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ABSTRACT

Fluctuating surface pressures on a bluff body exposed to a boundary layer flow are generally

characterized as a spatiotemporally varying random field. In this paper, a dynamic mode decom-

position (DMD) is applied to extract dominant features embedded in these random pressure fields.

Utilizing an unsupervised machine learning algorithm, spatial modes, as well as their temporal

variations, are grouped into different clusters at scales, e.g., macro, meso, and micro. A proper

orthogonal decomposition (POD) of the experimental data is also carried out to observe common-

alities and distinctive perspectives each decomposition offers. A comprehensive examination of

the DMD/POD for their convergence criteria, data sufficiency, and analysis of modal components

is conducted. The physical interpretation of the spatiotemporal pressure field based on these de-

composition schemes is discussed. The DMD modes at different scales can capture the evolution

of aerodynamic features, e.g., convection of vortices (or vortex tubes) and other structures. The

distribution of energy among these three broad scales also reflects an energy cascade in pressure

fluctuations akin to turbulence.

INTRODUCTION

The advancement in new light-weight materials and construction technologies have resulted

in the emergence of extremely slender and tall modern buildings worldwide. Such tall building
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structures, usually with a high height-to-breath aspect ratio, are very susceptible to dynamic wind

load effects and glass/facade damages (Chen and Kareem 2004; Huang and Chen 2007; Cui and

Caracoglia 2018). Most megacities continue to expand in the vertical direction due to bounded

horizontal space. To ensure the structural performance and serviceability of tall buildings, wind

tunnel tests continue to be the leading practical way at this juncture to provide reliable studies of

wind effects on tall buildings (Vickery 1966; Lee 1975; Cermak 1976; Tanaka et al. 2012; Kim

et al. 2018), with emerging capabilities being offered by computational fluid dynamics (Ding et al.

2019).

To date, experimental analysis of the dynamic wind forces acting on tall buildings has benefited

from the advances in pressure transducer design, synchronous acquisition schemes, and data

management. However, measurements that capture wind-structure interactions often are high-

dimensional and contain noise. Moreover, the fluctuating wind pressures on the model surfaces

are caused by unsteady aerodynamics including the influence of incoming turbulence, unsteady

flow separation and reattachment, etc (Carassale and Solari 2002; Chen 2013; Solari 2016). These

complex interactions lead to the question of how to distill useful information from experimental

data to better understand the evolution of the pressure field and its impact.

A common practice to analyze aerodynamics of bluff bodies, e.g., a finite-height square prism

representing a tall building, is to extract physically important features, or similar modes to explain

the dynamics of wind loading. The most widely used approach in dealing with spatialtemporally

varying random wind pressure fields is the proper orthogonal decomposition (POD), e.g., (Kareem

and Cermak 1984; Tamura et al. 1999; Carassale et al. 2001; Chen and Kareem 2005b; Solari

et al. 2007). In general, POD analysis involves a procedure that transforms a random field into

a set of uncorrelated spatial modes that are orthogonal in space. The transformation is based on

least squares minimization, that is, POD optimally evaluates the random pressure field in a !2

norm sense. Hence, the first few modes ranked on the basis of the proportional energy are usually

sufficient to recover the underlying dynamics. Despite its wide range of applications, POD analysis

is restricted to estimating the second-order statistics, and its reduced-dimension representation is
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limited to a linear transformation range (Aubry et al. 1988; Berkooz et al. 1993). More importantly,

Vanilla POD mixes together multiple frequencies (Muld et al. 2012b; Muld et al. 2012a; Zhang

et al. 2014; Bistrian and Navon 2015; Taira et al. 2017; Towne et al. 2018; Zhao et al. 2019),

namely, a POD mode may contain a continuous frequency spectrum with energy distributed over a

broader range of frequencies (See Fig. 1).

One of the essential upcoming approaches for addressing the mixed temporal frequencies

issue encountered in POD analysis is to integrate the flow map, which gives rise to a continuous

evolution of underlying fluctuating wind pressure dynamics, into the decomposition process. This

is the central idea of the operator-theoretic modeling, especially the Koopman operator that lifts

underlying dynamics from the description in the state space to the space of observables, which

are functions of the state variables (Koopman 1931; Mezić 2005; Budišić et al. 2012). The

nonlinear, finite-dimensional pressure dynamics is mapped into a linear but infinite-dimensional

Hilbert space via the Koopman operator. Solving such an infinite-dimensional representation,

however, can be very challenging. Different methods have been developed recently to obtain a

numerical approximation of the Koopman operator. Dynamic mode decomposition (DMD), which

is an equation-free method and was initially introduced by Schmid (Schmid 2010) out of a need to

identify spatio-temporal patterns buried in fluid flows, was found closely connected to the spectral

analysis of the Koopman operator (Rowley et al. 2009; Chen et al. 2012; Tu et al. 2013; Williams

et al. 2015; Dawson et al. 2016; Giannakis 2019). Specifically, DMD decomposes a linearly

dependent operator that is determined by a pair of time-shifted matrices to approximate the spectral

properties associated with the Koopman operator. This results in a group of periodically oscillating

eigenmodes.

In this study, DMD is applied to identify the most dominant wind pressure patterns along

with their time variations. The computed POD and DMD results are complementary in the

interpretations of pressure fields over bluff bodies. Compared to POD, results indicate DMD is

able to isolate identified coherent structures with a specific frequency as well as a corresponding

temporal growth/decay. Fig. 1 highlights the distinguishing features of these decompositions.
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Fig. 1. Decomposition analysis for aerodynamic characteristics of a prism. The temporal behavior
of POD modes contain a mix of frequencies while DMD can isolate each spatial pattern with a
dominant frequency (See the spectrum of identified modes).

The contribution of this work is three-fold. First, the aerodynamic characteristics of fluctuating

surface pressures have been examined in detail. A comparative study of POD and DMD computed

using experimental pressure fields over surfaces of a scaled model of a finite height prism is carried

out. Second, experimental data has been embedded in a higher dimensional Euclidean space by

means of Takens’ embedding, where the topological properties stay unchanged while the underlying

dynamics has been unfolded in a more identifiable form for DMD analysis (Takens 1981; Brunton

et al. 2017; Le Clainche and Vega 2017). Third, an unsupervised learning approach based on

clustering is utilized to group similar DMD modes into the same cluster (Arthur and Vassilvitskii

2007; Murphy 2012). More importantly, similarities between clustered DMD modes and approach

wind conditions have been noticed, which have led to a parallel examination of turbulence and

cascading features of surface pressure fluctuations.

The remainder of this paper is organized as follows. Section. 2 presents the problem we are

dealing with and offers a detailed discussion on the solution method. Section. 3 describes the

experimental setup of the comparative case study. Subsequently, Section. 4, Section. 5, and

Section. 6 summarize the POD/DMD results including algorithm convergence, data sufficiency,

and modal analysis. Finally, concluding remarks and an outlook on future work are provided
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in Section. 7. All codes, decomposition models and experimental data used in this work are

open-sourced for full reproducibility 1.

METHODOLOGY

In this work, the primary focus is on analyzing the fluctuating wind pressures over a prism.

From a dynamical evolution perspective, the experimental data can be formulated as:

x: = F (x:−1) = x:−1 +
∫ C:

C:−1

5 (g, x (g)) 3g (1)

with x ∈ X ⊂ R< where X is an open set in R<. Note x is the wind pressure distribution,

< is the number of pressure taps, : denotes the temporal index, g is a sufficiently small number,

and F(·) is a flow map that determines the evolution dynamics of wind pressures from one state to

another x1
F(·)
↦−−−→ x2

F(·)
↦−−−→ . . .

F(·)
↦−−−→ x= with = denoting the measured point number.

The objective is to provide physical insights concerning the aerodynamic characteristics con-

tained in F(·) by analyzing D = [x1, . . . , x=]. Because the pressure data is highly nonlinear

and exhibits multi-scale pattern in both space and time (Huang and Chen 2007; Tanaka et al.

