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ABSTRACT

Conditional Point Sampling (CoPS) is a recently developed stochastic media transport
algorithm that has demonstrated a high degree of accuracy in 1-D and 3-D calculations
for binary mixtures with Markovian mixing statistics. In theory, CoPS has the capacity
to be accurate for material structures beyond just those with Markovian statistics. How-
ever, realizing this capability will require development of conditional probability func-
tions (CPFs) that are based not on explicit Markovian properties, but instead are based on
latent properties extracted from material structures. Here, we describe a first step towards
extracting these properties by developing CPFs using deep neural networks (DNNs). This
new approach lays the groundwork for enabling accurate transport on many classes of
stochastic media. We train DNNs on ternary stochastic media with Markovian mixing
statistics and compare their CPF predictions to those made by existing CoPS CPFs de-
rived based on Markovian mixing properties. We find that the DNN CPF predictions
usually outperform the existing approximate CPF predictions, but with wider variance.
In addition, even when trained on only one material volume realization, the DNN CPFs
are shown to make accurate predictions on other realizations that have the same inter-
nal mixing behavior. Our results show that it is possible to form a useful CoPS CPF by
using a DNN to extract correlation properties from realizations of stochastically mixed
media, thus establishing a foundation for creating CPFs for mixtures other than those
with Markovian mixing, where deriving an acurate analytical CPF may not be possible.
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1. INTRODUCTION

Conditional Point Sampling (CoPS) is an algorithm for effecting transport in stochastic media [1-
4], simulating particle histories using Woodcock tracking so that material in the domain only needs
to be defined at pseudo-collision sites. By only sampling the material at pseudo-collision sites,
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CoPS does not need to realize or store complex material realizations and, therefore, transport re-
sults from whole ensembles of realizations can be approximated cheaply. At each pseudo-collision
site, the material present is sampled in order to evaluate the pseudo-collision. Once a point is
sampled, it is remembered and used to modify the sampling probabilities of subsequently sam-
pled points. We call the mathematical/computational means for predicting these probabilities the
CoPS conditional probability function (CPF). To date, several CPFs have been developed for use in
CoPS when simulating media with Markovian mixing statistics by leveraging Markovian-mixing
pseudo-interface properties [1-4], but no attempt has been made to develop a CPF that can be
straightforwardly adapted to other kinds of mixing. Deep neural networks (DNNs) are machine-
learning (ML) systems that can be used to model latent relationships present in data. They have
been employed successfully for many regression and classification problems. In this paper, we
describe the creation of a novel DNN model that serves as a CoPS CPF capable of learning spatial
correlation relationships based on realizations of stochastic media. This is a significant first step to-
wards developing CPFs adaptable to yielding high accuracy in various types of stochastic mixing.
For reference, we compare the DNN predictions to predictions made by existing CPFs that were
derived for use in CoPS when simulating transport in Markovian-mixed media. We specifically
work with a ternary mixture, which requires a modest extension to existing pseudo-interface-based
CoPS CPF derivations.

2. METHODOLOGY

A set of 3-D realizations consisting of three materials mixed according to Markovian mixing statis-
tics are generated for this study using the method described for binary mixtures in [5] and extended
to mixtures of an arbitrary number of materials in [6]. As in [6], the geometry is translated to a
voxel geometry structure by querying what material exists at points on a regular grid and assigning
those material types to voxels.

Two CPFs, each derived for use with Markovian-mixed media, are used: the pseudo-interface-
based CoPS2 CPF [1,3,4] that makes probability predictions based on the point nearest to the new
point and the CoPS3PO CPF [4,7,8] that makes predictions based on the nearest point on each
side of the new point. While, in general, the notation “CoPS2” only denotes use of CoPS with a
two-point CPF, we use it in this paper as shorthand to specifically mean CoPS with the two-point
pseudo-interface-based CPF. For binary media, CoPS2 has been shown to perform roughly as ac-
curately as the Limited Realization Preserving method for computing reflectance in 1-D and 3-D
and more accurate than benchmarked non-CoPS methods for transmittance for 1-D and 3-D [1,3].
We therefore use CoPS2 CPF evaluations as a metric for “good” predictions. The CoPS3PO CPF,
for which “PO” stands for pseudo-interface optimum, makes errorless probability assessments in
Markovian-mixed media, when the three points of interest are the only relevant points and lie per-
fectly on a line. Here, CoPS3PO is used to establish the “true” probabilities for 1-D relationships.
Previous derivations of these CPFs are generalized to mixing of N materials in a later section.

