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Abstract

We propose two sequential methods for the all-way coupled thermoporomechanical problems: the undrained-adiabatic

split that combines together the undrained and adiabatic methods of poromechanics and thermomechanics, respectively,

and the extended fixed-stress split. We perform nonlinear stability analysis for the two sequential methods, introducing

a new extended norm that can encompass the all-way coupled thermoporomechanical problems. We find that the two

sequential methods are unconditionally stable if α ≥ 0.5, where α is the parameter of time discretization for the

generalized midpoint rule at tn+α. We also perform the spectral analysis in order to further investigate stability and

convergence of the two methods. The spectral analysis shows unconditional stability of the two sequential methods,

which yields the magnitudes of the amplification factor less than unity. We then show numerical examples, which

support the a priori stability and convergence estimates.
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1. Introduction

Coupled heat, fluid flow, and mechanics, called thermoporomechanics, are currently of much interest in many areas

of geosciences and reservoir engineering to model complex physics. For example, in geothermal engineering, heat

energy is delivered to flowing fluid, which transports heat to the surface facilities by fluid production [1]. Heat increases

fluid temperature, which changes pore-pressure and other physical variables such as fluid phases. In turn, the changes

in pore-pressure or temperature affect stress of the porous media, which causes deformation and surface subsidence

[2, 3]. In the gas hydrate bearing sediments, changes in stress and temperature fields influence gas hydrate formation

or dissociation. This might cause well instability or possible methane emission to the surface due to geological failure

[4, 5]. In the case of in-situ conversion and steam injection for heavy oil production, thermal behavior plays a critical

role in hydrocarbon production. Freezing the boundary walls and injecting heat to the production wells may cause

substantial surface subsidence, which can support the reservoir pressure by compaction. The changes in stress and

strain fields induce different fluid-heat flow regimes.

Nuclear waste disposal to the underground requires accurate modeling of thermoporomechanics [6]. Radioactive

materials generate heat, which can perturb an initial stable condition, causing fluid flow or reservoir deformation.
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Petrophysical properties can be affected by the changes in the effective stress and/or temperature directly [7]. Frost

heaving in cold climate areas damages water-infiltrated materials [8]. The phase change between liquid water and ice

induces the change in density, which leads to pore-volume change, followed by deformation and possibly material

failure. This physical behavior is similar to the physics in the gas hydrate sediments during formation and dissociation

of gas hydrate [4]. For all the above cases, accurate and rigorous modeling for thermoporomechanics is necessary

because individual physics such as fluid, heat, and geomechanics are tightly coupled.

In numerical modeling, there are two solution strategies to solve the coupled problems: monolithic and sequen-

tial (staggered) approaches [9, 10]. The monolithic approach can typically provide numerical stability for well-posed

problems. However, it requires high computational cost and code development of a unified non-isothermal fluid flow-

mechanics simulator in solving thermoporomechanics. Furthermore, an appropriate preconditioning method for the full

Jacobian matrix is another challenging issue on the monolithic method, when we take the Newton-Raphson method.

On the other hand, the staggered approach, also called the fractional step method, is desirable when we make use of

the existing robust simulators, because an appropriate interface code between the simulators is required only, reducing

coding effort. In addition, the staggered approach can be modified straightforwardly for preconditioning the full Ja-

cobian matrix of the monolithic method [11]. However, it should be noted that staggered methods may be limited by

numerical stability [9, 12]. Thus, finding staggered methods that can yield numerical stability and accuracy is a critical

issue in solving coupled problems.

Several studies have considerably been done in order to find unconditionally stable staggered methods. For exam-

ple, Armero and Simo [9, 13] proposed the adiabatic split for thermomechanics. Later, for poromechanics, Armero

[14] extended the undrained split, originally proposed by Zienkiewicz et al. [15], to nonlinear mechanics. By the

undrained (or adiabatic) split, mechanics is solved at the first step with no fluid (or heat) flow, and then fluid (or heat)

flow is solved after solution of mechanics. These splitting methods keep thermodynamic stability, and can provide

unconditional numerical stability. The thermodynamically consistent time integration is known to be very robust [16].

Kim et al. [17], Kim et al. [18], and Mikelic and Wheeler [19] investigated stability and convergence of poromechanics

for four staggered methods (drained, undrained, fixed-strain, fixed-stress). By the fixed strain (or stress) method, we

solve fluid flow at the first step, fixing stain (or stress) fields, and then mechanics is solved after solution of flow. They

found that the drained and fixed-strain method, obvious operator splitting methods, are only conditionally stable, and

that their instability cannot be fixed by reducing time step size. Even though the undrained method is uncondition-

ally stable, it may be inaccurate when the coupling strength is high. On the other hand, the fixed-stress method is

unconditionally stable and accurate even for high coupling strength. Then, Kim et al. [20] and Kim et al. [3] applied

the fixed-stress method to gas hydrate and geothermal systems, while assuming no direct heat generation from solid

deformation. In other words, they considered two-way coupling between fluid flow and geomechanics, while one-way

coupling from heat flow (i.e., energy equation) to geomechanics was used. Large heat capacity and/or the small thermal

coupling coefficient, falls in most Earth science problems, can justify neglecting the term of no direct heat generation

from deformation in heat flow.

Yet, in some cases such as large heat generation due to friction between well casings and reservoir formations or
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fault slip, the effects from direct heat generation of geomechanics might not be ignorable, and all-way coupling among

fluid flow, heat flow, and geomechanics can provide better accuracy. For example, Liu et al. [21] employed the all-way

coupling in thermoporomechanics in order to model complex physics near the wellbore. The sequential scheme might

be more pragmatic for large scale problems of thermoporomechanics in reservoir simulation.

With this motivation in mind, we investigate unconditionally stable staggered methods for all-way coupled thermo-

poromechanical problems. We first propose a staggered method that combines the undrained split of poromechanics

with the adiabatic split of thermomechanics, named undrained-adiabatic split. Another sequential method to be studied

in this paper is namely the extended fixed-stress split. In this method, the numerical relaxation terms and the corre-

sponding correction terms are applied to not only fluid flow (i.e., mass conservation equation) but also heat flow (i.e.,

energy equation), accounting for the direct heat contribution coming from deformation to heat flow. It should be noted

that stability analyses of the previous studies cannot encompass the sequential methods proposed in this study, because

the norms used in the previous studies cannot encompass the all-way coupled thermoporomechanical problems. Hence,

we will perform new stability analysis for the undrained-adiabatic and extended fixed-stress split methods, introducing

a new extended norm for nonlinear stability analysis. We will show that the two sequential methods are unconditionally

stable (i.e., B-stable), when α ≥ 0.5. Furthermore, we will also perform the spectral analysis for the linear (linearized)

coupled systems in order to find more specific properties of stability and convergence of the two methods. We will

show numerical examples, which support the a-priori mathematical estimates.

2. Mathematical formulation

We employ a classical continuum representation, where fluid and solid are viewed as overlapping continua [22].

The governing equation for multiphase fluid flow comes from mass balance as follows.

dmJ

dt
+DivwJ = (ρf)J , (1)

where wJ is the mass flux of fluid phase J (mass flow rate per unit area) relative to the solid skeleton. dmJ/dt is the

variation of fluid mass relative to the solid skeleton. We denote by
d(·)
dt the change of a physical quantity (·) relative to

the solid skeleton. ρJ is the density of fluid phase J , and fJ is a volumetric source term of phase J .

