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Abstract

We propose two sequential methods for the all-way coupled thermoporomechanical problems: the undrained-adiabatic
split that combines together the undrained and adiabatic methods of poromechanics and thermomechanics, respectively,
and the extended fixed-stress split. We perform nonlinear stability analysis for the two sequential methods, introducing
a new extended norm that can encompass the all-way coupled thermoporomechanical problems. We find that the two
sequential methods are unconditionally stable if & > 0.5, where « is the parameter of time discretization for the
generalized midpoint rule at ¢, ,. We also perform the spectral analysis in order to further investigate stability and
convergence of the two methods. The spectral analysis shows unconditional stability of the two sequential methods,
which yields the magnitudes of the amplification factor less than unity. We then show numerical examples, which

support the a priori stability and convergence estimates.
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1. Introduction

Coupled heat, fluid flow, and mechanics, called thermoporomechanics, are currently of much interest in many areas
of geosciences and reservoir engineering to model complex physics. For example, in geothermal engineering, heat
energy is delivered to flowing fluid, which transports heat to the surface facilities by fluid production [1]. Heat increases
fluid temperature, which changes pore-pressure and other physical variables such as fluid phases. In turn, the changes
in pore-pressure or temperature affect stress of the porous media, which causes deformation and surface subsidence
[2, 3]. In the gas hydrate bearing sediments, changes in stress and temperature fields influence gas hydrate formation
or dissociation. This might cause well instability or possible methane emission to the surface due to geological failure
[4, 5]. In the case of in-situ conversion and steam injection for heavy oil production, thermal behavior plays a critical
role in hydrocarbon production. Freezing the boundary walls and injecting heat to the production wells may cause
substantial surface subsidence, which can support the reservoir pressure by compaction. The changes in stress and
strain fields induce different fluid-heat flow regimes.

Nuclear waste disposal to the underground requires accurate modeling of thermoporomechanics [6]. Radioactive

materials generate heat, which can perturb an initial stable condition, causing fluid flow or reservoir deformation.
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Petrophysical properties can be affected by the changes in the effective stress and/or temperature directly [7]. Frost
heaving in cold climate areas damages water-infiltrated materials [8]. The phase change between liquid water and ice
induces the change in density, which leads to pore-volume change, followed by deformation and possibly material
failure. This physical behavior is similar to the physics in the gas hydrate sediments during formation and dissociation
of gas hydrate [4]. For all the above cases, accurate and rigorous modeling for thermoporomechanics is necessary
because individual physics such as fluid, heat, and geomechanics are tightly coupled.

In numerical modeling, there are two solution strategies to solve the coupled problems: monolithic and sequen-
tial (staggered) approaches [9, 10]. The monolithic approach can typically provide numerical stability for well-posed
problems. However, it requires high computational cost and code development of a unified non-isothermal fluid flow-
mechanics simulator in solving thermoporomechanics. Furthermore, an appropriate preconditioning method for the full
Jacobian matrix is another challenging issue on the monolithic method, when we take the Newton-Raphson method.
On the other hand, the staggered approach, also called the fractional step method, is desirable when we make use of
the existing robust simulators, because an appropriate interface code between the simulators is required only, reducing
coding effort. In addition, the staggered approach can be modified straightforwardly for preconditioning the full Ja-
cobian matrix of the monolithic method [11]. However, it should be noted that staggered methods may be limited by
numerical stability [9, 12]. Thus, finding staggered methods that can yield numerical stability and accuracy is a critical
issue in solving coupled problems.

Several studies have considerably been done in order to find unconditionally stable staggered methods. For exam-
ple, Armero and Simo [9, 13] proposed the adiabatic split for thermomechanics. Later, for poromechanics, Armero
[14] extended the undrained split, originally proposed by Zienkiewicz et al. [15], to nonlinear mechanics. By the
undrained (or adiabatic) split, mechanics is solved at the first step with no fluid (or heat) flow, and then fluid (or heat)
flow is solved after solution of mechanics. These splitting methods keep thermodynamic stability, and can provide
unconditional numerical stability. The thermodynamically consistent time integration is known to be very robust [16].
Kim et al. [17], Kim et al. [18], and Mikelic and Wheeler [19] investigated stability and convergence of poromechanics
for four staggered methods (drained, undrained, fixed-strain, fixed-stress). By the fixed strain (or stress) method, we
solve fluid flow at the first step, fixing stain (or stress) fields, and then mechanics is solved after solution of flow. They
found that the drained and fixed-strain method, obvious operator splitting methods, are only conditionally stable, and
that their instability cannot be fixed by reducing time step size. Even though the undrained method is uncondition-
ally stable, it may be inaccurate when the coupling strength is high. On the other hand, the fixed-stress method is
unconditionally stable and accurate even for high coupling strength. Then, Kim et al. [20] and Kim et al. [3] applied
the fixed-stress method to gas hydrate and geothermal systems, while assuming no direct heat generation from solid
deformation. In other words, they considered two-way coupling between fluid flow and geomechanics, while one-way
coupling from heat flow (i.e., energy equation) to geomechanics was used. Large heat capacity and/or the small thermal
coupling coefficient, falls in most Earth science problems, can justify neglecting the term of no direct heat generation
from deformation in heat flow.

Yet, in some cases such as large heat generation due to friction between well casings and reservoir formations or



fault slip, the effects from direct heat generation of geomechanics might not be ignorable, and all-way coupling among
fluid flow, heat flow, and geomechanics can provide better accuracy. For example, Liu et al. [21] employed the all-way
coupling in thermoporomechanics in order to model complex physics near the wellbore. The sequential scheme might
be more pragmatic for large scale problems of thermoporomechanics in reservoir simulation.