2012; Carassale and Brunenghi 2011; Chen and Kareem 2005a), an operator-theoretic approach is

considered in the following.

Background: the Koopman operator

Consider a dynamical system given in Eq. 1, the operator-theoretic approach considered in this

paper is the Koopman operatorK(·), which by definition is an infinite-dimensional linear operator

that acts on the so-called observables 6 as (Budišić et al. 2012; Williams et al. 2015; Arbabi and

Mezic 2017; Klus et al. 2015):

KC6 = 6 ◦ FC (2)

where ◦ denotes the composition operation. By combining Eq. 1 and Eq. 2, the dynamics of

interest can be expressed as:

1Code available at: https://xihaier.github.io/
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KΔC6(x: ) = 6(FΔC (x: )) = 6(x:+1) (3)

In general, observables denotes a set of real-valued measurement function 6 : X → R. The

Koopman operator lifts the nonlinear wind pressure dynamics from the finite-dimensional space

X to the space of observables, that is, an infinite-dimensional Hilbert space, and hence produces a

linear evolution expression of nonlinear dynamics:

6(x:+1) = KΔC6(x: ) (4)

Spectral properties of the Koopman linear operatorK can capture nonlinear pressure dynamics

of interest, in particular, by identifying harmonic components from collected dataset (Bistrian and

Navon 2015; Rowley et al. 2009; Chen et al. 2012). Accordingly, each observablemay be expanded

in terms of identified components:

6(x) =
∞∑
8=1

i8 (x)a8 (5)

where a8 are mode amplitiudes and i8 (x) are so-called Koopman eigenfunctions that span the

subspace of the observable at a given instant ::

6(x: ) =
∞∑
8=1

_:8 i8 (x0)a8 where _8 = exp(f8 + 9l8) (6)

with _8 denoting the 8Cℎ Ritz eigenvalue. f8 is the growth rate and l8 is the corresponding

frequency.

Numerical implementation: data-driven DMD

Becase the Koopman operator K is an infinite-dimensional linear operator, developing an effi-

cient algorithm for the approximate computation of Koopman eigenfunctions is important (Koop-

man 1931; Budišić et al. 2012; Lusch et al. 2018; Kutz et al. 2016). In this paper, dynamic mode

decomposition (DMD) in augmented input space is considered. From a data-driven modeling
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perspective, the basic premise of DMD is the existence of a linear mapping, which advances the

wind pressures in time (Schmid 2010; Rowley et al. 2009; Chen et al. 2012; Tu et al. 2013):

x8+1 = Ax8 where 8 = 1, 2, . . . , = − 1 (7)

Hence, a snapshot matrix can be formulated as a Krylov series using measured data:

X= = [x1,Ax1,A2x1, . . . ,A=−1x1] = AX=−1 (8)

where X=−1 = [x1, . . . , x=−1] and X= = [x2, . . . , x=]. When = is sufficiently large, state space

vectors x1, x2, . . . become linearly dependent, and a Galerkin projection of A onto the subspace

spanned by these vectors can be performed to extract the dynamic characteristics associated with

A. Similar to the Arnoldi algorithm (Schmid 2010; Rowley et al. 2009; Klus et al. 2015), the =Cℎ

snapshot can be described utilizing the previous snapshots by:

x= = 21x1 + 22x2 + · · · + 2=−1x=−1 + R = X=−1c + Re) (9)

where R is the residual vector, c is the unknown coefficients vector, and e is the Euclidean unit

vector. Following the matrix notation stated in Eq. 8, Eq. 9 writes as:

AX=−1 = X= = X=−1C + Re) where C =



0 0 · · · 0 21

1 0 · · · 0 22

0 1 · · · 0 23
...

. . .
...

0 0 · · · 1 2=


(10)

with C denoting the companion matrix. Spectral properties of C are known to approximate

eigenvalues and eigenvectors of the high-dimensional system matrix A (Muld et al. 2012a; Zhang

et al. 2014), capturing dominant behaviors of fluctuating wind pressures. Numerical schemes for

determining the companion matrix include QR-decomposition, SVD, etc (Schmid 2010; Rowley
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et al. 2009; Chen et al. 2012; Tu et al. 2013). An SVD-based implementation scheme often referred

to as the data-driven DMD algorithm is summarized here:

1. Perform the singular value decomposition of X=, letting X= = U�V∗.

2. Build a low-rank truncation by UA = U[:, 1 : A],VA = V[:, 1 : A],�A = �[1 : A, 1 : A]. Note

that this is optional.

3. Estimate A using the Moore-Penrose pseudoinverse of X=−1:

Ã = [∗AX=\A�
−1
A (11)

4. Compute the eigendecomposition of Ã:

Ã� = �� (12)

where columns of� = [q1, q2, . . . ] are eigenvectors and � is a diagonal matrix containing

complex eigenvalues.

5. Determine the DMD modes by:

> = X=\A�
−1
A � (13)

It should be addressed that DMD modes computed by Eq. 13 are often called exact DMD

modes and one can also perform the calculation as >′ = Ur�, where >′ are usually referred

to as projected DMD modes.

To improve the accuracy of extracted DMD modes from noisy wind tunnel data, Takens’ em-

bedding is considered to enrich the pressure dataset, i.e. the snapshot matrixD = [xC1 , xC2 , . . . , xC=]

defined in Eq. 8. In particular, in the analysis of fluctuating wind pressure over a finite prism with

limited sensors, a Hankel matrix is populated by stacking the elements of time-delayed coordinates

(Takens 1981; Brunton et al. 2017; Le Clainche and Vega 2017):
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Fig. 2. Schematic illustration of data-driven decomposition methods.

H = [h1, h2, . . . , h 9 ] ,



xC1 xC2 . . . xC 9

xC2 xC3 . . . xC 9+1
...

...
. . .

...

xC8 xC8+1 . . . xC8+ 9−1


(14)

where the 8 indicates the embedding number. Consequently, a pair of time-shifted matrices

H 9−1 and H 9 can be defined and the aforementioned data-driven DMD algorithm will take this

augmented pair as new input for decomposition. Fig. 2 graphically summarizes the workflow.

Remark 1Before analyzing wind tunnel data, a synthetic dynamic system is studied to highlight

the difference between DMD and other commonly used decompositions, i.e., POD and ICA. It is

included in the Appendix.

CASE STUDY
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Wind tunnel data

The case study analyzes a aerodynamic pressure field over a finite prism of with dimensions of

0.5< × 0.1< × 0.1< immersed in a boundary layer flow. The experimental dataset was collected

from an open-circuit wind tunnel of dimensions 14< × 1.2< × 1.0< (TPU ). Specifically, the

approach flow mean speed profile along the height was defined by a power law exponent of 1/4,

and tests were conducted at a wind speed of 11.1438</B. To measure the pressure, 500 sensors

have been installed on the scaled model. As a result, there were 125 sensors uniformly distributed

on each surface, that is, a 5 × 25 distribution pattern in terms of the horizontal and vertical axis,

respectively. All pressure taps were synchronously recorded at a sampling frequency of 1000�I

for a sample period of 32.768 B. For a better examination of these decompositions, the collected

pressure data was transformed into conventional pressure coefficients. For more information about

the wind tunnel data, please refer to TPU database.

Case study outline

The case study is a comprehensive comparative analysis of POD and DMDwith an emphasis on

DMD for identifying dynamical pressure patterns and for better understanding of the aerodynamics

of wind-structure interactions. Three types of analyses have been performed.

Convergence Analysis Because the wind tunnel data D consists of 32768 snapshots in total, a

reasonable number #B=0? of snapshots is crucial for efficient computation. The objective of the

convergence study is to determine how many snapshots are required to ensure the decomposition

results are unaffected by changing the number of snapshots (Muld et al. 2012b; Muld et al. 2012a).

For instance, a small #B=0? (e.g. #B=0? = 30) may not achieve converged results while a large

#B=0? (e.g. #B=0? = 30000) would require an additional computation. Two evaluation metrics are

defined to measure convergence (See the Appendix). The investigation results are summarized in

Section. 4.