For machine learning predictions, we use a DNN with three hidden layers and rectified linear hid-
den activation units, described more fully in a later section. The goal of the modeling algorithms is
to take nearby point data as input and predict the distribution of the material types for the reference
point.
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2.1. Derivation of CoPS CPFs for N-ary Mixing

The pseudo-interface-based CoPS2 CPF has been derived for use with binary media in 1D [1,4]
and 3D [3]. The pseudo-interface-based CoPS3PO CPF has been derived in [4] and used in [8]
and [7]. In order to use these CPFs for ternary Markovian mixing in this study, we follow the same
method as for binary mixing in [4] to derive these CPFs for use with Markovian mixing involving
an arbitrary number of constituent materials.

These media are describable by a Poisson process of material cells in which the material type of
each cell is independent of the material type in other cells and determined by the nominal material
abundance. Neighboring cells can be the same material type. Cell boundaries are called pseudo-
interfaces. The frequency of £ pseudo-interfaces existing in a distance r is Poisson-distributed

fk, I(r)) = Ee=10) I(r) = 1 and driven by the correlation length A.. For the following
derivations, we use the expressions in Eq. (1) to probabilistically assess whether two points dis-
tance r; apart have at least one pseudo-interface between them—and are thus in the same cell and

necessarily the same material type—or not.
flk=0I(r=r))=¢; flk>0I(r=r))=1—e¢x (1)

The probability of two randomly sampled points distance r; apart from one another being material
types m and my is expressed as

ﬂ-(ml? m0|r1) = 5m17m0 Pm,y f(k = 07 I(T = Tl))
+ Prmy Pimg f(k>0,I(r=r1)), 2
1, ifj=*k,

where p,,, is the material abundance of material 7 and 9,;, = The first row in

0, ifj#k’

Eq. (2) is the probability that there are no pseudo-interfaces between the two points and that the
cell containing them is material type p,,,. The second row contributes the probability that there is
at least one pseudo-interface between the points and that the points are material type m; and my.
Eq. (2) holds for my,mg € {0,..., N — 1}. We note that m; and m, may hold the same value.
The same procedure of evaluating the probability of having or not having at least one pseudo-
interface between each pair of points and the probability that each point is a certain material type is
followed for determining the probability that three randomly sampled colinear points with spacing
7= {ry,ry} are material types m;, mg, and ma:

7(my, mo, Ma|™) = OmymeOmems  Prmy f(E=0,I(r=ry+ry))
+  Omomo Dy P flk>0I(r=mr))f(k=0,I(r=rs))
+ 6m1,mo PmiPms f(k = O’](T = Tl))f(k >0, I(T = T2)) 3)
+ PmiPmoPmas f(k > 07[(T = 7,1))f(k >0, [(T = T2))

Suppressing the expression of r; and r, for brevity, we use Bayes’ Theorem to derive the proba-
bility of sampling a new point of material type m, relative to either one previously sampled point
distance r; away or one point on each side of the new point distances 7; and r5 away:

m(ma, k[ma, mo)m(my, mo) B m(m1, mo)

7(my, K) SV tmg,m)]

m=0
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where x represents an unknown material type and m represents a material type index. The pseudo-
interface-based CoPS2 CPF returns probabilities according to either material abundance or Eq. (4),
using the nearest point to the new point, based on whether any points have been sampled in the
domain or not. Due to the Markovian property of the media, this CPF is errorless in such me-
dia if points are only sampled colinearly and in forward procession—otherwise its evaluations are
approximate. The pseudo-interface-based CoPS3PO CPF returns probabilities according to either
material abundance, Eq. (4), or Eq. (5) based on whether no points have been sampled, whether
previously sampled points are colinear and all on one side of the new point, or whether previ-
ously sampled points are colinear and at least one point exists on each side of the new point. The
CoPS3PO CPF is errorless in this type of media for colinear evaluations. We thus use the CoPS3PO
CPF to establish truth probability values for colinear relationships.

