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Exclusive cross sections for the 43P(−1p)42Si reaction to the lowest 0+ and 2+ states, measured
at NSCL with GRETINA and the S800, are interpreted in terms of a two-level mixing (collective)
model of oblate and prolate co-existing shapes. Using the formalism developed for deformed nuclei
we calculate the spectroscopic amplitudes and exclusive cross-sections in the strong coupling limit,
where for 43P the schematic wavefunction includes the coupling of the Nilsson [211] 1

2
proton orbit.

Good agreement with the experimental data is obtained when the amplitude of the oblate con-
figuration is & 80%, suggesting that both nuclei are predominantly oblate, in line with theoretical
expectations. Model predictions for excitation energies and electromagnetic observables, that could
motivate further studies of both nuclei, are also presented.
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I. INTRODUCTION

Moving away from the valley of beta stability, the
neutron-proton imbalance results in a large asymme-
try energy which is ultimately responsible for the neu-
tron dripline, beyond which isotopes with additional
neutrons are not bound. For the bound systems, the
same nucleon imbalance, affects the details of the resid-
ual nuclear interaction, leading to altered ground and
excited state properties for exotic nuclei as compared
to those observed in stable isotopes. Strong evidence
can be found in the literature highlighting the major
breakdowns of the spherical shell-model with respect to
where shells appear in 20< N <30 and 10< Z <20 nu-
clei [1, 2]. Exploration of these changes is fundamental
to our understanding of nuclear structure, is critical for
predicting the location of the neutron dripline and has
a potentially significant impact on r-process nucleosyn-
thesis.

The neutron-rich N=28 region is ideal (and the heavi-
est region experimentally accessible at the neutron drip-
line) for exploring such structural changes. The N=28
nuclei below Z=20 show examples of altered single-
particle structure, collective degrees of freedom, and
potential impacts of weak binding on structure as the
dripline is reached near 40Mg.

Whereas the gap between the 0f7/2 and the 1p3/2

orbits in 41Ca results from the combination of the spin-
orbit coupling and the `2 term of the spherical mean
field, and amounts to ≈ 2 MeV, it evolves to ≈4.5 MeV
in 48Ca due to the fact that the T=1 monopole inter-
action of the 0f7/2 neutrons among themselves is more
attractive than the interaction between the the 0f7/2

and the 1p3/2 neutrons. It is this increased gap that

makes 48Ca a doubly-magic nucleus. Below 48Ca, as
protons are removed from the d3/2 orbital, the effects
of the ∆`=1 spin-flip interaction effectively reduces the
νf7/2-νp3/2 gap. The spacing between the proton πd5/2,

πs1/2 and πd3/2 orbitals are also narrowed at N=28 [1–
7]. With this, the N=28 isotones from Ar to Mg display
the effects of a varying N=28 gap, with development of
deformation and changes in shape [8].

An understanding of the evolution of shapes along
N=28 has been proposed, in which the quadrupole force
mixing between m substates in the nearly-degenerate
proton orbitals, and the resulting change in occupancy
of the deformation-driving `=2, m = ± 1

2 substates, re-
sults in a tensor force driven Jahn-Teller effect [7], if
seen in the intrinsic frame, or simply a manifestation
of Elliott’s SU(3) symmetry in the laboratory frame.
This mixing of the proton πd5/2 and πs1/2 levels sug-

gests changing shapes, prolate-oblate-prolate, in 44S,
42Si, and 40Mg respectively. While the available ex-
perimental data appear consistent with this scenario,
a ’direct’ confirmation of the dominant shapes and the
potential shape coexistence in the region of N ≈ 28 re-
mains to be studied in more detail.

In fact the recent study of the one proton knock-
out reaction from 43P to 42Si [9] has shown that large
scale shell model calculations with the SDPF-U [6] and
SDPF-MU [7] effective interactions, that have been suc-
cessfully used in this region, both predict an oblate
ground state band in agreement with the experiment,
while they differ in the location of the coexisting pro-
late band which is better reproduced by the SDPF-MU
interaction [9, 10].