With this motivation in mind, we investigate unconditionally stable staggered methods for all-way coupled thermo-
poromechanical problems. We first propose a staggered method that combines the undrained split of poromechanics
with the adiabatic split of thermomechanics, named undrained-adiabatic split. Another sequential method to be studied
in this paper is namely the extended fixed-stress split. In this method, the numerical relaxation terms and the corre-
sponding correction terms are applied to not only fluid flow (i.e., mass conservation equation) but also heat flow (i.e.,
energy equation), accounting for the direct heat contribution coming from deformation to heat flow. It should be noted
that stability analyses of the previous studies cannot encompass the sequential methods proposed in this study, because
the norms used in the previous studies cannot encompass the all-way coupled thermoporomechanical problems. Hence,
we will perform new stability analysis for the undrained-adiabatic and extended fixed-stress split methods, introducing
anew extended norm for nonlinear stability analysis. We will show that the two sequential methods are unconditionally
stable (i.e., B-stable), when o > 0.5. Furthermore, we will also perform the spectral analysis for the linear (linearized)
coupled systems in order to find more specific properties of stability and convergence of the two methods. We will

show numerical examples, which support the a-priori mathematical estimates.

2. Mathematical formulation

We employ a classical continuum representation, where fluid and solid are viewed as overlapping continua [22].

The governing equation for multiphase fluid flow comes from mass balance as follows.

dm,]

g +Divw; = (pf);, (D

where w ; is the mass flux of fluid phase J (mass flow rate per unit area) relative to the solid skeleton. dm ;/dt is the

variation of fluid mass relative to the solid skeleton. We denote by d(gé) the change of a physical quantity (-) relative to
the solid skeleton. p is the density of fluid phase J, and f is a volumetric source term of phase J.

For mechanics, the quasi-static assumption yields the governing equation as

Dive + ppg =0, 2

where Div(-) is the divergence operator, o is the Cauchy total-stress tensor, g is the gravity vector, pp, = ¢ps+(1—¢)ps
is the bulk density, py is total fluid density, p, is the density of the solid phase, and ¢ is the true porosity. The true
porosity is defined as the ratio of the pore volume to the bulk volume in the deformed configuration. Tensile stress is
positive. In this paper, we assume small deformation (i.e., infinitesimal transformation).

The energy equation (heat flow) can be driven by the second law of thermodynamics, i.e., entropy balance, ex-

pressed as [23]

T (Cif + Div(stJ)) = —Div(g) + 2m + Qs )



where S is the total entropy, 57 is the internal entropy per unit mass of phase J (i.e., specific entropy), and ®,; is
the mechanical dissipation. Repeated subscripts imply summation. g is the heat flow vector by conduction. () is the
external heat source term. Taking the assumption that the viscous dissipation is negligible (i.e., the Brinkman number

is very low), Equation 3 can be rewritten as [23]

dS d
7% —5,"5) = —Div(q) - Cpyw, - Grad T + Q,, )
dt dt Nt
vr
where T is temperature. C), ; is the volumetric specific heat capacity at constant pressure for fluid phase J. At the
right side of Equation 4, the first and second terms correspond to the heat conduction and convection, respectively. The
left term is the heat accumulation term, which will be described by the constitutive relations more specifically.
Coussy [22] considers the first and second laws of thermodynamics, and applies them to the Clausius-Duhem
inequality. Then, taking the hypothesis that all intrinsic, mass flow, and heat conduction dissipations are non-negative,

the constitutive relations in thermoporoelasticity are obtained as

o = Cdr : de — dele — 3OZTKdT5T1, (5)
)
<;n> = bybey, + NyxOpi — 3m, 0T, 6)
J

_ B Cd

0S = 550my+ 3arKy-de, — 3am7J5pJ + ? oT, 7)
N
1o

where Cg,- is the drained-isothermal elastic moduli, N = {N;x} is the inverse matrix of the Biot moduli M =
{Mj;K} (e, N = M™1), where N and M are positive definite. b; takes b; = bS.;, where b is the Biot coefficient
in single phase flow and S; is saturation of phase J. 3o is the volumetric skeleton thermal dilation coefficient,
K, is the drained isothermal bulk modulus, 1 is the rank-2 identity tensor, ¢, is the total volumetric strain, and
30um,; = 304 + ¢3ay, where 3oy and 3o are the coefficients of thermal dilation related to porosity and fluid J,
respectively. Cq = Cg + m;C, 5 is the total volumetric heat capacity, where Cj, is the volumetric heat capacity of
the solid skeleton. ‘4’ implies the variation relative to the motion of solid skeleton. The fluid volume flux relative to

the motion of the solid skeleton, v; = (w/p) ;, is given by Darcy’s law as

vy = —k:pJK(Grade — ng), (8)

where k, rx is the symmetric positively definite effective permeability tensor for phases J and K, in which fluid phase

viscosity 17 is taken into account. The thermal conduction is expressed by Fourier’s laws as

q=—krGradT, O]

where k7 is the symmetric positively definite thermal conductivity tensor.



Substituting Equations 5 — 9 into Equations 1, 2, and 4, the governing equations are expressed by the fluid pressure,
strain, and temperature, which will be the primary variables for numerical simulation. For mathematical completeness,
we specify initial and boundary conditions. For fluid flow we consider the boundary conditions p; = ps (prescribed
pressure) on I';,, and vy - n = ¥y (prescribed volumetric flux) on I';,, where n is the outward unit normal to the
boundary, 0€2. For well-posedness of the problem, we assume thatI', NI, = (@, and ', uI', = 05. For heat flow we
consider the boundary conditions 7" = T (prescribed pressure) on I'z, and f1 - m = fr (prescribed volumetric heat
flux) on I'f,, We assume that I'r N Tz, 0, and Ty UT . = 9. The boundary conditions for the mechanical problem
are u = u (prescribed displacement) on I",, and o - = ¢ (prescribed traction) on I',. Again, we assume I', N\, = 0,
and ', UT, = 09. For plasticity, we can easily extend the constitutive relation by introducing hardening variables

and forces [22, 24].

3. Discretization

For space discretization, the finite-volume method for fluid and heat flow is widely used in reservoir flow simulation
[25] while the nodal-based finite-element method for mechanics is typically used in the geotechnical and mechanical
engineering [26, 15, 27, 28, 9, 14, 29, 30]. For the fluid and heat flow problems, the pressure and temperature are
located at the cell center, while the displacement vector is located at vertices for the mechanical problem. The pressure
and displacement take the piecewise-constant and piecewise-linear interpolations, respectively. This space discretiza-
tion strategy has the following characteristics: local mass and heat conservation at the element level, a continuous
displacement field, which allows for tracking the deformation, and convergent approximations with the lowest-order
discretization.

