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Abstract

The greater arithmetic intensity of high-order finite element discretizations
makes them attractive for implementation on next-generation hardware, but
assembly of high-order finite element operators as matrices is prohibitively ex-
pensive. As a result, general algebraic solvers for such operators are a research
challenge. Though fast matrix-free application of high-order operators has re-
ceived significant attention in the literature, preconditioners and solvers for in-
verting such operators are not very well-developed, though some promising can-
didates are available in the context of Poisson-type problems. Here we consider
the problem of preconditioning a definite Maxwell operator at high polynomial
order without assembling a matrix. We show that given efficient preconditioners
for high-order H'! finite element problems on the same mesh, efficient H (curl)
preconditioners can be constructed in an auxiliary space framework. We demon-
strate the resulting solvers in a practical setting where a sparsified H' solver
is constructed on a low-order mesh of the nodal points of the underlying high-
order space, and show that the resulting H(curl) preconditioner is effective at
very high polynomial order for 2D model problems with complicated geome-
try, varying coefficients, and curved elements. The resulting solver scales with
nearly optimal O(p?*!) operation count and optimal O(p?) memory transfer,
outperforming existing Maxwell solvers in the high-order regime.

1. Introduction

Naive assembly of a single element matrix for a differential operator of poly-
nomial order p costs O(p>?) operations (where d is the spatial dimension), which
is not feasible for moderate p and is disastrous for high p [19]. If explicit as-
sembly can be avoided, high polynomial order is attractive because it has high
arithmetic complexity and therefore makes more efficient use of emerging archi-
tectures with fine-grained parallelism, such as accelerators and GPUs [16]. As a
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result, signficant effort has gone into unassembled or “matrix-free” application
of high-order finite element operators [6, 14, 15]. For tensor-product elements
(quadrilaterals in 2D and hexahedra in 3D) with tensor-product basis functions,
the action of an operator can be computed in O(p?*!) operations. This type of
fast operator application is used extensively in explicit time-stepping approaches
to fluid flow and other more complicated multiphysics applications [9, 18, 10].

In many practical situations, for example any physics that involves signif-
icant diffusion, we need implicit or semi-implicit timestepping, which implies
that we need not only an operator’s action but an approximation to its inverse.
For explicitly assembled matrices, algebraic multigrid preconditioners have been
a standard tool of scientific computing because of their flexibility, efficiency, and
implementation in robust scalable software [1, 11, 29], but this type of solvers
is not generally available in the matrix-free case. Approaches involving domain
decomposition or geometric multigrid show good promise for preconditioning
H'-type problems without assembling an explicit matrix [3, 4, 7, 17, 24, 26, 27].
An emerging theme in these references for diffusion-type problems is precondi-
tioners that can be applied in O(p?*!) operations, which is the same asymptotic
complexity as an operator-vector multiply.

To our knowledge, fast matrix-free preconditioners for high-order Maxwell
operators have not been previously considered in the literature. The key diffi-
culty in Maxwell-type problems, whether with matrix assembly or matrix-free,
is handling the large nullspace of the operator. Fortunately, we have a rigorous
characterization of that nullspace in the de Rham complex, and perhaps more
importantly, we can represent it accurately in practice with finite elements that
conform to a discrete de Rham complex. The resulting state of the art for
preconditioning in H(curl) is based on an auxiliary space framework which
leverages H'! Poisson-like solvers to handle the nullspace of the Maxwell op-
erator [12, 13]. This work provides theoretical guarantees for preconditioning of
high-order Maxwell problems, but practical implementation requires high-order
auxiliary space solvers that cannot be efficiently assembled.

In this paper we consider fast preconditioners for high-order Maxwell-type
problems in an auxiliary space framework, where the underlying operators are
never explicitly constructed as matrices. We develop scalable, parallel precon-
ditioners that can be applied with nearly optimal O(p?*!) operations (the same
as applying the forward operator) and which require optimal O(p?) memory
transfer (O(1) per degree of freedom). Our solver shows optimal scaling with
respect to spatial discretization size h, is applicable to general geometries and
unstructured grids, and performs well on problems with variable coefficients,
as well as on curved finite elements. Our particular implementation relies on a
low-order refined preconditioner for the auxiliary H! problems [20, 24], but the
framework can accomodate any of the unassembled multigrid or domain decom-
position solvers in the literature. Though our numerical implementation is cur-
rently in two dimensions, the methods are fully applicable to three-dimensional
problems.