2.2. Data

The datasets used are all ternary Markovian mixture volumes with 300 voxels in each dimension
(27,000,000 voxels total). Five different realizations were created using the following parameters:
correlation length A = 20.8 voxels and material abundances py = 0.06, p; = 0.65, and p, = 0.29.

The material type of the original voxel, along with the distance and material types of the auxiliary
voxels, form the features for an individual data observation. For each material structure sample,
one million voxels were selected randomly. For each voxel, 2 auxiliary voxels were selected at
a random integer distance along a single axis and on opposite sides of the original voxel within
varying ranges. The voxels were selected such that auxiliary voxels always lie inside the Markovian
mixture volume. Therefore, voxels near the edge of the volume were excluded from the random
voxel selection. Two examples are shown in Table 1.

Table 1: Examples of features used in the material probability prediction task. The
reference material (1) is listed, followed by the material in the negative X direction (1),
the distance between m, and m, (r,), the material in the positive X direction (m,), and the

distance between mq and m, (), as well.

Example mqg m; 71 mo 7o
1 0 1 7 0 5
2 2 2 |12 1 |13

However, representing the material types as categorical values would be problematic, as our re-
search is actually attempting to solve a regression problem. We want to predict the probability of
each material type instead of giving a single material prediction. The output material types would
not be interpretable if constrained to a single categorical variable. For instance, in the original
form, a material prediction of “.99” could be interpreted as the DNN being very confident that
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Table 2: Examples of the features in Table 1 after one-hot encoding. The representation of
the positive material and negative material for the examples have both been changed from
one column to three columns, represented as a binary variable across material types.

Example mgo mo1 mo2 mio mig Mmap T Moo Mgy Moo T
1 1 0 0 0 1 0 7 1 0 0 5
2 0 0 1 0 0 1 12 0 1 0 13

the material type is type 1, or split between deciding whether it should predict material type O or
material type 2. To remove this confusion, both the input and output variables are modified with
one-hot encoding [9]. This gives a separate binary feature for each class; in this instance, each ma-
terial type. Table 2 shows an example of the data from Table 1 after the encoding process. One-hot
encoding expands the complexity of the inputs and outputs to the DNN. Instead of 4 inputs, the
DNN will have 8; instead of one output, the network has 3. The nodes in the hidden layers must be
increased to compensate for this increased complexity. However, this increase in complexity helps
to avoid ambiguity of the DNN response during learning and during post-processing.

2.3. Deep Neural Network Architecture

We created a network with 8 input nodes; 2 vectors, each of length 3, containing one-hot encod-
ings of the material types, and two scalars representing the respective distances of the materials.
Between the input and ouput layers, we utilized a default of 3 dense hidden layers with 12 nodes, 9
nodes, and 6 nodes, respectively. The initial hidden layer expands the number of nodes by 50% as
a default setting to allow the network to express and take advantage of variable dependencies, then
reduces the number of nodes for subsequent layers in a uniform fashion. The final output layer is a
vector-length 3 one-hot encoding of the reference material type. The networks use rectified linear
unit (ReLU) activations [10,11] in all layers except the final layer, which uses a linear activation.
The loss is calculated using mean squared error. The optimizer is Nadam, the standard Adam op-
timizer with Nesterov momentum [12]. The models were implemented using Keras [13], with a
Tensorflow [14] backend. All optimizer, activation, etc. parameters were utilized with the default
values.

We experimented with changes to the DNN depth and nodes, and we found that network perfor-
mance was mostly robust to such changes. Different configurations changed the average number
of training epochs and training time, but generally did not change the accuracy due to the adaptive
nature of the Nadam optimizer. Our configuration reasonably balances accuracy and training time.

