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ABSTRACT

In assessing the initial spatial distribution of defects from neutron or heavy ion irradiation, it is
useful to have a reliable, automated, and fast-running tool to evaluate characteristic metrics
such as the number of sub-clusters or the overall cluster volume. The latter metric, for
instance, can be utilized to estimate a reference neutron fluence level at which inter-cluster
interaction effects begin to become significant. This paper details a methodology to fit an
arbitrarily complex defect map with a set of ellipsoids (one per identified sub-cluster) in which
the constituent defects of a sub-cluster are determined using fuzzy degree-of-membership
analysis. Specifically, a parameterized model is developed for point defects in gallium arsenide.
Cluster volume calculations based on the model are compared against convex hull and single-
ellipsoid representations. Results show that the parameterized sub-cluster model begins to
deviate from the two reference models at a recoil energy of about 100 keV in GaAs, with the
convex hull and single-ellipsoid representations increasingly overestimating the volume
thereafter.
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1. INTRODUCTION

Materials exposed to neutron radiation experience recoil-induced displacement damage in the form
of point defects and possibly higher-order defective regions such as amorphous zones, voids, or
dislocation loops. Once the energetic collision cascade phase has ended, these defects will exist in a
quasi-stable state pending the commencement of longer-time-scale annealing processes. In general,
the quasi-stable defects will exhibit intricate morphologies that are subject to a large degree of
stochastic variability; however, in an averaged sense, clear trends in characteristic spatial metrics may
be identified in a wide variety of materials as a function of the primary knock-on atom (PKA) recoil
energy. At recoil energies up to ~ 10 keV, the residual point defects constitute a single cluster.
Once this threshold recoil energy for sub-cluster formation is exceeded, a splitting of the defect
positions into two distinct sub-clusters may be observed. At still higher energies, multiple sub-
clusters form and the overall defect map tends to become highly skewed along the axis defined by
the initial PKA recoil direction, with the sub-clusters often being separated by linear chains of point
defects.

In certain applications—such as characterization of distinct sub-clusters within a point defect map,
assessment of skewness in such a map, or evaluation of the volume occupied by a map (e.g. for
gauging the onset of inter-cluster overlap / interaction effects as a function of neutron fluence)—it
is beneficial to have the capability of deploying an automated, robust methodology for fitting well-
defined geometric shapes to the defect map or to sub-entities comprising the map. The purpose of
this paper is to detail a general fitting methodology for point defect maps, with energetic recoil-
induced cascades in gallium arsenide utilized as an exemplar. Ellipsoids were chosen as the basis for
geometric fitting due the assured mathematical correspondence between the scaling of the ellipsoidal
semi-axes and the percentage of point defect coverage under principal component analysis (PCA).
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2. METHODOLOGY

The process of fitting ellipsoids to a defect map was comprised of the following steps:

1. Identification of the number of cluster centers via a subtractive clustering algorithm
Optimization of the cluster center positions, and assignment of a degree-of-membership of
each defect to each cluster center, via fuzzy c-means clustering analysis

3. Titting of an ellipsoid to each of the identified clusters, with only those defects exceeding a
predetermined threshold degree-of-membership included in the fit

which are described in more detail in the respective sub-sections below.

2.1. Cluster Center Identification

To identify the number of cluster centers, a subtractive clustering algorithm was employed.
Subtractive clustering—a modification of the mountain clustering method [1]—refers to an iterative
process in which each data point is considered as a candidate cluster center. First, the density
measure at each point is evaluated as:

rre
D, =%exp —M 2.1)
=1 ”

a

where r; is the position vector of defect 7, N, is the total number of defects, and 7, is a constant
defining the neighborhood in which other defects contribute significantly to the density measure at
defect z The point with the highest density measure is designated as a cluster center. Following this
designation, the density measure associated with every other point is adjusting via the following
equation:

2.2)

where D, and r. are the density measure and position, respectively, of the designated cluster center,
and 7, defines the neighborhood about the newly-identified cluster center in which substantial
reductions in the density measure will take place. The point with the next-highest density measure
becomes the next cluster center, and the selection process continues until a suitable number of
centers have been identified.