Sufficiency Analysis For POD, the goal is to investigate how many modes are needed to recon-

struct the matrix representation of the fluctuating wind pressures (Carassale and Solari 2002; Chen

and Kareem 2005b; Solari et al. 2007), whereas for DMD, it is to determine the embedding dimen-
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sion, i.e., one has to select an embedding number in such a way that the assembled Hankel matrix

contains sufficient information for learning underlying aerodynamic characteristics (Le Clainche

and Vega 2017; Kutz et al. 2016). For this reason, we investigated the distribution of POD/DMD

eigenvalues. The examination of results is presented in Section. 5.

Modal Analysis DMD results have been explained from both spatial and temporal perspectives

and compared to POD results. Physically meaningful linkages between DMDmodes and dominant

flow features, namely, vortex shedding and cascading of energy among various scales of DMD

modes (See Section. 6 for details). It should be noted that pressure data at the wind direction

U = 0◦ was used in this study, where analyses have been carried out for four surfaces of the prism.

For the sake of brevity, decomposition results of the windward surface with some features from the

side faces have been summarized in this paper. We report the complete results in the supplementary

material, which is available at link.

PART 1: CONVERGENCE STUDY RESULTS

POD Results

Fig. 3 shows the convergence behavior of POD modes and eigenvalues respectively. The

first evaluation metric given in the appendix points out the first two fundamental POD modes

exhibit consistent convergence properties. It decreases dramatically during the first 1000 time

steps [0, 1000ΔC]. On the contrary, higher POD modes q%$�
9
( 9 = 3, . . . , 7) not only converge at a

slightly slower pace but also show more random fluctuations. This is in agreement with findings of

other studies that incoherent noise tends to dominate and even likely appear as higher-order POD

modes (Aubry et al. 1988; Berkooz et al. 1993). Thus, POD is often employed as a truncation

method for noise filtering and order reduction (Solari et al. 2007; Taira et al. 2017).

On the other hand, the second evaluation metric is defined as a function of the computed

eigenvalues (See the appendix). It is known that the normalized eigenvalues _†
9
represent the

mean energy distribution of the fluctuating wind pressure data (Cui and Caracoglia 2018; Tamura

et al. 1999; Lin et al. 2005; Baker 2000). Shown in Fig. 3, some POD modes have similar

energy distribution as their corresponding converged eigenvalues are almost identical. From a
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(a) Metric 1: POD eigenmodes (b) Metric 2: normalized POD eigenvalues

Fig. 3. POD convergence results: (a) metric 1 and (b) metric 2.

wind-structure interaction standpoint, this implies the existence of physical correlation between

projected modes, that is, similar POD modes may correspond to the same aerodynamic mechanism

(Kim et al. 2018).

DMD Results

Similarly, convergence results of DMD analysis are summarized in Fig. 4. It should be observed

that neither DMD modes nor the normalized DMD eigenvalues reach converge. This is caused

by the DMD algorithm, where dynamic evolution is described by a pair of time-shifted matrices

(Schmid 2010; Rowley et al. 2009; Chen et al. 2012). When the matrices are relatively small, that

is, they only contain a few snapshots, DMD tends to produce a vastly expanded frequency band,

where the amplitude spectra covers more isolated frequencies. When snapshots are increased, the

observed frequencies of identified DMD modes cluster themselves in a narrower band. This is due

to the degree of richness of aerodynamics increases when more snapshots are utilized. With a fixed

number of extracted modes, aerodynamic patterns with similar features and distributions tend to

cluster, and hence make their belonging cluster stand out and to be extracted as a mode. Thus,

the observed frequencies may overlap with each other and may invalidate the adopted evaluation

metrics (Muld et al. 2012b; Muld et al. 2012a).

Convergence of the frequency band To further investigate the aforementioned clustering prop-

erties, DMD is performed using a different number of snapshots. In Fig. 5, it can be seen that

the frequency band shrinks rapidly when #B=0? : 300 → 500 → 700. In particular, DMD modes
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(a) Metric 1: DMD eigenmodes (b) Metric 2: normalized DMD eigenvalues

Fig. 4. DMD convergence results: (a) metric 1 and (b) metric 2.

(a)X: 300 snapshots (b)X: 500 snapshots (c)X: 700 snapshots

Fig. 5. Convergence of the DMD frequency bands.

are sparsely scattered throughout the interval [0, 500] when #B=0? = 300 while the majority of

resolved DMDmodes are narrowed within a smaller interval [0, 100] when #B=0? = 700, indicating

some DMD modes resemble each other when #B=0? is large enough. Later in Section. 6, we will

show that these modes share a global pattern in terms of explaining fluctuating wind pressures as

well as providing different interpretations at a local scale, which are a reflection of the small scale

turbulence features (Vickery 1966; Lee 1975; Cermak 1976). Therefore, DMD shows convergence

in the context of the frequency band rather than the convergence of eigenvalues and eigenmodes in

POD.

High/Low frequency dynamics Following the converged frequency bands results, the DMD

energy spectrumwith #B=0? = 800, 900, and 1000 are examined. Frequencies have been normalized

here using prism geometric parameter � and hourly average wind speed* for illustrative purposes.

13



(a)X: 800 snapshots (b)X: 900 snapshots (c)X: 1000 snapshots

Fig. 6. Illustration of the dynamics in the converged frequency band.

The computed results confirm the convergence of the frequency band. In Fig. 6, the low-frequency

region (blue dots) exhibits more distribution variationwhile the high-frequency region (yellow dots)

is more unified and consistent with the change in #B=0?. This observation supports other studies

dealing with low frequency, large scale coherent structures, and cascading (Leonard 1975; Sirovich

1987; Holmes et al. 2012). Note each dot has a corresponding spatial pattern, and it is affected by

a multitude of eddies of different sizes and strengths. Moreover, each mode is the representative of

spatial patterns of a cluster. Therefore, decomposition results vary from case to case considering

the richness and complexity of dynamics and the effects of snapshots on clustering results.

PART 2: SUFFICIENCY ANALYSIS RESULTS

Sufficiency of the POD eigenvalues

According to the convergence study results, the use of 1000 successive snapshots is able to

produce well-converged POD modes (See Fig. 3). Thus, we performed the POD analysis using

1000 snapshots. Fig. 7 shows the sufficiency analysis results. The ratio of the cumulative sum

of the POD eigenvalues is presented, where each eigenvalue is normalized by the total energy

summation. The red stem extends from the baseline x-axis in Fig. 7 (a) shows the first eigenvalue

ranked by the magnitude captures more than 90 percent of the energy. In many other studies, it

was found that the first resolved POD mode is similar to the mean pressure distribution at different

locations (Kareem and Cermak 1984; Tamura et al. 1999; Chen and Kareem 2005b; Carassale

and Brunenghi 2011). To further investigate the aerodynamic fluctuation effects, the mean part

14



(a) Original datasetD (b) Mean value extracted datasetD − D̄

Fig. 7. Cumulative eigenvalues versus the number of POD modes.

was extracted D − D̄ and POD was applied to the fluctuation data. In Fig. 7 (b), it can be

observed that 7 POD modes are needed to reconstruct 90 percent the dataset from an energetic

perspective. Similarly, a need for more PODmodes is identified in the other three faces. Compared

to the windward face case, a more obvious exponential decay pattern is detected. The systematic

examination results are available as supplementary material at the link. The difference reveals that

the intrinsic complexity of the aerodynamic pressure field on the prism surface is related to the

incoming turbulence. Specifically, the turbulence intensity is usually defined as the ratio of the

root-mean-square (RMS) of the fluctuating wind velocity to the mean wind speed. The richness

of fluctuating wind pressure dynamics presented in Fig. 7 (b) reflects the structure of incoming

turbulence, which comes from a wide range of scales (Vickery 1966; Lee 1975; Cermak 1976).