While the shell-model has been applied broadly and
successfully in this region, what has not been fully ex-
plored is the success, or lack thereof, of the arguably
more intuitive Nilsson model. We consider here a de-
scription of the 43P(−1p)42Si reaction in the framework
developed for deformed nuclei and explore the validity
of this description.
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II. THE TWO-LEVEL MODEL

The available experimental data in comparison with
shell model calculations indicate the low-energy struc-
tures of 44S, 42Si, and 40Mg are each likely dominated
by two major co-existing configurations, spherical and
prolate in the case of 44S, and oblate and prolate for
both 42Si, and 40Mg. This suggests that a two-state
(shape) mixing model can provide a useful description
of their structure. For example, Ref. [11] used such a
model to describe the low-energy structure of 44S. From
our previous application of this model in the description
of the two-proton knockout reactions, 44S(-2p)42Si and
42Si(-2p)40Mg, a picture emerged in which the dominant
nuclear shape changes from prolate in 44S, to oblate in
42Si, and returning to prolate in 40Mg [12], in line with
the qualitative arguments. While the first γ-ray spectro-
scopic study of 40Mg [13] may point to intriguing effects
due to the weak binding of the two valence neutrons, its
deformation appears consistent with the prolate trend
along the Mg isotopic chain up to 38Mg [14, 15].

Here, we follow Ref. [12] and take advantage of the
continued experimental progress in this region, and ap-
ply a two-state mixing model to interpret the results of
Ref. [9]. We consider specifically the cross-sections from
the 1/2+ ground state of 43P into the 0+

1 ground state of
42Si, the 2+

1 state at 737(8) keV, the tentatively assigned
(0+

2 ) state at 2150(13) keV and a tentative (2+
2 ) state

at ≈ 3 MeV. In 43P and 42Si, guided by shell model
calculations, we expect the co-existence of oblate (O)
and prolate (P ) deformed components to be dominant
in the low-energy configurations.

Consider that the ground state wave-function of 42Si
is described in the simple form:∣∣0+

1

〉
= α |O〉+ β |P 〉 (1)

with the corresponding orthogonal 0+
2 state∣∣0+

2

〉
= −β |O〉+ α |P 〉 (2)

Similarly, we have for the lowest 2+ states:∣∣2+
1

〉
= α′ |O〉+ β′ |P 〉 (3)

∣∣2+
2

〉
= −β′ |O〉+ α′ |P 〉 (4)

In 43P, an inspection of the Nilsson diagram [16, 17]
relevant for Z=15, as is shown in Fig. 1, suggests that
the |1/2+〉 ground state could be associated to the
[211] 1

2 at both prolate and oblate deformations. More
generally, in the two-level model we have:

∣∣1/2+
1

〉
= A

∣∣∣∣[211]
1

2

〉
⊗ |O〉+ B

∣∣∣∣[211]
1

2

〉
⊗ |P 〉 (5)

where it is implicitly understood that the [211] 1
2 level

wavefunctions are those at the appropriate (O or P ) de-
formations. We indicated with the shaded yellow areas

a range of deformations that one may anticipate based
on the 2+

1 energies in 42Si, 787 keV, and 44S, 1329 keV,
using the Migdal formula for the moment of inertia [18].
In the spherical |j, `〉 basis the [211] 1

2 level wavefunction

FIG. 1: Proton Nilsson orbitals originating from the sd shell
and relevant for the structure of N = 28 nuclei. Specifically
for the case of 43P, the [211]1/2 level is highlighted in blue
and the shaded yellow area indicates the anticipated regions
of deformation (See text).