For the purposes of the present study, 7, was set to 1.257,, and 7, itself was determined through the
fitting process described in section 3.
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2.2, Degree-of-Membership Assignment

In general, a defect either can be uniquely associated with a specific cluster or can be affiliated with
multiple cluster centers in a fuzzy (non-binary) manner. The degree of membership is quantifiable
via the membership matrix, U, an N, x N, matrix in which each element consists of a number
between 0 and 1 specifying the degree of membership of defect 7 to cluster center £ [2]. The
membership matrix is subject to the constraint:

NC
U, =1 23)
k=1

which is effectively a normalization condition of the membership partition. A cost function is then
associated with a collection of defects as:

C= ZZU::

k=1 i=1

e ” (2.4)

A minimum is reached in the cost function when:

o=t 2.5)

and:

U, = o 2.6)
{Ilr —rzllj
I =51

The procedure to converge on a membership matrix and a set of cluster center positions is to:

_Mz

1. Initialize the membership matrix with random numbers between 0 and 1, subject to
the constraint in Eq. (2.3).

2. Compute the cluster center positions using Eq. (2.5).
3. Compute a new membership matrix using Eq. (2.6).

4. Calculate the cost function from Eq. (2.4), exiting the iterative process if the cost
value is either below a given threshold or if its change from the previous iteration is
below a given tolerance.

5. Repeat steps 2 — 4

In this study, the weighting exponent, 7, was set to 2.
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2.3. Ellipsoidal Fitting

For the purpose of fitting a geometric shape to a collection of point defects (the “collection” being
defined herein as the defects affiliated with an identified cluster center), ellipsoids are an attractive
option due to a combination of generality and simplicity of mathematical representation. Details of
the principal component analysis (PCA) approach are discussed in [3]. Briefly, the unit vectors
defining the ellipsoidal semi-axes and the squares of the axis lengths are equal to the eigenvectors
and eigenvalues, respectively, of the defect position covariance matrix. In particular, the computed
semi-axis lengths correspond to the standard deviations (o) of the defect positions as projected onto
the respective axes. The aforementioned procedure, by default, will result in a 1o scaling of the
semi-axes under the assumption of a normal distribution of defects about each semi-axis. If the
semi-axes are scaled by a factor N beyond the 1o values, then the fraction of defects contained
within the ellipsoidal volume is given by:

/2 /2 N 2
frac=8 [ dg [ do[dp #Sin 0 2.7)
0 0 0
—(a,ocos;zﬁsin@)2 —(b,osin¢sin9)2 —(cpcos 6’)2
-ex ex exp| —————
P 2 P 20 e
N P _p
frac = 47r£ dp (27[)3/2 -exp [T} (2.8)

where 4, b, and ¢ are the semi-axis lengths and 7ho, #heta, and phi are generalized spherical coordinates.
Eq. (2.7) is essentially a volume integration over the ellipsoid as weighted by the probability density
of finding a defect within each volume element. Integrations of up to 3o are tabulated in Table 2-1.

Table 2-1. Fraction of defects in ellipsoidal volume
vs. sigma scaling of semi-axes

Defect Coverage
Scaling Fraction
10 0.199
20 0.739
30 0.971

13
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3. MODEL APPLICATION TO GALLIUM ARSENIDE

In the practical application of the cluster assignment and geometric fitting methodology described in
Section 2, two immediate issues arise: 1) how to utilize the degree-of-membership information
within the ellipsoidal fitting process, and 2) how to determine the constant, 7, in Eq. (2.1).

Regarding issue 1), the fitting process detailed in Section 2.3 operates under the assumption that all
point defects are weighted equally. Rather than incorporate all defect positions in the fitting of a
given sub-cluster by attempting to modulate their relative contributions by degree-of-membership, it
was decided that those defects falling below a specified cutoff value would be eliminated from
consideration. Specifically, defects with a degree-of-membership above exp(-2) were incorporated
into a 2o ellipsoidal fit of the sub-cluster, while those falling short of the exp(-2) threshold were
ignored. The exp(-2) cutoff was chosen based on the 2o value of a notional exponential attenuation
function in degree-of-membership versus distance from a cluster center.

To address issue 2), it was decided that the constant 7, would be chosen to ensure consistency with
the threshold recoil energy for sub-cluster formation in GaAs. An implication of this approach is
that an independent means must be available for establishing a reference value of the sub-cluster
formation energy. In the present study, the sub-cluster formation energy was designated as the
recoil energy at which the radial distribution function (RDF) of the defect positions was observed to
split into two distinct peaks, with “distinct” defined as possessing a minimum peak prominence of 5.
The peak prominence is affected by the spatial separation of the sub-cluster centers, as well as by the
characteristic dimensions of the sub-clusters themselves.

The RDF is defined by:
1 Yo N
g(r):m;;<5<r+kj—ig)> (3.1)

where 7 is a mean (background) defect density. The normalization factors preceding the double
summation in Eq. (3.1) are irrelevant in this case because the peak splitting phenomenon of interest
is discernible via the basic functional profile.