Sufficiency of the delay-embedding and DMD eigenvalues

Stated in Eq. 14, we augmented the data by means of Takens embedding. In practice, a

reasonable choice of embedding parameter delay step g and embedding dimension 3 is critical

as they both directly affect the accuracy of the embedded representation. First, the so-called

average mutual information (AMI) that computes the dependence between two states x: and x:+g

is adopted to determine g. Specifically, Grassberger-Procaccia algorithm is used here to compute

AMI (Grassberger and Procaccia 2004). Second, the method of false nearest neighbors (FNN),

which identifies the nearest neighbor of a point is false if these two points are close only when
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(a) Embedding number i = 1 (b) Embedding number i = 2 (c) Embedding number i = 4 (d) Embedding number i = 8

Fig. 8. Scatterplot of the DMD eigenvalues _1, . . . , _125.

projected to a higher dimension, is implemented to estimate the minimally sufficient embedding

number (Kennel et al. 1992). Fig. 8 shows the distribution of the computed DMD eigenvalues

with a different embedding number. Eigenvalues are found to be unstable if their complex modulus

is greater than 1 (i.e., are located outside the unit circle). Otherwise, eigenvalues are deemed as

stable or neutrally stable (i.e., are located inside or on the unit circle) (Dawson et al. 2016). It can

be seen that eigenvalues are gradually pushed to the circle boundary when the embedding number

8 : 1→ 2→ 4→ 8. In this analysis, delay step g is fixed to 3ΔC and embedding number 3 is set to

17 for the windward data.

Similar to the POD sufficiency analysis (See Section. 5), we rank the complex-valued DMD

eigenvalues by real part in descending order and plot the cumulative sum of DMD eigenvalues.

The results are summarized in Fig. 9 and several properties are worth noting. First, the red line

representing the complex modulus summation pattern gradually converges to diagonal reference

line when the embedding number increases. The reference line is a simple linear function with

zero intercepts and the slope is determined by the truncation number 8, i.e. H = 1/125G. Unlike

POD results, rapid growth of the cumulative eigenvalues is undetected in ordered DMD results

(See the blue lines in Fig. 9). This is due to the fact that the fluctuating wind pressure of interest

is spanned by an infinite Koopman modes. It is, therefore, the energy of the computed Koopman

modes asymptotically converges to a uniform distribution and the cumulative summation becomes

linear (Taira et al. 2017; Budišić et al. 2012; Arbabi and Mezic 2017). Second, both real and

imaginary lines appear to be smoother when 8 becomes large, affirming the augmentation effects
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(a) Embedding number i = 1 (b) Embedding number i = 2 (c) Embedding number i = 4 (d) Embedding number i = 8

Fig. 9. Cumulative sum of eigenvalues versus the number of DMD modes. The straight reference
line is a linear function whose independent variable is the number of DMD modes, the dependent
variable is the normalized cumulative eigenvalues, and the intercept is 0.

brought by the delay coordinates. Third, the green line that covers the imaginary information of

DMD eigenvalues is a downward convex function. Subsequently, the gradients of this function

correspond to the phase information. It can be seen that the identified DMD modes with larger

energy content tend to evolve at a slower pace than the low energy modes. This is similar to the

turbulence where large eddies break into small eddies, which grow at a relatively higher range of

frequencies (Lin et al. 2005; Leonard 1975; Tennekes et al. 1972; Majda and Lee 2014).

PART 3: ANALYSIS OF MODAL RESULTS

POD modes

First, we summarize themean, variance, skewness, and kurtosis of the fluctuatingwind pressures

to show the connection between POD modes and statistical moments (See Fig. 10. (A)). It can be

seen that the first POD mode is very similar to the mean and the variance that may be generally

accessed via combining a set of POD modes (Tamura et al. 1999; Baker 2000; Carassale 2012).

However, variability properties included in the skewness and kurtosis cannot be explained using

the first four POD modes. This is caused by the POD algorithm, which by definition relies on the

second-order statistical information (Chen and Kareem 2005b; Solari et al. 2007). Furthermore,

POD modes (See Fig. 10. (B)) are usually assumed to be related to the energy distribution

of random pressure fields (Lee 1975; Kim et al. 2018; Kareem and Cermak 1984; Solari et al.

2007). For instance, q1, q2, and q3 represent the pressure distributions that result in the along-wind

overturning moment while q4 exhibits a pressure distribution pattern that is related to torsional
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(b.1) POD mode 1
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<latexit sha1_base64="S+2ZBJ0NdTx127WZZv3t+EjEuNQ=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULeLeYLt6fZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHkuuVBw==</latexit>

(b.4) POD mode 4
<latexit sha1_base64="EgzHFsTGza32Z0sNUCzPJnw1Iso=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULePc0XbovZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHlgGVCQ==</latexit>

(c.4) POD mode 4
<latexit sha1_base64="B3jjnTtiJScITOdS8ZI/NONOkDw=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvnuYLt8Vs6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDl5WVCg==</latexit>

(c.3) POD mode 3
<latexit sha1_base64="ZwFxzASouZisfY8/543ocRuugy4=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvFvOF29Ns6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDlH+VCA==</latexit>

(c.2) POD mode 2
<latexit sha1_base64="DuwvJ09ePhnhBt8Td3kEzWDaPqQ=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiEeAm7UdBjUA/ejGAekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59uv3oLQIgzscRuD6rBeIruAMjdTO7bcQHjAp8GLpmFZurqgfdoCOaKmdy9tFewI6T5yU5EmKSjv31eqEPPYhQC6Z1k3HjtBNmELBJYyyrVhDxPiA9aBpaMB80G4y+WBEj4zSod1QmQqQTtTfEwnztR76nun0Gfb1rDcW//OaMXbP3UQEUYwQ8OmibiwphnQcB+0IBRzl0BDGlTC3Ut5ninE0oWVNCM7sy/OkVio6J8XS7Wm+fJHGkSEH5JAUiEPOSJlckwqpEk4eyTN5JW/Wk/VivVsf09YFK53ZI39gff4AkWmVBg==</latexit>

(c.1) POD mode 1
<latexit sha1_base64="LORqtGtbokM5E5KbM8dUeWRzvdI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2o6DHoB68GcE8IAlhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRcb6thcWl5ZXVzFp2fWNza9ve2a3qMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS295sID5jkecE9puWbK+qHHaAj6rbtnFNwJqDzxE1JjqQot+2vZifksQ8Bcsm0brhOhK2EKRRcwijbjDVEjA9YDxqGBswH3UomH4zokVE6tBsqUwHSifp7ImG+1kPfM50+w76e9cbif14jxu55KxFBFCMEfLqoG0uKIR3HQTtCAUc5NIRxJcytlPeZYhxNaFkTgjv78jypFgvuSaF4e5orXaRxZMgBOSR54pIzUiLXpEwqhJNH8kxeyZv1ZL1Y79bHtHXBSmf2yB9Ynz+OU5UE</latexit>

(a.1) Mean: E[|x1|]
<latexit sha1_base64="HO7QaWufRiE6eUoRCCakStIl0sU=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItxFQbEKimAjRDAqJGfY20x0yd7esTsnCWf+g41/xcZCEVsbO/+Nm49CEx/s8nhvhpl5QSyFQdf9diYmp6ZnZjNz2fmFxaXl3MrqpYkSzaHCIxnp64AZkEJBBQVKuI41sDCQcBW0jnv+1T1oIyJ1gZ0Y/JDdKtEUnKGV6rmdGkIb0y1W8LbpGTB1SLu0FjK8C4L0pEur9IG2bzz7+/Vc3i24fdBx4g1JngxRrue+ao2IJyEo5JIZU/XcGP2UaRRcQjdbSwzEjLfYLVQtVSwE46f9m7p00yoN2oy0fQppX/3dkbLQmE4Y2MretmbU64n/edUEmwd+KlScICg+GNRMJMWI9gKiDaGBo+xYwrgWdlfK75hmHG2MWRuCN3ryOLksFrzdQvF8L186GsaRIetkg2wRj+yTEjklZVIhnDySZ/JK3pwn58V5dz4GpRPOsGeN/IHz+QNnRJv2</latexit>