.

takes the form:

|[211] 1
2 〉 = C1/2,0|s1/2〉+ C3/2,2|d3/2〉+ C5/2,2|d5/2〉

(6)

where the Nilsson coefficients C1/2,0, C3/2,2 and C5/2,2

are functions of the deformation parameter ε2. The
Nilsson coefficients were calculated, taking µ=0 and κ=
0.105 [19].

III. THE 43P(-1P)42SI REACTION

We apply the formalism reviewed in Ref. [20] to the
proton knockout reaction. In the strong coupling limit
of the Particle Rotor Model (PRM) [17], the spectro-
scopic factors (Si,f ) from an initial ground state |IiKi〉
to a final state |IfKf 〉 (with Kf = 0) can be written in
terms of the Nilsson amplitudes:

θi,f (j`,K) =
√

2〈IijKΩπ|If0〉Cj,`〈φf |φi〉
Si,f = V 2

Ωπθ
2
i,f (j`,K)

(7)

where 〈IijKΩπ|If0〉 is a Clebsch-Gordan coefficient,
Cj,` is the Nilsson wavefunction amplitude, 〈φf |φi〉 is
the core overlap between the initial and final states,
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and VΩπ the occupancy of the Nilsson level. For this
case we assume for the overlaps: 〈Of |Oi〉= 〈Pf |Pi〉=1
and 〈Of |Pi〉=〈Pf |Oi〉=0. An estimate [21, 22] of 〈O|P 〉∗
vs. ε2 in the range of interest, shown in Fig. 2, justifies
the assumption above. As can also be seen, the am-
plitudes Cj,` evolve very smoothly; for the analysis to
follow the values of Cj,` are parameterized by fifth-order
polynomial functions for ease of the calculations.

FIG. 2: Nilsson amplitudes for the [211] 1
2

level as a func-
tion of deformation. The red line shows the estimated core
overlap 〈O|P 〉.

Following the proton knockout into 42Si, the 0+ states
can only be reached through the C1/2,0 component of the

Nilsson wavefunction in Eq. 6, while the 2+ states are
populated through both C3/2,2 and C5/2,2 components.
Taking into account the expressions in Eqs. 1-7, we
obtain the following spectroscopic amplitudes for the
0+

1 and 0+
2 levels:

θ1/2,0+
1

(0, 1/2) = αAC1/2,0(O) + βBC1/2,0(P )

θ1/2,0+
2

(0, 1/2) = −βAC1/2,0(O) + αBC1/2,0(P )
(8)

from which we calculate the cross-sections [23]:

σth(0+
1(2)) = R

(
A

A− 1

)2

θ2
1/2,0+

1(2)

(0, 1/2)σ0,1/2,L(H)
sp

(9)

Similarly, we obtain for 2+
1 and 2+

2 levels:

θ1/2,2+
1

(2, 3/2) = α′AC3/2,2(O) + β′BC3/2,2(P )

θ1/2,2+
2

(2, 3/2) = −β′AC3/2,2(O) + α′BC3/2,2(P )
(10)

∗ We consider that both configurations have the same value of
|ε2|.

θ1/2,2+
1

(2, 5/2) = α′AC5/2,2(O) + β′BC5/2,2(P )

θ1/2,2+
2

(2, 5/2) = −β′AC5/2,2(O) + α′BC5/2,2(P )
(11)

and the cross-sections:

σth(2+
1(2)) = R

(
A

A− 1

)2 [
θ2

1/2,2+
1(2)

(2, 3/2)σ2,3/2,L(H)
sp

+ θ2
1/2,2+

1(2)

(2, 5/2)σ2,3/2,L(H)
sp

]
(12)

In Eqs. (9) and (12), R is a quenching factor which in-

cludes the occupancy V 2
1/2, and σ

`,j,L(H)
sp are the single-

particle cross-section associated with a given orbital and
final state binding energy, denoted here by L for the
lower energy final state (0+

1 and 2+
1 ) and H for the

higher energy final states (0+
2 and 2+

2 ). The single-
particle cross-sections adopted here are those in Ref. [9],
which were calculated following the one-nucleon removal
methodology outlined in Ref. [24].