Figure 3-1 and Figure 3-3 show the defects maps from two independent recoil events at a PKA
energy of 10 keV. Only a single cluster can be visually discerned in the former figure, whereas two
distinct clusters, with an adjoining linear chain of defects, are apparent in the latter. RDFs
corresponding to Figure 3-1 and Figure 3-3 are illustrated in Figure 3-2 and Figure 3-4 respectively;
the single-peaked versus double-peaked behavior of the RDFs is seen to accord well with the
visually obvious distinction between the single cluster and the two sub-clusters.

To evaluate the threshold energy of sub-cluster formation, defect map simulations were carried out
at the recoil energies and sample sizes given in Table 3-1. The MARLOWE binary collision code
([4]-[7]) was used to simulate the collision cascade process and to obtain the quasi-stable defect maps
given a PKA recoil energy and a randomly chosen recoil direction. Details of the MARLOWE
calculations may be found in [8§].

15
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Table 3-1. Recoil energy sampling scheme. Recoil events were initiated in random directions.

Recoil Recoil Recoil

Energy Realizations Energy Realizations Energy Realizations
(eV) (#) (eV) (#) (eV) (#)
100 500 3000 500 50000 500
200 500 5000 500 100000 500
300 500 10000 500 200000 500
1000 500 20000 500 300000 500
2000 500 30000 500 500000 500

Employing the RDF-based cluster quantification methodology, the mean number of distinct clusters
generated per recoil event was evaluated as shown in Figure 3-5. It is apparent that, within the
resolution of the imposed recoil energy grid, the threshold for sub-cluster formation lies at
approximately 10 keV in GaAs. Visual inspection of 10 keV recoil-induced defect maps confirmed
the presence of characteristic features of sub-cluster breakup—namely the co-existence of two
regions of high defect density that are separated by a distance on the order of, or larger than, the
dimensions of each high-density region, with the possible inclusion of linear chains of defects
linking the regions. The assessed 10 keV threshold exhibits good agreement with molecular
dynamics (MD) based sub-cluster threshold estimates for metallic elements of a similar atomic
number to Ga and As [9].

Next, the parameter 7, in Eq. (2.1) was varied, and the behavior of the subtractive clustering
algorithm-derived curves of cluster center number versus energy (see Figure 3-6) was scrutinized to
identify the value of 7, at which consistency is achieved with the RDF-based estimate of the sub-
cluster formation threshold energy. At low recoil energies, the number of cluster centers ascertained
via the subtractive clustering algorithm can be inaccurate, partly due to the increasingly ill-defined
nature of a defect cluster as the recoil energy is reduced to a point where few defects are generated.
In particular, below a recoil energy of a few hundred eV in GaAs, only a few defects are extant in
the maps and the clustering algorithm may identify individual defects as comprising distinct clusters
in and of themselves. Therefore, the portions of the curves in Figure 3-6 that are linearly increasing
as a function of recoil energy (in log-log space) are perceived as the physically meaningful portions.
This interpretation is in agreement with the functional behavior observed in residual defect clusters
from MD simulations [9].

18
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By extrapolating the linear portions of the constituent curves of Figure 3-6 to unity on the ordinate
axis, comparisons may be drawn to the threshold energy for sub-cluster formation as derived from
Figure 3-5. For gallium arsenide, 7,~ 150 A produces a close match. Spatial analysis of defects
clusters in gallium arsenide as generated using the Transport of lons in Matter (TRIM) code [10]
yields 2 mean sub-cluster size asymptotically approaching roughly 150 A as recoil energy increases
beyond 75 keV; substantially smaller clusters are reported below that energy. Thus, 150 A is
assessed as a reasonable choice for 7, at recoils energies at which multiple, distinct defect clusters
would occur with high probability.

With the parameter 7, assigned a value and the degree-of-membership information integrated into
the fitting process via the exp(-2) cutoff for cluster affiliation, the ellipsoidal fitting process is ready
to be deployed on arbitrary defect maps. Examples of fitted maps are given in Figure 3-7 — Figure
3-8 at a 50 keV recoil energy and in Figure 3-9 — Figure 3-11 at a 500 keV recoil energy. All
distances are in angstroms.
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4, DEFECT MAP VOLUME ESTIMATES IN GALLIUM ARSENIDE

With the ellipsoidal sub-cluster fitting model fully parameterized for gallium arsenide, the mean
volume of a defect map was assessed as a function of recoil energy. Starting at a recoil energy of 10
keV (i.e. the approximate threshold energy of sub-cluster formation in GaAs), the fitting algorithm
was applied to a wide variety of clustering realizations in accordance with the sampling scheme laid
out in Table 3-1. For each realization, the defect map volume was defined as the aggregate volume
of all 2o ellipsoids identified under the PCA fitting scheme. This definition introduces the
possibility that certain regions of the 3D space will be counted multiple times if the fitted ellipsoids
overlap therein.