(a.2) Variance: E[|x2|]
<latexit sha1_base64="Dzj4yzYRfJfpqjTxUFqmpdfr99E="></latexit>

(a.3) Skewness: E[|x3|]
<latexit sha1_base64="xNvlwaYJlCNZ8b9VHIL5iK81w3I=">AAACF3icbVBNSwMxEM36bf2qevQSLIJell0rKJ6KInhUtK3QriWbTtvQbHZJZtWy9l948a948aCIV735b0xrD349SHi8N8PMvDCRwqDnfThj4xOTU9Mzs7m5+YXFpfzySsXEqeZQ5rGM9UXIDEihoIwCJVwkGlgUSqiG3cOBX70CbUSszrGXQBCxthItwRlaqZF36wg3mG0yt7hFz7pwrcCYfdqn9YhhJwyzoz6t0Vt6c1m0f9DIFzzXG4L+Jf6IFMgIJ438e70Z8zQChVwyY2q+l2CQMY2CS+jn6qmBhPEua0PNUsUiMEE2vKtPN6zSpK1Y26eQDtXvHRmLjOlFoa0cbGt+ewPxP6+WYmsvyIRKUgTFvwa1UkkxpoOQaFNo4Ch7ljCuhd2V8g7TjKONMmdD8H+f/JdUtl2/6G6f7hRKB6M4ZsgaWSebxCe7pESOyQkpE07uyAN5Is/OvfPovDivX6VjzqhnlfyA8/YJDSGd9A==</latexit>

(a.4) Kurtosis: E[|x4|]
<latexit sha1_base64="dnQMUT+pfu6aFZ7EyI3aQYUuV4U=">AAACF3icbVDLSgMxFM34rPVVdekmWIS6GWZqQXFVFEFwU8E+oDOWTJq2oZkHyR1pGecv3Pgrblwo4lZ3/o3pY6GtBxIO59zLvfd4keAKLOvbWFhcWl5Zzaxl1zc2t7ZzO7s1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3+xciv3zOpeBjcwjBirk+6Ae9wSkBLrZzpABtAUiBm6QhfxxJCxdUZTrHjE+h5XnKZ4iZ+wIO7kv7dVi5vmdYYeJ7YU5JHU1RauS+nHdLYZwFQQZRq2lYEbkIkcCpYmnVixSJC+6TLmpoGxGfKTcZ3pfhQK23cCaV+AeCx+rsjIb5SQ9/TlaNt1aw3Ev/zmjF0Tt2EB1EMLKCTQZ1YYAjxKCTc5pJREENNCJVc74ppj0hCQUeZ1SHYsyfPk1rRtI/N4k0pXz6fxpFB++gAFZCNTlAZXaEKqiKKHtEzekVvxpPxYrwbH5PSBWPas4f+wPj8ASwdngc=</latexit>

A. Statistical quantities
<latexit sha1_base64="/r+rY2iAPO/RLpQ6jM2rnPfeau0=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAhWYTcKWkZtLCOaByQhzE5ukiGzs+vMXTEsaW38FRsLRWz9Azv/xsmj0MQDA4dz7r3DOUEshUHP+3YWFpeWV1Yza9n1jc2tbXdnt2KiRHMo80hGuhYwA1IoKKNACbVYAwsDCdWgfznyq/egjYjULQ5iaIasq0RHcIZWarm0gfCA6Xme3qCVDFpH0ruEKXtMgBm23JyX98ag88SfkhyZotRyvxrtiCchKOSSGVP3vRibKdP2tIRhtpEYiBnvsy7ULVUsBNNMx0mG9NAqbdqJtH0K6Vj9vZGy0JhBGNjJkGHPzHoj8T+vnmDnrJkKFScIik8+6iSSYkRHtdC20MBRDixhXNvonPIe04yjLS9rS/BnI8+TSiHvH+cL1ye54sW0jgzZJwfkiPjklBTJFSmRMuHkkTyTV/LmPDkvzrvzMRldcKY7e+QPnM8f9Ziagw==</latexit>

B. POD modes
<latexit sha1_base64="h+Ywah3A6m3YPVcwnZwOTipkyJg=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwFHajoMcQPXgzgnlAEsLspJMMmX0w0ysuS/wVLx4U8eqHePNvnCR70MSChqKqm+4uL5JCo+N8Wyura+sbm7mt/PbO7t6+fXDY0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW98NfWbD6C0CIN7TCLo+mwYiIHgDI3UswsdhEdMqyVau72mftgHPenZRafkzECXiZuRIslQ69lfnX7IYx8C5JJp3XadCLspUyi4hEm+E2uIGB+zIbQNDZgPupvOjp/QE6P06SBUpgKkM/X3RMp8rRPfM50+w5Fe9Kbif147xsFlNxVBFCMEfL5oEEuKIZ0mQftCAUeZGMK4EuZWykdMMY4mr7wJwV18eZk0yiX3rFS+Oy9WqlkcOXJEjskpcckFqZAbUiN1wklCnskrebOerBfr3fqYt65Y2UyB/IH1+QPBfJQx</latexit>

C. Temporal properties
<latexit sha1_base64="UuNDV6Y8KC4Q78yCTZeEK/FyBz8=">AAACBnicbVBNSwMxEM36bf1a9ShCsAieym4V9Fj04rFCawvtUrLprIZmNyGZFcvSkxf/ihcPinj1N3jz35jWHvx6MPB4byaZebGWwmIQfHgzs3PzC4tLy6WV1bX1DX9z69Kq3HBociWVacfMghQZNFGghLY2wNJYQisenI391g0YK1TWwKGGKGVXmUgEZ+iknr/bRbjF4qxCG5BqZZik2igNBgXYUc8vB5VgAvqXhFNSJlPUe/57t694nkKGXDJrO2GgMSqYe45LGJW6uQXN+IBdQcfRjKVgo2JyxojuO6VPE2VcZUgn6veJgqXWDtPYdaYMr+1vbyz+53VyTE6iQmQ6R8j410dJLikqOs6E9oUBjnLoCONGuF0pv2aGcXTJlVwI4e+T/5LLaiU8rFQvjsq102kcS2SH7JEDEpJjUiPnpE6ahJM78kCeyLN37z16L97rV+uMN53ZJj/gvX0Ch9qZLA==</latexit>

Fig. 10. Windward scenario: the decomposed spatial patterns and their time coefficients.

loads. Meanwhile, higher-order POD modes include more small scale features for analyzing

localized effects. For example, peak values of q4 are found around the prism edges. Similar

results have been observed in the leeward and two sidefaces where min-max values are around

corners, suggesting the locations where large pressure fluctuations take place (Kim et al. 2018;

Tamura et al. 1999; Carassale 2012). The time coefficients associated with the computed POD

modes are presented in Fig. 10. (C). They are changing abruptly in time, precluding identification

of qualitative description of aerodynamic characteristics. This is caused by the zero-time-lag

covariance matrix used in the POD analysis (Taira et al. 2017; Towne et al. 2018; Zhao et al. 2019;

Carassale 2012). Because such covariance matrix does not contain any evolution information, the

decomposition results in assigning an eigenmode with multiple frequencies in such a way rely on

the !2 norm error in the POD formulation to be minimum (Chen and Kareem 2005b; Carassale

2012).

