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ABSTRACT

In recent years, several magnetic Mott insulators with strong spin-orbit coupling were suggested to be proximate to the Kitaev quantum
spin liquid, whose one of the most exciting features is the fractionalization of spin excitations into itinerant Majorana fermions and static Z2
fluxes. Unfortunately, the ground states of these systems cannot be easily captured by experiment, remaining featureless to conventional
local probes. Here, we propose to study the signatures of fractionalized excitations by exploiting their coupling to the lattice vibrations,
dubbed magnetoelastic coupling, which arises from the fact that the interaction between spins depends on the relative distance between
them. We argue that the magnetoelastic coupling can lead to the distinct modification of the phonon dynamics, which can be observed by
measuring renormalized phonon spectrum, the sound attenuation, and the phonon Hall viscosity. This makes the phonon dynamics a
promising tool for the characterization and identification of quantum spin liquid phases. In this work, we focus on the magnetoelastic
effects in the three-dimensional Kitaev model realized on the hyperhoneycomb lattice. The hyperhoneycomb Kitaev spin liquid is particu-
larly interesting since the strong Kitaev interaction was observed in the Kitaev magnet β-Li2IrO3, for which the spin-orbit entangled
Jeff = 1/2 moments of iridium ions form precisely the hyperhoneycomb lattice.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/10.0005801

1. INTRODUCTION

Quantum spins in a solid can avoid a formation of long-range
magnetic order even at zero temperature and, instead, can form a
fluid type of the ground state. This state is known as a quantum
spin liquid (QSL) and has a remarkable set of collective phenom-
ena including topological ground-state degeneracy, long-range
entanglement, and fractionalized excitations.1–7 In recent years,
much work has been done to understand the nature of QSL;
however, even identifying realistic models that host this state is not
a trivial task. In parallel, a long experimental quest has identified a
number of two- and three-dimensional candidate materials belong-
ing to the class of frustrated magnets, which provide evidence for
spin liquid physics to exist in the real world.8–16

When searching for QSL physics in real materials, a promising
route is to look for signatures of spin fractionalizations in various
types of dynamical probes, such as inelastic neutron scattering,
Raman scattering, resonant inelastic x-ray scattering, ultrafast spec-
troscopy and terahertz non-linear coherent spectroscopy, and
thermodynamics.5–7,15 In addition, much information can be

obtained by studying the phonon dynamics in the QSL candidate
materials,17–22 since the spin-lattice interaction is inevitable in real
materials and is often rather strong.23–26 The characteristic modifi-
cations of the phonon dynamics in QSL materials compared with
their non-magnetic or magnetically ordered analogs can be
observed in the renormalization of the spectrum of acoustic
phonons,26 particular temperature dependence of the sound attenu-
ation and the phonon Hall viscosity,19–21 the Fano line shapes of
the Raman active phonons caused by the overlapping of the optical
phonon modes with the continuum of the fractionalized
excitations,22,27–31 thermal conductivity and thermal Hall effect.24

Particularly appealing is the possibility of using the phonon
dynamics to probe spin fractionalization characteristic to the Kitaev
spin liquid.32 The Kitaev model is the prototypical example of a
QSL model that possesses an exact solution. Introduced and solved
by Alexei Kitaev in his seminal paper32 on the honeycomb lattice,
this model yet can be generalized and defined for various
tri-coordinated three-dimensional (3D) lattices.33–40 The Kitaev
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model describes a quantum spin−1/2 magnet and has a form

Hs ¼ �Jx
X
r,r0h i[x

σx
rσ

x
r0 � Jy

X
r,r0h i[y

σy
rσ

y
r0 � Jz

X
r,r0h i[z

σz
rσ

z
r0 , (1)

where Jx,y,z are the coupling constants for the three types of bonds
x, y, and z. In particular, spins fractionalize into two types of
degrees of freedom in the Kitaev model: dispersing Majorana fer-
mions (spinons) and gapped Z2 fluxes. In the unperturbed Kitaev
model, the flux is conserved, and the ground state can be viewed as
a band insulator, or metal, of Majorana fermions in the flux
background which minimizes the total energy. In the vicinity of
the isotropic point, Jx � Jy � Jz the ground state of both two-
dimensional and three-dimensional Kitaev models has gapless
Majorana fermions, which exhibit a rich variety of nodal structures,
a systematic classification of which was done by O’Brien, et al.35