IV. RESULTS

Having discussed the ingredients entering in the cal-
culations, we proceed to compare our predictions with
the data of Ref. [9]. To limit the number of parame-
ters, we make the simplifying and reasonable assump-
tion that, α = α′ (β = β′) which leaves us to fit A, α, R
and the absolute value of the deformation ε2, on which
the Nilsson coefficients depend. With these assump-
tions, we are not constraining the deformations of 43P
and 42Si to be the same, and the system of equations is
not under-constrained. With four parameters and four
data points, we reproduce very closely the experimental
cross-sections under consideration, as seen in Figure 3.
Mathematically we would expect to reproduce exactly
the experimental data - the small discrepancy and asym-
metric error bars in our calculation are representative
of the physical constraint of A,α ∈ [0, 1]. However, the
primary question is whether the solutions obtained cor-
respond to physically reasonable parameters. We find
R = 0.33(7) and |ε2| = 0.26(4). The magnitude of de-
formation, ε2, is well in line with expectations based on
the neighbouring isotopes.

With respect to the values of A and α = α′, we
find three solutions, or minima in the χ2 surface un-
der the constraints that A and α are bound within the
limits of [0,1]. Two solutions correspond to (A, α) =
(0+0.04
−0 , 0.45(7) and (0.45(7), 0+0.04

−0 ), while the deepest

minimum is located at (A, α) = (0.90(3), 1+0
−0.001). In

other words, the experimental cross-sections are repro-
duced for the scenario in which both 43P and 42Si are
predominantly oblate, or a scenario in which one of the
two systems is highly mixed, while the other is essen-
tially completely prolate. Unfortunately, with only four
data points at this time, it is not possible to further con-
strain the model fit. However, we can conclude, taking
into account the predictions of the shell-model which
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FIG. 3: Results of the calculation (yellow bars) to reproduce
the experimental cross-sections (black data points) [9]. The
reproduction is very good, with the asymmetric error bars
for the calculation coming as a result of the constraint A,α ∈
[0, 1].

suggest that 42Si is predominantly oblate, that 43P is
likely similarly deformed.

As a final point, it is interesting to note that, if we
consider our quenching factor R as akin to the reduction
factor Rs observed in knockout reactions [25, 26] (which
are referenced to large-scale shell-model calculations),
we find good agreement with what would naively be ex-
pected from the established trend of Ref. [26] (Rs=0.36)
and the value of 0.33(2) reported in Ref. [9]. Going fur-
ther, a BCS calculation of all the Nilsson states in Fig. 1,
gives an occupancy V 2

1/2 ≈ 0.5 for the [211] 1
2 level. Hav-

ing considered this as a part of our quenching factor
R, we can deduce an effective suppression of ≈ 0.68.
Thus, in comparison to the shell model, it appears that
the Nilsson wavefunction perhaps more completely cap-
tures the fragmentation of the spherical single-particle
strength due to the quadrupole force in these deformed
systems. With a BCS proton gap, 2∆ ≈ 3 MeV, the
additional strength observed above 3 MeV can be as-
sociated with fragments of the d5/2 orbit present in

two quasi-particle states in 42Si populated by proton
knockout from Nilsson levels below the Fermi surface
(λ/~ω0 ≈ 3.5 in Fig. 1) in 43P.