The given space discretization provides a stable pressure field, while the finite-element methods can cause spurious
pressure oscillations if equal-order approximations of pressure and displacement (e.g., piecewise continuous interpo-
lation) are used [31, 32, 33]. Specifically, the piecewise-linear and piecewise-constant approximation of displacement
and pressure, typically called Q1-PO discretization, does not fully satisfy the inf-sup condition, which may cause the
checker board pressure oscillation [26]. However, the Q1-PO discretization with the fixed stress method can overcome
the pressure oscillation, being considered as a type of the stabilized Uzawa iteration for the saddle point problem, even
for the cases that the Q1-PO with the direct solver causes the pressure oscillation [34].

We obtain a fully discrete system of equations by further discretizing in time the accumulation terms in fluid flow

and energy equations. In this study, the generalized midpoint rule is used for time discretization [35].

4. Sequential methods for thermoporomechanics

The fully implicit method solves Equations 1, 2, and 4 simultaneously by using the Newton-Raphson method, while
sequential methods split those equations into two or more subproblems and solve them sequentially. In this study, we

propose and study the undrained-adiabatic and extended fixed-stress splits for thermoporomechanics as follows.



4.1. Undrained-adiabatic split

Motivated by Armero and Simo [9] in thermoelasticity and by Zienkiewicz et al. [15] and Armero [14] in isother-

mal poroelasticity and poroelastoplasticity, the undrained-adiabatic split freezes fluid mass and heat variation when

mechanics is solved at the first step (i.e., dm; = 0 and 65 = 0). Thus, the undrained-adiabatic split decomposes the

original problem into

At :Dive + ppg =0, émy =0, 65 =0,
um un+1 un+1
my + Divwy = (pf),
=% |pitt|, where

T T* Tn+1

€ : prescribed,

Aft s S (5*— ngJ) — _Div(q) — vy - Grad T + Qs,

(10)

where (-),, stands for the undrained-adiabatic split. The intermediate pressure and temperature, p*% and T*, can be

calculated locally and explicitly after we obtain the displacement, u" 1. The superscript n denotes time level ¢,,. From

Equations 6 and 7, the constraints ém ; = 0 and 5§=0 yield

9a7n
dpg = Mk (_bK_ C*’K (OéTKdr-f-Oém,JMJLbL)) 0y,
ud
Ky, m.JM b
ST — _3arKq +3fé JMyr L55v7
Cud
where
* Cud

wd = T Cua = Cq — Y, Mg om kT,

in which C\4 is the undrained iso-deformation heat capacity.

Remark 1. C7, is non-negative for wellposedness. Thus, Cq > 9o, s M jx 0t kT

Using Equations 11 and 12, the total stress of mechanics can be expressed at the discrete level as

n+1 n _ ad n+1 n
ot —o" =Cly: ("t — &™)

)

where C% is the undrained-adiabatic elastic moduli written as

Kg + g Myxchi)?
Cyu = Cyp + <bJMJKbK+9(C“T ar + O, Myicbi) )1@1.

ud
Cd

(11)

(12)

(13)

(14)

15)

After solving mechanics with the undrained-adiabatic moduli, we solve fluid and heat flow with the mechanics solutions

obtained at the mechanics step.



4.2. Extended-fixed-stress split
The extended fixed-stress split solves the fluid and heat flow problems simultaneously at the first step fixing the

rate of the total stress (i.e., §o = 0). The fixed-stress approach splits the original problem as follows:

miy+Divwy = (pf)s,

3

u* un+1

u =

Al ( - .):7 . o
py| 25 gt | 25 gt |, where =i (TS —ssmis) = =Divig) —vr - GradT + Q..
TN T+l T+l do =0,

At :Dive 4+ ppg =0, (ps, T) : prescribed,

(16)
where the subscript (-), stands for the extended-fixed-stress split. The initial condition of the flow problem, AZ!, is

887

specified from the original coupled problem that satisfies
Divéy—g =0, Divo—g+ ppg =0. a7

In this scheme, the mean (volumetric) total stress terms in the accumulation terms of the fluid and heat flow problems

are evaluated explicitly at the flow step as follows.

Am” by b b |

= A n—1 N A no_ 3 m _ b AT"‘ ]8

< P >] K Ty ( JE + Ky, PK (Cm,g Jor) , (18)

T (ASH —syAmY) = STOéTAO':}—l - 3T (Oém’J — OéTbJ) Aph +T (C(’; + 90‘%“Kdr) AT, (19)

where A(-)" = (-)"*! — (-)™. The total mean stress term can be also expressed by the primary variables as
Ao," ' = Kge Al — by Apnt — 3ar Kg, AT (20)

After the step of fluid and heat flow, we solve mechanics with the updated pressure and temperature.

Remark 2. The first term of the right side in Equation 19 (i.e., 3TarAc” 1) is the correction term from solution
of the geomechanics problem in heat flow, which can consider the two-way coupling between geomechanics and heat
flow. Additionally, compared with Equations 6 and 7, % and byar of fluid flow (Equation 18) are considered as

relaxation terms for numerical stability. arb; and 9a2TK 4r of heat flow (Equation 18) are also the terms of numerical
stability.

5. Dissipative character of thermoporomechanics and numerical stability of the monolithic method

Consider the domain €) at an equilibrium condition where g, pso and Ty are strain, fluid phase pressure, and
temperature in equilibrium, respectively. Suppose we have an initial perturbation in the limited domain Q" inside the
boundary (i.e., QP C ), as shown in Figure 1. Then, we investigate the evolution of the perturbation in time with the

homogeneous governing equations as
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where the homogeneous boundary conditions are applied, because we have no perturbation at the boundary, I'. The
subscript ¢(-) implies the perturbed variables. This concept is fundamentally same as the thermodynamic stability

discussed in Coussy [22]. In Equation 4, we approximate the convection term v - Grad T as

Yy - Grad *T ~ Div(d'UTdT)7 (22)

assuming Div Yv 9T << Grad T - Yvr. Using Equation 22, the right side of Equation 3 can expressed as

Div(%q) + vy - Grad T ~ Div (‘q + ‘v r?T), (23)
afr
where f is the heat flux. Equation 23 is employed in Liu et al. [21]. On the other hand, when we perform the spectral
analysis later, we keep the original form vy - Grad T in Equation 4.