We fix a simple problem setting and notation in Section 2 and describe the
ingredients and theory behind the auxiliary space Maxwell solver in Section 3.



One of the most crucial ingredients is unassembled fast preconditioners for the
auxiliary H' problems, which we describe in Section 4. In Section 5 we describe
in more detail how fast practical application of some of the ingredients of the
overall preconditioner can be implemented in software, and numerical results
are reported in Section 6.

2. Problem setting

Let Q C R? be a bounded, convex domain with smooth boundary in d spatial
dimensions, where d = 2 is the focus of this paper. We consider the definite
Maxwell problem of finding u € Hp(curl) to satisfy

(a curlu, curlv) + (Bu,v) = (f,v) (1)

for all v € Hy(curl), where a(x),B(x) are real-valued functions with 5 > 0,
and f is a given source term. Here Hy(curl) denotes the space of H(curl)
functions with vanishing tangential trace on the boundary 02. This problem
has important applications in electromagnetics [22], and also has the known
difficulty of a large nullspace of the curl operator.

Our discretization uses high-order Nedelec edge elements on a mesh of quadri-
laterals with possibly curved sides [23], where we denote the curl-conforming
Nedelec space by @y and the Hi-conforming Lagrange space by Vj,. This dis-
cretization leads ultimately to the linear algebra problem of finding u, € Qp
such that

Apup = f (2)

where Ay, is the discrete operator representation of the bilinear form (1) and fj,
is the discrete representation of the linear form (f,v).

The remainder of the paper is concerned with the effective preconditioning
of the operator A in cases where it is not available as an assembled matrix.

3. Auxiliary space Maxwell solvers

The nullspace of the operator in (1) is very large compared to the low-
dimensional nullspace of Poisson-like or elasticity problems, and as such any
preconditioner for the Maxwell problem needs to pay special attention to that
nullspace. In particular, the classical de Rham sequence characterizes the
nullspace of the curl operator as the range of the V operator from an H' space,

Y H(eurl) —— s H(div) —— 5 1,

where the nullspace of each operator is the range of the previous operator in the
sequence. For curl-conforming finite elements in the Nedelec space @), and the
Lagrange space V},, a corresponding diagram also holds in the discrete setting.

A well-known and very effective approach for handling this nullspace is aux-
iliary space preconditioning [12]. We follow in particular the auxiliary space



Maxwell (AMS) approach of [13], which is well-suited for a fairly general al-
gebraic setting with complicated geometries, unstructured meshes, and varying
coefficients. The decomposition of Hiptmair and Xu [12] establishes that any
up, € Qp can be expressed as

up = vy + Grgp + pwy (3)

where g, € Vi, wy € V,fl and v, € @Qp is small in an appropriate sense. Here
the discrete gradient G}, : V}, — @}, represents the gradient operator V, and the
projection II;, projects (V)% — Q.

The decomposition (3) leads naturally to a preconditioning strategy with
auxiliary spaces for the range of G, and II;, and a smoother for the (small) v,
component. More precisely, the ingredients we need to develop and implement
in a matrix-free setting include:

1. The original curl-curl operator Aj from (2), the operator we intend to
precondition;

the vector interpolant I, : (V)¢ — Q) and its transpose II7;

the discrete gradient G, : V;, — Qp, and its transpose G ;

a smoother S;, on the Nedelec degrees of freedom;

St L

and auxiliary space solvers in (H')? and H', denoted by IN/E} , fja}l, which
we consider in more detail below.

Once these ingredients are implemented in a fast setting, we can use them to

construct an auxiliary Maxwell space (AMS) preconditioner. Several variants

of AMS cycles exist. In this paper we focus on the following symmetric cycle:
Given Ay, f5, and an initial guess zo (often we choose xg = 0):

1. Smooth:
To < Sp(fa — Anzo)

2. Correct in H' (restrict with GT, solve, interpolate):
@y ¢ Ta + Gl G} (fn — Anza)

3. Correct in (H')? (restrict with I, solve, interpolate) :
e 4 xp + Uy Ly T (fr — Anas)

4. Correct in H' (restrict with GT, solve, interpolate):
a4 wo + Gulg! GY (fr — Anzc)

5. Smooth:
€T < Sh(fh — Ahxd).

We denote the action of this AMS cycle by x = M, ! f,. The remainder of this
paper focuses on the implementation and performance of these fast, matrix-free
ingredients.