DMD modes

Clustering results To compute DMD modes, 730 snapshots are used with embedding number

8 = 30 and truncation number A = 125. Because the decomposition process generates 125
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(a) Eigenvalue distribution (b) Frequency distribution

Fig. 11. Distributions of clustered eigenvalues and frequencies.

eigenmodes, a clustering method, as well as a physical grouping method, are adopted to group

DMDmodes of similar properties. First, k-means clustering has been implemented out of a need to

control the number of clusters (Arthur and Vassilvitskii 2007; Murphy 2012). Specifically, cluster

number is set to 3, DMDmodes have been normalized, and the distancemetric involved in the cluster

analysis is set as the correlation type. As a result, there are three types of DMD modes categorized

by the scale of spatial patterns, i.e. macro-scale, meso- scale, and micro-scale. Second, we rank

DMD modes by the real part of the eigenvalue in descending order and classify them into three

groups, where group 1 is {q1, . . . , q42}, group 2 is {q43, . . . , q84}, and group 3 is {q85, . . . , q125}.

Subsequently, we approximate the distribution of DMDeigenvalues and frequencies associatedwith

each cluster/group utilizing a normal kernel smoothing function. In Fig. 11, it can be observed that

the clustering and physical grouping results are highly similar. In particular, macro-scale DMD

modes tend to have larger eigenvalues while the normalized eigenvalues of micro-scale DMD

modes spread over the entire interval. Such finding indicates macro-scale DMD modes contain

more energy. In light of the oscillation frequency, macro-scale DMD modes have a relatively

lower frequency range compared to the other two types. This observation is similar to turbulence

at different length scales, where frequencies of large eddies are much smaller than small eddies

(Holmes et al. 2012; Tennekes et al. 1972).

Energy cascade The clustering results indicate there exists a link reflecting cascading in the
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<latexit sha1_base64="jz/9c0opZvQpI80IKg8uJF7Dcgo=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIXdKGgZsNEugnlAsoTZyd1kyOzsMnNXDEsaf8XGQhFbP8POv3HyKDTxwMDhnHu4c0+QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF5P/OYDaCNidY+jBPyI9ZUIBWdopW7xqIPwiJnNGJNqoAlDBK3G3WLJLbtT0GXizUmJzFHrFr86vZinESjkkhnT9twE/YxpFFzCuNBJDSSMD1kf2pYqFoHxs+kBY3pqlR4NY22fQjpVfycyFhkzigI7GTEcmEVvIv7ntVMMr/xMqCRFUHy2KEwlxZhO2qA9oYGjHFnCuBb2r5QPmGbclmAKtgRv8eRl0qiUvfNy5e6iVL2d15Enx+SEnBGPXJIquSE1UiecjMkzeSVvzpPz4rw7H7PRnDPPHJI/cD5/APSQl0w=</latexit>
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<latexit sha1_base64="ffP/cd/h1Or8qVNGS0On0rkZrDI=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxA8hZko6DHgRW8RzALJEHo6NUmTnsXuGjUOwV/x4kERr/6HN//GTjIHTXxQ8Hiviqp6XiyFRtv+thYWl5ZXVnNr+fWNza3tws5uXUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzBxdhv3IHSIgpvcBiDG7BeKHzBGRqpU9hvIzxgKqN76iu4TSDkw1GnULRL9gR0njgZKZIM1U7hq92NeBJAiFwyrVuOHaObMoWCSxjl24mGmPEB60HL0JAFoN10cv2IHhmlS/1ImQqRTtTfEykLtB4GnukMGPb1rDcW//NaCfrnbirCOEHz1nSRn0iKER1HQbtCAUc5NIRxJcytlPeZYhxNYHkTgjP78jypl0vOSal8fVqsXGVx5MgBOSTHxCFnpEIuSZXUCCeP5Jm8kjfryXqx3q2PaeuClc3skT+wPn8AZvGV2w==</latexit>
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<latexit sha1_base64="aRooITORt1y1+az99Hbud9DLZj0=">AAAB/nicbVDJSgNBEO1xjXEbFU9eGoPgKcxEQY8BL3qLYBZIQujp1GSa9Cx214jDEPBXvHhQxKvf4c2/sbMcNPFBweO9KqrqeYkUGh3n21paXlldWy9sFDe3tnd27b39ho5TxaHOYxmrlsc0SBFBHQVKaCUKWOhJaHrDq7HffAClRRzdYZZAN2SDSPiCMzRSzz7sIDxiHohBQH0F9ylEPBv17JJTdiagi8SdkRKZodazvzr9mKchRMgl07rtOgl2c6ZQcAmjYifVkDA+ZANoGxqxEHQ3n5w/oidG6VM/VqYipBP190TOQq2z0DOdIcNAz3tj8T+vnaJ/2c1FlKRo3pou8lNJMabjLGhfKOAoM0MYV8LcSnnAFONoEiuaENz5lxdJo1J2z8qV2/NS9WYWR4EckWNySlxyQarkmtRInXCSk2fySt6sJ+vFerc+pq1L1mzmgPyB9fkDCYGWMw==</latexit>

Koopman
<latexit sha1_base64="Sa6YbOBPIGqvkr+YyP+P6ISmNso=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRfASwTwgWcPsZJIMmccy06uGJf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VxYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrU4MZTWqhTbNiFgmuGI14CBYMzaMyEiwRjS8mviNB2Ys1+oORjELJekr3uOUgJPu28CeIL3ROpZEjTuFol/yp8CLJMhIEWWodgpf7a6miWQKqCDWtgI/hjAlBjgVbJxvJ5bFhA5Jn7UcVUQyG6bTq8f42Cld3NPGlQI8VX9PpERaO5KR65QEBnbem4j/ea0EehdhylWcAFN0tqiXCAwaTyLAXW4YBTFyhFDD3a2YDoghFFxQeRdCMP/yIqmXS8FpqXx7VqxcZnHk0CE6QicoQOeogq5RFdUQRQY9o1f05j16L9679zFrXfKymQP0B97nDzVMkvg=</latexit>

spectral analysis
<latexit sha1_base64="HTRi9PRtaghr56fLk33Gc66tgKw=">AAACAXicbVC7SgNBFJ31GeMraiPYDAbBKuxGQcugjWUE84BkCXcnk2TI7Owyc1dcltj4KzYWitj6F3b+jZNHoYkHBg7n3Mudc4JYCoOu++0sLa+srq3nNvKbW9s7u4W9/bqJEs14jUUy0s0ADJdC8RoKlLwZaw5hIHkjGF6P/cY910ZE6g7TmPsh9JXoCQZopU7hsI38ATMTc4YaJAUFMjXCjDqFoltyJ6CLxJuRIpmh2il8tbsRS0KukEkwpuW5MfoZaBRM8lG+nRgeAxtCn7csVRBy42eTBCN6YpUu7UXaPoV0ov7eyCA0Jg0DOxkCDsy8Nxb/81oJ9i79TKg4Qa7Y9FAvkRQjOq6DdoW2yWVqCTAt7F8pG4AGhra0vC3Bm4+8SOrlkndWKt+eFytXszpy5Igck1PikQtSITekSmqEkUfyTF7Jm/PkvDjvzsd0dMmZ7RyQP3A+fwCRPpea</latexit>

macro-scale<latexit sha1_base64="j807IQkx1+PldOt9tPW8hLNN+D0=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHcWGaqoMuCG91VsA9oh5JJM21okhmSO9Iy9FfcuFDErT/izr8xbWehrQcCh3Puvbn3hIngBjzv21lb39jc2i7sFHf39g8O3aNS08SppqxBYxHrdkgME1yxBnAQrJ1oRmQoWCsc3c781hPThsfqESYJCyQZKB5xSsBKPbfUBTaGTBKq4wtDiWDTnlv2Kt4ceJX4OSmjHPWe+9XtxzSVTAEVxJiO7yUQZEQDp3ZesZsalhA6IgPWsVQRyUyQzXef4jOr9HEUa/sU4Ln6uyMj0piJDG2lJDA0y95M/M/rpBDdBBlXSQpM0cVHUSowxHgWBO5zzSiIiSX2eG53xXRINKFg4yraEPzlk1dJs1rxLyvVh6ty7T6Po4BO0Ck6Rz66RjV0h+qogSgao2f0it6cqfPivDsfi9I1J+85Rn/gfP4AjZ+Uyg==</latexit>
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scales in incoming flowpressure DMD modes