Note that, due to the homogeneous boundary conditions, we have

/dfT-dF:O. (24)
T

Also, since %, dp 7 and T satisfy the constitutive relations of Equations 5 — 7, we have

dg = Cgq :% —b;%;1 — 300Ky T1, (25)
d
m
(p) = by%u + Nyxpx — 3o T, (26)
J
1S = 5;%my +3arKa e, — 3oum s ps + COT. 27)

In elasticity, we employ a norm extended from isothermal poromechanics to thermoporomechanics, as

Xl = 1/ <€:Cdr5+ ((m) —bm) My ((m) —b;m) +C:;dT2> ds, (28)
2 Ja P/ P/ K

N = {x:=(e,;m;,T)ESxR™ xR: ¢g;; € L*(Q), my € L* (), T € L* ()},

where S = R(umt1)nan/2 g the vector space of symmetric rank-two tensors, in which ngi, is the dimension of the

domain Q0. n,, is the number of fluid phase. Let us introduce the norms associated for sub-problems, as follows.

1
Hs||§ = 5/95 : Cygred), € := {s €S: gy € L? (), }, (29)
1
”K'H?\/l = 5/ KM jgrkgdQ, M = {K, eR™: k€ L? (Q)}, K = <(7::> - bJ€v> ) (30)
Q J

1
|5 = 5/90;,1T2d§2, T={TeR: Tel*Q)}, (31



from which we have
2 2 2 2
Xl = llelle + el + 1717 (32)

Then, we show the dissipative character of the all-way thermoporomechanics problem, relative to the norms, ||| ,

as follows.
dllvdy 1 e A Ol
i - ol ST gam, " T Tgip T

d .
= / (‘0" : % + (NyLpr — 3am 1 'T) Mk ((j) - bKda'v) +C2,9TT)dQ
Q K

=Ny —3am, ;4T

= / (Yo +by%ps1 4 3ar Ky T1) : %edQ
@ da./
p d.s d, d drpd, - drpdrf
+/Q ((p) my—bs"prtey — 30m, ;T Dy + Y0, s My Ot 5T T) aq
J

+ / (TS — T35 ;% — 3ar K" T %, + 30,1 " T s —90um, s Mg am k4 TT)dQ
Q

CydT

dp .

_ /(da:d€+<> iy + 4T (dS—stmJ)>dQ
Q P/

= /da:dédQ—/dpJDiv(dv'])dQ—/DivddeQ
Q Q Q

=0

= —/ Y dQ—/dfT.ndr <0, (33)
Q—_— r
>0 SN———

=0
where v; € [H(Div, )], and the divergence theorem, Darcy’s and Fourier’s laws are applied. Equation 33 implies
that the given mathematical problem is contractive.
At the next step, we investigate numerical stability for the monolithic method by the energy method. Numerical

stability can be defined by the algorithmic counter part of the dissipative character, written as

N = [ u
HX N X e 4

As the counter part of the continuum problem, the governing equations at the discrete time level under the generalized

midpoint rule are given as

Divéemt® = 0, (35)

n

Amy — At Div %", (36)

‘e (ATS" - s AT, ") = —AUDiv e 37
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where At is the time step size. From the generalized midpoint rule, we have (-)"T = (1 — a)(-)™ + «(-)" !, where

0 < a < 1. We also consider the following identity equations.

(Hden-i-lui _ HdEnHi> _ / dgnta . C (den+1 _ dsn) dQ — (20— 1) ||den+1 _ dan; (38)
Q

(1= ) = [ 7 Mo i~ 0 1)~ )

) 2 mn 2 ) (67 * ) a mn ] 2

[T = |97 = /QdT”+ Crg(“T = 9T™)dQ — (20 — 1) |77 — 4T ||7. (40)
For mechanics, Equation 35 satisfies
/ dgnto . Adgnd — 0, @1)
Q
which yields
/ dgnte’ . AdgndQ— / by lp" e AdendQ) — / drnte3an K g Ade™dQ = 0. (42)
Q Q Q

chdEn+a

Using Equation 38 and 42, we obtain

(l1em 1z = [[“e|lz) =0+ / A%l A + / Al 3ar Ky T d0 — (20— 1) e — 4|3 . (43)
Q Q

For fluid flow, Equation 36 satisfies

Ad n d, n+ao
/ dpfﬁa( mn ) a0 = —At / ( b ) Div 4w dQ, (44)
Q P J Q P J
which yields
d, n+a Admn d, n+ad, nt+ao d, nt+a —1d, n+ta
P dQ = At Py T dl — At v ky g 0T g dQ, (45)
Q P J I N——~— Q
=0

where the integration by parts is applied. Then, we have



11

2 2
(5 = 17 1)

d,n+1 d, - n
2/ (“pi _Sam,JMJKdT)n+a ((( = ) —bKd&?H) - (( = ) - bKdaZ))dQ
Q P K P /K

dHJ7L+(1MJK

dyn
AdKT

_ (20[ _ 1) Hdﬁn—&-l _ dK’nHi/[ ,

d,, ™ dAmm
- / dpna (A n ) o — / Adel by dpntedn — / 39T, Mg (( m ) —bKAdeg) o
0 P K Q Q p K

AdRT
~(2a—1) ||dﬂn+1 _ d”nHiA 7
= —At / dynte k, g T e dQ — / Adel b pntedQ
Q Q
>0
Ad n
- / 39T, Mk (( mn ) - bKAdsg> dQ - (20— 1) & —4wm, (46)
Q P K
For heat flow, Equation 37 satisfies
/ dpn+a (AdS‘" - gg+adAmJ”) a0 = —At / Div £ dQ, 47)
Q Q

which produces by using the constitutive relations

2 2
17 = 1T

ci AT

— / dpm+ta (AdS” — "N ;" — 3ar K g A% 4 30y, JAdpf}) —90, g Mg T AT A
Q

dntacE AdTH
drpn+1 drm 2
S e
d pnt+a d_"m drpm+a drpm+a Admn d_n
= —At -fT -ndl’ — A 603aTKdr T dQ) + 3T am’.]MJK — b A €y dQ)
r Q Q P K
=0 AdK;L(

— (20 — 1) 4T+ A (48)

Then, summing Equations 42, 46, and 48, we have
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+11)2 2
[ (v e

2 2 2 2 2 2
(1%t e = 1% le) + (I = 17 1) + 17 15 = T 7

_ —At[)dv3+a . kp’JK—ld,v?(+adQ_(2a _ 1) ||den+1 o dEnHi o (20[ _ 1) ||d,{n+1 o dK’nHiA

>0

— (20— 1) ||*THt — AT (49)

I;
T
Thus, the monolithic method yields unconditional stability, implying B-stability, when 0.5 < o < 1.0.