For mechanics, the quasi-static assumption yields the governing equation as

Divσ + ρbg = 0, (2)

where Div(·) is the divergence operator, σ is the Cauchy total-stress tensor, g is the gravity vector, ρb = φρf+(1−φ)ρs

is the bulk density, ρf is total fluid density, ρs is the density of the solid phase, and φ is the true porosity. The true

porosity is defined as the ratio of the pore volume to the bulk volume in the deformed configuration. Tensile stress is

positive. In this paper, we assume small deformation (i.e., infinitesimal transformation).

The energy equation (heat flow) can be driven by the second law of thermodynamics, i.e., entropy balance, ex-

pressed as [23]

T

(
dS̄

dt
+Div(s̄JwJ)

)

= −Div(q) + ΦM +Qs, (3)



4

where S̄ is the total entropy, s̄J is the internal entropy per unit mass of phase J (i.e., specific entropy), and ΦM is

the mechanical dissipation. Repeated subscripts imply summation. q is the heat flow vector by conduction. Qs is the

external heat source term. Taking the assumption that the viscous dissipation is negligible (i.e., the Brinkman number

is very low), Equation 3 can be rewritten as [23]

T

(
dS̄

dt
− s̄J

dmJ

dt

)

= −Div(q)− Cp,JwJ
︸ ︷︷ ︸

vT

·GradT +Qs, (4)

where T is temperature. Cp,J is the volumetric specific heat capacity at constant pressure for fluid phase J . At the

right side of Equation 4, the first and second terms correspond to the heat conduction and convection, respectively. The

left term is the heat accumulation term, which will be described by the constitutive relations more specifically.

Coussy [22] considers the first and second laws of thermodynamics, and applies them to the Clausius-Duhem

inequality. Then, taking the hypothesis that all intrinsic, mass flow, and heat conduction dissipations are non-negative,

the constitutive relations in thermoporoelasticity are obtained as

δσ = Cdr : δε− bJδpJ1− 3αTKdrδT1, (5)
(
δm

ρ

)

J

= bJδεv +NJKδpK − 3αm,JδT, (6)

δS̄ = s̄JδmJ + 3αTKdrδεv − 3αm,JδpJ +
Cd

T
︸︷︷︸

C∗

d

δT, (7)

where Cdr is the drained-isothermal elastic moduli, N = {NJK} is the inverse matrix of the Biot moduli M =

{MJK} (i.e., N = M
−1), where N and M are positive definite. bJ takes bJ = bSJ , where b is the Biot coefficient

in single phase flow and SJ is saturation of phase J . 3αT is the volumetric skeleton thermal dilation coefficient,

Kdr is the drained isothermal bulk modulus, 1 is the rank-2 identity tensor, εv is the total volumetric strain, and

3αm,J = 3αφ + φ3αJ , where 3αφ and 3αJ are the coefficients of thermal dilation related to porosity and fluid J ,

respectively. Cd = Csk +mJCp,J is the total volumetric heat capacity, where Csk is the volumetric heat capacity of

the solid skeleton. ‘δ’ implies the variation relative to the motion of solid skeleton. The fluid volume flux relative to

the motion of the solid skeleton, vJ = (w/ρ)J , is given by Darcy’s law as

vJ = −kp,JK(Grad pK − ρKg), (8)

where kp,JK is the symmetric positively definite effective permeability tensor for phases J and K, in which fluid phase

viscosity µJ is taken into account. The thermal conduction is expressed by Fourier’s laws as

q = −kT GradT, (9)

where kT is the symmetric positively definite thermal conductivity tensor.
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Substituting Equations 5 – 9 into Equations 1, 2, and 4, the governing equations are expressed by the fluid pressure,

strain, and temperature, which will be the primary variables for numerical simulation. For mathematical completeness,

we specify initial and boundary conditions. For fluid flow we consider the boundary conditions pJ = p̄J (prescribed

pressure) on Γp, and vJ · n = v̄J (prescribed volumetric flux) on Γv , where n is the outward unit normal to the

boundary, ∂Ω. For well-posedness of the problem, we assume that Γp ∩ Γv = ∅, and Γp ∪ Γv = ∂Ω. For heat flow we

consider the boundary conditions T = T̄ (prescribed pressure) on ΓT , and fT · n = f̄T (prescribed volumetric heat

flux) on ΓfT We assume that ΓT ∩ ΓfT ∅, and ΓT ∪ ΓfT = ∂Ω. The boundary conditions for the mechanical problem

are u = ū (prescribed displacement) on Γu and σ ·n = t̄ (prescribed traction) on Γσ . Again, we assume Γu∩Γσ = ∅,

and Γu ∪ Γσ = ∂Ω. For plasticity, we can easily extend the constitutive relation by introducing hardening variables

and forces [22, 24].

3. Discretization

For space discretization, the finite-volume method for fluid and heat flow is widely used in reservoir flow simulation

[25] while the nodal-based finite-element method for mechanics is typically used in the geotechnical and mechanical

engineering [26, 15, 27, 28, 9, 14, 29, 30]. For the fluid and heat flow problems, the pressure and temperature are

located at the cell center, while the displacement vector is located at vertices for the mechanical problem. The pressure

and displacement take the piecewise-constant and piecewise-linear interpolations, respectively. This space discretiza-

tion strategy has the following characteristics: local mass and heat conservation at the element level, a continuous

displacement field, which allows for tracking the deformation, and convergent approximations with the lowest-order

discretization.

The given space discretization provides a stable pressure field, while the finite-element methods can cause spurious

pressure oscillations if equal-order approximations of pressure and displacement (e.g., piecewise continuous interpo-

lation) are used [31, 32, 33]. Specifically, the piecewise-linear and piecewise-constant approximation of displacement

and pressure, typically called Q1-P0 discretization, does not fully satisfy the inf-sup condition, which may cause the

checker board pressure oscillation [26]. However, the Q1-P0 discretization with the fixed stress method can overcome

the pressure oscillation, being considered as a type of the stabilized Uzawa iteration for the saddle point problem, even

for the cases that the Q1-P0 with the direct solver causes the pressure oscillation [34].

We obtain a fully discrete system of equations by further discretizing in time the accumulation terms in fluid flow

and energy equations. In this study, the generalized midpoint rule is used for time discretization [35].

4. Sequential methods for thermoporomechanics

The fully implicit method solves Equations 1, 2, and 4 simultaneously by using the Newton-Raphson method, while

sequential methods split those equations into two or more subproblems and solve them sequentially. In this study, we

propose and study the undrained-adiabatic and extended fixed-stress splits for thermoporomechanics as follows.
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4.1. Undrained-adiabatic split

Motivated by Armero and Simo [9] in thermoelasticity and by Zienkiewicz et al. [15] and Armero [14] in isother-

mal poroelasticity and poroelastoplasticity, the undrained-adiabatic split freezes fluid mass and heat variation when

mechanics is solved at the first step (i.e., δmJ = 0 and δS̄ = 0). Thus, the undrained-adiabatic split decomposes the

original problem into








un

pn
J

Tn








Au
ua−→








un+1

p∗
J

T ∗








Afl
ua−→








un+1

pn+1
J

Tn+1







, where







Au
ua : Divσ + ρbg = 0, δmJ = 0, δS̄ = 0,

Afl
ua :







ṁJ +DivwJ = (ρf)J ,

T
(
˙̄S − s̄JṁJ

)

= −Div(q)− vT ·GradT +Qs,

ε̇ : prescribed,

(10)

where (·)ua stands for the undrained-adiabatic split. The intermediate pressure and temperature, p∗J and T ∗, can be

calculated locally and explicitly after we obtain the displacement, un+1. The superscript n denotes time level tn. From

Equations 6 and 7, the constraints δmJ = 0 and δS̄ = 0 yield

δpJ = MJK

(

−bK −
9αm,K

C∗
ud

(αTKdr + αm,JMJLbL)

)

δεv, (11)

δT = −
3αTKdr + 3αm,JMJLbL

C∗
ud

δεv, (12)

where

C∗
ud =

Cud

T
, Cud = Cd − 9αm,JMJKαm,KT, (13)

in which Cud is the undrained iso-deformation heat capacity.