2.4. Machine Learning Training

Each network runs with early-stopping, based on the validation loss. When the validation stops
decreasing, the network stops and rolls back to the network’s state at the best loss. The validation
loss can be quite dynamic, so the network allows up to 20 epochs after the best validation loss
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before it stops. The DNNs trained in the range from 15 to 73 epochs before stopping due to lack
of validation error decrease. The batch size for each network is set to 32.

The output values for the DNN do not have the same semantics as the output of the non-DNN
CoPS CPFs examined here. The linear output activations do not force the material probability
predictions to sum to 1, nor do they constrain the probability predictions between 0 and 1. There
are architectures that can arbitrarily constrain the output values; however, we hypothesized that
these constraints could be learned just by modeling the data.

In the end, our DNN probability predictions mostly adhered to the expected unit sum relationship.
However, the constraint was not perfect, and several times there were either negative probability
predictions or individual material probability predictions that exceeded 100%. To resolve those
discrepancies, we applied a normalizing process to the DNN predictions. For all observations with
negative material probability predictions, we first add the absolute value of the minimum material
probability to the material probability distribution of that observation. We then use the preprocess-
ing.normalize function from Scikit-Learn [15] to scale the adjusted probability prediction vectors
to the unit norm, which ensures that the probabilities are in [0,1] and that they all sum to one.
These DNN predictions can now be treated like material probabilities.

2.5. Experiments

We began our experiments by examining scenarios where the material to be predicted lies in the
middle of two auxiliary points along one dimension. For each Markovian mixture sample, one mil-
lion voxels were selected randomly. For each voxel, 2 auxiliary voxels were selected at a random
integer distance, in voxels, along a single axis and on opposite sides of the original voxel. The dis-
tance for each auxiliary voxel was selected independently and from within a uniform distribution
in the range of 1 and 20 voxels away.

Because the materials have different distributions, we were careful not to build a model that was
rewarded merely for picking the most abundant material type. From the million voxels, we sub-
sampled, randomly and without replacement, a number of observations, such that each class was
evenly represented in the realization. This process yielded 30,000 observations of each material
type in the training set (90,000 total training observations) and 10,000 observations of each material
type in the test set (30,000 test observations). The result is a partitioning of 75% of the data for
training, and 25% for testing. Of the training data, we used 20% for validation. The validation
set is chosen from within the training set randomly and without replacement, agnostic of material

types.

3. Results

The performance of the methodologies is evaluated against the observations in the test set. We
evaluate and compare the accuracy of the predictions made by the CoPS2, CoPS3PO, and DNN
CPFs.
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Table 3: Accuracy of the predictions on each realization (Real #) by simply choosing the
material with the highest probability.

Method Real0) Reall Real2 Real3 Reald4 Average
Truth 77.8 79.2 84.1 82.4 75.0 79.7
CoPS2 | 80.4 81.9 86.6 84.5 77.9 82.3
DNN 83.9 86.5 89.6 87.1 81.9 85.8

3.1. Accuracy based on highest probability

The first metric is the accuracy of the prediction based on the highest probability. For each obser-
vation, we find the material that receives the highest probability score. The predicted material is
compared to the actual reference material from the dataset. If it is the same, the model is deemed
correct for that observation. We divide the number of correct predictions by the total number of
elements in the test set. As Table 3 shows, the best performer using this method is the DNN CPF in
all cases. The DNN CPF outperforms the CoPS2 CPF by a wider margin than the DNN CPF out-
performs the Truth CPFE. The differences in the individual CPF performances are consistent across
all realizations.

While this metric has some value, additional metrics are needed to assess the usefulness of the CPF
prediction for CoPS. In CoPS, new points must be sampled such that there is some probability of
sampling the less likely material. In many material types, including those with Markovian mixing,
always chosing the material type with the higher probability would yield all points in the domain
being sampled as the same material as the first sampled point.