They found out that while the gapless QSLs in the hyperhoney-
comb and the stripyhoneycomb are characterized by nodal lines of
Dirac cones, Majorana fermion band structure on the hyperhexa-
gon lattice has only bulk Weyls nodes.35 On contrary, Majorana
fermions on the hyperoctagon are characterized by a topological
spinon Fermi surface.34

The presence of exact solution makes the Kitaev spin liquids
especially appealing because it gives a genuine opportunity for
exploring QSL physics on a more quantitative level, since the
response functions can be analytically computed for these special
Hamiltonians.36–38,40,61–66 These studies show that the nodal struc-
tures of the Majorana fermions in 2D and 3D Kitaev spin liquids
leave unambiguous characteristic fingerprints in the dynamical
probes. This is highly significant, because it gives us an opportunity
to learn about generic behavior of other QSLs, which are much
more difficult to describe. Another important aspect is that there
exist suitable material candidates for realizing these Kitaev QSL
phases,41,42 such as the honeycomb iridates Na2IrO3

43,44 and
α-Li2IrO3,

45 the honeycomb ruthenium chloride α-RuCl3,
46,47 and

the 3D harmonichoneycomb iridates β- and γ-Li2IrO3.
48–51

Although all these candidate materials actually order at low temper-
ature, the presence of a large Kitaev term suggests that these
ordered ground states are proximate to spin liquid phases — a
statement which is also supported by recent experiments.16,27,52–60

The comparison of the experimental findings with the available
theoretical predictions allows us to understand how close are the
candidate materials to their model counterparts.

In this paper, we focus on the study of the magnetoelastic
effects in the Kitaev model on the hyperhoneycomb lattice. This is
particularly important because of the existence of the Kitaev candi-
date material β-Li2IrO3,

48,49 which is realized on the hyperhoney-
comb lattice. While we know that other interactions are present in
this compound in addition to the dominant Kitaev interaction,
here we assume that some good intuition can be observed by study-
ing the limiting case of the pure Kitaev model. The ground state of
the isotropic Kitaev spin liquid on the hyperhoneycomb lattice cor-
responds to a fixed zero-flux configuration. This, however, can only
be checked numerically, since the hyperhoneycomb lattice does not
have any of the required mirror planes to apply Lieb’s
theorem.35,67,68 Therefore, at temperatures below the flux gap Δflux,

the low-energy magnetic excitations are solely dispersive Majorana
fermions.

The main result presented in this paper is the derivation of
the coupling vertices for the low-energy Majorana fermions and
acoustic phonons. In order to obtain the Majorana fermion-
phonon (MFPh) couplings, we performed a microscopic analysis of
the change of the spin exchange energy due to the lattice distortion
and obtain the explicit form of the MFPh couplings by considering
acoustic phonon modes coupled to low-energy spin degrees of
freedom expressed in terms of the Majorana fermions. We also
found that in the low-energy limit, this coupling has essentially the
same form as the one obtained from the symmetry considerations.

The knowledge of the MFPh couplings allows us to compute
the phonon dynamics and, in particular, the experimentally observ-
able consequences of the spin-lattice coupling such as phonon
attenuation, phonon viscosity, phonon conductivity, and phonon
Hall effect.20,21 Specifically, the sound attenuation may be measured
by the ultrasound experiment and the Hall viscosity could be
inferred from acoustic Faraday effect, thermal Hall effect and spec-
troscopy measurement.