4. Low-order refined preconditioners

The auxiliary space preconditioners ﬂﬁi , Eéi that we use in a practical AMS
cycle involve several different spaces and operators, as well as certain approxi-
mations. We describe in this section the operators analyzed in auxiliary space
theory, the approximations we use in practice, and the precise relationships
among them.

In a discrete setting, the natural auxiliary space operators for constructing
a provably equivalent preconditioner M, 1 in the sense of the fictitious space
lemma [12, Theorem 2.2] are Ly, = I} ApIl, and Lg, = GF ApGh. In the low-
order case [13], these operators are formed explicitly as matrices and algebraic
multigrid is applied to those matrices. The fictitious space lemma still applies
for high-order discretizations, but the operators cannot be assembled efficiently.
In our high-order matrix-free setting, we can in fact apply these operators ef-
ficiently in an unassembled format by applying their three factors in sequence,
but applying a solver or preconditioner that approximates their inverse is not
quite as straightforward.

For relatively general application on unstructured, possibly curved meshes
with varying coefficients, we use the idea of low-order refined preconditioning,
see [20, 24]. To begin, we rediscretize the following Poisson problems on the
auxiliary spaces:

ag, (u,v) = (BVu, Vo), (4)
ar, (u,v) = (aVu, Vv) + (fu, v). (5)

If the bilinear forms above are taken in the high-order Lagrange spaces u,v €
Visu,v € Vh then we write the corresponding operators as LY, G, forac, and Lp m,
for ary,. These operators themselves are high-order and therefore prohibitively
expensive to assemble, so we approximate them again. The basic idea is to
construct a low-order mesh on the nodal points of the original high-order mesh,
as in Figure 1. The first-order Lagrange finite element space on the mesh of
nodal points is denoted by Vj ;. This low-order refined space has the same
number of degrees of freedom as the original high-order space V},, and in fact
if we use a nodal basis for both V}, and V}, 1, then the operator connecting the
degrees of freedom on the spaces is simply the identity. However, the resulting
system matrix on the low-order space V}, 1 is much sparser than the high-orer
space. In particular, a single element matrix in the high-order space V} has
O(p?) nonzeros per row, while the corresponding low-order element matrix has
O(1) nonzeros per row. In addition, the low-order space requires lower order
quadrature, compounding the savings for matrix assembly. As a result, explicit
matrices can be efficiently assembled for the low-order space V} ;.

Then taking u,v € Vj, 1;u,v € V,ﬁl in (4), (5), we denote the corresponding
operators as L and L1 . Since these operators can be efficiently assembled,
we can use standard matrlx-based AMG to approximate their inverses. The
approximate inverses given by (assembled) AMG solvers on the low-order refined
mesh are denoted by Lg' ~ (L§, )% and Ly;| ~ (L}, )~. This notation has



Figure 1: A high-order mesh and its corresponding low-order refined mesh.

already been used in the definition of the AMS cycle M, !, (We never form,
apply, or use in any way the operators L%h , L%h in practice. They are introduced
only to clarify concepts and exposition.)

Another way of thinking about the low-order refined technique is that it
trades a mesh with high p, where traditional AMG scales unfavorably, for a
mesh with small A, which is the regime in which traditional AMG scales very
well. One potential difficulty is that the elements become quite anisotropic for
high p, which may affect AMG performance—we find below in our numerical
results that this does not seem to be a problem for constant coefficients «, 8 but
may present mild difficulties when coefficients vary.

Well-known results from the spectral element literature show that Lbh, Lll-lh
are spectrally equivalent to (respectively) L]CJ:h’Lth with constants that are
independent of the polynomial order p [20, 25]. The equivalence of LZC)JMLZI)T;L
with L, , L, is established in [13, Theorem 3.2]. The only thing remaining is to
establish the quality of algebraic multigrid V-cycles iai , iﬁi as approximations
to (Léh )7L, (Lll-[h)_l, which is the subject of a vast algebraic multigrid literature
[8, 11, 21, 29] and is out of scope for this paper, although it will be established
numerically in Section 6.

The theoretical relationships between all these operators is summarized in
Figure 2.

