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Coaxial Modes

Larry K. Warne, Luis San Martin, and Alden R. Pack
Electromagnetic Theory & Simulation Dept.
Sandia National Laboratories
P. O. Box 5800
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Abstract

Using the power balance method we estimate the maximum electric field on a conducting wall of a
cavity containing an interior structure supporting eccentric coaxial modes in the frequency regime where
the resonant modes are isolated from each other.
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1 INTRODUCTION

The power balance approach to estimating interior cavity fields uses estimates of net power entering an
aperture, along with estimates of interior wall losses to estimate mean interior squared fields. Then extreme
field levels are extrapolated from the mean levels. When interior structures are present which locally enhance
the fields, these extrapolations must take into account such structures. This report shows an example where
an interior structure has the form of an eccentric coax and the maximum field exists on the side of the coax
in proximity to the cavity wall. This example is a nice illustration of how such structures can locally enhance
the cavity fields.
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Figure 1: Geometry of cylindrical cavity containing eccentrered coaxial conductor.

2 MAXIMUM ELECTRIC FIELD IN ECCENTRIC COAXIAL
MODE

We examine the maximum electric field associated with the eccentric coaxial mode within a cylindrical cavity
driven by an azimuthal slot as illustrated in Figure 1.

2.1 TEM-Like Mode Potential & Electric Field

The potential in an eccentric coax can be written as [1], [2]

2 —h—u)?
by = — 10 ln\/z + W+ Ye)

2meg 22+ (y+y1 — h+y)
where ¢ is the charge per unit length, eg = 8.854188 pF/m is the permittivity of free space, and

U, = D Arccosh (y1/b)
27‘1’80

The potential ¢, = 0 on the outer cylinder of radius b and ¢, = Vj on the inner cylinder of radius a, where
the charge per unit length can be found from the voltage and the capacitance per unit length

a’ +b* —d?

qo = Vo2meg/Arccosh ( 505

):VOCO

The origin in this expression is shifted to y = h from the center of the outer cylinder of radius b, and the
center of the inner cylinder is at y = h — d.. The quantity y. can be found from



2y.d, = \/[(b —a)’ - &| [b+a) - @]
and y; can be found from

y1 = Vy2+b=(—a®+b +d?)/(2d.)

where we also note that

(yl - yc) (yl + yc) - (y% - yg) =
Taking h = 0 with y = psin ¢ and x = psin ¢ the radial field near the outer conductor p = b is

q0 p+ (y1 — ye)sing 3 p+ (y1 +yc)sing
2120 | p2cos? p + (psing +y1 —ye)®  p2eos o+ (psing + y1 +ye)”

Eo, (p, ) =

which at p = b can be written as

— qo0 Ye
2mwbeg y1 + bsing

EOP (b7 QO)

Alternatively, taking h = d. with y = psin¢ and z = pcos ¢ the radial field near the inner conductor p = a
is

B} g 0 p?cos® p + (psin g+ y1 — de — ye)”

Ep(Pa‘P):_af‘bO:Q 3ln\/2 2 i 2

0 mEQ dp p?cos? o + (psinp +y1 — de + ye)

@ p+ (y1 —d, — y.)sinp B p+ (y1 —dec+y.)sing
2me0 | p2cos?p + (psing +y1 —de —ye)®  pPeos?p+ (psing +y1 — de +y.)°

_ @ p+(y1 —dec —yc)sing 3 p+ (y1 —dec +yc)sing
210 | p2 +2(y1 —de — yeo) psing + (Y1 — de — ye)® P2 +2(y1 — de + ye) psing + (y1 — de +y.)°
E, (a,0) = -2 a+ (y1 —dec —yc)sing N a+ (y1 —dc +yc)sing
: 2me0 [ a2 +2a (y1 — de — ye)sing + (y1 — de — yo)® a2 +2a(y1 — de + ye) sing + (y1 — de +ye)°
- 27(]:; [{a + (y1 —de — ye)sinp} {a2 +2a(y1 —de +ye)sing + (y1 —de + yC)Z}
0

—{a+ (y1 — dc +ye)sinp} {a2 +2a (y1 — de — ye)sing + (y1 — de —yc)QH /

Haz +2a (y1 — de — ye)sing + (y1 — de — yc)Q} {a2 +2a(y1 — de +ye)sinp + (y1 — de + yc)2H
Simplifying the numerator