Remark 1. C∗
ud is non-negative for wellposedness. Thus, Cd ≥ 9αm,JMJKαm,KT .

Using Equations 11 and 12, the total stress of mechanics can be expressed at the discrete level as

σn+1 − σn = C
ad
ud :

(
εn+1 − εn

)
, (14)

where C
ad
ud is the undrained-adiabatic elastic moduli written as

Cua = Cdr +

(

bJMJKbK +
9 (αTKdr + αm,JMJKbK)

2

Cud
d

)

1⊗ 1. (15)

After solving mechanics with the undrained-adiabatic moduli, we solve fluid and heat flow with the mechanics solutions

obtained at the mechanics step.
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4.2. Extended-fixed-stress split

The extended fixed-stress split solves the fluid and heat flow problems simultaneously at the first step fixing the

rate of the total stress (i.e., δσ̇ = 0). The fixed-stress approach splits the original problem as follows:








un

pn
J

Tn








Afl
ss−→








u∗

pn+1
J

Tn+1








Au
ss−→








un+1

pn+1
J

Tn+1







, where







Afl
ss :







ṁJ +DivwJ = (ρf)J ,

T
(
˙̄S − s̄JṁJ

)

= −Div(q)− vT ·GradT +Qs,

δσ̇ = 0,

Au
ss : Divσ + ρbg = 0, (pJ , T ) : prescribed,

(16)

where the subscript (·)ss stands for the extended-fixed-stress split. The initial condition of the flow problem, Afl
ss, is

specified from the original coupled problem that satisfies

Div σ̇t=0 = 0 , Div σt=0 + ρbg = 0. (17)

In this scheme, the mean (volumetric) total stress terms in the accumulation terms of the fluid and heat flow problems

are evaluated explicitly at the flow step as follows.

(
∆mn

ρ

)

J

=
bJ
Kdr

∆σn−1
v +

(

NJK +
bJbK
Kdr

)

∆pnK − 3 (αm,J − bJαT )∆Tn, (18)

T (∆Sn − sJ∆mn
J) = 3TαT∆σn−1

v − 3T (αm,J − αT bJ)∆pnJ + T
(
C∗

d + 9α2
TKdr

)
∆Tn, (19)

where ∆(·)n = (·)n+1 − (·)n. The total mean stress term can be also expressed by the primary variables as

∆σv
n−1 = Kdr∆εn−1

v − bJ∆pn−1
J − 3αTKdr∆Tn−1. (20)

After the step of fluid and heat flow, we solve mechanics with the updated pressure and temperature.

Remark 2. The first term of the right side in Equation 19 (i.e., 3TαT∆σn−1
v ) is the correction term from solution

of the geomechanics problem in heat flow, which can consider the two-way coupling between geomechanics and heat

flow. Additionally, compared with Equations 6 and 7, bJbK
Kdr

and bJαT of fluid flow (Equation 18) are considered as

relaxation terms for numerical stability. αT bJ and 9α2
TKdr of heat flow (Equation 18) are also the terms of numerical

stability.

5. Dissipative character of thermoporomechanics and numerical stability of the monolithic method

Consider the domain Ω at an equilibrium condition where ε0, pJ,0 and T0 are strain, fluid phase pressure, and

temperature in equilibrium, respectively. Suppose we have an initial perturbation in the limited domain Ωp inside the

boundary (i.e., Ωp ⊂ Ω ), as shown in Figure 1. Then, we investigate the evolution of the perturbation in time with the

homogeneous governing equations as

Div dσ = 0,

dṁJ, +Div dwJ = 0,

dT
(
d ˙̄S − s̄J

dṁJ

)

= −Div(dq)− dvT ·Grad
dT (21)
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where the homogeneous boundary conditions are applied, because we have no perturbation at the boundary, Γ. The

subscript d(·) implies the perturbed variables. This concept is fundamentally same as the thermodynamic stability

discussed in Coussy [22]. In Equation 4, we approximate the convection term dvT ·Grad
dT as

dvT ·Grad
dT ≈ Div(dvT

dT ), (22)

assuming Div dvT
dT << Grad

dT · dvT . Using Equation 22, the right side of Equation 3 can expressed as

Div(dq) + dvT ·Grad
dT ≈ Div (dq + dvT

dT )
︸ ︷︷ ︸

dfT

, (23)

where fT is the heat flux. Equation 23 is employed in Liu et al. [21]. On the other hand, when we perform the spectral

analysis later, we keep the original form vT ·GradT in Equation 4.

Note that, due to the homogeneous boundary conditions, we have

∫

Γ

dfT · dΓ = 0. (24)

Also, since dε, dpJ and dT satisfy the constitutive relations of Equations 5 – 7, we have

dσ = Cdr : dε− bJ
dpJ1− 3αTKdr

dT1, (25)
(

dm

ρ

)

J

= bJ
dεv +NJK

dpK − 3αm,J
dT, (26)

dS̄ = s̄J
dmJ + 3αTKdr

dεv − 3αm,J
dpJ + C∗

d
dT. (27)

In elasticity, we employ a norm extended from isothermal poromechanics to thermoporomechanics, as

‖χ‖2N =
1

2

∫

Ω

(

ε : Cdrε+

((
m

ρ

)

J

− bJεv

)

MJK

((
m

ρ

)

K

− bKεv

)

+ C∗
udT

2

)

dΩ, (28)

N :=
{
χ := (ε,mJ , T ) ∈ S× R

np × R : εij ∈ L2 (Ω), mJ ∈ L2 (Ω) , T ∈ L2 (Ω)
}
,

where S = R
(ndim+1)ndim/2 is the vector space of symmetric rank-two tensors, in which ndim is the dimension of the

domain Ω0. np is the number of fluid phase. Let us introduce the norms associated for sub-problems, as follows.

‖ε‖2E =
1

2

∫

Ω

ε : CdrεdΩ, E :=
{
ε ∈ S : εij ∈ L2 (Ω),

}
, (29)

‖κ‖2M =
1

2

∫

Ω

κJMJKκKdΩ, M :=
{
κ ∈ R

np : κJ ∈ L2 (Ω)
}
, κ =

((
m

ρ

)

J

− bJεv

)

, (30)

‖T‖2T =
1

2

∫

Ω

C∗
udT

2dΩ, T :=
{
T ∈ R : T ∈ L2 (Ω)

}
, (31)
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from which we have

‖χ‖2N = ‖ε‖2E + ‖κ‖2M + ‖T‖2T . (32)

Then, we show the dissipative character of the all-way thermoporomechanics problem, relative to the norms, ‖·‖N

as follows.

d
∥
∥dχ

∥
∥
2

N

dt
=

∂
∥
∥dχ

∥
∥
2

N

∂dε
: dε̇+

∂
∥
∥dχ

∥
∥
2

N

∂dmJ

dṁJ +
∂
∥
∥dχ

∥
∥
2

N

∂dT
dṪ

=

∫

Ω

(dσ′ : dε̇+
(
NJL

dpL − 3αm,J
dT
)
MJK

((
dṁ

ρ

)