6. Stability and convergence of the sequential schemes

In this paper, we investigate stability and convergence of the two proposed sequential implicit methods. There are
two ways to estimate numerical stability: spectral and energy methods. The spectral method can provide sharp stability
and convergence estimates, while the energy method provides rigorous numerical stability estimates. For spectral
analysis, we first investigate the error amplification factors under the backward Euler method, just as used in Kim et al.
[17] and Kim et al. [18].

The error amplification factors are defined as the difference between the fully-implicit (monolithic method with
o = 1.0) and sequential methods. Since the fully-implicit method is unconditionally stable, as shown previously, we
only examine by the spectral method the evolution of the errors between the fully coupled and sequential methods in
order to investigate numerical stability. The error amplification factors can also estimate the rate of convergence for

the sequential methods, when full iterations are taken.

6.1. Spectral analysis

We introduce a 1D thermoporomechanics problem. Let us assume no source terms, no capillarity, and homogeneous

boundary conditions. Let e, = P*t1 — P.* ¢k = 7+l — T.% and ek =entl — gk

( n ».s» Where the subscript s, (-)s,
n+1

denotes a sequential method. (-) is a solution from the fully-implicit method at t,, 1, so e* is the error between the
fully-implicit and sequential methods at ¢,, 1, when we perform a fixed number of iterations, where k is the iteration
number. The undrained-adiabatic split solves the mechanical problem first, while freezing fluid mass content and heat

at each grid block, so the error equation of mechanics in 1D is written as

Kua (Mt — ey . (ek —ek - b(e’f;j_1 — e’fgj) - 3OZTKdr(6%_1 — e%) =0,

Ev,j—1 Ev,j Ev,j—1 Ev,j

where

9 (ar Kay + M)

* )

ud

Kyo = Kar + Wy, Wya = b2M =+

(50)

where we label the elements with index j. For single fluid phase, b;, Mk, and oy, ; reduce to b, M, and oy,

respectively. The error equations for fluid and heat flow become, respectively,
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k+1 ek+1 eIc-i—l

h €p. u; T; kp , ka1 k+1 k+1
2 Aar Ty T amh i - f(eij = 2ep +ep)
h eZivn“er ?,J?iter e%ﬁq‘ter
- — bh—=2 3a,h—2 =0, 51
M A Ar Ot TR ©D
k+1 k+1 k+1
* 6T7’ epj € v,J k 1 v
CTh A 3amh? + 3arKa-h th - %E(e’%ﬁl - 26’%?1 + e’%jill) - %(e’%;rl - e?j}l)
Pv‘nitar ?,@.itw ;’,n””
3amh—2—— — Sap Ky h—2— — Cih—2— — ), 52
iemh R AT RN AL (>2)

where h is the grid spacing. We use the upstream weighting for the heat convection term, so v is positive. 1, is the
number of iterations. We neglect the terms associated with (-)™™iter because we only investigate error amplification

during iteration at the current time step.
k

€v,j

Let us introduce errors of the form e = ~keii)fe; | e’}_,j = ~kei)9p, and e’%j = yke'DPp to Equa-
tions 50, 51, and 52, where 7., i, and 6 (—7 < 6 < 7) are the error amplification factor, imaginary unit, and phase,

respectively. Then, we obtain

(Kdr + Wua)ve - Wua —b _3aTKdr
ez, 0
e (ﬁ +2(1 — cosb) k2§t> Ve —3mYe :
v | =10 3
3ar K grve —30,mYe (C:f +2(1 — cosb) kfﬂm A 0
er
.. v A
+(1 — cos  + isin 0)¥2L) ,
Eua
From det(E,,) = 0, we have the error amplification factors as
aOWua —ai
wa = 0, ———————, 54
Te, agp (Kd’r‘ + Wua) ( )
1 kpAt kr At At
ag = (M +2(1 - COSQ)Z;L2> (C; +2(1 —cosb) 7};2 + (1 —cosf + isine)vTh ) —9a2,,
kr At At
a = b (C’; +2(1 - cost())zi2 + (1 —cosf + isin@)vTh>

+ 1800 Kayam + 902 K2, <J\1/[ +2(1 — cos 6) k’;f) .

The necessary condition for stability is max |y.| < 1 for all §. We numerically calculate the error amplification
factors, taking wide ranges of flow and geomechanics properties in Equation 54 (Figure 2). We find from the figure
that the amplification factors are between 0 and 1, being positive. This implies that the undrained-adiabatic split is
unconditionally stable and monotonic.

From Figure 2, we also find that the amplification factors are maximum at § = —m, 7. For isothermal poroelasticity,
max |y.| was found at § = —,, too [17, 18]. Atf = —m,m, we have |ag (Kgr + Wya)| > |aogWua — a1| from
Equation 54, yielding max |y.| < 1. Then, we confirm that the undrained-adiabatic split is unconditionally stable.

In the similar fashion, the extended fixed-stress split yields
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Kdr’Ye *bf}/e *304TKdr’Ye
b (ﬁ +2(1 — cosb) k’;ﬁt —3(am — bar)ve — 3bar )
n b2 ) b2 €e, 0
B2 )y - 2
Kagr Kar e}:, = O . (55)
3arKq  —3(am — bar)ye — 3bar (C’t’ik +2(1 — cosb) ]“,;QM . 0
er
.. vr At
+(1 — cos 0 + isin ) 5>
L +9a%Kdr) Ye — 904%Kdr ]

Ecy

From det(E. ;) = 0, we obtain the error amplification factors for the extended fixed-stress split as
Ye,ss = 0 (multiple), (56)

which yields unconditional stability.