A. Excitation energies and electromagnetic
properties

While experimental information for these nuclei is
limited, it is of interest to consider the predictions of
the two-level model regarding excitation energies and
electromagnetic properties. Adopting a deformation of
|ε2| = 0.26, as derived from the analysis above, we cal-
culate both the oblate and prolate moments of inertia of

the unperturbed configurations |O〉 and |P 〉 in 42Si. We
then diagonalize the 2×2 matrix as a function of angular
momentum and fix the excitation energy of the prolate
bandhead, EP = 1.81 MeV, and the interaction matrix
element VOP = 0.71 MeV by a fit to the assigned 0+

1,2

and 2+
1,2 states as discussed in Section II. The results are

presented in Fig. 4, where the solid symbols correspond
to the experimental data and the open symbols to the
predictions of the model. The insert gives the ampli-
tudes α2 (β2) that shows the interesting prediction that
the nature of yrast band changes from oblate to prolate
at 8+ due to the fact that the energy cost of the pro-
late excitation is compensated by its larger moment of
inertia and the unperturbed bands cross at ≈ 7+.

FIG. 4: Excitation energies in 42Si predicted by the two-level
model (open squares), fitted to the experimental data (solid
squares). The oblate and prolate amplitudes of the yrast
band are shown in the insert. See text for discussions.

For 43P we consider the strong coupling limit of the
PRM for the [211] 1

2 Nilsson level. With the values of
the parameters EP and VOP determined above we ob-
tain the results shown in Fig. 5. The staggering seen
in the mixed bands originates from the decoupling pa-
rameter, a =1.4 (0.6) for oblate (prolate) deformation.
An inspection of Fig. 2 indicates that in our regions of
interest, the proton [202] 3

2 (oblate) and [202] 5
2 (prolate)

levels are expected near the Fermi level. Thus, we also
show in Fig. 5 the expected excitation energies of these
two (unperturbed) bands†.

At the adopted deformation, the intrinsic macroscopic
quadrupole moments of the oblate and prolate config-
urations are Q0,O = −48.2 efm2 and Q0,P = 69 efm2,
which we use to calculate the quadrupole moments and

† The [202] 3
2

bandhead has been fixed at the experimental energy

of the 3
2

+

1
level.
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FIG. 5: Excitation energies in 43P predicted by the two-level
model (open squares). The results are compared with some
experimental data, which we assign to the [211] 1

2
(black) and

[202] 3
2

(blue) Nilsson levels. We also include the results for

the [202] 5
2

(red) level. See text for discussions.

TABLE I: Quadrupole moments and transition probabili-
ties for the mixed bands in 42Si. The 2+

1,2 states have been
observed experimentally.

State Q B(E2, I → I − 2) B(E2, I2 → I1 = I2 − 2)
[efm2] [e2fm4] [e2fm4]

2+
1 9.6 24.1

4+
1 9.5 25.4

6+
1 1.9 8.3

8+
1 -14.7 7.1

2+
2 -15.6 61.5 27.1

4+
2 -17.1 72.5 47.8

6+
2 -10.2 41.9 78.3

8+
2 6.0 0.7 97.1

transition probabilities summarized in Table I (See Ap-
pendix). The crossing of the oblate and prolate config-
urations discussed earlier is clearly seen in the evolution
of the quadrupole moment, Q, and the transition prob-
abilities, B(E2)’s, with angular momentum.

In 43P, the calculations are done in a similar way but
in this case the unperturbed configurations correspond
to the oblate and prolate strongly coupled solutions
discussed above. The selected electromagnetic prop-
erties shown in Table II indicate that experimental
knowledge of these observables will help to firmly
assign the different states. With the increase in beam
intensities anticipated at FRIB [28], such measurements
in both 42Si and 43P will be feasible within a few years.

It is interesting to note that the (mass) quadrupole
invariants method [29] applied to the SDPF-U [6, 30]
interaction calculations for 42Si predicts, ε2 = 0.32(7)
and γ = 47(13)◦ for the ground state of the lower band

and ε2 = 0.34(6) and γ = 15(15)◦ for the higher band.
In 43P, the 1/2+

1 ground state has ε2 = 0.32(8) and
γ = 47(13)◦ and the 3/2+

1 is essentially oblate. The
analysis also shows a 5/2+ prolate bandhead. This is in
line with our results and provide additional support of
the Nilsson picture.