K

− bK
dε̇v

)

︸ ︷︷ ︸

=NJL
dṗL−3αm,J

dṪ

+C∗
ud

dT dṪ )dΩ

=

∫

Ω

(dσ + bJ
dpJ1+ 3αTKdr

dT1
︸ ︷︷ ︸

dσ′

) : dε̇dΩ

+

∫

Ω

((
dp

ρ

)

J

dṁJ − bJ
dpJ ˙dεv − 3αm,J

dT dṗJ + 9αm,JMJKαm,K
dT dṪ

)

dΩ

+

∫

Ω

(dT d ˙̄S − dT s̄J
dṁJ − 3αTKdr

dT dε̇v + 3αm,J
dT dṗJ

︸ ︷︷ ︸

Cd
dṪ

−9αm,JMJKαm,K
dT dṪ )dΩ

=

∫

Ω

(

dσ : ˙dε+

(
dp

ρ

)

J

dṁJ + dT
(
d ˙̄S − s̄J

dṁJ

))

dΩ

=

∫

Ω

dσ : dε̇dΩ

︸ ︷︷ ︸

=0

−

∫

Ω

dpJ Div(dvJ )dΩ−

∫

Ω

Div dfT dΩ

= −

∫

Ω

dvJ · k−1
p,JK

dvK
︸ ︷︷ ︸

≥0

dΩ−

∫

Γ

dfT · ndΓ

︸ ︷︷ ︸

=0

≤ 0, (33)

where vJ ∈ [H(Div,Ω)]ndim , and the divergence theorem, Darcy’s and Fourier’s laws are applied. Equation 33 implies

that the given mathematical problem is contractive.

At the next step, we investigate numerical stability for the monolithic method by the energy method. Numerical

stability can be defined by the algorithmic counter part of the dissipative character, written as

∥
∥
∥
dχ

n+1
∥
∥
∥
N

≤
∥
∥
∥
dχ

n
∥
∥
∥
N
. (34)

As the counter part of the continuum problem, the governing equations at the discrete time level under the generalized

midpoint rule are given as

Div dσn+α = 0, (35)

∆dmJ
n

= −∆tDiv dwn+α
J , (36)

dTn+α
(

∆dS̄
n
− s̄n+α

J ∆dmJ
n
)

= −∆tDiv dfn+α
T , (37)
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where ∆t is the time step size. From the generalized midpoint rule, we have (·)n+α = (1− α)(·)n + α(·)n+1, where

0 ≤ α ≤ 1. We also consider the following identity equations.

(∥
∥dεn+1

∥
∥
2

E
−
∥
∥dεn

∥
∥
2

E

)

=

∫

Ω

dεn+α : Cdr

(
dεn+1 − dεn

)
dΩ− (2α− 1)

∥
∥dεn+1 − dεn

∥
∥
2

E
, (38)

(∥
∥dκn+1

∥
∥
2

M
−
∥
∥dκn

∥
∥
2

M

)

=

∫

Ω

dκn+α
J MJK(dκn+1

K − dκn
K)dΩ− (2α− 1)

∥
∥dκn+1 − dκn

∥
∥
2

M
, (39)

∥
∥dTn+1

∥
∥
2

T
−
∥
∥dTn

∥
∥
2

T
=

∫

Ω

dTn+αC∗
ud(

dTn+1 − dTn)dΩ− (2α− 1)
∥
∥dTn+1 − dTn

∥
∥
2

T
. (40)

For mechanics, Equation 35 satisfies

∫

Ω

dσn+α : ∆dεndΩ = 0, (41)

which yields

∫

Ω

dσn+α′

︸ ︷︷ ︸

Cdr
dεn+α

: ∆dεndΩ−

∫

Ω

bJ
dpn+α∆dεnvdΩ−

∫

Ω

dTn+α3αTKdr∆
dεnvdΩ = 0. (42)

Using Equation 38 and 42, we obtain

(∥
∥dεn+1

∥
∥
2

E
−
∥
∥dεn

∥
∥
2

E

)

= 0 +

∫

Ω

∆dε
n

v bJ
dpn+α

J dΩ+

∫

Ω

∆dε
n

v3αTKdr
dTn+αdΩ− (2α− 1)

∥
∥dεn+1 − dεn

∥
∥
2

E
. (43)

For fluid flow, Equation 36 satisfies

∫

Ω

dpn+α
J

(
∆dm

n

ρ

)

J

dΩ = −∆t

∫

Ω

(
dpn+α

ρ

)

J

Div dwn+α
J dΩ, (44)

which yields

∫

Ω

dpn+α
J

(
∆dm

n

ρ

)

J

dΩ = ∆t

∫

Γ

dpn+α
J

dvn+α
J

︸ ︷︷ ︸

=0

dΓ−∆t

∫

Ω

dvn+α
J · kp,JK

−1dvn+α
KdΩ, (45)

where the integration by parts is applied. Then, we have
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(∥
∥dκn+1

∥
∥
2

M
−
∥
∥dκn

∥
∥
2

M

)

=

∫

Ω

(
dpK − 3αm,JMJK

dT
)n+α

︸ ︷︷ ︸
dκJ

n+αMJK

(

((
dmn+1

ρ

)

K

− bK
dεn+1

v

)

−

((
dmn

ρ

)

K

− bK
dεnv

)

)

︸ ︷︷ ︸

∆dκn
K

dΩ

− (2α− 1)
∥
∥dκn+1 − dκn

∥
∥
2

M
,

=

∫

Ω

dpn+α
K

(
∆dm

n

ρ

)

K

dΩ−

∫

Ω

∆dε
n

v bJ
dpn+α

J dΩ−

∫

Ω

3dTn+ααm,JMJK

((
d∆mn

ρ

)

K

− bK∆dεnv

)

︸ ︷︷ ︸

∆dκn
K

dΩ

− (2α− 1)
∥
∥dκn+1 − dκn

∥
∥
2

M
,

= −∆t

∫

Ω

dvn+α
J · kp,JK

−1dvn+α
KdΩ

︸ ︷︷ ︸

≥0

−

∫

Ω

∆dε
n

v bJ
dpn+α

J dΩ

−

∫

Ω

3dTn+ααm,JMJK

((
∆dmn

ρ

)

K

− bK∆dεnv

)

dΩ− (2α− 1)
∥
∥dκn+1 − dκn

∥
∥
2

M
. (46)

For heat flow, Equation 37 satisfies

∫

Ω

dTn+α
(

∆dS̄
n
− s̄n+α

J
d∆mJ

n
)

dΩ = −∆t

∫

Ω

Div dfn+α
T dΩ, (47)

which produces by using the constitutive relations

∥
∥dTn+1

∥
∥
2

T
−
∥
∥dTn

∥
∥
2

T

=

∫

Ω

dTn+α

C∗

d∆
dTn

︷ ︸︸ ︷
(

∆dS̄
n
− s̄n+α

J ∆dmJ
n
− 3αTKdr∆

dεnv + 3αm,J∆
dpnJ

)

−9αm,JMJKαm,K
dTn+α∆dTn

︸ ︷︷ ︸
dTn+αC∗

ud
∆dTn

dΩ

− (2α− 1)
∥
∥dTn+1 − dTn

∥
∥
2

T

= −∆t

∫

Γ

dfn+α
T · ndΓ

︸ ︷︷ ︸

=0

−

∫

Ω

∆dε
n

v3αTKdr
dTn+αdΩ+

∫

Ω

3dTn+ααm,JMJK

((
∆dmn

ρ

)