3.2. Accuracy based on random probabilistic selection

Another way of measuring accuracy is by randomly selecting a material type based on the material
probability prediction distributions. In this way, a random number is generated and binned based
on the predicted probabilities for an observation. Table 4 shows that the DNN predictions perform
best for all realizations, although by less of a margin when the metric of accuracy is based on the
highest probability. On average, the difference is around 3 percentage points.

This metric not only measures the DNN CPF’s ability to assess which material is more likely, but
also measures the DNN CPF’s ability to predict the probability of sampling a new material. It
is therefore more useful than our first metric and is expected to have strong correlation with the
accuracy of CoPS when using the CPF of interest. A third metric, introduced in the next section, is
believed to the be the most useful of those proposed here, since it compares predicted probabilities
to the true probabilities, but can only be used when the true probabilities are known. Therefore,
the random probabilistic selection metric is important to provide a measure of accuracy when true
probabilities are not known, such as for predictions involving multi-D point relationships.
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Table 4: Accuracy of the predictions by randomly choosing a material based on the
per-observation probability distributions.

Method Real0) Reall Real2 Real3 Reald4 Average
Truth 73.2 75.4 80.1 77.8 70.5 75.4
CoPS2 | 69.1 70.2 73.0 71.7 67.3 70.3
DNN 76.4 78.7 84.9 80.7 72.3 78.6

3.3. Accuracy based on divergence from the true probabilities

The most useful model performance metric is the measurement of how closely the probability
distributions match the true material distributions, as determined by the CoPS3PO CPF. Kullback-
Liebler divergence (KL-divergence) is a common measurement of the divergence for probability
distributions [16]. However, because the KL-divergence is asymmetric, the value will vary de-
pending on which distribution is chosen as the reference distribution. In addition, the divergence
is sometimes undefined for non-continuous distributions. We use, instead, a modification of the
KL-divergence, called the Jensen-Shannon divergence (JS-divergence) [17], which incorporates
the KL-divergence and corrects the problems of undefined values and asymmetry [18]. As with
KL-divergence, the JS-divergence for two probability distributions decreases as the distributions
become more similar, with identical distributions having a divergence of zero.

In Table 5, we compare the average JS-divergences of both the CoPS2 and the DNN CPFs to the
CoPS3PO true probability distributions. The results show that the material probability distribu-
tions predicted by the DNN CPF are, on average, comparable to the CoPS3PO truth values. This
gives us confidence that the probability distributions predicted by the network in 3-D would be
representative of the true material properties. Although the JS-Divergence of the DNN CPFs were
slightly better on average than the CoPS2 CPF, the JS-divergences for DNN CPFs varied greatly
between realizations. In the best case, Realization 2, the divergence was comparatively very low.
However, for Realizations 0 and 3, the variances were much greater. Such variance can be unde-
sirable in applications where consistency of CPFs is more important than overall accuracy. This
variance may be ameliorated by training on many different realizations. In contrast, the CoPS2
CPF had a consistent divergence across all realizations.

3.4. Extension to 3-D reference points

In 3-D, we choose auxiliary voxels along all 3 axes, instead of just one axis, resulting in 6 total
auxiliary voxels surrounding the reference voxel. We refer to this orientation of auxiliary voxels
as a “star shape.” Unlike with the 1-D case, there is no provably true 3-D comparison currently
available. We can still use the metric of accuracy based on random probabilistic selection, as we
did earlier, to compare the accuracy of the DNN CPF to that of the CoPS3PO CPF in material
prediction.
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Table 5: Jensen-Shannon divergences across material realizations. Lower numbers are
better, indicating less of a divergence from the truth values.

Method Real) Reall Real2 Real3 Real4 Average
CoPS2 | .147 146 154 151 147 149
DNN .169 153 112 129 .166 .146

As this data has more input values (24 instead of 8), the architecture of the DNN was modified
accordingly. Between the input and output layers, the network utilizes 3 hidden layers of 36, 25,
and 14 nodes, respectively. All other network parameters were the same as for the 1-D cases.