{at (o = de = o) sin} {a® + 2a(y1 = do + ye) sing + (1 — de + ) |

~{a+ (1 — de+ye)sing} {a® + 20 (g — de — ye) sing + (1 — de — yo)° }
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= a{(yl —de+ye)’ — (1 — de —90)2}

+a® {a+ (y1 — dec — ye)sing — a — (y1 — de + ye) sin g}

+{a+ (1 —de —ye)sinp} 2a (y1 — de + ye) singp — {a+ (y1 — de + ye) sinp} 2a (Y1 — de — ye) sing

(U1 = de = ) sin g (41 = de +ye)” = (41 = de ) sinp (y1 — de — ye)”

= day. (y1 — d.) — 2y.a®sin o

+2a” (y1 — de + ye) sing — 20 (y1 — de — ye) sing

+ (1 — de — ye) sing2a (y1 — de + ye) sing — (Y1 — de + ye) sinp2a (y1 — de — ye) sing
+{n = d)” = g2} sing (o — de +0) = {1 — d)* = 42} sin (1 — de — )
= day,. (y1 — d.) — 2y.a® sin ¢ + 4a’y, sin

+2y. {(yl —d.)’ - yf} sin ¢
= day. (y1 — d.) + 2a*y.sin ¢
+2y. {(y1 —d.)’ - yf} sin ¢

=29, [20 (51 — do) + {a® + (51 — o) = 42 sin o]

=2y, [2a (y1 — de) + {b2 +a? +d* - 2d.y; } sin @]

=2y [2a(y1 —de) + {b> +a® + & — (—a®> + b* + d2) } sin¢]

= 4day. [(y1 — d) + asing)
Then

_ 2y.aqo y1 —dc+asing

Ep (CL, 90) -
T€o {a’2 +2a (yl - dc - yc) Sin@ + (yl - dc - yc)Q} {a2 +2a (yl - dc + yc) Siﬂ(p + (yl - dc + yc)Q}

Simplifying the denominator

{a2 + 2a (yl *dc 7yc)Sin90+ (yl *dc 7yc)2} {a2 +2(1(y1 - dc+yc) Sin§0+ (yl - dc+yc)2}
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= o+ a? {(n = de— ) + (= de )+ {01 — d)? —12)

+2a® (y1 — de — Yo + Y1 — de + y.) sin p+2a {(y1 —de —ye) (1 — de + yc)2 + (y1 —de +ye) (y1 — de — yC)Z} sin
+a (y1 = de = ye) (11 = de + ye) sin
= a*+20* {1 — d)* + o2} + {1 — d)* - yf}Q
+4a® (y1 — d.) sinp + 4a (y1 — d..) {(yl —d)? - yf} sin
+4a? {(y1 —d)? - y2} sin” ¢
=202 {a?/2+ (1 — )’ + 92} + {01 — d)* - y3}2
da(yr — o) {a? + (= do)* =92 sing
+1a? {(y1 — d.)* — 92} sin?
=202 /2~ B+ (31— d)* + a3} + {7+ (- 4~ 42}
da (y1 — d.) {a2 + 02+ (g1 — de)’ — yf} sin ¢
+4a? {8 + (g — de)® — i psin® ¢
— 20 {a2/2 — V* + 2¢7 — 2dy1 + d2} + {b* — 2dyy + &2}°
da (y1 — de) {a® + 0> — 2doyy + d2} sing
+4a? {b2 —2d.y1 + di} sin? o
=4a®{a®/4+a*/2 - b* + 47} + o
+8a (yy — d,) sin ¢ + 4a* sin?
= 4q? {{—a2/4 +a® =V i)+ iaQ + 2a (y1 — d..) sinp + a? sin” 4
= 4a? {(yl —d.)? 4 2a (y, — d.) sin ¢ + a? sin? ap}
= 4a® (y1 — d. + asin )
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where
(31 — de + asing)® = (y1 — d)* +2a (y1 — de) sinp + a” sin®
(y1 —de)® = d? = 2dyr + 4y} = a® —0* + i}