K

− bK∆dεnv

)

︸ ︷︷ ︸

∆dκn
K

dΩ

− (2α− 1)
∥
∥dTn+1 − dTn

∥
∥
2

T
. (48)

Then, summing Equations 42, 46, and 48, we have
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∥
∥
∥
dχ

n+1
∥
∥
∥

2

N
−
∥
∥dχn

∥
∥
2

N

=
(∥
∥dεn+1

∥
∥
2

E
−
∥
∥dεn

∥
∥
2

E

)

+
(∥
∥dκn+1

∥
∥
2

M
−
∥
∥dκn

∥
∥
2

M

)

+
∥
∥dTn+1

∥
∥
2

T
−
∥
∥dTn

∥
∥
2

T

= −∆t

∫

Ω

dvn+α
J · kp,JK

−1dvn+α
K dΩ

︸ ︷︷ ︸

≥0

−(2α− 1)
∥
∥dεn+1 − dεn

∥
∥
2

E
− (2α− 1)

∥
∥dκn+1 − dκn

∥
∥
2

M

− (2α− 1)
∥
∥dTn+1 − dTn

∥
∥
2

T
. (49)

Thus, the monolithic method yields unconditional stability, implying B-stability, when 0.5 ≤ α ≤ 1.0.

6. Stability and convergence of the sequential schemes

In this paper, we investigate stability and convergence of the two proposed sequential implicit methods. There are

two ways to estimate numerical stability: spectral and energy methods. The spectral method can provide sharp stability

and convergence estimates, while the energy method provides rigorous numerical stability estimates. For spectral

analysis, we first investigate the error amplification factors under the backward Euler method, just as used in Kim et al.

[17] and Kim et al. [18].

The error amplification factors are defined as the difference between the fully-implicit (monolithic method with

α = 1.0) and sequential methods. Since the fully-implicit method is unconditionally stable, as shown previously, we

only examine by the spectral method the evolution of the errors between the fully coupled and sequential methods in

order to investigate numerical stability. The error amplification factors can also estimate the rate of convergence for

the sequential methods, when full iterations are taken.

6.1. Spectral analysis

We introduce a 1D thermoporomechanics problem. Let us assume no source terms, no capillarity, and homogeneous

boundary conditions. Let ekP = Pn+1 − Ps
k, ekT = Tn+1 − Ts

k, and ekεv = εn+1
v − εkv,s, where the subscript s, (·)s,

denotes a sequential method. (·)n+1
is a solution from the fully-implicit method at tn+1, so ek is the error between the

fully-implicit and sequential methods at tn+1, when we perform a fixed number of iterations, where k is the iteration

number. The undrained-adiabatic split solves the mechanical problem first, while freezing fluid mass content and heat

at each grid block, so the error equation of mechanics in 1D is written as

Kua(e
k+1
εv,j−1

− ek+1
εv,j

)−Wua(e
k
εv,j−1

− ekεv,j
)− b(ekPj−1

− ekPj
)− 3αTKdr(e

k
Tj−1

− ekTj
) = 0,

where

Kua = Kdr +Wua, Wua = b2M +
9 (αTKdr + αmbM)

2

C∗
ud

, (50)

where we label the elements with index j. For single fluid phase, bJ , MJK , and αm,J reduce to b, M , and αm,

respectively. The error equations for fluid and heat flow become, respectively,
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h

M

ek+1
Pj

∆t
+ bh

ek+1
εv,j

∆t
− 3αmh

ek+1
Tj

∆t
−

kp
h
(ek+1

Pj+1
− 2ek+1

Pj
+ ek+1

Pj−1
)

−
h

M

en,niter

Pj

∆t
− bh

en,niter
εv,j

∆t
+ 3αmh

en,niter

Tj

∆t
= 0, (51)

C∗
Th

ek+1
Tj

∆t
− 3αmh

ek+1
Pj

∆t
+ 3αTKdrh

ek+1
εv,j

∆t
−

kT
µ

1

h
(ek+1

Tj+1
− 2ek+1

Tj
+ ek+1

Tj−1
)−

vT
h
(ek+1

Tj
− ek+1

Tj−1
)

+3αmh
en,niter

Pj

∆t
− 3αTKdrh

en,niter
εv,j

∆t
− C∗

Th
en,niter

Tj

∆t
= 0, (52)

where h is the grid spacing. We use the upstream weighting for the heat convection term, so vT is positive. niter is the

number of iterations. We neglect the terms associated with (·)n,niter because we only investigate error amplification

during iteration at the current time step.

Let us introduce errors of the form ekεv,j
= γk

e e
i(j)θ ˆeεv , ekPj

= γk
e e

i(j)θ êP , and ekTj
= γk

e e
i(j)θ êT to Equa-

tions 50, 51, and 52, where γe, i, and θ (−π ≤ θ ≤ π) are the error amplification factor, imaginary unit, and phase,

respectively. Then, we obtain











(Kdr +Wua)γe −Wua −b −3αTKdr

bγe

(
1
M + 2(1− cos θ)

kp∆t
h2

)

γe −3αmγe

3αTKdrγe −3αmγe
(
C∗

d + 2(1− cos θ)kT∆t
h2

+(1− cos θ + i sin θ) vT∆t
h

)
γe











︸ ︷︷ ︸

Eua








ˆeεv

êP

êT







=








0

0

0







. (53)

From det(Eua) = 0, we have the error amplification factors as

γe,ua = 0,
a0Wua − a1

a0 (Kdr +Wua)
, (54)

a0 =

(
1

M
+ 2(1− cos θ)

kp∆t

h2

)(

C∗
d + 2(1− cos θ)

kT∆t

h2
+ (1− cos θ + i sin θ)

vT∆t

h

)

− 9α2
m,

a1 = b2
(

C∗
d + 2(1− cos θ)

kT∆t

h2
+ (1− cos θ + i sin θ)

vT∆t

h

)

+ 18αTKdrαm + 9α2
TK

2
dr

(
1

M
+ 2(1− cos θ)

kp∆t

h2

)

.

The necessary condition for stability is max |γe| ≤ 1 for all θ. We numerically calculate the error amplification

factors, taking wide ranges of flow and geomechanics properties in Equation 54 (Figure 2). We find from the figure

that the amplification factors are between 0 and 1, being positive. This implies that the undrained-adiabatic split is

unconditionally stable and monotonic.

From Figure 2, we also find that the amplification factors are maximum at θ = −π, π. For isothermal poroelasticity,

max |γe| was found at θ = −π, π, too [17, 18]. At θ = −π, π, we have |a0 (Kdr +Wua)| ≥ |a0Wua − a1| from

Equation 54, yielding max |γe| ≤ 1. Then, we confirm that the undrained-adiabatic split is unconditionally stable.

In the similar fashion, the extended fixed-stress split yields
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















Kdrγe −bγe −3αTKdrγe

b
(

1
M + 2(1− cos θ)

kp∆t
h2 −3(αm − bαT )γe − 3bαT

+ b2

Kdr

)

γe −
b2

Kdr

3αTKdr −3(αm − bαT )γe − 3bαT

(
C∗

d + 2(1− cos θ)kT∆t
h2

+(1− cos θ + i sin θ) vT∆t
h

+9α2
TKdr

)
γe − 9α2

TKdr

















︸ ︷︷ ︸

Eef








ˆeεv

êP

êT







=








0

0

0







. (55)

From det(Eef ) = 0, we obtain the error amplification factors for the extended fixed-stress split as

γe,ss = 0 (multiple), (56)

which yields unconditional stability.