The rest of the paper is organized as follows. In Sec. 2, we
review the essential details and symmetry of the three-dimensional
hyperhoneycomb lattice. In Sec. 3, we present the derivation of the
spin-phonon Hamiltonian. In Sec. 3.1, we discuss the Kitaev model
on the hyperhoneycomb lattice and obtain its fermionic band
structure. We show that the fermions are gapless along the nodal
line within the Γ-X-Y plane, for which we obtain an analytical
equation. In Sec. 3.2, we introduce the lattice Hamiltonian for the
acoustic phonons on the hyperhoneycomb lattice and obtain the
acoustic phonon spectrum. In Sec. 3.3, we present the explicit
microscopic derivation of the Majorana fermion-phonon coupling
vertices and show that there are four symmetry channels which
contribute into them. In Sec. 4, we present a short summary
and discuss the possibility for the spin fractionalization in the
Kitaev hyperhoneycomb model to be seen in the phonon
dynamics.

2. BRIEF REVIEW OF THE HYPERHONEYCOMB
STRUCTURE

We start by reviewing essential details of the three-
dimensional hyperhoneycomb lattice, which we sketch in Fig. 1.
The hyperhoneycomb lattice is a face-centered orthorhombic lattice
with four sites per primitive face-centered orthorhombic unit cell
defined by the lattice vectors a1 ¼ (0,

ffiffiffi
2

p
, 3), a2 = (1, 0, 3), and

a3 ¼ (1,
ffiffiffi
2

p
, 0). The conventional orthorhombic unit cell is set by

the crystallographic axes fâ; b̂; ĉg, which are related to the
Cartesian axes {x̂, ŷ, ẑ} appearing in the spin Hamiltonian Eq. (1)
by x̂ ¼ (âþ ĉ)/

ffiffiffi
2

p
, ŷ ¼ (ĉ� â)/

ffiffiffi
2

p
, and ẑ ¼ �b̂. Different bond

types x, y, z and are marked by red, green, and blue, respectively.
Note, however, that there are two non-equivalent types of x and y
bonds, and the hyperhoneycomb structure can be viewed as a
stacking of two types of zigzag chains formed by x and y, and x0

and y0 bonds run along two distinct directions (90° rotated with
respect to each other): xy-chains run along a + b direction and
x0y0-chains run along a− b direction. The two types of chains are
interconnected with vertical z-bonds. Thus, in total, there are five
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types of nearest neighbor bonds: x, y, x0, y0, and z. Apart from
translations, the crystal structure is invariant under the D2h point
group symmetry, which consists of (i). Inversion through the
center of every x- or y- or x0- or y0-type of bonds. (ii) Three
π-rotations, C2a, C2b, and C2c, around the axes a, b, and c, respec-
tively, passing through the middle of the bonds. In particular, C2a

maps x-bonds to y0-bonds and y-bonds to x0-bonds. Similarly, C2b

maps x-bonds to x0-bonds and y-bonds to y0-bonds. Finally, C2c

maps x-bonds to y-bonds and x0-bonds to y0-bonds. (iii) Three
glide planes which arise by reflections across the ab-, bc- and
ac-planes passing through an inversion center, followed by non-
primitive translations by 1

4
1
4 0

� �
, 0 1

4
1
4

� �
and 1

4 0
1
4

� �
, in orthorhombic

units, respectively.

3. THE SPIN-PHONON MODEL

We focus our discussion on the spin-phonon Hamiltonian on
the hyperhoneycomb lattice:

H ¼ Hs þHph þHc: (2)

The first term in Eq. (2) is the spin Hamiltonian given by Eq. (1).
The second term is the bare Hamiltonian for the acoustic phonons.
The third term is the magnetoelastic coupling.

3.1. The kitaev model on the hyperhoneycomb lattice

The spin Hamiltonian is given by Eq. (1). For simplicity, we
consider the isotropic Kitaev model on the hyperhoneycomb
lattice. Because only one component of the spin interacts along
each bond, there is one conserved quantity for every plaquette,
which on the hyperhoneycomb lattice consists of ten sites (see
shaded region in Fig. 1). The plaquette operator is given by

Ŵp ¼
Y
r[P

σα(r)
r , (3)

which is the product of spin operators around a plaquette P, whose
spin component α(r) is given by the label of the outgoing bond
direction. Since all plaquette operators Ŵp commute with the
Hamiltonian and take eigenvalues of +1, the Hilbert space of the
spin Hamiltonian Hs can be divided into eigenspaces of Ŵp. The
ground state of the Kitaev model on the hyperhoneycomb lattice is
the zero-flux state with all Wp = 1.33,35 This, however, can not be
shown exactly based on the Lieb’s theorem67 but only based on the
numerical calculations.35,40 Thus, strictly speaking, the Kitaev model
on hyperhoneycomb lattice is not exactly solvable.

