuSSI4qxkxwJHEI3hEPcVZTDAwkmnz2fGsVIGhh9yNUwaU/XvRQoDIZLAU5sBlCOx6E3E/7x+LP0LJyUsiiVmaBbkx9SQoTFpwhgQjpGkiSIQcaJ+NdAIcoik6msuxQsy1Ym12MAy6dRr1lmtfteoNBt5O0VwCI5AFVjgHDTBDWiBNkAgAS/gFbxpz9q79qF9zlYLWn5TBnPQvn4BpGqapQ==</latexit>

s(⇢, e; ⇠EOS)
<latexit sha1_base64="10Ad95dsQdm0z6Pjd+KX67BBzno=">AAACC3icbVDLSsNAFJ3UV62vaJdugkWoICWpBQU3BRHcWdE+oAlhMp20QyeTMDMRQ8gn+A1ude1O3PoRLv0Tp20WtvXAhcM593Iux4soEdI0v7XCyura+kZxs7S1vbO7p+8fdEQYc4TbKKQh73lQYEoYbksiKe5FHMPAo7jrja8mfvcRc0FC9iCTCDsBHDLiEwSlkly9LKo2H4Wn+NJ+Im56fXufnbh6xayZUxjLxMpJBeRoufqPPQhRHGAmEYVC9C0zkk4KuSSI4qxkxwJHEI3hEPcVZTDAwkmnz2fGsVIGhh9yNUwaU/XvRQoDIZLAU5sBlCOx6E3E/7x+LP0LJyUsiiVmaBbkx9SQoTFpwhgQjpGkiSIQcaJ+NdAIcoik6msuxQsy1Ym12MAy6dRr1lmtfteoNBt5O0VwCI5AFVjgHDTBDWiBNkAgAS/gFbxpz9q79qF9zlYLWn5TBnPQvn4BpGqapQ==</latexit>

Simultaneously minimize the PDE residual and the data residual



EOS Parameterizations13

Black-box ML Regularized ML

Prone to overfitting                         Strong assumptions

Parameter 
estimation

s(⇢, e) = log(e1/(��1)⇢�1)
<latexit sha1_base64="pyMlR/7b+9JfzcZpqqEIYG8ai64="></latexit>

s(⇢, e) = NN (⇢, e; ⇠EOS)
<latexit sha1_base64="GovGaIbMyJXV7HKzY6FbTw32AyM="></latexit>

Unknown EOS Known model form

Requres no a priori knowledge           Requires Less Data



Verification with DSMC data14

DSMC simulations of  Sod shock problems 
performed in Sparta1

◦ Argon gas

◦ Varying density, pressure initial conditions

◦ Constructed to match Riemann problem with 
gamma gas law.

1 Sparta, https://sparta.sandia.gov/

s(⇢, e) = log(e1/(��1)⇢�1)
<latexit sha1_base64="pyMlR/7b+9JfzcZpqqEIYG8ai64="></latexit>



Parameterized gamma law gas vs Black-box ML15

Elliptic regions

Training data

Test data

Black-box MLParameter 
estimation



Thermodynamic regularization

For a physical reasonable EOS1,

16

1 Menikoff and Plohr, Rev. Modern Phys, 1989

@es > 0
<latexit sha1_base64="kgoHQbailTZs9RPbeDInVTGyOAk="></latexit>

@2
es  0

<latexit sha1_base64="adiMhsrjvYomPwEPMLTjCHSJAl0="></latexit>

@⇢(⇢
2@⇢s) < 0

<latexit sha1_base64="tSAf9ga3ljL3zsRH3Yc1UTvjyE0="></latexit>

Guarantee hyperbolicity of  Euler equations
◦ Necessary for well-posedness of  IBVP

Add another term to the loss,

L =
X

c

R2
c + �E

X

c

max(0, RE
c )

+ �T

X

n

max(0, TV (un+1)� TV (un))

+ �D||u� udata||`2(x,t)data

+ �R

X

(⇢,e)regularize

⇥
max (0,�@es) + max (0, @2

es) + max (0, @⇢(⇢
2@⇢s))