5. Tensorized implementation

For a fast implementation to precondition an operator where an explicit
matrix is not available, we need fast, matrix-free applications of each of the
operators in Section 3. In particular, we need fast tensorized routines for
Ap, G, GF 11, I, and Sy, as well as a fast way to apply i@i,ﬂﬁi which
have already been described. Each of these operators should be applied with
computational complexity O(p?*!) (to match the forward operator-vector prod-
uct) and optimal memory transfers O(p?).
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Figure 2: Relationships between some of the operators and approximate operators used to
construct our auxiliary space preconditioner. Solid lines indicate spectral equivalence between
operators, while the dotted lines simply indicate that M, b requires other operators for it
construction.
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Figure 3: Tensor product of Nedelec H(curl) basis functions illustrated on a third-order
quadrilateral element. The “horizontal” basis functions are a tensor product of Gauss-Lobatto
with Gauss-Legendre points, while the “vertical” basis functions are the transposed tensor
product. Nedelec degrees of freedom are inner products with unit vectors that have the
indicated position and direction.



Our particular implementation depends on a tensor-product representation
of basis functions on tensor-product finite elements (that is, quadrilaterals and
hexahedra). In this paper we are focused on quadrilateral elements in two
dimensions, d = 2, though all of the algorithms can be easily extended to d = 3.
The structure of the high-order Nedelec element we consider has two sets of basis
functions, one “horizontal” tensor product (whose vector basis functions have 0
y-component on the reference element) and one “vertical” tensor product. Each
set is a tensor product of a “closed” integration rule (Gauss-Lobatto) and an
“open” integration rule (Gauss-Legendre), see Figure 3.

Below we describe the tensorized matrix-free implementation of some of the
important operators in our preconditioner. In particular, we describe matrix-
free discrete gradient GG}, and discrete projection II;, implementations, and also
the application of an operator-vector multiply for the Nedelec mass matrix and
curl-curl matrix (that is, the discretizations of the (u, v) term and (curl u, curl v)
terms in (1) respectively).

To describe our tensor algorithms, we will use multi-index notation ¢ =
(i1,42) for basis function and quadrature indices, where ¢ indexes into a d-
dimensional tensor product and 75 indexes into one of the one-dimensional com-
ponents of the tensor product. In our tensor product setting, we will often refer
to the one-dimensional nodal basis functions ¢°, ¢¢, where the nodal points for
¢° are on an “open” Gauss-Legendre set of points and ¢¢ is on a “closed” Gauss-
Lobatto set of points that include the endpoints of the interval. Similarly, the
points at which these basis functions are evaluated can be denoted z°,z¢ for
clarity.

5.1. Matriz-free intergrid operators

We describe here the “matrix-free” tensorized implementation of the discrete
gradient operator Gy, : Vi, — @ and the discrete projection IIj : Vhd — Qn
which connect the Nedelec space @) to the Lagrange auxiliary spaces used in
our auxiliary space preconditioner.

The rows (indexed by i = (i1,i2)) of these operator are associated with
nodal points of the two Nedelec tensor products of Figure 3, while the columns
(indexed by j = (j1, j2)) are associated with the tensor Lagrange basis functions
of closed Gauss-Lobatto points.

We can decompose the discrete gradient as

with
[Ghliz(ir.in) =G g2) = 095, (25,)(95,) (7))
(G lim(iri2).5 = go) = €i(95,) (25,)65, (25,)

Here ¢; € {—1,1} represents the orientation of the Nedelec dof at the point z;;
for a general unstructured mesh, this information must be provided in some



form for every Nedelec degree of freedom. Define
Of = (6)(af), B = o5(af),  BRs = 05,

The admittedly cumbersome superscript notation here indicates that the rows
of C°¢ are associated with open (Nedelec) nodal points, while the columns are
associated with closed (Lagrange) nodal points, and similarly for B¢, B°¢. Note
that B¢ is actually the identity but we use this notation to clarify the tensor
product structure of the algorithms. The matrices B¢, B¢, C'°° are fixed once
for all, having the same values and structure for each element of the mesh. The
setup for this tensor product form of Gy, costs O(p?) (independent of d).

To describe the algorithm for applying the operator, let V = vj, j, € V3, be
an H! vector we want to premultiply by G};L. Then

(GE (11,12) qi Z Z (?bjl zl ¢]2 12)1}]17]2

J1 o J2

. E § oc  pece
*q21712 Czl g1 22j2v]17J2

Jji J2

. oc
- q11712 § Cll,jl E BlQ j2vjla.72
J1

This is two tensor contractions over j; and j, which each cost O(p®), which is
the total cost. The vertical basis G, is similar.
For the transpose, let Z = z;, ;, € Qp be the H(curl) vector we want to

premultiply by (G)T. Then

[(Gh TZ (]1,]2 qu“,zz O ) ;2 (l’%)zl‘l,ig

i1 2

= E E q21712 11 g1 12 Jzzllﬂz

i1 i2

: 11,]1 § :q7117712 12 ]2Z21712

which is again two contractions for a cost of O(p®), and again the vertical basis
is similar.