Remark 3. Unlike the undrained-adiabatic split, the extended fixed-stress split has the zero error amplification factor,

which means that it can match the fully coupled method by two iterations when the local Kdr can be exactly estimated,

as shown in the isothermal case [18]. On the other hand, for the undrained-adiabatic split, when the fluid and solid

grains are incompressible or the undrained heat capacity approaches zero (i.e., M = ∞ or Cud
∗ ≈ 0), we have

Wua = ∞. In this limit, we have max |γe, ua| ≈ 1, which causes non-convergence for the undrained-adiabatic split

even though it is stable.

6.2. Energy method

6.2.1. Dissipative character of the undrained-adiabatic and extended fixed-stress splits

We first investigate the dissipative character of the undrained-adiabatic split. We take the same approach used

to show the dissipative nature of thermoporomechanics and numerical stability of the monolithic method. At the

mechanics step, we have

Div dσ = 0, dṁJ = 0, d ˙̄S = 0, (57)

which yields

d
∥
∥dχ

∥
∥
2

N

dt
=

∂
∥
∥dχ

∥
∥
2

N

∂dε
: dε̇+

∂
∥
∥dχ

∥
∥
2

N

∂dmJ

dṁJ +
∂
∥
∥dχ

∥
∥
2

N

∂dT
dṪ

=

∫

Ω



dσ : dε̇+

(
dp

ρ

)

J

dṁJ
︸︷︷︸

=0

+ T ( d ˙̄S
︸︷︷︸

=0

−s̄J
dṁJ
︸︷︷︸

=0

)



 dΩ

=

∫

Ω

dσ : dε̇dΩ = 0, (58)

which shows the dissipative character relative to the norms, ‖·‖N .

After the mechanics step, we take the fluid and heat flow step, having
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dṁJ = −Div dwJ ,
dT
(
d ˙̄S − s̄J

dṁJ

)

= −Div(dfT ),
dε = 0. (59)

Considering no perturbation on ε̇ in Equation 59, we have the dissipative character relative to the norm, ‖·‖N as

d
∥
∥dχ

∥
∥
2

N

dt
=

∂
∥
∥dχ

∥
∥
2

N

∂dmJ

dṁJ +
∂
∥
∥dχ

∥
∥
2

N

∂dT
dṪ

=

∫

Ω

(

(
dm

ρ

)

J

MJK

(
dṁ

ρ

)

K

+ C∗
ud

dT dṪ )dΩ

=

∫

Ω

(
(
dpK − 3αm,J

dTMJK

)
(

dṁ

ρ

)

K

+ (C∗
d − 9αm,JMJKαm,K)dT dṪ )dΩ

=

∫

Ω

(

(
dp

ρ

)

J

dṁJ − 3αm,J
dT
(
dṗJ −MJK3αm,K

dṪ
)

+ (C∗
d − 9αm,JMJKαm,K)dT dṪ )dΩ

=

∫

Ω

(

(
dp

ρ

)

J

dṁJ − 3αm,J
dT dṗJ + dT

(
d ˙̄S − s̄J

dṁJ + 3αm,J
dṗJ

)

)dΩ

=

∫

Ω

(
dp

ρ

)

J

dṁJ + dT
(
d ˙̄S − s̄J

dṁJ

)

dΩ

=

∫

Ω

(
−dpJ Div dvJ −Div dfT

)
dΩ

= −

∫

Ω

dvJ · k−1
p,JK

dvK
︸ ︷︷ ︸

≥0

dΩ−

∫

Γ

dfT · ndΓ

︸ ︷︷ ︸

=0

≤ 0. (60)

Thus, the undrained-adiabatic split shows the dissipative character relative to the norm, ‖·‖N , being contractive.

Next, we investigate the dissipative character of the extended fixed-stress split. At the flow step, we have

dṁJ +Div dwJ = 0, dT
(
dṠ − sJ

dṁJ

)

= −Div(dfT ), δdσ̇ = 0, (61)

where the initial conditions of the flow problem, Afl
ss, are

Div σ̇t=0 = 0 , Div σt=0 = 0. (62)

Consider δdσ̇ = 0, which yields ˙dσ(t)− ˙dσt=0 = 0. Combining this result with Equation 621, we have ,

Div dσ̇(t) = Div dσ̇t=0 = 0. (63)

Note that the divergence operator, Div, is not a function of time under infinitesimal transformation, which provides

Div dσ̇(t) = ∂t Div dσ(t). Hence, from Equations 622 and 63, we obtain

Div dσ(t) = Div dσ(t)t=0 = 0. (64)
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Then, Equations 61 and 64 satisfy Equation 33, from which the extended fixed-stress split is dissipative relative to the

norm, ‖·‖N . After the flow step, we take the mechanics step, having

Div dσ = 0, dpJ = 0, dT = 0,⇒ Div dσ′ = 0, (65)

which yields dissipative character as

d
∥
∥dχ

∥
∥
2

N

dt
=

∂
∥
∥dχ

∥
∥
2

N

∂ε
: ε̇ =

∫

Ω

dσ′ : ˙dεdΩ

︸ ︷︷ ︸

=0

≤ 0.

Thus, the extended fixed-stress split shows the dissipative character relative to the norm, ‖·‖N , being contractive,

during both flow and mechanics steps.

6.2.2. Numerical stability of the undrained-adiabatic and extended fixed-stress splits

Since the undrained-adiabatic and extended fixed-stress splits are dissipative, we study the two sequential schemes

on algorithmic stability of them. We first perform stability analysis of the undrained-adiabatic split. At the mechanics

step, the undrained-adiabatic split satisfies,

Div dσn+α = 0, ∆dmn
J = 0, ∆dS̄n = 0, (66)

where the second and third equations (undrained and adiabatic conditions, respectively) lead to

dvn+α
J = 0, dfn+α

T = 0. (67)

Referring to Equations 41– 48 and using Equations 66 and 67, we have

∥
∥
∥
dχ

n+1
∥
∥
∥

2

N
−
∥
∥
∥
dχ

n
∥
∥
∥

2

N

=
(∥
∥dεn+1

∥
∥
2

E
−
∥
∥dεn

∥
∥
2

E

)

+
(∥
∥dκn+1

∥
∥
2

M
−
∥
∥dκn

∥
∥
2

M

)

+
(∥
∥dTn+1

∥
∥
2

T
−
∥
∥dTn

∥
∥
2

T

)

= 0 +

∫

Ω

∆dε
n

v bJ
dpn+α

J dΩ+

∫

Ω

∆dεnv3αTKdr
dTn+αdΩ− (2α− 1)

∥
∥dεn+1 − dεn

∥
∥
2

E

+

∫

Ω

dpn+α
K

(
∆dm

n

ρ

)

K
︸ ︷︷ ︸

=0

dΩ−

∫

Ω

∆dε
n

v bJ
dpn+α

J dΩ−

∫

Ω

3dTn+ααm,J MJK

((
d∆mn

ρ

)

K

− bK∆dεnv

)

︸ ︷︷ ︸

∆dpn
J
−3αm,KMJK∆dTn

dΩ

− (2α− 1)
∥
∥dκn+1 − dκn

∥
∥
2

M

+

∫

Ω

dTn+α



∆dS̄
n

︸ ︷︷ ︸

=0

−s̄n+α
J ∆dmJ

n

︸ ︷︷ ︸

=0

−3αTKdr∆
dεnv + 3αm,J∆

dpnJ



− 9αm,JMJKαm,K
dTn+α∆dTndΩ

− (2α− 1)
∥
∥dTn+1 − dTn

∥
∥
2

T

= − (2α− 1)
∥
∥dεn+1 − dεn

∥
∥
2

E
− (2α− 1)