V. CONCLUSION

We have interpreted the results of a recent study of
the 43P(−1p)42Si reaction [9] in terms of a two-level
mixing model of oblate and prolate co-existing shapes.
For 43P the schematic wavefunction includes the
coupling of the Nilsson [211]1/2 proton orbit and using
the formalism developed for deformed nuclei [20] we
calculate the spectroscopic amplitudes and exclusive
cross-sections to the 0+

1,2 and 2+
1,2 states. A realistic

solution that reproduces the experimental data is
obtained, which suggests that both 42Si and 43P are
dominated by oblate configurations in their ground
states. On the basis of these configurations, we have
calculated excitation energies and electromagnetic
observables that could be tested by new experimental
studies of these nuclei. Finally, although the strong
coupling limit appears to capture well the underlying
nuclear structure, perhaps a further refinement on the
basis of a full PRM calculation [27] might be considered.

VI. APPENDIX

We present here the formulae used to calculate
the electromagnetic properties(see Ref. [31]). For the
quadrupole moments and E2 transition probabilities we
have:

QIj =
3K2 − Ij(Ij + 1)

(Ij + 1)(2Ij + 3)
(a2
IjQ0O + b2IjQ0P ) (13)

B(E2, Ij → Ik) =
5

16π
e2〈IjK20|IkK〉2× (14)

(aIjaIkQ0O + bIj bIkQ0P )2

with a ≡ α(A) and b ≡ β(B) for j = 1 and a ≡ −β(−B)
and b ≡ α(A) for j = 2, as introduced in Eqs. 1-5 for
42Si and 43P respectively. In turn, the magnetic mo-
ments and M1 transition probabilities in 43P are given
by:

µIj = a2
IjµO + b2IjµP (15)

B(M1,KIj → KIk) =
3

4π
µ2
NK

2〈IjK10|IkK〉2× (16)(
aIjaIk g̃O + bIj bIk g̃P

)2
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TABLE II: Quadrupole, magnetic moments and transition probabilities for the low-lying states in 43P. Magnetic moments
and transitions have been calculated with a gs quenching of 0.7 and gR = Z/A . See Fig. 5 and text for experimental
assignments.

Initial State Final State Q B(E2, Ii → If ) µ B(M1, Ii → If )
[efm2] [e2fm4] [µN ] [µ2

N ]

1/2+
1

a 1/2+
1 0.0 - 1.05 -

3/2+
1

b 3/2+
1 -10.2 - 0.92 -

1/2+
1 - 1.8 - 0.07

3/2+a
2 3/2+

2 6.9 - -0.32 –
3/2+

1 ≈ 0 - – 0.09
1/2+

1 – 13.6 – 0.05

5/2+a
1 5/2+

1 10.8 - 1.91 –
1/2+

1 – 18.6 – –

5/2+b
2 5/2+

2 3.4 - 1.34 -
3/2+

1 - 85 – 0.05
1/2+

1 - ≈1 – -

5/2+
3

c 5/2+
3 22.0 - 3.07 -

3/2+
2 - ≈ 0.1 - 0.0

1/2+
1 - ≈ 0.1 - -

a[211] 1
2

mixed.
b[202] 3

2
oblate.

c[202] 5
2

prolate.

with

µO,P = gRI + (gKO,P − gR)
K2

I + 1
× (17)(

1 + (2I + 1)(−1)I+1/2b δK,1/2
)

and

g̃O,P = (gKO,P − gR)
(
1 + (−1)Ii+1/2b δK,1/2

)
(18)

The magnetic decoupling parameter b is related to the
decoupling parameter a through:

(gKO,P − gR)bO,P = −(g` − gr)aO,P− (19)

1

2
(−1)`(gs + gKO,P − 2g`)

In 43P the unperturbed configurations correspond to
the oblate and prolate strongly coupled solutions of the
PRM discussed in IV.A.
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