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INTRODUCTION

Bayesian evaluation of resolved resonance region (RRR)
nuclear data has historically been carried out using the gen-
eralized least squares (GLS) formalism, as implemented in,
e.g., SAMMY [1]. We have recently developed a prototype
of Bayesian Monte Carlo (BMC) evaluation framework [2],
implemented using a Markov Chain Monte Carlo (MCMC)
method with a Metropolis-Hastings (MH) [3, 4, 5] acceptance
criterion. This was done in order to remove the approxima-
tions underlying the conventional GLS evaluations, namely,
the linear approximation, and the approximation that all proba-
bility density functions (PDFs) are of the normal kind. Recent
works by others have used similar stochastic approaches to
quantify cross section uncertainties from ENDF evaluated co-
variances, and/or, from integral benchmark data [6, 7, 8, 9, 10],
but those have not been conceived as an evaluation framework
like the one presented here.

In this iteration of Bayesian MC evaluation framework,
we deploy a generalization of the conventional Bayesian pos-
terior PDF, along the trajectory outlined by the authors in [11],
and provide formal expressions by which evaluators could
account for inherent imperfections in nuclear data, besides
providing a novel form of the posterior PDF that is amenable
to computation by stochastic methods, while elegantly retain-
ing harmony with the Bayes theorem!. This generalization
yields a formal Bayesian posterior PDF which, once computed,
is to be used for computations of all posterior expectation
values, including, but not limited to, of posterior covariance
matrices. The generalized method is intended to obviate the
need for manual increases to the posterior covariance matrices,
which are currently resorted to in order to make otherwise
unreasonably small evaluated uncertainties acceptable. Fur-
thermore, this evaluation framework provides a natural way
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! Attempts to to compute posterior PDF of the conventional form of Bayes
theorem by stochastic methods become computationally intractable for suffi-
ciently large data sets because the posterior MC weights become increasingly
dominated by a single instance of the entire ensemble, namely the one with
the least value of the cost function, i.e., y2. (This failing is analogous to the
"curse of dimensionality" in the case of large parameter sets, and the method
presented here may be able to address it, too.) This behavior is conventionally
avoided by modifying the expression for the cost function (e.g. dividing it by
the number of data points) in order to make the posterior PDF easier to explore
by stochastic methods, but sacrificing the harmony with the Bayes theorem
by doing so. Mathematical harmony with the Bayes theorem is completely
preserved in the framework presented here.

of preserving the original data and covariance information, by
clearly demarcating it from information or expert judgement
introduced by the evaluator. However, this comes at the cost of
introducing Lagrange multipliers that serve as a formal vehicle
for accommodating, and preserving, any expert judgement(s)
made by an evaluator during the evaluation.

In this abstract the new evaluation framework is illustrated
by a generalized cost function, and its application to some
imperfect cross section data. Furthermore, the connection to
the conventional form of the Bayes theorem has been derived
formally, and verified numerically on a line-fitting problem.

GENERALIZED BAYESIAN POSTERIOR PDF

One compact way to introduce generalized Bayesian pos-
terior PDF, and the cost function associated with it, is based
on the concept of generalized data, z, that is a union of the
model parameters P, and of data, D,

Z= (1};) (1)

whose prior expectation values, (z), and the prior covariance
matrix, C, are usually provided to define a (normal) prior PDF,
namely,

p(z|(2),C) g‘%(Z—(ZWC’](z—(z)). )

Furthermore, it is useful to define a vector of deviations, &,
between the model, 7(P), and measured data D, namely

§=T(P)-D, 3)
and its covariance matrix, A,
A ={(6 = (NG = {NT). 4

Using these definitions, we observe that the conventional
Bayes’ theorem is obtained by constraining the posterior ex-
pectation values and the covariance matrix of ¢ to be equal
zero. Consequently, a generalization of the Bayes’ theorem
originally introduced in [11] is achieved by imposing non-zero
constraints on the same posterior expectation values and co-
variance matrix, namely (§)" and A’. The freedom to set these
constraining values is given to the evaluator. In our notation,
the posterior expectation values, computed using the posterior
PDF, p’(z|...), are indicated by a prime, as in (-)’, while prior
expectation values, computed using the prior PDF, p(z|...),
omit the prime, as in (-). The posterior PDF is constructed
by using Lagrange multipliers, labeled by a (constant) vector
A and a (constant) matrix A, whose values are set so that the
posterior expectation values ()" and A’ are equal to the values
set by the evaluator:

P'(zI{6)", A", (2), C) o« L)', A'|z,(2), C) X p(z[(2), C) (5)



where the likelihood function turns out to be
LY A'lz,(2), C) = e 20 0TA0=0 ©6)

and where values of 1 and A are such that (§)" and A’ computed
using this posterior PDF are exactly equal to the values chosen
by an evaluator. This is the posterior PDF that should be used
for calculations of all posterior expectation values, including
covariances, and these ought not be adjusted by hand, as is
often done when evaluation is performed using a conventional
form of Bayes’s theorem. This is posterior PDF of generalized
data, i.e., of model parameters, P, and, of data, D, in contrast
to the conventional Bayesian posterior PDF that is a PDF of
parameters, P, only, as elaborated further below.

This generalized form of the Bayes’ theorem, unlike the
conventional one, is amenable to Monte Carlo methods, even
as the number of data points becomes infinitely large. This
feature can be illustrated by setting 4 = (0), i.e. the prior
expectation value of §, and A = A, i.e. the prior covariance
matrix of 6. To simplify the illustration further, lets assume
that the prior covariance matrix, C, is an identity matrix. Then
the application of the central limit theorem to computation of
our new cost function X?(z) implies that the stochastic ensem-
ble generated by randomly drawing values of z from the prior
PDF, will converge to a normal PDF (of unit variance) with
increasing number of data points. Consequently, the poste-
rior expectation values can straightforwardly be computed as
weighted averages of the said stochastic ensemble.

The expressions for calculating A and A from given (J)’,
A, (z), and C, will be presented in a future publication. (To
illustrate some of the features of this posterior PDF, we will set
A and A to some instructive set of values, and show the results
for each such set.) Collecting the exponents of the likelihood
and the prior function, renders the posterior PDF as

P26, A, (2),C) o e 7X@, )
where X?(z) is a generalized cost function:
X@D=@-DAE-D+@-@)C -, ©®

which becomes practical for linear models and normal PDFs,
since it could be minimized analytically as a function of z.

The conventional Bayesian posterior PDF is obtained by
setting A = 0 and A = 0 (corresponding to constraints ()" = 0
and A’ = 0), for which the likelihood function becomes a
Dirac delta function

L(6) =0,A" =0]2,(z), C) = 6pirac(T(P) = D). (9)

Thanks to this particular form of the likelihood function, the
data, D, can be integrated out of the posterior PDF, and thus
yield a (conventional) posterior PDF of model parameters, P,
alone:

P(P1(2),C) e e VP (10)
where y2(P) is the conventional cost function:
X(P) = (&(P) = ()" C" (&(P) - (2)). (11

where

5(P) = (Tf P)). (12)

This shows that the conventional form of the Bayes’ theorem is
indeed a special case of the generalized one. In the following
section we demonstrate the equivalence numerically, by veri-
fying that the generalized BMC solution is equivalent to the
analytical solution of a line-fitting problem, for a sufficiently
small A matrix.

LINK TO CONVENTIONAL y?

In order to numerically demonstrate the equivalence be-
tween the new cost function and the conventional y? approach,
we needed to calculate a posterior distribution in which the
value of A — 0 and p(fz), C) = Opirac. Since we can ana-
Iytically solve Bayes’ equation for linear models, we compare
GLS to the MH solutions of a simple linear model. If we had
simply set A to a value << 1, e.g. 1le-20, we would have
needed an enormous amount of time for the MH algorithm to
converge (and of course if A = 0 we would encounter divide-
by-zero errors). Instead we iteratively solved (iterating outside
of the MC loop) Bayes’ equation by MHMC, where upon each
successive iteration we set:

(Dns1 — (D
Cpi1 < C, (13)

n’
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where n is the index of iterations in the MC sequence (not the
internal MC index). On each Bayesian solve for the linear
model we reduced the values of ¢ and therefore A. By setting
A1 < A}, we incrementally reduced A,,.; and more closely
estimated A — 0. Each of the P and D PDFs are shown in
Fig. 1 for their prior distributions and posteriors as determined
by conventional GLS /\(2, MHMC, and our iterative MHMC
approximation of the conventional GLS y?.
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Fig. 1. The posterior distribution of parameters in z for MHMC
(blue) are wider than the posteriors of the conventional y?
method (red). We also showed that we could approximate
the conventional method with an iterative solution of MHMC
(green), where we run a MC algorithm with iteratively smaller
values of A. These are all compared to the prior distributions
of z (black, dashed).