d0 Ye
2magg |y1 — de + asinp

Ep (a’ 90) =

2.2 Magnetic Field & Quality Factor

Noting that (the plus sign is for propagation in the z direction and the minus sign is for propagation in the
—z direction)

wpoH, = tke, X E,

or

noHy (a,0) = £E, (a, p)

noHy, (b, ) = £E, (b, o)

where 11y = 47 x 1077 H/m is the free space magnetic permeability and 1, = \/j1o/c0 ~ 1207 ohms is the
impedance of free space. We can find the losses per unit length along the eccentric coax

s

P—R, / \H, (a,¢)| ady + R, / \H, (b, o) by

—T —T

C 2 w/2 ’ 2 C x/2 ) 2
“an (5 ) 1t [ () waeom (52) Wt [ ()
2ma —x/2 \Y1 —dc +asing —x/2 \Y1 +bsing
where egny = 1/¢, ¢ = 1/,/lgeo is the vacuum velocity of light. Letting u = sin and ¢ = arcsin (u) and

dp = du/V/1—u?
> du

e (vt [ () s+ (Lt [ (525)

Taking

(yl - dc) /a = (b2 —a®— dg) /(2dca) = Do

b—a>d, —po= (\/bQ TR dc> (\/bQ Tt dc> / (2d.a)

V2 —a2=+/(b—a)(b+a)>b—a—py>0

. C2dea— (P —a?—d?) B —(a+d)’ (b—a—d.)(b+atd) —0
po = 2d.a B 2d.a N 2d.a

y1/b= (b* —a®+d2) / (2d.b) = p1 > 0
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2dcb— (V* —a®+d2)  (b—do)’—a®  (b—d.—a)(b—d.+a)

1 —py = __ -
P 2d.b 2d.b 2d.b <0

_ 08/5(2) Ye / du 03/58 Ye / du
P= ( 2m2a (7) B |V0/770| po + ) m—’_ 272D ( ) R \Vo/no‘ ot m
Using [3]

1/(p+1) tdt

1
/4 (p+u) \/17u2 //(p ) V-1+2pt+(1—p?)t2

B 1 Vet [2(1 - p?) t +2p — 2p] dt
5,

2(1=p%) Jiyp-1y /—1+2pt+ (1—p?)¢2
) /1/(p+1) p D dt
S dv/ =1+ 2pt + (1 —p?)t? + /
2(1=p) Ji/e-1) v e V-1 V=1 2pt+ (1-p?) 82
i 11/ (1)
1 1/(p+) p 2(1—p*)t+2p
o 1ot (1—p2) 2 + arcsin
2(1—p?) M (=) L/(p—l) -1 VPP -1 VAP + 4 =P) ] )
_ 11/(14p)
1 { 1/(1+p) D | 2(-p*)t+2p
= /Sl 2pt+ (1—p2 tz] + aresin
2(1—p?) v SR P (P -1 VP2 -1 VAR A=),

1 2 1—p2 2 1—p2
S et e O
2(1-p?) l+p  (1+p) l—=p (1-p)
» 2(1+p)+2p —2(11:f)+2p
+ arcsin — arcsin
(P —1)yp*—1 4p? +4(1 - p?) dp? +4 (1 —p?)
1 2p 1—p \/ 2p 1+p]
. — 1+—4+—=_ /1= 47
2(1-p?) [\/ I+p 1+p 1-p 1-p

s e (55 4o e[ () 4]
= P {arcsin (1) — arcsin (—1)}

(p? —1)vp? -1

™

(p? —1)yv/p* -1

or

/1 du B iy p>1
S (pHu)iVi—w? (2 -1)pr—-1"

14



C3/ed\ (ve)2 2 Do C3/e8\ (e )2 P1
p=(2220) () R, 0720 ) (9" R 1V 2 P
( 2ra > ( a) Vo/nol (pg _ 1)3/2 + ( 2mh ( b ) [Vo/nol (p% _ 1)3/2

2 2.2 2
y: (y1 — d.) (Co/so) 2 YY1
Rs |%/770|
3/2 3/2
{n - do)* - a?} 2 (7 = t?)