Remark 3. Unlike the undrained-adiabatic split, the extended fixed-stress split has the zero error amplification factor,
which means that it can match the fully coupled method by two iterations when the local K, can be exactly estimated,
as shown in the isothermal case [18]. On the other hand, for the undrained-adiabatic split, when the fluid and solid
grains are incompressible or the undrained heat capacity approaches zero (i.e., M = oo or C* ~ 0), we have
Wya = oo. In this limit, we have max |-ye, 4| = 1, which causes non-convergence for the undrained-adiabatic split
even though it is stable.

6.2. Energy method

6.2.1. Dissipative character of the undrained-adiabatic and extended fixed-stress splits
We first investigate the dissipative character of the undrained-adiabatic split. We take the same approach used
to show the dissipative nature of thermoporomechanics and numerical stability of the monolithic method. At the

mechanics step, we have

Divle =0, niy; =0, 45 =0, (57)
which yields
dllvdy oL ey Ol Ol
@& T ade ST oy, "t Tgap T
d -
_ / do dedQ = 0, (58)
Q

which shows the dissipative character relative to the norms, ||-|| .

After the mechanics step, we take the fluid and heat flow step, having
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pi; = — Diviw,, T (d§ - ngmJ) — —Div(?f,), =0, (59)

Considering no perturbation on ¢ in Equation 59, we have the dissipative character relative to the norm, ||-|| \; as

Al N aa O
i oim, "t Tap T

d dy; )
- / (<m> My (m> + O AT AR
Q P/ P /K
d,s .
— / ((*pxc — Bt s T M) <m) + (C = 9ty My 1) T A
Q P /K

d . .
= / ((f) Uing — Boun, s T (dpJfMJKSam,KdT)+(G:;—9am,JMJKam,K)deT)dQ
Q J

d
= / ((pp> Uiy — Baum, 4T + 9T (ds — 5%y + 3am,JdpJ))dQ
Q 7

d .
- / <p> iy + 9T (dS - g,]dm,]) a0
Q\P/y
= / (—dpJ Div v — DivdfT) ds)
Q

= —/ Yk btk dQ—/dfT.ndrgo. (60)
QD —_— r

>0
= -0

Thus, the undrained-adiabatic split shows the dissipative character relative to the norm, |[|-|| ./, being contractive.

Next, we investigate the dissipative character of the extended fixed-stress split. At the flow step, we have

dpi; + Diviw, =0, T (ds - stm'J) — _Div(ify), 6 =0, 61)

where the initial conditions of the flow problem, ATl are

Divéoi—g =0, Divoi—g=0. (62)

Consider %6 = 0, which yields do:(t) — ‘ib’tzo = 0. Combining this result with Equation 621, we have ,
Div %6 (t) = Divlé,—o = 0. (63)
Note that the divergence operator, Div, is not a function of time under infinitesimal transformation, which provides

Div 6 (t) = 0, Diveo(t). Hence, from Equations 625 and 63, we obtain

Divo(t) = Divie(t),_, = 0. (64)
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Then, Equations 61 and 64 satisfy Equation 33, from which the extended fixed-stress split is dissipative relative to the

norm, ||-|| . After the flow step, we take the mechanics step, having

Divée =0, ¥p; =0, T = 0,= Divie’ =0, (65)

which yields dissipative character as

2 2
Ul LAY o [ gt o
dt de Q ' -

—_———
=0

Thus, the extended fixed-stress split shows the dissipative character relative to the norm, |-\, being contractive,

during both flow and mechanics steps.

6.2.2. Numerical stability of the undrained-adiabatic and extended fixed-stress splits
Since the undrained-adiabatic and extended fixed-stress splits are dissipative, we study the two sequential schemes
on algorithmic stability of them. We first perform stability analysis of the undrained-adiabatic split. At the mechanics

step, the undrained-adiabatic split satisfies,

Divée"t® =0, AYm7 =0, AYS" =0, (66)
where the second and third equations (undrained and adiabatic conditions, respectively) lead to
e R (67)

Referring to Equations 41— 48 and using Equations 66 and 67, we have

d n+1H2 _Hd n||?
RS

2 2 2 2 2 2
= (e 1z = 1% 02) + (1R B = 19 ) + (197 5 = 1T 15)

0 Jr/ AdezbﬂpT'o‘dQ Jr/ Adsﬁi’.aTKdrdT"JradQ —(2a-1) Hdtr-:"+1 — de””i
Q Q

Adm" " dAmm
+ / dppe <m ) dQ — / A% btprede — / 3Ty g Myxc <( - ) bKAdsg) i)
Q P K Q Q p K
—_———
=0 Adpf;f?)am’KM,]KAdT"

—(2a—1) Hdnn+1 _ dmnHi/1

+ / dpnta Adgn —§7j+a Aden —304TKdrAd€Z + 3o, JAdp’:} —9a,,. T M Ky, KdTn—HXAdTndQ
0 & - , ) ) )
= =0

_ (20[ _ 1) ||dT’I’L+1 _ dTnHir

= —(Q2a- 1|4 —den |2 — (2a - 1) |4k — k||, — (2a - 1) 4T - AT (68)

2
I
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from which we have unconditional stability when 0.5 < o < 1. After solution of geomechanics, we have at the flow

step

n

Am ;" = —AtDiv %, T (AYS" — 5;A%m ;") = —AtDive e, det = dentl =, (69)

Referring to Equations 42— 48, Equation 69 provides
1o e = 1
0+ (1w 1 = 1w 1) + (12115 = 2717 )

—At/ d,v7}+oc . kp’JKfldvn-‘raKdQ _ / Adz;‘: dep7}+adQ
Q QN—~~~

>0

— / 3dTn+aOém’JMJKAdK}1(dQ - (2a-1) Hdl-e"Jrl - dn””i/l
Q

— At / dfnte . ndl — / Adel 3o K g T dQ + / 39T 0y, s My AKTdQ
r QN—~—~ Q

=0
=0

~(2a—1) HdTn—H _ dTnHQT

= - At/ Lotk g AR — (20— 1) || - R, — (20— 1) |47 — 4T (70)
Q

[k
-
from which we have unconditional stability when 0.5 < « < 1. Thus, from Equations 68 and 70, the undrained-

adiabatic split is unconditionally stable when 0.5 < o < 1.