The similarity between the conventional GLS method and
the iterative MHMC posterior PDFs (which are difficult to



differentiate as they lie almost entirely on each other) provides
a measure of confidence in the new method. The increased
variance of the normal MHMC posterior PDF as compared
to that of the GLS y? demonstrates the capability of the new
method, where the evaluator can provide input on their confi-
dence in a given set of data by providing an appropriate A. In
Fig. 1 we selected a A such that the algorithm “knows” that
that the data will have an imperfect match to the model. This
could be applied, e.g., to two discrepant datasets.

SIMPLE 23*U EVALUATION

In order to demonstrate the functionality of the BMC
method with the new cost function applied to a real dataset and
non-linear nuclear interaction model we evaluated a neutron
transmission measurement of 23*U. In order to model this ex-
perimental data, we use the R-matrix code SAMMY. SAMMY
is a well-established program for modeling energy-differential
cross section data and evaluating it using a conventional GLS
Bayesian analysis. Recently, SAMMY has undergone modern-
ization efforts that allowed us to create a beta (in-development)
version of the code that can incorporate arbitrary fitting meth-
ods such as MHMC. We can then consistently compare the
GLS method to MHMC since we are using precisely the same
compiled software to model the cross section (and therefore
transmission) in each case.

We selected the 23U neutron transmission dataset by Gu-
ber [12] for our example. The SAMMY model calculates
cross section via the R-matrix formalism for the RRR and
then Doppler and resolution broadens it to match the trans-
mission experiment. Only a single resonance at ~1.75 eV
is evaluated (and therefore allowed to vary) in this example.
The prior uncertainties on the energy E,, radiative width I,
neutron width I',,, and two fission widths I'y; and Iy, are from
the ENDF/B-VIILO library [13]. We then fit using the same
model and same priors for both the GLS and BMC methods to
compare. The MHMC evaluation used very simple posterior
constraints: A = 0 and diag(A) = 0.25 (all off-diagonal equal
to zero). In Fig. 2 we show the various transmission models
for this experiment.

The bold blue line represents the mean model given the
posterior distribution of P, while in light blue we’ve plotted a
random set of models tested by the MHMC method to demon-
strate the full distribution of the transmission models. Note
that the light blue curves are showing samples beyond a single
standard deviation from the mean. The model T'(P) for which
P provides the minimum value of ¢ (in chartreuse) among
the MHMC iterations is shown alongside the GLS solution
demonstrating that they are quite similar. This is somewhat
intuitive as the GLS algorithm gives significant weight to ¢.
The comparison of the uncertainty between the two models
is, however, quite different. This is shown in Fig. 3, where
we see that the standard deviation from the mean for GLS
and MHMC are proportional to each other, and the MHMC is
approximately an order of magnitude larger. This is expected
due to the simplistic choice of a constant A and A.

CONCLUSIONS

The Monte Carlo method for solving Bayes’ equation
has the opportunity to provide posterior distributions (normal
or non-normal) of RRR parameters from which any order of
moment could be extracted, not only the mean values and
covariances, as are currently stored in common nuclear data
formats. In addition to using the BMC method in the SAMMY
framework to evaluate RRR parameters, the development of
this new cost function will, once fully incorporated, give evalu-
ators greater freedom to address imperfections in nuclear data
cross section models.
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Fig. 3. The relative posterior model uncertainty (or/T) for
the MHMC method (in blue) is approximately an order of
magnitude greater than the GLS method (in red). This came
from the evaluator input quantifying the degree of belief in
how “perfect” the data D would match the model T'(P). Note
that the uncertainty around the (T (P))’ is proportional to the
GLS uncertainty. This is because A is a constant value along
the diagonal and zeros elsewhere.
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