2 /.2 2 _ 2 /.2 2
_ (Co/E()) RS|‘/O/7]0|2 Ye (yl dc) + <Co/50) RS|‘/E)/’I’]O|2 Ycy1

<C§/€3

2ma

)Rs V/mol?

2ma (w7 - 12"\ 2mb -
_ C3/<d 2 Y2
— ( 5 R, |Vo/ng W[(%—d,;)/a—i-yl/b]
N 27 s 1V0/Mo \/m hn c Y1

(b2 — d2 — a2) fa+ (b2 + d2 — a?) /b

Jo-ar-ab{orar -}

o (G35
s

5 )Rs [Vo/nol”

where
(y1 —do)* = d? — 2doyr + yi = a®> — b* + y?
y1 = V2 + b= (—a® +b° +d?) /(2d.)
y1 —d. = (—a® + b — d2) / (2d.)

To obtain the total power lost (without the end cap)

¢ ¢
0 1 0
Pt = P/ cos? (nzz/ﬁo) dz = p,/ [1+ cos (nmz/ly)]dz = Ply/2
0 2 2 Jo

where n is the number of half wave oscillations along the eccentric coax (we are neglecting capacitive loading
at the open circuited end). The stored energy per unit length is

W = Co |Vol* = (Co/e0) o [Vo/mo|®
To obtain the total modal stored energy

Lo T 1 Lo
Wiot = W/ sin? (ngz/&)) dz = Wi/ [1—cos(nmz/ly)]dz = Wiy/2
0 0

The modal quality factor is then

_ 2 9 2 5
- thOt . ﬂ . w/"LO 27-(- \/{(b dC) a } {(b+dc) a }
" P P R, Cofeo (P~ —a)Jat (B &) [

Q

where

2
00/50

2 b2 _ d2
= Arccosh (a+2abc>

15



and

Arccosh (u) = In (u +Vu? — 1)

Both the numerator and denominator are weighted by the squares of the distributions of current and voltage;
hence these cancel in the total quantities (again neglecting the losses on the end cap and the capacitive loading
at the open circuit).

The extra losses at the shorted end cap are expected to be a small fraction and ignoring these gives an
upper bound for the quality factor. For the centered coax the results are very simple

s ™

P=R, [ [|H,(a,9)] adp+ Ry [ |Hg(b,0)[ b
2 2 2
Vo /0l
=R,|—| 2ma+ Ry |—| 2nb=R,—— 229 (1/a+1/b
e orb| 21 1n® (b/a) (1/a+1/0)
Vo /1m0l
Py = (ly)2) Re——2291_ (1/a+1/b
ot = (Lo/2) 27r1n2(b/a)(/a /b)
b b 2 b 2
1
Pcap%Rs/ |H, (p)|227rpdp=Rs/ — 27rpdp:Rs/ VO/{n;;;(b/a)} 2mpdp
_ |V0/770|2
*271n (b/a)

Comparing these with the coax part on the left and the centered end cap on the right

(£o/2)
T (b/a) (I/a+1/b) &1

and if we take a = 1 inch, b = 4 inches, and ¢y = 16 inches

16 in/2
In (4)

(I/Tin+1/4in) = 7.2135 < 1
The eccentric coax has

C8/<}
2

o (b —d2—a?) Ja+ (b +d2—a?) /b

¢{<b_dc>2 a2} b+ - a?)

Comparing this to the centered end cap gives an even larger disparity

Pas = (t0/2) (550 ) . Vo

(bQ—di—cﬁ)/a—&—(bz—i—dg—aQ)/b@ 1

(Co/2) (C3/e3)
J{o—ar -} {orar—a) OO

and

472 16 in/2 1
~ 592.81 & —— =~ 0.72135
1.17968752 0.382825 in In (4)
The total magnetic field in the eccentered coax can be used to more rigorously estimate the end cap losses
but it is more complicated to carry out the integrations involved.
Neglecting the end cap losses (and the loading capacitance) in this example we take a = 1 in, d. = 2.75
in, b =4 in, to find

16



2T

~ 1.1796875
Co/eo

\/{(b—dc)z—aQ}{(b+dc)2—a2} .
5.00663622
~ — ~ 0.382825 in ~ 9.72376 mm

(b2 —d?2 —a?) Ja+ (D2 +d2 —a2) /b ~ T7.4375 in+ 5.640625 in

wW  wpyg

P R
At f =1 GHz using wall conductivity o = 2.6 x 107 S/m for 6061 aluminum, the quality factor is