Using the Kitaev fermionization σκr ¼ ibκr cr with κ = x, y, z,32

the spin Hamiltonian Eq. (1) can be rewritten as

Hs ¼
X
κ

X
r,r0h i

iJκu
κ
r,r0crcr0 ¼

1
2

X
r;r0

Hr;r0crcr0 , (4)

where uκr,r0 ; ibκr b
κ
r0 ¼ +1, Hr,r0 ¼ iJκ uκr,r0 if r and r0 are neighbor-

ing sites connected by a κ bond and Hr,r0 ¼ 0 otherwise. In the
ground-state flux sector, we choose the gauge sector with all
uκr,r0 ¼ 1, which corresponds to all Wp = 1. The quadratic fermionic
Hamiltonian in Eq. (4) can be diagonalized via a standard proce-
dure.32 Since the hyperhoneycomb lattice has four sites per unit
cell, the resulting band structure has four fermion bands. The diag-
onal form of the Hamiltonian38

Hs ¼
X
k

X4
μ¼1

εk,μ ψ
y
k,μψk,μ �

1
2

� �
(5)

is then obtained by the unitary transformation ~Hk ¼ Wk � Ek �Wy
k

of the Hermitian matrix ~Hk with elements ( ~Hk)vv0 ¼ 1
N

P
r[vP

r0[v0 Hr;r0eik�(r
0�r), where εk;μ ¼ ðEkÞμμ are the fermion energies.

The fermionic eigenmodes are given by

ψk,μ ¼
1ffiffiffiffiffiffi
2N

p
Xn
ν¼1

(Wy
k )μν

X
r[ν

cre
�ik�r: (6)

Note that only the fermions ψk,μ with energies εk,μ . 0 are physical
due to the particle-hole redundancy ~H�k ¼ � ~Hk, which implies
ψ�k,μ ¼ ψ

y
k,μ and ε�k,μ ¼ �εk,μ. Thus, only two branches will have

positive spectrum. The lowest branch shown in Fig. 2 for the

FIG. 1. The sketch of the hyperhoneycomb lattice. The three lattice vectors of
the primitive face-centered orthorhombic lattice are given by a1 ¼ (0,

ffiffiffi
2

p
, 3),

a2 = (1,0,3), and a3 ¼ (1,
ffiffiffi
2

p
, 0). The four sublattices A, B, C, and D are

shown, and we set rA = (0,0,0). The nearest neighbor vectors are
M1 ¼ 1

2 (1,
ffiffiffi
2

p
, � 1), M2 ¼ 1

2 (1, �
ffiffiffi
2

p
, � 1), M3 ¼ 1

2 (�1, � ffiffiffi
2

p
, � 1),

M4 ¼ 1
2 (�1,

ffiffiffi
2

p
, � 1), and M5 = (0,0,1). Different bond types x, y, and z are

marked by red, green, and blue, respectively. The conventional orthorhombic
unit cell is set by the crystallographic axes â, b̂ and ĉ, which are related to the
Cartesian axes {x̂, ŷ, ẑ} appearing in the spin Hamiltonian Eq. (1) by
x̂ ¼ (âþ ĉ)/

ffiffiffi
2

p
, ŷ ¼ (ĉ� â)/

ffiffiffi
2

p
, and ẑ ¼ �b̂. The shaded region denotes a

loop on the hyperhoneycomb lattice containing 10 sites. The plaquette operator
on such a loop is a conserved operator Wp, since ½Wp;Hs� ¼ 0:
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(ka, kb) plane exhibits the nodal line, which is protected by
time-reversal symmetry.35 We can also see that similarly to the
spectrum of the Kitaev model on the honeycomb lattice, in this
case, the dispersion is linear about the zero-energy modes, i.e., each
point of the nodal line represents a Dirac cone. By solving the
equation εk;1 ¼ 0, we obtained the functional form for the nodal
line, which reads

kb ¼ 1ffiffiffi
2

p arg 1� 2 cos ka + i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 cos ka � 2 cos 2ka

p� �
: (7)