∥
∥dκn+1 − dκn

∥
∥
2

M
− (2α− 1)

∥
∥dTn+1 − dTn

∥
∥
2

T
, (68)
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from which we have unconditional stability when 0.5 ≤ α ≤ 1. After solution of geomechanics, we have at the flow

step

∆dmJ
n = −∆tDiv dwn+α

J , Tn+α
(
∆dS̄n − s̄J∆

dmJ
n
)
= −∆tDiv dfn+α

T , dε
n
= dεn+1 = 0. (69)

Referring to Equations 42– 48, Equation 69 provides

∥
∥dχn+1

∥
∥
2

N
−
∥
∥dχn

∥
∥
2

N

= 0 +
(∥
∥dκn+1

∥
∥
2

M
−
∥
∥dκn

∥
∥
2

M

)

+
(∥
∥dTn+1

∥
∥
2

T
−
∥
∥dTn

∥
∥
2

T

)

= −∆t

∫

Ω

dvn+α
J · kp,JK

−1dvn+α
KdΩ

︸ ︷︷ ︸

≥0

−

∫

Ω

∆dε
n

v
︸ ︷︷ ︸

=0

bJ
dpn+α

J dΩ

−

∫

Ω

3dTn+ααm,JMJK∆dκn
KdΩ− (2α− 1)

∥
∥dκn+1 − dκn

∥
∥
2

M

−∆t

∫

Γ

dfn+α
T · ndΓ

︸ ︷︷ ︸

=0

−

∫

Ω

∆dε
n

v
︸ ︷︷ ︸

=0

3αTKdr
dTn+αdΩ+

∫

Ω

3dTn+ααm,JMJK∆dκn
KdΩ

− (2α− 1)
∥
∥dTn+1 − dTn

∥
∥
2

T

= −∆t

∫

Ω

dvn+α
J · kp,JK

−1dvn+α
K dΩ− (2α− 1)

∥
∥dκn+1 − dκn

∥
∥
2

M
− (2α− 1)

∥
∥dTn+1 − dTn

∥
∥
2

T
,(70)

from which we have unconditional stability when 0.5 ≤ α ≤ 1. Thus, from Equations 68 and 70, the undrained-

adiabatic split is unconditionally stable when 0.5 ≤ α ≤ 1.

For the extended fixed-stress split, the flow step is solved first, having

∆dmJ
n = −∆tDiv dwn+α

J , Tn+α
(
∆dS̄n − s̄J

d∆mJ
n
)
= −∆tDiv dfn+α

T , ∆dσn = ∆dσn−1, (71)

satisfying

Div∆dσ0 = 0 , Div dσ
0
= 0. (72)

From Equation 713, we have

∆dσ
n
= ∆dσ

n−1
= · · · = ∆dσ

0
(73)

We then obtain from Equations 72 and 73

Div dσ
n+1

= Div dσ
n
= · · · = 0,⇒ Div dσn+α = 0. (74)

Since the extended fixed-stress split satisfies Equations 35– 37, it provides Equation 49, which implies unconditional

stability when 0.5 ≤ α ≤ 1.
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After solution of flow, we have at the mechanics step

Div dσn+α = 0, dpJ = 0, dT = 0,⇒ Div dσ′n+α = 0, (75)

which satisfies

∫

Ω

dεn+α : Cdr∆
dεndΩ = 0. (76)

Also, dpn+α
J = 0 and dTn+α = 0 yield respectively

∫

Ω

dpn+α
J

(
∆dmn

ρ

)

J

dΩ = 0,

∫

Ω

dTn+αC∗
ud∆

dTndΩ = 0. (77)

Then, we obtain

∥
∥dχn+1

∥
∥
2

N
−
∥
∥dχn

∥
∥
2

N

=
(∥
∥dεn+1

∥
∥
2

E
−
∥
∥dεn

∥
∥
2

E

)

+ 0 + 0

= 0− (2α− 1)
∥
∥dεn+1 − dεn

∥
∥
2

E
,

from which we have unconditional stability when 0.5 ≤ α ≤ 1. As a result, for both steps, the extended fixed-stress

split is unconditionally stable, when 0.5 ≤ α ≤ 1.

Remark 4. The two sequential methods may take different time integration methods at the steps of fluid-heat flow

and geomechanics, having different α’s. For example, we can take the backward Euler method, αmech = 1.0 for

geomechanics, while taking the midpoint rule, αfl = 0.5, for the flow. Still, this mixed time integration provides

unconditional stability.

7. Numerical results

We take three one-dimensional (1D) coupled flow-geomechanics test cases. The first two cases (Cases 1 and 2) are

used for poro-mechanics and thermo-mechanics problems, respectively, in order to verify the simulation code. For the

third case (Case 3), we then employ a scenario of all-way coupled thermo-poro-mechanics and investigate numerical

stability. No gravity is considered in the test cases.

7.1. Case 1: isothermal poromechanics

We first use an isothermal one-dimensional (1D) consolidation problem (Terzaghi’s problem), as shown in the

left of Figure 2. The 1D domain is divided into 20 uniformly-sized gridblocks in the z direction with ∆x = 1 m,

∆y = 1 m, and ∆z = 2 m. For flow, the fluid compressibility is cf = 3.0 × 10−8 Pa−1. The density and viscosity

are ρf = 1000 kg m−1 and µf = 1.0 cp. Initial fluid pressure and porosity are also Pi = 2.125 MPa and φ0 = 0.3.

We have drainage boundaries at top and bottom, having constant pressure of Pi = 2.125 MPa. Permeability is

kp = 49.35× 10−15 m2, 50 md, being constant during simulation. For mechanics, linear elasticity is considered. Both
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drained and constrained bulk moduli are Kc = Kdr = 100 MPa, respectively. We have a no-displacement boundary

at the bottom, while the overburden, σ̄ = 2×2.125MPa, is applied to the top boundary. We take the initial total stress

of −2.125 MPa, resulting in no strain changes at t = 0. Biot’s coefficient is b = 1.0, which yields Ks = ∞. The

analytical solution for this case is given as

pf (z, t)

p0
=

4

π

∞∑

j=1

(−1)j−1

2j − 1
cos

[

(2j − 1)
π

2

Lz − z

Lz

]

exp

[

−(2j − 1)2
π2

4

cvt

L2
z

]

, (78)

p0 = −
1/Kdr

1/Kdr + φcf
∆σz, cv =

kp
(1/Kdr + φcf )µf

,

where b = 1.0 and cv is the consolidation coefficient. p0 is the instantaneous pressure build-up at the initial time due

to the instantaneous external mechanical loading at the top.

From the left of Figure 4, numerical solutions of the fully-implicit, undrained-adiabatic, and extended fixed-stress

methods match the analytical solution, being monotonic. This result verifies the simulator for isothermal poromechan-

ics.