The operator Gy, depends only on the topology (not the geometry) of the
mesh nodes, and in general does not depend on the actual element sizes, coeffi-
cients, or element curvature. The operator II;, on the other hand, does depend
on the particular geometry of the mesh. We can think of IIj : V,;i — Qp as
a d-by-d block operator, with the top half corresponding to “horizontal” Ned-
elec dofs on the reference element and the bottom corresponding to “vertical”
Nedelec dofs. The left and right sides of the operator correspond to x and y
components of the Lagrange degrees of freedom. That is,

Hh,m Hv,y
Hh( v T )
Hh th



For slightly more detail, we can write

h,x c T
(L, )im(in i2)=(n.g2) = 05, (@) 05, (i) (Jtiy o)

where the rows ¢ correspond to Nedelec nodal points and the columns j corre-
spond to Lagrange nodal points. Here (as before) ¢, is a 1D Lagrange basis
function for the (closed, Gauss-Lobatto) nodal point Ji, t is the tangent vector
associated with the nodal point i on the reference element, and J is the Jacobian
of the element transformation. The notation (Jt;, ;,)* indicates that you take
the reference tangent vector for the point 4, premultiply with the Jacobian, and
then take the x-component. The tensor product form of one of the components
can then be written

[( 7/1;12 z :z : 7,1,]1 12,]2 t117i2)vj17j2

J1 J2

— PR oc cc . .
- (‘]thﬂz) E :le,jl E Bzg J2UJ1732

J1 J2

and the other components of II; are similar. The transpose needs to be imple-
mented separately, but the ideas are similar.

5.2. Matriz-free Nedelec operators

To describe a tensor-based implementation of Nedelec mass and curl-curl
operators Qn, — @Qp, define

B = ¢7(x}), By = di(ay)

as 1D basis functions associated with Nedelec degrees of freedom on either the
open Gauss-Legendre or closed Gauss-Lobatto nodal points, evaluated at the
(always open Gauss-Legendre) quadrature points x;. We have the similar 1D
derivative matrices

Cio = (@°)i(=5), O = (6)i(a).

The notation here indicates that these matrices have rows associted with quadra-
ture points, and columns associated with either open or closed nodesets for the
Nedelec tensor products. These B and C' matrices are the same for each element
of the mesh, depending only on the basis functions and quadrature rules chosen.

For the operator Aj, we begin with the curl-curl term. A “horizontal”
Nedelec vector basis function v evaluated at the quadrature point indexed by
k = (k1,k2) on the reference element can be written

Yk = ( Blgf,hOBZ;iQ > ) (6

=

We have

k qo qc
curlyj = =By} “Ckzjiz.

10



Now we want to consider the action of the curl-curl matrix A; ; = (curl;, curl;)

on a vector Z = zj, j, € Qp on a single physical element Q. We have (assuming
for the moment both 1);,1; represent horizontal basis functions)

(AZ)i, 4, ZZ/ curly; curl; 75, 5, d

Ji g2
= ZZ/ det(J)(det(J 1) curley; ) (det(J 1) curlv;) Z;, 4, d
Ji J2

= Z Z Z Z Wk det BZ? i1 Ckz i Bglo jlckQ j2 ]1’J2

J1 g2 k1 ko

§ :Bkl 21§ :dkth ks, 125 :Bkl ]1§ : ko JQZjla.jZ

J2

where dy, 1, = wy, det(J,!). This d coefficient is different for every quadrature
point on the entire mesh, and calculating and storing it is the main setup cost
for this matrix-free operator. Note, however, that this storage cost is optimal
O(p?), which is proportional to the number of degrees of freedom. For different
combinations of horizontal and vertical basis functions, the tensor contractions
are similar with some B and C tensors exchanged in the above description.
We next describe an algorithm for applying a Nedelec mass matrix without
assembly, which is another part of the operator Aj. In this setting the rows and
columns of the operator are both associated with Nedelec degrees of freedom as

in Figure 3. Let
= (%8
dy, dy,

where J is the element Jacobian for the reference finite element mapping in two
dimensions and k = (k1, k2) is the index of a (tensor product) quadrature rule.
Recalling the definition (6), we have