Comparisons were drawn against volume estimates obtained through two independent approaches,
namely 1) fitting a single 2-sigma ellipsoid to the entire defect map, and 2) computing the convex
hull [11] of the set of defect points. An example of a convex hull of a point defect map is given in
Figure 4-1. The mean volumes evaluated using the three methodologies are illustrated in Figure 4-2
as a function of recoil energy. Good agreement is evident up to about 100 keV, above which the
ellipsoidal sub-cluster fitting model branches off from the other two. Approximately an order-of-
magnitude difference is observed at the highest recoil energy (500 keV). The origin of the difference
lies in the inability of the relatively simple convex hull or single-ellipsoid fits to envelope the defects
without also incorporating large swaths of “empty” (defect-devoid) space when many sub-clusters
coexist in a complicated geometry. Thus, GaAs cluster volume calculations based on the
aforementioned schemes will be prone to severe overestimation of the mean volume in the limit of
high recoil energy. Considering that recoil energies of several hundred keV are achievable in GaAs
in the presence of fission spectrum or 14-MeV neutrons, the differences amongst the models
assume a practical significance.

The comparatively minor differences in volume between the convex hull and single-ellipsoid models
are elucidated in Figure 4-3, which shows a histogram of the volume ratio of the two models over
the energy range of 1000 eV to 500 keV (covering a total of 6000 sampled defect maps). Aside from
a systematic offset of the convex hull fits towards slightly higher volumes, the occasional presence of
“orphan defects” — i.e. defects separated from any sub-cluster by distances large in comparison to
inter-cluster spacings, examples of which can be spotted in the lower-right corner of Figure 3-9—
create a tail in the histogram distribution due to the algorithmic requirement that the convex hull
volume incorporate every defect within a closed geometric form. Conversely, the “contour-
hugging” nature of the convex hull mitigates the inclusion of defect-devoid, inter-cluster volumes in
other cases. While single-ellipsoid fits are also influenced by orphan defects, the degree of influence
is weighted by the (normally quite small) proportion of the latter versus the total defect population.
Orphan defects are discounted entirely in the ellipsoidal sub-cluster fitting model as a consequence
of the imposition of the degree-of-membership cutoff.
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5. CONCLUSIONS

A methodology has been devised to fit the geometric contours of a defect map—consisting of one
or more distinct clusters—by employing principal component analysis (PCA) to evaluate a set of
surrogate ellipsoids. Specifically, the number of cluster centers was determined through a
subtractive clustering algorithm, and the cluster center positions were optimized using c-means
clustering analysis with a degree-of-membership value between 0 and 1 assigned to each defect vis-a-
vis each cluster. This fuzzy membership value was then made binary by establishing a cutoff value
of exp(-2) for inclusion in the PCA-fitted ellipsoid for each respective cluster. While the described
fitting process is generalizable to any material, it was applied explicitly to GaAs in this study via the
selection of an 7, parameter value of 150 A within the subtractive clustering algorithm to ensure
consistency with the threshold energy for sub-cluster formation in GaAs. The sub-cluster threshold
energy itself was set at 10 keV based on a separate analysis of radial distribution function behavior
versus recoil energy.

The parameterized model for GaAs was utilized to compute the mean volume of quasi-stable defect
maps obtained from the MARLOWE code as a function of recoil energy between 10 keV and 500
keV, where the latter energy lies at the upper end of the spectrum of recoil energies expected in
GaAs from fission neutron bombardment. Comparisons were drawn against convex hull and single-
ellipsoid fits to the point defect map, which represent simple, generic models that do not explicitly
account for the existence of defect sub-clusters. The sub-cluster ellipsoidal fitting scheme was
shown to begin to deviate from the two reference models at a recoil energy of around 100 keV,
culminating in a difference of roughly an order of magnitude at 500 keV. Given the
accommodations made within the sub-cluster fitting model to spatial defect distributions
characteristic of PKA-induced displacement damage, the reference models are concluded to
overestimate the defect map volume due to the incorporation of sizable swaths of intervening,
defect-free space.

While the actual extent of any inter-cluster interaction effects will be dependent on the detailed
geometries of the clusters as well as the background concentrations of defect-trapping impurities,
the methodology put forward in this study is posited to be an appropriate starting point for
estimating the neutron fluence at which such effects might become significant. Aside from this
particular application, the defined methodology provides a framework for users to extract other
reduced metrics from complex defect map geometries that are characteristic of materials of interest.
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