Fig. 12. Similarities of clusteredDMDmodes at different scaleswith turbulence energy distribution.

pressure field akin to a typical turbulence field. It is known that the aerodynamic fluctuating loads

acting on the windward face of the prism model are dominated by the approach flow turbulence

(Chen and Kareem 2004; Cermak 1976; Tanaka et al. 2012; Chen 2013). Meanwhile, aerodynamic

loads acting on the two side and leeward faces are closely related to the wake dynamics including

vortex shedding, which in turn is influenced by the turbulence in the approach flow (Vickery 1966;

Lee 1975; Kareem and Cermak 1984; Aubry et al. 1988). These experimental findings show the

cascading features in the aerodynamic pressure represented by combining the DMDmodes and their

time coefficients. To understand how cascading relates to the aerodynamics pressure field around

prisms, we focus on explaining the energy transfer by investigating the dynamical evolution of each

DMD mode. In particular, the dynamical evolution process is similar to the energy transferring

mechanism in turbulence, which includes energy cascade, neutrally steady, and inverse cascade

(Leonard 1975; Majda and Lee 2014). Furthermore, it should be noted that the spatial patterns

in the pressure field are similar to the distribution of length scales (eddy sizes) in the incoming

turbulent flow. Fig. 12 schematically highlights these observations, where macro-, meso-, and

micro-scale pressure fluctuations mimic turbulence cascade through energy injection, cascade, and

dissipation respectively.

Examination of the spatial distribution POD is useful to study eigenmodes of the pressure
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fluctuations on the surface of a prism. Here, DMD is applied to further investigate the spatiotemporal

variation of the pressure fields and to understand potential discrepancies in POD and DMD.

Overall, spatial coherence embedded in the extracted DMD modes decrease gradually from the

macro-scale to the meso-scale group and finally cascade to the micro-scale group. For each group,

two modes are randomly selected to demonstrate such cascading and are presented in Fig. 13. It

can be observed that the macro-scale DMD modes are similar to the most energetic POD modes.

They provide a global footprint of the aerodynamic pressure by reflecting the overall distribution

of the fluctuating pressures acting on the prismatic model. For instance, the two selected macro

modes are evaluated at normalized frequencies 0.0165 and 0.1225 respectively from top to bottom

in Fig. 13. The mode associated with the smaller frequency is more predominant spatiotemporally

compared to the other mode. In particular, the top macro-scale DMD mode shown in Fig. 13 is in

good agreement with the force pattern representing the overturning moment. Meanwhile, locations

of local minima and maxima of a macro-scale DMD mode serve as scaled features of overturning

forces. The distinct separation of minimum and maximum values further emphasizes macro-scale

DMD modes echo the overall overturning moment on the windward surface. Very similar results

have been found in the POD modes (Kim et al. 2018; Kareem and Cermak 1984; Tamura et al.

1999; Carassale and Brunenghi 2011).

Meanwhile, the amplitudes of DMD modes are determined by the real part of the computed

DMD eigenvalues and the frequencies are determined by the imaginary part. The distribution of

DMD eigenvalues on the unit circle shown in Fig. 13 indicate macro-scale DMD modes are more

energetic than other types ofmodes. They are connected to large scale flow features. Therefore, they

relate to energy injected by the approach flow and represent its spatiotemporal features (Carassale

2012). In the following analysis of their temporal evolution (See Fig. 14), it is at the dominant

vortex shedding frequency resulting in a snapshot of a large scale structure convecting over the side

face. Unlike the pressure field on a 2D prism, a finite height prism in a shear flow experiences vortex

shedding at slightly different frequencies in cells of finite length along the height. Accordingly,

DMD modes of pressure fluctuations associated with finite height prisms in shear flows would
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Fig. 13. Spatial patterns of computed DMD modes of the windward.

reflect spatially less correlated patterns.

For the micro-scale DMD modes, small eddies, in a generic sense, represent the instabilities of

local interactions between different fluidmotions. According to theKolmogorov length scale theory

(Frisch and Kolmogorov 1995), small eddies tend to have high frequencies, causing turbulence to

be isotropic and homogeneous at a local scale. The micro-scale DMDmodes shown in 13 from the

windward case to illustrate such pressure fluctuations. It should be noted that peak values in most

micro-scale DMDmodes are randomly distributed. These peak value areas are relatively small and

sparsely scattered. This observation conforms to the characteristics of small eddies (randomness

and size) (Tennekes et al. 1972; Frisch and Kolmogorov 1995).

In (Baker 2000), it was pointed that the least energetic modes may contain information on the

interaction between different mechanisms instead of representing a specific one. The conclusion

was drawn based on POD results, where the temporal behavior of identified eigenmodes is hard

to interpret. Using Eq. 6, one can find the selected micro-scale DMD modes decay with time.

The amplitude distribution shown in Fig. 13 suggest some of the micro-scale modes decays

exponentially. This suggests that the kinetic energy carried by small scales ultimately dissipates.

Examination of the temporal evolution As wind passes by a building, it results in the formation
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of Karman vortex shedding in its wake. It is pointed out earlier that for prisms exposed to a

shear/boundary layer flow the vortex shedding frequency is not uniform along the height and

occurs in cells of finite length. As these vortices are advected by the mean flow which varies with

height, they result in interactive periodic pressure signatures on the building side faces (Lee 1975).

Few studies have been reported that connect identified eigenmodes to the convection of the vortices

(vortex tubes) because of the spatiotemporal nature of these recurrent patterns. In (Carassale 2012),

the effects of the advection of vortices on the pressure patterns have been identified by repeated

operations of the digital filter and Hilbert transform of the convolutive data. In this context, DMD

utilizes a paired time-shifted matrices in the computation of eigenmodes, which naturally integrates

the evolution dynamics into the decomposition process. In addition, the delaying coordinates used

in this study serve as an alternative representation to the convolution operation for dynamical

PCA/ICAmodel adopted in (Carassale 2012). Fig. 14 shows the temporal evolution of the pressure

field via dynamic modes at different scales. The time between snapshots equals the sampling

period of the measured data 10ΔC, 5ΔC, and ΔC for the macro-, meso-, and micro-scale modes

respectively. A total length of 7 sequences are presented. The macro-scale sequences reported

in Fig. 14 (a) shows a propagation of the topology of a vortex tube on the side face as it advects

along the width of the face that are associated with the vortex shedding frequency. While in Fig.

14 (b) at the meso-scale the evolution of limited vortex structures that emerge due to shear in the

approach flow, as noted earlier, is found. Also near the base there appears to be a collection of a

horseshoe vortex-like features. A more in-depth analysis is needed to examine their features. At the

micro-scale, depending on the selected frequency, one can observe organized small scale features

being convected along the side. Similar observations were noted in (Carassale 2012) though the

analysis was carried out in a band of frequencies rather than individual frequencies permitted by

DMD analysis. The results affirm that the spatialtemporal evolution of DMD modes at different

scales can capture the characteristic features of the overall pressure dynamics. Whereas at lower

frequencies, macro-scale DMD modes serve as the foundation of the aerodynamic pressure field

from the energy perspective and meso/micro modes present portraits of more localized fluctuations
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Fig. 14. Temporal evolution of selected DMD modes of the leftside.

with relatively higher frequencies and smaller spatial scales.

Stripe pattern A specific micro-scale pattern that is detected on all surfaces of the prism is

noteworthy. Based on the appearance we refer it as the stripe pattern because the computed spatial

distribution indicates the surface is divided into a few bands. Pressures at two adjacent bands come

from different amplitudes, thus resembles the stripe pattern observed in nature. To understand

these stripe patterns, we examined the evolution of the pressure distribution, finding such micro-

scale pattern to be closely related to the pressure increment between instantaneous spatial pressure

distribution. Fig. 15, the first row shows the pressure distribution at two consecutive time instances

C1 and C2 as well as the instantaneous pressure increment between ?(C1) and ?(C2). The second

row displays the identified stripe pattern observed in DMD modes. Fluctuating pressure scales

of different sizes have their corresponding position in a frequency spectrum. In Fig. 15, size of
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Fig. 15. Illustration of the connection between micro-scale DMD modes and instantaneous incre-
ment of wind pressures.

the stripe patterns are structurally similar, indicating the size and frequency of the surrounding

fluctuations are very close.