Q= 0.011471 m

Q ~ 17,350

2.3 Maximum Electric Field

The maximum radial field at axial position zq is

B ) T Co/eo ye/a
E, (a,—m/2) = Vpsin (n§Zo/fo> 2m <y1 —de—a

C'0/50 2ycdc/a
21 b2 — (a+ dc)2

= Vjsin (ngzo/fo)

where

y1 —de = (—a® + > = d2) / (2d.)

oo = [0~ @ - 2] [0+0 - 2]

This can be written as

(b—a)® —a2||(b+a)’ —d2
E,(a,—m/2) =sin <ngzo/€0> % C;ffo \/[ b2 — ((}Jr[ d.)? }

where in this example

\/ ((b—a)® - @] [6+0) - @]
b2 — (a+d,)?

or using the preceding capacitance per unit length

~ 2.5840703

\%
E,(a,—m/2) =sin (ngzo/ﬁo) ;02.19047
Noting

to T 1 [l
/ cos? (nfz/ﬁo) dz = f/ [14 cos (nmz/ly)] dz = £y /2
0 2 2.Jo

we have
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(Co/e0)

o 27T€0 ‘V0|2

QPtot/w = Wiot = (50/2) W= (50/2)

or
21 Vol?
T/E()thot/ (E()TFQWE:()(Z) = | a02|

If we take the slot net input cross section to be ¢;, and the incident Poynting vector amplitude to be

2
So = |Eo|” /no
where Ej is the incident wave amplitude, then we can write the total input power (equal to the power lost
as) [4]
Pioy = 0inSo

Neglecting any radiation leaving the slot in order to bound the interior modal amplitude, and assuming the
resonant modes are isolated from each other, we can then write

2

(b—a)® — 2| |(b+a)’ —d2
|E, (a,—7/2) | Eo|” = sin® (ngzo/éo) Qain (00/eo> \/[ H * }

lomaka 2T b2 — (a + dc)2

Because we have not included the capacitive load at the open circuited end of the eccentric coax, there may
be a shift in the peak locations of sin (n7z/ (2¢y)) as a function of z. Hence we will estimate the average and
peak values

_ _ (0-a) -~ & [6+0) — a2
<|E" (a,=m/2) /EO|2>Z - 26?7722(1 (C;fr 0) \/ b2 — (a+d.)?

1By (a,=7/2) /ol = 2 (1B, (a,~7/2) [Bol*)

2.4 Slot Received Power

The slot input power is bounded by the matched received power [4]
4 A » M
~recT aqi Ay O Qrec
“1.38Cin (47l/ ) 1.38 [y +1n (47l/ )]
where 7' = 0.5772 is Euler$ constant, ¢ = 2h = 5.5 in is the slot length, and the slot mismatch factor is

tl Gmd/ 2

ree = Grad/2 + Rznt/Zg

Oin = Orec

The slot characteristic impedance is

ZO ~ nOﬂ/Qe

with fatness parameter

Q. =2In(2h/ae) + Ce ~ 2 {In (nl/w) — 4/3} + nd/w

18



where

C.=2(n2—7/3)

and equivalent radius

Qe ~ 2—we*”d/(2“’) , d>w/3
e

where the slot depth is w = 0.01 in and the slot depth is d = 0.25 in. The radiation conductance is taken as
the value at the resonances

m™ohGreq = Cin (4kh) , kh =nn/2 (1)

~ " +1n(4kh) =+ +1In(4nl/N) , kh >>1

The slot wall losses give

L 2
Rint ~ (Lm) 2R, /d

where the slot inductance per unit length is

L ~ pgm/Qe

and the interior slot inductance per unit length is

L — g /d (2)
the surface impedance of the metal is
Ry =1/ (09)
with skin depth
§ =2/ (wpo)

where for 6061 aluminum the magnetic permeability can be taken as free space pt = p and the electric
conductivity is o &~ 2.6 x 107 S/m. The first slot resonance is near kh = 7/2 or with £ = 5.5 in at f ~ 1.073
GHz. Noting . ~ 90.7824 and Zy =~ 13.046 ohms, therefore near f = 1 GHz (assuming we are at the slot
resonance in Grqq) we find R, &~ 0.01232 ohms, R;,: ~ 2.905 ohms/m, Cin(27) & 2.43765, Gqq = 0.02947
S/m

tl Grad/2

= ~ 0.4633
Grec Grad/2 + Rint/Zg

Oin & 5.3757 x 1073 m?