In Table 6, we compare the accuracies based on random selection with the predicted probability
distributions from the 3-D prediction models. As with the experiments in 2-D, the DNN CPF is
more accurate for all realizations than the COPS2 CPF.

Table 6: Accuracy percentages of the predictions by randomly choosing a material based on
the per-observation probability distributions for 3-D reference voxels. Higher numbers are
better.

Method Real0) Reall Real2 Real3 Reald4 Average
CoPS2 | 84.8 83.6 90.2 86.1 83.2 85.6
DNN 87.8 87.3 91.1 87.4 86.0 87.9

3.5. Inter-realization model inferencing

One problem encountered in machine learning is that models trained on one dataset may not work
on different datasets. This can happen even when dataset-specific information is not explicitly in-
cluded in the model (e.g., when the data from one set is drawn from a different distribution than the
other). Although the realizations were given identical material parameters, the realizations include
stochastic variance, which can affect the actual data distributions. To investigate the question of
whether models trained on one realization would be accurate for other realizations sampled with
the same parameters, we performed experiments using a model trained on a 3-D realization and
then projected across the other realizations.

Table 7 shows that the best performance is usually attained by the intra-realization models, where
the models are trained and tested on independent datasets extracted from the same realizations.
However, on average, the differences are minor, never reaching one percentage point. In a couple



Warren L. Davis IV, Aaron Olson, Gabriel Popoola, et al.

Table 7: Comparison of intra-realization accuracy versus inter-realization accuracy. Higher
numbers are better.

Method Real) Reall Real2 Real3 Real4
Intra-Realization Inferencing | 87.8 87.3 91.1 87.4 86.0
Inter-Realization Minimum | 86.6 86.5 90.4 85.9 84.3
Inter-Realization Maximum | 87.4 87.3 90.7 87.4 85.7
Inter-Realization Average 87.1 86.9 90.6 86.9 85.2

of cases, inter-realization models performed as well as intra-realization models. This gives us
confidence that models trained on one realization (or, ideally, a set of realizations) will inference
accurately on realizations that have not been seen, yet are drawn from the same material property
distributions.

4. CONCLUSIONS

A DNN workflow was developed to serve as the CPF in stochastic media transport using CoPS.
For 1-D relationships drawn from 3-D geometry realizations, the DNN CPF was shown to yield
a higher predictive accuracy than existing CoPS CPFs according to highest probability and ran-
dom probabilistic metrics for sample points drawn from all five realizations. When using the
JS-divergence approach, the DNN CPF is shown to outperform the CoPS2 CPF for making proba-
bility predictions on 1-D relationships drawn from 3 of 5 3-D datasets. The Jensen-Shannon DNN
accuracies vary more across the realizations than the CoPS2 predictions, but yield higher average
accuracy. While an analytic evaluation of true probabilities is not currently known for 3-D relation-
ships, DNN probability predictions on a 3-D star shape compared favorably with the CoPS2 CPF,
outperforming the CoPS2 CPF when drawing samples from each of five 3-D realizations. An inter-
realization model inferencing study was performed for 3-D predictions in which the DNN CPF is
used to make predictions on a different realization than it was trained on. The inter-realization
minimum accuracy in the random probabilistic selection metric was greater than the CoPS2 accu-
racy on four of the five realizations, which strongly suggests that the DNN can be trained on one
or more realizations and then make accurate predictions on other realizations that have the same
internal mixing behavior. The DNNs were able to capture the internal material properties through
data, with no a priori material science knowledge. The results demonstrate that the DNN can make
accurate, predictive CPF probability evaluations in 1-D and 3-D spatial relationships.

The ultimate goal is to make accurate CPF predictions for arbitrary geometry types and arbitrary
point arrangement shapes to yield accurate stochastic media transport in stochastic media of vari-
ous mixing types. Future work includes similar accuracy comparisons to those performed in this
paper for other types of mixing such as Voronoi mixing, similar accuracy comparisons for shapes
other than the colinear and star shapes studied here, and accuracy studies of final transport quanti-
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ties compared to benchmarks when using the DNN CPF in CoPS.
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