In Fig. 3 we plot the density of states (DOS) for the hyperho-
neycomb Kitaev model (shown by the black line). The DOS is
defined as

DOS(E) ¼
X
μ¼1,2

ð
BZ

δ(E � εk,μ)d
3k, (8)

where the contributions from both branches of excitations are
summed up. The low-energy density of states is linear in energy,
which follows directly from the linear low-energy dispersion and
the dimension of the Fermi surface, df, or in other words, the
dimension of the set of points on which the energy is zero—for a
nodal line df = 1 and for a Dirac point df = 0.36 For comparison, in

Fig. 3 we also plot the DOS for the 2D honeycomb model (shown
by the red line). The differences between the densities of states
for these two lattices can be understood in terms of the number of
fermionic bands, one for the honeycomb lattice and two for the
hyperhoneycomb lattices, and their nodal structure — two Dirac
points for the honeycomb lattice and the closed line of Dirac points
for the hyperhoneycomb lattice. The former leads to the absence of
the Van Hove singularities and overall more flatten DOS for the
hyperhoneycomb lattice. The latter is responsible for a faster growth
of the hyperhoneycomb DOS at low energies, which is consistent
with higher dimensionality of the nodal line and enlarged number of
low-energy states.

3.2. Acoustic phonons on the hyperhoneycomb lattice

The bare Hamiltonian for the acoustic phonons on the hyper-
honeycomb lattice is given by

Hph ¼ Hkinetic
ph þHelastic

ph : (9)

Here, Hkinetic
ph ¼P q,μ

P�q,μ�Pq,μ

2ρδV
, where Pq;μ is the momentum of the

phonon with polarization μ, δV is the area enclosed in one unit cell
and ρ is the mass density of the lattice ions.

In order to describe the dynamics of the low-energy acoustic
phonons, it is convenient to move away from the Hamiltonian for-
mulation and employ instead the long-wavelength effective action
S approach in terms of the fields u ¼ fua; ub; ucg, which describe
the displacement of an atom from its original location. To lowest
order, it reads69

S(s)ph ¼
ð
d2xdτ[ρ(@τu)

2 þ F], F ¼ 1
2
Cijlkεijεlk, (10)

where F is the elastic free energy, εij ¼ 1
2 (@iuj þ @jui) are the com-

ponents of the strain tensor and Cijlk represent the elements of the
elastic modulus tensor. From symmetry considerations, for a lattice
with D2h point group symmetry, there are nine independent

FIG. 2. Panel (a) shows the dispersion of the lowest branch of the fermionic
excitations in the hyperhoneycomb Kitaev model through the plane of the nodal
line, whose position in the Brillouin zone is explicitly shown in panel (b).

FIG. 3. One-fermion densities of states of isotropic Kitaev models on the hon-
eycomb (red line, 1) and hyperhoneycomb (black line, 2) lattices. In each case,
the density of states is normalized such that its integral is unity.
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non-zero elastic modulus tensor coefficients: Caaaa, Cbbbb, Ccccc,
Cacac, Cabab, Caabb, Caacc, Cbbcc, Cbcbc. Performing the Fourier

transform, u(r) ¼ 1ffiffiffi
N

p
P

q e
iqruq, the elastic free energy can be

explicitly written as

F ¼ 1
2

Caaaaq2a þ Cacacq2c þ Cababq2b qbqa(Caabb þ Cabab) qaqc(Caacc þ Cacac)
qbqa(Caabb þ Cabab) Cababq2a þ Cbcbcq2c þ Cbbbbq2b qbqc(Cbbcc þ Cbcbc)
qaqc(Caacc þ Cacac) qbqc(Cbbcc þ Cbcbc) Cacacq2a þ Cccccq2c þ Cbcbcq2b