For the extended fixed-stress split, the flow step is solved first, having

A%m ;" = —AtDiv dwf}"'a, Tt (Adb_m — EJdAmJ") = —AtDiv dfgfra, Alg™ = Adgn 1, (71)
satisfying
DivAle® =0, Divie’ =0. (72)
From Equation 713, we have
-1

A" = Alg" ™ = ... = Ao (73)

We then obtain from Equations 72 and 73

Divie"t! = Divie" = ... = 0, = Divie™ ™ = 0. (74)

Since the extended fixed-stress split satisfies Equations 35— 37, it provides Equation 49, which implies unconditional

stability when 0.5 < a < 1.
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After solution of flow, we have at the mechanics step

Divée™t® =0, I, =0, T =0,= Divie™t* =0, (75)
which satisfies
/ dgnte . CprA%%™dQ = 0. (76)
Q

Also, 9p"T* = 0 and 4T+ = 0 yield respectively

Ad n
Q P J Q

Then, we obtain

n 2 n 2
19 = 119X e
n 2 n 2
= (I%e™ Iz = ||%"[2) +0+0

0— (2a—1) Hd€n+1 _ denHi’

from which we have unconditional stability when 0.5 < o < 1. As a result, for both steps, the extended fixed-stress

split is unconditionally stable, when 0.5 < o < 1.

Remark 4. The two sequential methods may take different time integration methods at the steps of fluid-heat flow
and geomechanics, having different a’s. For example, we can take the backward Euler method, a,ccr, = 1.0 for
geomechanics, while taking the midpoint rule, ay; = 0.5, for the flow. Still, this mixed time integration provides
unconditional stability.

7. Numerical results

We take three one-dimensional (1D) coupled flow-geomechanics test cases. The first two cases (Cases 1 and 2) are
used for poro-mechanics and thermo-mechanics problems, respectively, in order to verify the simulation code. For the
third case (Case 3), we then employ a scenario of all-way coupled thermo-poro-mechanics and investigate numerical

stability. No gravity is considered in the test cases.

7.1. Case I: isothermal poromechanics

We first use an isothermal one-dimensional (1D) consolidation problem (Terzaghi’s problem), as shown in the
left of Figure 2. The 1D domain is divided into 20 uniformly-sized gridblocks in the z direction with Az = 1 m,
Ay =1m, and Az = 2 m. For flow, the fluid compressibility is ¢; = 3.0 x 1078 Pa~!. The density and viscosity
are py = 1000 kg m~! and py = 1.0 cp. Initial fluid pressure and porosity are also P; = 2.125 M Pa and ¢y = 0.3.
We have drainage boundaries at top and bottom, having constant pressure of P; = 2.125 M Pa. Permeability is

ky = 49.35 x 107 m?, 50 md, being constant during simulation. For mechanics, linear elasticity is considered. Both
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drained and constrained bulk moduli are K. = K, = 100 M Pa, respectively. We have a no-displacement boundary
at the bottom, while the overburden, & = 2 x 2.125M Pa, is applied to the top boundary. We take the initial total stress
of —2.125 M Pa, resulting in no strain changes at ¢t = 0. Biot’s coefficient is b = 1.0, which yields K; = oo. The

analytical solution for this case is given as

pr(z,t) 4 o= (=1)71 ) wL,—z ) o2yt
PRSE 2N~ cos (2 — 1) (25 —1)2 % 78
P w21 cos | (2 =Dy —p—|ear | =2 -V 75 | (78)
1K, k
pO: / d C’U: bid

CUKartes 0 T (K + by
where b = 1.0 and ¢, is the consolidation coefficient. py is the instantaneous pressure build-up at the initial time due
to the instantaneous external mechanical loading at the top.

From the left of Figure 4, numerical solutions of the fully-implicit, undrained-adiabatic, and extended fixed-stress

methods match the analytical solution, being monotonic. This result verifies the simulator for isothermal poromechan-

ics.
7.2. Case 2: thermoelasticity

We consider a (1D) thermo-mechanical problem, as shown in the center of Figure 2, having the same discretized
domain of Case 1. Just like Case 1, we generate thermal flow induced by deformation, taking strong coupling between

thermal flow and mechanics synthetically. Then, similar to Equation 78, the analytical solution of this case becomes

T(z,t) 4 (—1)7-1 , mL,—z ) o2 drt
== S cos [(2) - 1)% —(2j -1 7
T, nigi-1 cos |2 =Dy —p—|ear |-V 77 |» 7)
1 k
T = dr -

O Barky T T G 00T Ky,

where Tj is the instantaneous temperature build-up at the initial time due to the instantaneous external mechanical load-
ing at the top. Specifically, for Case 2, we have a specific heat capacity of 1.90k.J kg~ °C~!, high heat conductivity
of k7 = 85 Wm ™! °C~!, and thermal dilation (coupling) coefficient of a = 1072 °C~!. The initial temperature
is T; = 25°C(= 298.15 K). We have constant temperature of 7; = 25°C(= 298.15 K) at top and bottom. For
mechanics, we take K4 = K. = 10 M Pa and the initial total stress of 0 M Pa. The no-displacement boundary is
applied at the bottom, while the overburden of & = 2.125 M Pa is at the top.

We find from the right of Figure 4 that the numerical results of the fully-implicit, undrained-adiabatic, and extended

fixed-stress methods match the analytical solution. These results also verify the simulator for thermomechanics.

7.3. Case 3: all-way coupled thermoporomechanics

We consider a 1D thermoporomechanics problem (the right of Figure 2), taking the same discretized domain of
Case 1. For fluid flow and mechanics, we have the conditions same as Case 1, except that no-flow of fluid is applied
to the bottom. For thermal flow, we have specific heat capacities of 0.92 kJ kg~ '°C~! and 4.18 kJ kg~ '°C~* for

the porous medium and fluid, respectively. The bulk heat conductivity is k7 = 1.7 Wm~1°C~!. We specify constant
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temperatures of 25°C' and 75°C' at the top and bottom, respectively. We take o, = 0 and oy, = 0. We inject fluid with
a total mass rate of (); = 100 kg/day, while no external heat injection is considered. Then, we investigate numerical
stability of the undrained-adiabatic and extended fixed-stress methods for various thermal dilation coefficients.