_ )’ B’ , Bl
Iy = ( dloBkl’th% 2 ) :

k1,817 ka2,i2

Finally, define the scalar gi' = det(Jy, )w ((d2°)?+(di?)?) where wy, is the quadra-
ture weight for the corresponding quadrature point. This quantity gl is different
on each quadrature point of the mesh, and represents the main storage cost for
the mass operator. As for the curl-curl operator, this storage cost is optimal
O(p?). )

Now the action of an element mass matrix on a physical element {2 on a
vector Z = z;, i, € @, if ¢ and j both index into horizontal Nedelec basis

11



functions, can be written

MZ 11,12 ZZ/¢Z ’l/}J J1>]2

Ji o J2
—ZZ/M%,%lehM
Ji o J2

P qo qc qo qc o
Z Z Z Zg Bkl ZlBk2, 2Bk1 J1Bk2712Z31’12

ki k2 J1 J2

= Z kl,“ kz 1291@1,@ Z k1 1 Z k2 2 Zj 4

ka

which can be evaluated by a series of tensor contractions for a computational
cost of O(p?*!) and optimal memory transfer O(p?). For vertical basis functions,
the open and closed basis tensors get switched around a bit and the scalar g
has a slightly different form, but the basic algorithm is very similar.

To implement a point Jacobi preconditioner for the Nedelec operator Ay, we
also need to be able to efficiently assemble the diagonal of the operators A, M.
This turns out to be fairly straightforward. For example, for the mass matrix
we have

Mn‘:/{z%'%dﬂv
= / det(J)(J 1) - (J 1) da
Q

dOOBqO ch . d()()qu ch ]
= E E det(Jk)wk 10 ];1077/1 5%7712 10 I(}Z}),ll 13%,7,2
di" B, By, di°Bj° . B},
k1 k2 1,817 k2,02 1,817 ka2,i2

S et (2 + (@) (B, B )’

k1 ko

B Z kl,ll nghk? (Bg;iz)2

ko

which can be evaluated by two tensor contractions for a computational cost of
O(p?*1). For a vertical basis function, the “0” and “c” above are swapped and
the gj coefficient takes a slightly different form.

6. Numerical results

Below we present numerical results showing the robustness and scalability
(especially with respect to polynomial order p) of our unassembled auxiliary
space Maxwell preconditioner. To summarize, our smoother S} is matrix-free
damped Jacobi with damping 1/4; the interpolation operators Gy, Gz, 0, 1F
are implemented in a tensorized matrix-free form; the auxiliary space solvers are

based on AMG for the low-order refined th,LGh operators, sometimes with

12
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Figure 4: Time per digit of residual reduction for application of matrix-based and tensor-based
smoothers for the Nedelec operator Aj, from (2).

an intermediate CG iteration; and the overall AMS preconditioner M, Lis used
as a preconditioner for an outer conjugate gradient iteration. The outer CG
iteration is stopped at relative residual reduction of 10712, The implementation
uses the MFEM package [2] and is fully parallel, but the results below focus on
scalability with respect to p and not parallel scalability.

6.1. Smoothing

Before presenting results for the full auxiliary space solver applied to the
problem (1), we consider the performance of some of its underlying components
in isolation, starting with smoothers.

A smoother for Ay, is essential for the basic auxiliary framework (3). A local
Fourier analysis for (1) in the geometric multigrid context is performed in [5].
The smoothers they consider are of Hiptmair type, and their analysis of point
smoothers (such as Jacobi or Gauss-Seidel) is only to show that these smoothers
are insufficient for a standard geometric multigrid. In our auxiliary space setting
the requirements on the smoother are quite different. In particular, in [13] it
is shown that the smoother in an auxiliary space solver should be spectrally
equivalent to an operator related to a scaled Nedelec mass matrix, which in
turn is spectrally equivalent to the diagonal of Ap. In [28, 7.11], the auxiliary
space smoother is required to be convergent in the Aj, inner product, and a
scaled identity is proposed as a smoother. As a result, point smoothers can be
expected to work well in the AMS cycle. The default option for AMS in hypre
is Gauss-Seidel, but that choice is not available here because we cannot form an
explicit matrix, so we rely instead on a damped Jacobi smoother.