0
@

1
A, (11)

where qa = q sinθ cosf, qb= q sinθ sinf and qc = q cosθ are the
components of the acoustic vector q in the orthorhombic reference
frame. By diagonalizing the matrix (11), we compute eigenmodes,
one longitudinal and two transverse acoustic modes, and the corre-
sponding eigenenergies. The longitudinal and transverse acoustic
phonons are then given by

uq;a
uq;b
uq;c

0
@

1
A ¼

R11(θ, f) R12(θ, f) R13(θ, f)
R21(θ, f) R22(θ, f) R23(θ, f)
R31(θ, f) R32(θ, f) R33(θ, f)

0
@

1
A ~ujjq

~u1,?q
~u2,?q

0
BB@

1
CCA, (12)

where R̂ is the transformation matrix. The energies of the longitu-
dinal and transverse acoustic phonons are

Ωjj
q ¼νjjs (θ, f)q,

Ω1,?
q ¼ν1,?s (θ, f)q,

Ω2,?
q ¼ν2,?s (θ, f)q,

(13)

where the sound velocities for the longitudinal acoustic mode,
vjjs (θ, f), and two transverse modes, v1,?s (θ, f) and v2,?s (θ, f) are
anisotropic in space. In Fig. 4, we plot the angular dependences of
these velocities computed for the elastic modulus tensor coefficients
close to those in β-LiIr2O3 (in kbar): Caaaa = Cbbbb = Ccccc = 2800,
Caacc = Cbbcc = 1300, Caabb = Cabab = Cacac = Cbcbc = 900,70 such that
the maximum velocity is set to 2⋅104 m/s, which is close to vjjs in
α-RuCl3 estimated from the Debye temperature.20

Knowing the acoustic phonon dispersion relations, we can
now determine the free phonon propagator in terms of lattice dis-
placement field ~uvq is given by

D(0)
νν,q(t) ¼ �i T~uν�q(t)~u

ν
q(0)

D E(0)
, (14)

where T is time ordering operator, the superscript (0) denotes the
bare propagator, v ¼ k, (1, ?), (2, ?) labels the polarization, and
~uvq are phonon eigenmodes in the corresponding polarizations.
We follow the convention in Ashcroft and Mermin,71 and write the
second quantized form of ~uvq as

~uνq(t) ¼ i(
�h

2ρδVΩν
q
)
1/2

(~aqe
�iΩν

qt þ ~ay�qe
iΩν

qt), (15)

where δV is the area enclosed in one unit cell and ρ is the mass
density of the lattice ions. The time-ordered phonon propagator in
the momentum and frequency space is then given by

D(0)
νν (q, Ω) ¼

ð
dtD(0)

νν,q(t)e
iΩt ¼ �h

ρδV

1

Ω2 � (Ων
q)

2 þ iδ
: (16)

The dynamics of phonons will be thus described by the decay and
scattering of these eigenmodes on low-energy fractionalized excita-
tions of the Kitaev model, which can be accounted for by the
phonon self-energy. At the lowest order, the phonon self-energy is
given by the polarization bubble that can be expressed as20

FIG. 4. Angular dependence of the sound velocities for (a) longitudinal mode and (b), and (c) two transverse modes. The color bar shows the absolute value of the sound
velocity measured 103 m/s.
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Yνν0

ph
(q, Ω) ¼ �i

2!

ð
dteiΩt

1
N

X
k,k0

TψT
�k�q(t)λ̂

ν
q,kψk(t)ψ

T
�k0þq(0)λ̂

ν0
�q,k0ψk0 (0)

D E
¼ iTr[λ̂νq,kG(k, ω)λ̂ν

0
q,kG(k � q, ωþΩ)], (17)

where v, v0 ¼ k, (1, ?), (2, ?) and G(k, ω) denotes the Majorana
fermions Green’s function for the lowest branch, i.e.,
ψk ≡ ψk ,1, which is given by

G(k, ω) ¼ �i
ð1
�1

dt Tψk(t)ψ
T
�k(0)

	 

eiωt , (18)

and λ̂vq,k are the Majorana fermion-phonon (MFPh) coupling vertices.
The renormalized phonon propagator is then given by the equation

D(q, Ω) ¼ {(D(0)(q, Ω))
�1 � Πph(q, Ω))}

�1
: (19)

Thus, in order to study the phonon dynamics in the Kitaev spin
liquid, it remains to compute the MFPh coupling vertices λ̂vq,k , which
we will do in the next section.