⇤

<latexit sha1_base64="Wrss2ps6l+bCY/m7ARxrr9BG+ok="></latexit>



Neural network with thermodynamic regularization17

Regularized ML

Black-box MLParameter 
estimation

Elliptic regions

Training data

Test data



Comparison of EOS Parameterizations 18

DSMC

1 Sample fit

2 Sample fit

4 Sample fit
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Requres no a priori knowledge           Requires Less Data

Prone to overfitting                         Strong assumptions



EOS fits test for shocked copper19

LAMMPS

1 Sample fit

4 Sample fit

16 Sample fit

Perform LAMMPS1 simulations of  a copper bar in a reverse-ballistic impact experiment

Unknown EOS



Conclusion

1. cvPINNs as a numerical method for hyperbolic PDEs

20

2. Equation of  state discovery with cvPINNs

Preprint:
◦ Patel et al. arXiv:2012.05343

�E = 0
<latexit sha1_base64="aa7aKt/xOL2YdtfeGIlUOpu/tNU="></latexit>

�E = 0.01
<latexit sha1_base64="cFsK0kVIOOQ4Smi3PgghFUyPF6w="></latexit>

�E = 1
<latexit sha1_base64="gptfNw+h/ELiUtdGMY+CDH5+ArU="></latexit>

RE
c

<latexit sha1_base64="pBxlGVJNdy6QvZQSdT+c183hTec="></latexit>

u
<latexit sha1_base64="EtL/JEV7CZV4isAPnyrp64P0i2E="></latexit>
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◦ Extract data-driven EOS
◦ Impose thermodynamic bias
◦ EOS parameterizations

◦ Parameterized model
◦ Neural network
◦ Regularized neural network

◦ Less regularization needed
◦ Reduces solution regularity requirements
◦ Bias solution towards entropy solution 

and total variation diminishing property

Code:
◦ https://github.com/rgp62/cvpinns
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cvPINNs is less sensitive to hyperparameters than PINNs22

PINNs has been used successfully for hyperbolic PDEs1

◦ We observed reduced sensitivity to hyperparameters in cvPINNs
◦ BC and IC penalties in PINNs
◦ Entropy+TVD penalties in cvPINNs

For Burgers equation,

1 Mao et al. CMAME, 2020

cvPINNs solution

PINNs solution

PINNs/cvPINNs

Analytical solution



PINNs can fail to find the entropy solution without artificial 
viscosity
Buckley-Leverett: PDE with nonconvex flux produces solutions with mixed type waves,

23

Without AV

With AV

Figure reproduced from [1]

1 Fuks and Tchelepi, JMLMC, 2020

@tu+ @x

✓
u2

u2 + 1
M (1� u)2

◆
= 0

<latexit sha1_base64="b6nx4zZ9VHK26OE3CHqPyjd7ahM="></latexit>



cvPINNs forward solution: Buckley-Leverett equation24

Analytical solution

No regularization

Entropy+TVD regularization

Viscous regularization



cvPINNs forward solution: Euler equations25

Analytical solution

No regularization

Entropy+TVD regularization

Viscous regularization



cvPINNs on unstructured meshes
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For Euler equations with gamma law gas on triangular mesh1,

Solution Mesh

1 pygmsh, https://pypi.org/project/pygmsh/

cvPINNs

Analytical solution



cvPINNs: L1 error for Burgers rarefaction

Mean and standard deviation computed over 10 runs

27



EOS discovery application: shock hydrodynamics of copper

Perform LAMMPS1 simulations of  the reverse-ballistic impact experiment
◦ Various impact velocities and initial temperatures

28

1LAMMPS, https://lammps.sandia.gov

Fit an EOS to the LAMMPS data using cvPINNs
◦ Regularized neural network parameterization 



EOS fits test for shocked copper29

Use fitted EOS’s to solve new impact case

LAMMPS

1 Sample fit

4 Sample fit

16 Sample fit