Since the coeflicients in the problem are already included in the diagonal of
Ay, we find (from extensive numerical experiments not shown) that a damping
parameter of 1/4 works well for a wide variety of coefficients, problem sizes,
and polynomial order. A more theoretically grounded strategy would be to
choose the damping based on the absolute row sum of the operator, or based
on the number of nonzeros in a row (cf. [28, Proposition 1.10]), but in the high-
order setting these give pessimistic bounds that are not very useful in practice.
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Table 1: Convergence factor for conjugate gradient on the operator Lg, = G}:Ah G, precon-
ditioned with BoomerAMG built for either the matrix G{AhGh (assembled) or the matrix
Léh (low-order refined).

g=1 B =10*
order Lg, Léh Lg, Léh
2 0.18 0.38 0.06 0.34
4 0.20 0.47 021 0.38
8 0.18 0.52 0.21 042

16 0.21 056 0.22 0.55

Another potential smoothing strategy is polynomial smoothing, which would
likely have many advntages, but is out of scope for this paper where the focus
is on the overall auxiliary-space multigrid cycle.

In the high-order context, using a damped Jacobi smoother not only saves
us the cost of assembling the matrix, but applying a matrix-free smoother is
also faster. In Figure 4 we plot cost per accuracy, or more precisely, computa-
tional time per digit of residual reduction for three smoothers: the Jacobi and
Gauss-Seidel preconditioners from hypre, and our tensorized matrix-free Jacobi
preconditioner. The matrix-free tensor preconditioner is faster than Gauss-
Seidel for p > 4, and more importantly its cost increases as a much slower rate
with respect to p.

Next we consider the low-order refined preconditioner L%;h for the elliptic-
type auxiliary problem defined by the triple product Lg, = G{Ah (G}, in isolation
from the rest of the AMS cycle. In Table 1 we show the convergence factor for the
triple product operator when preconditioned by hypre BoomerAMG assembled
for both the high-order triple-product and the low-order refined rediscretization,
using a toy 2 x 2 mesh of squares on the domain Q = [0, 1]?. The effectiveness of
this approximation is shown in the table, where the low-order refined technique
still leads to acceptable convergence rates for constant coefficients and orders up
to p = 16. For a case with variable coefficients (see subsection 6.3 for details),
the results are also quite reasonable.

6.2. Constant coefficients

The first results for the full Maxwell problem (1) are on a toy 2 x 2 mesh
of squares on the domain Q = [0,1]? with constant coefficients a = 8 = 1.
We approximate Lﬁi with a single BoomerAMG V-cycle built for the operator
Llljh7 and we approximate Lai with a single CG iteration preconditioned with
a BoomerAMG V-cycle built for Lbh. The results for this very simple problem
are in Figure 5 and Table 2. They show that our matrix-free approach leads to
a reasonable and practical preconditioner even for extremely high polynomial
orders where it is prohibitively difficult to construct a matrix. In particular,
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Figure 5: Solve time on the left, setup (including assembly) time on the right, for varying poly-
nomial order p and preconditioning strategies for the outer CG iteration. Note the O(p9t?)
scaling of the solve time for the matrix-free AMS preconditioner.

Table 2: Iteration counts, 22 elements, various polynomial orders p.

matrix-free assembled

order tensor ams tensor jacobi hypre ams

2 6 3 4
4 10 7 6
8 12 17 8
16 16 48 8
32 22 112 8
64 27 247 —
96 30 383 —
128 31 521

the scaling with respect to order for the inverse of the operator in Figure 5 is
proportional to the nearly optimal O(p?*!) timing of the forward application of
the same operator. Though the iteration counts in Table 2 grow somewhat with
p, the growth is moderate, and very high p is still possible with this approach.
To ensure that our preconditioner continues to be scalable with respect to
h, we do a set of experiments with fixed p = 16 and varying element size h,
still on a uniform square grid. These results show that our matrix-free AMS
cycle maintains optimality with respect to mesh size h, with details shown in
Table 3 and Figure 6. This example is included partially to show that simple
Jacobi preconditioning is not a reasonable choice in this regime, even if it works
reasonably well for the tiny four element problems previously presented.