3.3. Microscopic derivation of the effective low-energy
coupling Hamiltonian

The third term in Eq. (2) denotes the magneto-elastic coupling
that arises from the change in the Kitaev coupling due to the lattice
vibrations. In this section, we express the spin-lattice coupling in
terms of the MFPh coupling and derive the explicit expressions for
the MFPh coupling vertices. This is the main result of this work.

In the long wavelength limit for the acoustic phonons, the
coupling Hamiltonian on the bond can be written in a differential
form:

Hc
r,rþMα

¼� λMα � (u(r)� u(rþMα))σ
α
r σ

α
rþMα

¼λMa � [(Ma � ∇)u(r)]σαr σαrþMα ,

(20)

where λ � dJ
dr

� �
eqla is the strength of the spin-phonon interaction

and la is the lattice constant. On the hyperhoneycomb lattice, there
are five inequivalent nearest neighbor x, y, z, x0y0 bonds, defined,
respectively, by Mα = (M1, M2, M3, M4, M5) (see Fig. 1) given by

M1 ¼ 1
2
(1,

ffiffiffi
2

p
, � 1), M2 ¼ 1

2
(1, � ffiffiffi

2
p

, � 1),

M3 ¼ 1
2
(�1, � ffiffiffi

2
p

, � 1), M4 ¼ 1
2
(�1,

ffiffiffi
2

p
, � 1),

M5 ¼ (0, 0, 1), (21)

where all the components of these vectors are given in the orthorhom-
bic coordinates and are shown in Fig. 1. Note also that we choose the
directions of Mα vectors such that the zero-flux ground state sector
corresponds to uκr;r0 ¼ 1 in all neareast bonds. Using these vectors, we
can write the spin-phonon coupling Hamiltonian as

H¼ 1
4
λ
X
rA

�
4σzrAσ

z
rAþM5

ϵccþσyrAσ
y
rAþM2

(ϵaaþ 2ϵbbþϵcc� 2
ffiffiffi
2

p
ϵab� 2ϵacþ 2

ffiffiffi
2

p
ϵbc)þσxrAσ

x
rAþM4

ϵaaþ 2ϵbbþ ϵcc� 2
ffiffiffi
2

p
ϵabþ 2ϵac� 2

ffiffiffi
2

p
ϵbc

� ��

þ
X
rB

σyrBσ
y
rBþM1

ϵaaþ 2ϵbbþ ϵccþ 2
ffiffiffi
2

p
ϵab� 2ϵac� 2

ffiffiffi
2

p
ϵbc

� �þσxrBσ
x
rBþM3

ϵaaþ 2ϵbbþϵccþ 2
ffiffiffi
2

p
ϵabþ 2ϵacþ 2

ffiffiffi
2

p
ϵbc

� �h i
: (22)

In the following, we follow the symmetry arguments to write down
the spin-phonon Hamiltonian, which will have four independent sym-
metry channels under D2h, i.e., Ag, B1g, B2g, and B3g, which are the
inversion-symmetric irreducible representations (IRRs) of this group.
The linear combinations of the strain tensors that transform as the
D2h are ϵaa, ϵbb, and ϵcc, in the Ag channel, and ϵab, ϵac, and ϵbc in
B1g, B2g, and B3g, respectively. Then we identify the linear combina-
tions of the Kitaev interactions that transform according to these
IRRs. To do this, we need to remember that the symmetry of the
Kitaev model (1) involves combined lattice and spin transformations.
In particular, the three π-rotations around the crystallographic axes a,
b, and c must be combined with the rotations in the spin space: C2a

rotation should be combined with [σx , σy , σz] ! [� σy , � σx , �
σz] transformation in spin space; similarly, C2b with [σx , σy , σz] !
[� σx , � σy , σz] and C2c with [σx , σy , σz] ! [σy , σx , � σz]