19



2.5 Maximum Eccentered Coaxial Mode Field Example

Inserting dimensions £y = 16 in, a = 1 in, d, = 2.75 in, w = 0.01 in, d = 0.25 in, £ = 5.5 in, o = 2.6 x 107
S/m, and using the preceding value of quality factor gives

_(7,350) (5.3757 x 10~% m?) (2.5840703)"

2 ~
<|Ef' (a,=m/2) / B > T (3.4527388 x 102 m2)  1.1796875 6477 (+38.1 dB)

and

|E, (a, —7/2) /Eol2, =2 <|Ep (a,—/2) /E0|2>Z ~ +41.1 dB

20



3 TYPICAL CAVITY MODES

Now we examine the usual power balance procedure for an empty cavity as a comparison to the preceding
eccentric coaxial mode results [4].

3.1 Cavity Without Inner Cylinder

If there were no inner cylinder with cavity dimensions having radius b = 4 in and height h, = 24 in

S = 27b? + 2wbh, ~ 0.45401 m?

V = mb’h, ~ 0.01976888 m®
The stored energy can be written as
Wior = Veo <|E\2> = Vg3 <|H|2> = Veo3 <|E<\2> = Vg3 <\H-|2>
= /v = /v v v
where F/; and H; are components. The power lost on the cavity walls is
Piot = SR, <|ﬂ|2> — SR,2 <|Hj|2> = SR.4 <|Hj|2>
s s \%

The quality factor is then

Q- wWiot wVeo <|E‘2>V _ § _
T P SRS<IE2>S T4 =

Taking the power lost to equal the power in

Piot = 0inSo

where Sy is the incident Poynting vector magnitude. Then from the formula for @

weoV <|E|2>V = wegV'3 <|Ej|2>v = QPot = QuinSo = Qoin | Eo|? /1y

or the mean square electric field divided by the incident squared electric field is

(B2 1) =5 (1B 1Bo®) | = Qoin (37)

For a three-dimensional standing wave we extrapolate from mean square to the square of the peak

B2 /| Eol* = 8Qoin/ (3kV)

Using the preceding input cross section

Oin & 5.3757 x 1073 m?
and at 1 GHz

1E; 2./ |Eol? = 8(20,925.4) (5.3757 x 1073 m?) / [3 (20.9586 m ™) 0.01976888 m*]

max

~ 724 (+28.6 dB)

Even if we add an additional 3 dB to address extreme levels of modal indices (or possible wall increases) this
is still only +31.6 dB, which is considerable less than the eccentric coaxial estimate.
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3.2 Cavity With Inner Cylinder

If we do the same calculation but with the inner cylinder present we obtain

S = 27b% + 27wbh, + 2waly ~ 0.45401 m? + 0.064858557 m? ~ 0.518868557 m?>

V = 7b%h. — ma%ly =~ 0.01976888 m”> — 0.00082370368 m? ~ 0.01894518 m?

2
wWiot wVeo <|E| >V SwpeV 3V
Q= _ v 2 — 2 A 17,546.85
Phot SR, <|ﬂ| >S 4 RS 268

B2 / | Bol? = 8(17,546.85) (5.3757 x 107 m?) / [3 (20.9586 m ™) 0.01894518 m*]
~ 607.1 (+27.8 dB)

Even if we add an additional 3 dB to address extreme levels of modal indices (or possible wall increases) this
is still only +30.8 dB, which is considerable less than the eccentric coaxial estimate.
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4 CONCLUSIONS

We see from the power balance results in this report that the estimated maximum electric field in the
eccentric coaxial modes (+41.1 dB) are significantly above the maximum fields estimated by the usual power
balance procedure applied to empty cavities (yielding +30.8 — +31.6 dB). This is not surprising since such
interior metallic structures can locally enhance the field.
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