6.3. Varying coefficients

One attractive property of the AMS framework is its algebraic nature, which
allows it to be used easily with unstructured grids and varying coefficients a, 3.
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Table 3: Iteration counts, polynomial order p = 16, various numbers of elements.

matrix-free assembled

elements tensor ams tensor jacobi hypre ams

22 16 48 8
42 17 110 9
82 17 237 8
162 17 491 8
322 18 1037 8
100 A
= 10 4
g >~ hypre-ams
o1l % ams
4~ jacobi
0.1+
1 16 64 256 1024
elements

Figure 6: Solve time for h-scaling. Both assembled AMS (hypre-ams) and matrix-free AMS
show optimal scaling in this regime, while Jacobi of course does not.
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3 varies

Figure 7: Varying piecewise constant coefficient example setup.

Figure 8: A mesh with curved elements, here with a finite element mapping in Q3.

Here we show how our matrix-free AMS cycle behaves with a varying coefficient
B. The numerical results here are on a uniform 8 x 8 grid of squares, with
piecewise constant coefficient as described in Figure 7.

In this setting, a single V-cycle on the low-order refined space may not be
a good enough preconditioner for the auxiliary space operator. So we perform
an auxiliary space solve with a CG iteration on the natural auxiliary space
operators L, , Lg, , preconditioned with (assembled) AMG built for the low-
order refined operators. The results are summarized in Table 4 and Table 5,
where “tensor-n” refers to an auxiliary space CG solve with n iterations, where
if n = 0o we solve to machine precision for comparison. We see that very high
contrast induces some minor difficulty in the auxiliary space solve, but that the
overall AMS cycle is still robust under the assumption that the inner solves are
accurate.

6.4. Nonuniform and curved meshes

Here we demonstrate the effectiveness of the tensor-product based precondi-
tioner on a mesh with curved elements, as in Figure 8. These are standard finite
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Table 4: Number of outer CG iterations for example with varying piecewise constant coeffi-
cient.

contrast in

solver le+00 1le+01 1e+02 1le+04 1e+08
p=4

hypre 6 8 8 9 9

tensor-1 14 15 18 21 24

tensor-4 5 6 7 9 10

tensor-oo 2 3 3 3 3
p=38

hypre 9 11 11 11 10

tensor-1 15 16 20 21 33

tensor-4 6 6 10 9 12

tensor-oo 2 3 3 3 3

Table 5: Solve time in seconds for the example with varying piecewise constant coefficient.

contrast in

solver le+00 1e+01 1e+02 1e+04 1e+08
p=4
hypre 0.02 0.02 0.03 0.03 0.03

tensor-1 0.07 0.07 0.08 0.09 0.11
tensor-4 0.07 0.06 0.07 0.09 0.10
tensor-oo  0.31 0.40 0.41 0.38 0.39

p=38
hypre 0.33 0.32 0.32 0.32 0.30
tensor-1 0.62 0.60 0.76 0.83 1.22

tensor-4 0.49 0.49 0.77 0.74 0.92
tensor-oo  2.65 3.49 3.51 3.67 3.56
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Table 6: Results on a curved mesh

iterations solve (s) setup (s)

order tensor hypre tensor hypre tensor hypre

2 12 5 0.01 0.01 0.02 0.01
4 14 8 0.03 0.01 0.01 0.01
8 18 14 0.17 0.14 0.01 0.15
16 36 19 2.07 3.16 0.09 6.71
32 90 26 32.19  66.30 0.32 655.61

element spaces where the mapping from the reference element to the physical
element is of high polynomial order, and all the tensor manipulations outlined in
Section 5 go through with only the modification of increasing integration order
to account for the higher-order polynomial in the Jacobian. The use of curved
element geometries is perhaps unnecessary for our simple Maxwell equation, but
these type of geometries have important advantages in complicated multiphysics
settings, see for example [10].

We compare the unassembled high-order algorithm outlined above to the
fully-assembled matrix-based AMS available in Hypre for several polynomial
orders on the mesh in Figure 8, with results shown in Table 6. The iteration
count is significantly higher for the unassembled version, but solving the prob-
lem is still practical here even at very high polynomial order, where assembly
becomes a bottleneck in the traditional approach.

7. Conclusion

We have shown the possibility of implementing an auxiliary space Maxwell
solver for electromagnetics problems in a matrix-free setting, that is, without
explicit assembly of high-order finite element matrices. The resulting solver is
practical for very high polynomial order in two dimensions, scales optimally
with respect to h, and shows good promise for efficient implementation on next-
generation hardware. Getting accurate auxiliary space solves at a cost that
scales well in p for problems with varying coefficients is a challenge, but given
such a H' auxiliary space solver the underlying AMS framework is robust to a
variety of coefficients, curved meshes, and complex geometries.
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