Figures 5 and 6 show evolutions of pressure and temperature from the fully-implicit, undrained-adiabatic, and
extended fixed-stress methods. In Figure 5, the pressure at the monitoring point decreases, as the coupling coefficient
between thermal flow and mechanics (ar) increases, because high ar induces more thermal expansion as temperature
increases. The thermal expansion of the porous medium increases the expansion of pore-volume, which results in the
pressure drop due to fluid compressibility. Figure 6 shows the temperature changes for various o, and we find the
lowest temperature, when ap = 10=3°C~1. Thermal dilation affects heat flow, in turn, as a sink term, resulting in
retardation of thermal flow.

We find from Figures 5 and 6 that the two sequential methods provide stable and reliable solutions, comparable
to the fully-implicit method. When fluid becomes incompressible, the undrained-adiabatic method is less accurate,
whereas the extended fixed-stress method still shows good accuracy. The left of Figure 7 shows that the error am-
plification factor of the undrained-adiabatic method approaches one, which implies almost non-convergence. On the
other hand, the error amplification factor of the extended fixed-stress method is not affected by fluid compressibility.
From the center and right of Figure 7, we identify non-convergence of the undrained-adiabatic method for nearly in-
compressible fluid. Figure 8 also shows that the extended fixed-stress method still shows good accuracy whereas the
undrained-adiabatic method exhibits inaccuracy.

In multiple dimensions, it might be difficult to exactly estimate the drained bulk modulus used in the flow problem.
Let us define the deviation factor of n = K5**“! /K55, defined as the ratio of the exact local drained bulk modulus
to the estimated local drained bulk modulus. As discussed in Kim et al. [18] and Kim et al. [20] for isothermal
poromechanics, the 3D drained bulk modulus is a safe choice for stability and convergence for all 1D, 2D, 3D problems,
yielding 1 < < 3. From Figure 9, the extended fixed-stress method is still accurate, matching the reference solutions,
when 77 = 3. When the time step size is refined, we obtain more accurate results of pressure and temperature, which
implies numerical convergence of the extended fixed-stress method.

From the stability analysis, we can take the mixed time stepping algorithms for flow and geomechanics in the two
sequential methods (i.e., different o’s). Figure 10 shows the numerical results when we take o = 0.6 for heat-fluid flow
and o = 1.0 for mechanics, respectively, in the two sequential methods. Comparing the results of the two sequential
methods with the fully-implicit method, we find that the mixed time stepping in both sequential methods still yields

stable solutions, supporting the stability analysis.

8. Conclusions

We proposed two unconditionally stable sequential methods for all-way coupled thermoporomechanics problems:
the undrained-adiabatic split and the extended fixed-stress split. We showed that the two sequential methods are
unconditionally stable, when taking 0.5 < a < 1.0 for sub-problems of flow and mechanics. From the numerical

tests, both undrained-adiabatic and extended fixed-stress splits were stable. Thus, the two sequential methods can also
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be used as reliable preconditioners for the fully-implicit method. When stable individual simulators of non-isothermal

flow and geomechanics are available, the undrained-adiabatic and extended fixed-stress splits can straightforwardly be

applied in solving all-way coupled thermo-poro-mechanical problems.
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Perturbation

Figure 1: Perturbation introduced in the equilibrated domain. The perturbation can be considered as numerical errors.

v_(9.4x 10~9.4x 10"° k. (1.7x 10%~1.7x 10'%)
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Figure 2: Distribution of the error amplification factor for various values of vy /7o, kr, and C;. The default values of Equa-
tion 54 are T = 298.15 K (25 °C), kp = 5.0 x 107 m?, kr = 1.7 Wm ™ K1, 1/M = 1.32 x 10'° Pa, Az = 1.0 m, At = 0.1 s,
C% =19kJ kg! K=2, Kg, = 100 MPa, ap = 1072 K~1, ap = 0.0, ag = 0.0, b = 1.0, vy = 4.9 x 107 m s~1, and
vr/To = 0.02 x 107° kJ s~1 K 2. Ty is a reference temperature in equilibrium.
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Figure 3: Schematics of 1D coupled fluid-heat-geomechanics problems. (-);. indicates the domain boundary. Left: isothermal
consolidation of poromechanics (Case 1). Center: thermomechanics without changes in pressure (Case 2). Right: all-way
coupled thermomechanics (Case 3).
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Figure 4: Verification test for the 1D thermoporomechanics. Left: isothermal poromechanics. Right: isobaric thermomechan-
ics. The numerical results match the analytical solutions. ‘Full’,'Und’, ‘FSS’ indicate the fully-implicit, undrained-adiabatic,
extended fixed-stress methods, respectively.

a,=1.0x10°°C” a;=1.0x 10" °C! a=1.0x10%°c"

s}
*:

Full
Und
FSS

le]
*

Full
Und
FSS %

o}
*:

Full
Und
FsSs

0.15

0.2

0 0.05

0.1

t

d

0.15

0.2

0.25

Figure 5: Pressure at the monitoring point for various a’s. Pressure decreases due to thermal expansion of pore-volume,

as a7’s increases.
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ar=1.0x10% °C! a =1.0x10%°c" a =1.0x10%°c"
13
Full
1.25 O Und
*- FSS
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Figure 6: Temperature at the monitoring point for various o’s. Deformation little affects changes in temperature for low
ar’s. As ar increases, thermal flow is retarded due to thermal dilation.
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Figure 7: Left: Distribution of the error amplification factor for various values of fluid compressibility. Evolution of pressure
(left) and temperature (right) at the monitoring point for incompressible fluid (c; = 3.0 x 10~16). For incompressible fluid, the
extended fixed-stress method still shows good accuracy while the undrained-adiabatic method is less accurate.
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Figure 8: Distributions of pressure (left) and temperature (right) at ¢; = 0.83. We identify good accuracy of the extended
fixed-stress method.
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Figure 9: Evolution of pressure (left) and temperature (right) at the monitoring point with the extended fixed-stress method
of n = 3, which still shows good accuracy.
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Figure 10: Mixed time stepping in the undrained-adiabatic and extended fixed-stress methods. Both sequential methods still
provide stability and accuracy.