7.2. Case 2: thermoelasticity

We consider a (1D) thermo-mechanical problem, as shown in the center of Figure 2, having the same discretized

domain of Case 1. Just like Case 1, we generate thermal flow induced by deformation, taking strong coupling between

thermal flow and mechanics synthetically. Then, similar to Equation 78, the analytical solution of this case becomes

T (z, t)

T0
=

4

π

∞∑

j=1

(−1)j−1

2j − 1
cos

[

(2j − 1)
π

2

Lz − z

Lz

]

exp

[

−(2j − 1)2
π2

4

dT t

L2
z

]

, (79)

T0 = −
1

C∗
d + 3αTKdr

∆σz, dT =
kT

C∗
d + 9α2

TKdr
,

where T0 is the instantaneous temperature build-up at the initial time due to the instantaneous external mechanical load-

ing at the top. Specifically, for Case 2, we have a specific heat capacity of 1.90kJ kg−1 oC−1, high heat conductivity

of kT = 85 Wm−1 oC−1, and thermal dilation (coupling) coefficient of αT = 10−2 oC−1. The initial temperature

is Ti = 25oC(= 298.15 K). We have constant temperature of Ti = 25oC(= 298.15 K) at top and bottom. For

mechanics, we take Kdr = Kc = 10 MPa and the initial total stress of 0 MPa. The no-displacement boundary is

applied at the bottom, while the overburden of σ̄ = 2.125 MPa is at the top.

We find from the right of Figure 4 that the numerical results of the fully-implicit, undrained-adiabatic, and extended

fixed-stress methods match the analytical solution. These results also verify the simulator for thermomechanics.

7.3. Case 3: all-way coupled thermoporomechanics

We consider a 1D thermoporomechanics problem (the right of Figure 2), taking the same discretized domain of

Case 1. For fluid flow and mechanics, we have the conditions same as Case 1, except that no-flow of fluid is applied

to the bottom. For thermal flow, we have specific heat capacities of 0.92 kJ kg−1oC−1 and 4.18 kJ kg−1oC−1 for

the porous medium and fluid, respectively. The bulk heat conductivity is kT = 1.7 Wm−1oC−1. We specify constant
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temperatures of 25oC and 75oC at the top and bottom, respectively. We take αm = 0 and αφ = 0. We inject fluid with

a total mass rate of Qi = 100 kg/day, while no external heat injection is considered. Then, we investigate numerical

stability of the undrained-adiabatic and extended fixed-stress methods for various thermal dilation coefficients.

Figures 5 and 6 show evolutions of pressure and temperature from the fully-implicit, undrained-adiabatic, and

extended fixed-stress methods. In Figure 5, the pressure at the monitoring point decreases, as the coupling coefficient

between thermal flow and mechanics (αT ) increases, because high αT induces more thermal expansion as temperature

increases. The thermal expansion of the porous medium increases the expansion of pore-volume, which results in the

pressure drop due to fluid compressibility. Figure 6 shows the temperature changes for various αT , and we find the

lowest temperature, when αT = 10−3oC−1. Thermal dilation affects heat flow, in turn, as a sink term, resulting in

retardation of thermal flow.

We find from Figures 5 and 6 that the two sequential methods provide stable and reliable solutions, comparable

to the fully-implicit method. When fluid becomes incompressible, the undrained-adiabatic method is less accurate,

whereas the extended fixed-stress method still shows good accuracy. The left of Figure 7 shows that the error am-

plification factor of the undrained-adiabatic method approaches one, which implies almost non-convergence. On the

other hand, the error amplification factor of the extended fixed-stress method is not affected by fluid compressibility.

From the center and right of Figure 7, we identify non-convergence of the undrained-adiabatic method for nearly in-

compressible fluid. Figure 8 also shows that the extended fixed-stress method still shows good accuracy whereas the

undrained-adiabatic method exhibits inaccuracy.

In multiple dimensions, it might be difficult to exactly estimate the drained bulk modulus used in the flow problem.

Let us define the deviation factor of η = Kexact
dr /Kest

dr , defined as the ratio of the exact local drained bulk modulus

to the estimated local drained bulk modulus. As discussed in Kim et al. [18] and Kim et al. [20] for isothermal

poromechanics, the 3D drained bulk modulus is a safe choice for stability and convergence for all 1D, 2D, 3D problems,

yielding 1 < η < 3. From Figure 9, the extended fixed-stress method is still accurate, matching the reference solutions,

when η = 3. When the time step size is refined, we obtain more accurate results of pressure and temperature, which

implies numerical convergence of the extended fixed-stress method.

From the stability analysis, we can take the mixed time stepping algorithms for flow and geomechanics in the two

sequential methods (i.e., different α’s). Figure 10 shows the numerical results when we take α = 0.6 for heat-fluid flow

and α = 1.0 for mechanics, respectively, in the two sequential methods. Comparing the results of the two sequential

methods with the fully-implicit method, we find that the mixed time stepping in both sequential methods still yields

stable solutions, supporting the stability analysis.

8. Conclusions

We proposed two unconditionally stable sequential methods for all-way coupled thermoporomechanics problems:

the undrained-adiabatic split and the extended fixed-stress split. We showed that the two sequential methods are

unconditionally stable, when taking 0.5 ≤ α ≤ 1.0 for sub-problems of flow and mechanics. From the numerical

tests, both undrained-adiabatic and extended fixed-stress splits were stable. Thus, the two sequential methods can also
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be used as reliable preconditioners for the fully-implicit method. When stable individual simulators of non-isothermal

flow and geomechanics are available, the undrained-adiabatic and extended fixed-stress splits can straightforwardly be

applied in solving all-way coupled thermo-poro-mechanical problems.
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Figure 1: Perturbation introduced in the equilibrated domain. The perturbation can be considered as numerical errors.
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Figure 2: Distribution of the error amplification factor for various values of vT /T0, kT , and C∗

d
. The default values of Equa-

tion 54 are T0 = 298.15 K (25 oC), kp = 5.0× 10−15 m2, kT = 1.7 Wm−1K−1, 1/M = 1.32× 1010 Pa, ∆x = 1.0 m, ∆t = 0.1 s,
C∗

d
= 1.9 kJ kg−1 K−2, Kdr = 100 MPa, αT = 10−3 K−1, αM = 0.0, αφ = 0.0, b = 1.0, vf = 4.9 × 10−6 m s−1, and

vT /T0 = 0.02× 10−5 kJ s−1 K−2. T0 is a reference temperature in equilibrium.
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Figure 3: Schematics of 1D coupled fluid-heat-geomechanics problems. (·)bc indicates the domain boundary. Left: isothermal
consolidation of poromechanics (Case 1). Center: thermomechanics without changes in pressure (Case 2). Right: all-way
coupled thermomechanics (Case 3).
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ics. The numerical results match the analytical solutions. ‘Full’,‘Und’, ‘FSS’ indicate the fully-implicit, undrained-adiabatic,
extended fixed-stress methods, respectively.
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Figure 5: Pressure at the monitoring point for various αT ’s. Pressure decreases due to thermal expansion of pore-volume,
as αT ’s increases.
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Figure 7: Left: Distribution of the error amplification factor for various values of fluid compressibility. Evolution of pressure

(left) and temperature (right) at the monitoring point for incompressible fluid (cf = 3.0× 10−16). For incompressible fluid, the
extended fixed-stress method still shows good accuracy while the undrained-adiabatic method is less accurate.
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Figure 8: Distributions of pressure (left) and temperature (right) at td = 0.83. We identify good accuracy of the extended
fixed-stress method.
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Figure 9: Evolution of pressure (left) and temperature (right) at the monitoring point with the extended fixed-stress method
of η = 3, which still shows good accuracy.
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Figure 10: Mixed time stepping in the undrained-adiabatic and extended fixed-stress methods. Both sequential methods still
provide stability and accuracy.