These factors naturally fulfill the precondition of the beating phenomenon in a coupled system,

which in principle is a constructive interference between two signal having almost identical fre-

quencies (Yalla and Kareem 2001). The decomposition results describing the dynamical evolution

of each stripe pattern mode are given in Fig. 16. The identified DMD modes oscillate and the

envelope amplitudes essentially exhibit a decaying pattern. This is due to the fact that small scales

are gradually damped. Moreover, the beat phenomenon that is highlighted by the red dots only

happens in the high-frequency region (See Fig. 16). An intuitive explanation is based on the

definition of the beating phenomenon, which not only requires the existence of two fluid pressure

regions sharing very close frequencies but also expects these to be closely spaced to be interactive.

On the other hand, large scale fluctuations associated with larger-scale motions do not see such as

beating phenomenon.

Description in discrete Fourier domain In (Chen et al. 2012), it was pointed out that DMD

provides identical results to the temporal discrete Fourier transform (DFT) if the input data is
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Fig. 16. Properties of the stripe pattern.

linearly independent and zero centered (Chen et al. 2012). Despite the fact that our aerodynamic

pressure data is highly nonlinear and the mean is not subtracted, DMD spectrum was found to

provide useful information regarding the pressure dynamics from the frequency perspective (Tu

et al. 2013; Kutz et al. 2016). In this context, the mode amplitude was modeled as a function

of frequency, which can be computed from the imaginary part of the DMD eigenvalues. Such

spectrum captures the magnitude and phase of pressure dynamics through a linear combination of

eigenvectors, where every eigenvector grows or decays at a specified frequency according to its

associated eigenvalue. For comparison, we computed the amplitude of oscillations at a wide range

of frequencies by means of the Fourier transform, where the temporal DFT is essentially a portrait

of the energy of a series of harmonic oscillators (Fig. 17 (a)). Whereas Fig. 17 (b) shows that the

DMD spectrum resembles the FFT spectrum, where the leading components of the power spectrum

computed by the FFT are captured by DMD. The difference between the DMD and FFT spectra

comes from the nature of the analysis. In particular, FFT spectrum is computed independently

using the collected time series data recorded at each pressure tap, that is, it returns 125 Fourier-

transformed vectors. The mean of this multidimensional array is calculated and presented by the

red line in Fig. 17 (a). On the other hand, every single component in the DMD spectrum represents

a certain coherent structure enveloping 125 pressure taps over each surface.

CONCLUDING REMARKS

This study investigates the dynamics of random pressure fields over bluff bodies with an
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(a) FFT spectrum (b) DMD spectrum

Fig. 17. DFT and DMD spectrum. In the DFT spectrum representations, the gray band represent
the discrete Fourier transform (DFT) results of 125 time-ordered sequences and the red line denotes
their mean.

application to surface pressure on a prism immersed in a turbulent boundary layer. An operator-

theoretic approach is considered for the aerodynamic characterization using limited wind tunnel

test data. First, the nonlinear pressure dynamics is linearized in the entire basin by an infinite-

dimensional linear operator, i.e. the Koopman operator. Subsequently, spectral analysis of the

Koopman operator provides a spatiotemporal characterization of the pressure data. To compute the

Koopman eigen-elements, dynamicmode decomposition is performed using time delay coordinates.

As a result, the computed DMD representation is spatiotemporally orthogonal where each identified

flow structure is assigned to a specific frequency and a corresponding temporal growth/decay.

A comparative study between POD and DMD is carried out. Unlike POD, which tends to mix

the temporal frequencies in the identifiedmodes, DMDprovides single-frequency eigenmodes. The

macro-scale modes can identify the pattern of vortices (or vortex tubes) shed from the upstream

edge of the side face, whereas other aerodynamic features are captured at the meso andmicro scales.

It is also noted that DMD modes mirror the characteristics of turbulence approaching the prism.

Specifically, akin to turbulence cascade, the macro-scale DMD modes break up cascading down to

micro-scale that represents the instantaneous pressure increments and small eddy dynamics.

Future directions regarding applying theKoopman operator to learn similar nonlinear dynamical

systems include: (1) Extension of the currentwork to the extreme learning conditionwhere available
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data is merely a sequence of a scalar, (2) Development of an efficient computation framework for

applying the Koopman operator to streaming datasets, and (3) Moving from the current Laplacian

determinism to learning the intrinsic order in chaotic systems.
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APPENDIX. ILLUSTRATION EXAMPLE

In this appendix, a synthetic dataset with two hyperbolic oscillations is created for testing the

performance of different decompositionmethods (Kutz et al. 2016). TheDMD results are compared

against the results obtained using the POD and independent component analysis (ICA) method.

The spatial modes take the following formula:

D1 = exp(−((G + 10)2 + (H + 10)2)/100)

D2 = exp(−((G − 10)2 + (H − 10)2)/100)
(15)

Specifically, the spatial domain Ω ⊂ [−30, 30] × [−30, 30] with 70 elements per axis, resulting

in a resolution of 70 × 70 = 4900 per snapshot. The first mode D1 oscillates at 7�I and the second

mode D2 oscillates at 3�I. Note both modes are stationarily oscillate for the entire during of the

simulation. The data is recorded with XC = 0.01 and a total of 1000 snapshots have been collected

for analysis. Fig. 18 shows the states of the first 10 equispaced time instances. Apparently, two

modes have overlapped spatial distributions and they are evolving at different frequencies. To

accelerate the decomposition process, the method of snapshot is considered for the implementation

of DMD and POD (Schmid 2010; Chen et al. 2012; Tu et al. 2013), that is, the input matrix is
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Fig. 18. Snapshots of the dynamical system.

(a.1) true mode 1
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Fig. 19. Spatial decomposition results of 2D example.

reshaped into the size of D ∈ R4900×1000. Fig. 19 shows DMD accurately captures the distribution

of true modes compared to the POD and ICA. Beyond that, the evolution provided by the DMD

algorithm matches well with the true dynamics (See Fig. 20). In terms of POD, it focuses on

finding the eigenmodes that are energetically optimal regarding the reconstruction of the input data.

Hence, the PODmodes are very similar to the spatial average results. ICA modes are more isolated

and results become ambiguous around the overlapped area.

APPENDIX. EVALUATION METRICS FOR CONVERGENCE STUDY

We check the convergence of the decomposition results using both eigenmodes and eigenvalues

(Muld et al. 2012b; Muld et al. 2012a). The first evaluation metric is a function of identified

eigenmodes. It is used to analyze the convergence behavior of the spatial pattern. Consider two

datasets D1 = {x (C1) , . . . , x (C<)} and D2 = {x (C1) , . . . , x (C=)}, which contain pressure signals
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Fig. 20. Temporal decomposition results of 2D example.

of the same prism surface but with a different sampling interval [C1, C<] and [C1, C=]. Two sets of

eigenmodes �< and �= can be accordingly computed by means of either POD or DMD method.

To measure their relative difference, a !2 norm based metric is defined:

^ 9 =< q
<
9 − q=9 , q<9 − q=9 >Ωx (16)

In this study, = = 30000, serving as the reference point in investigating convergence properties,

and < is sampled from the interval [ΔC, =ΔC].

Meanwhile, the second evaluation metric is a function defined based on the normalized eigen-

values:

_
†
9
=

_ 9∑=
8=1 _8 (<)

(17)

where _†
9
primarily examines the temporal convergence properties. It should be further noted

that the DMD eigenvalues _�"�
9

and eigenmodes q�"�
9

are complex-valued. For this reason,

complex modulus that measures the magnitude of a tensor from the coordination center to its

location in the complex plane is utilized:
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