rotations in spin space. Taking this into account, we find

Asp
g � (σzrAσ

z
rAþM5

,

σyrBσ
y
rBþM1

þ σyrAσ
y
rAþM2

þ σxrBσ
x
rBþM3

þ σyrAσ
y
rAþM4

),

Bsp
1g � σyrBσ

y
rBþM1

� σyrAσ
y
rAþM2

þ σxrBσ
x
rBþM3

� σxrAσ
x
rAþM4

,

Bsp
2g � �σyrBσ

y
rBþM1

� σyrAσ
y
rAþM2

þ σxrBσ
x
rBþM3

þ σxrAσ
x
rAþM4

,

Bsp
3g � �σyrBσ

y
rBþM1

þ σyrAσ
y
rAþM2

þ σxrBσ
x
rBþM3

� σxrAσ
x
rAþM4

:

The spin-phonon coupling Hamiltonian Ηc can be written
as a sum of four independent contributions, one from
Aph
g � Asp

g and three from Bph
1g � Bsp

1g , Bph
2g � Bsp

2g and Bph
3g � Bsp

3g .
Thus, Hc ¼ HAg

c þHB1g
c þHB2g

c þHB3g
c , where:

Low Temperature
Physics ARTICLE scitation.org/journal/ltp

Low Temp. Phys. 47, 784 (2021); doi: 10.1063/10.0005801 47, 789

Published under an exclusive license by AIP Publishing

https://aip.scitation.org/journal/ltp


HAg
c ¼ λAg

X
rA ,rB

{4ϵccσ
z
rAσ

z
rAþM5

þ (ϵaa þ 2ϵbb þ ϵccÞðσy
rBσ

y
rBþM1

þ σy
rAσ

y
rAþM2

þ σx
rBσ

x
rBþM3

þ σx
rAσ

x
rAþM4

)},

HB1g
c ¼ λB1g

X
rA ,rB

ϵab(σ
y
rBσ

y
rBþM1

� σy
rAσ

y
rAþM2

þ σx
rBσ

x
rBþM3

� σx
rAσ

x
rAþM4

),

HB2g
c ¼ λB2g

X
rA ,rB

ϵac(�σy
rBσ

y
rBþM1

� σy
rAσ

y
rAþM2

þ σx
rBσ

x
rBþM3

þ σx
rAσ

x
rAþM4

),

HB3g
c ¼ λB3g

X
rA ,rB

ϵbc(�σy
rBσ

y
rBþM1

þ σy
rAσ

y
rAþM2

þ σx
rBσ

x
rBþM3

� σx
rAσ

x
rAþM4

),

(23)

where we absorbed numerical prefactors into the definitions of the
coupling constants λAg , λB1g , λB2g and λB3g :

Next, we express the spin-lattice coupling in terms of the
MFPh coupling. To this end, we again express the spin operators in
terms of the Majorana fermions using σκ

r ¼ ibκr cr . Performing the

Fourier transformation of the Majorana fermions given by

cr;α¼
ffiffiffi
2
N

q P
k ck;αe

ik�rα , where α =A,B,C,D, we rewrite the product of

the spin variables in terms of the Majorana fermions on all inequi-
valent bonds as

σy
rσ

y
rþM1

! AT
�q�kS

y
k

0 �ieik�a3 0 0

ie�ik�a3 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCASkAk , σ

y
rσ

y
rþM2

! AT
�q�kS

y
k

0 0 0 0

0 0 0 0

0 0 0 ieik�a1

0 0 �ie�ik�a1 0

0
BBB@

1
CCCASkAk ,

σx
rσ

x
rþM3

! AT
�q�kS

y
k

0 �i 0 0

i 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCASkAk , σ

x
rσ

x
rþM4

! AT
�q�kS

y
k

0 0 0 0

0 0 0 0

0 0 0 ieik�a2

0 0 �ie�ik�a2 0

0
BBB@

1
CCCASkAk ,

σz
rσ

z
rþM5

! AT
�q�kS

y
k

0 0 �i 0

0 0 0 i

i 0 0 0

0 �i 0 0

0
BBB@

1
CCCASkAk ,

(24)

where ai are the primitive unit vectors, Sk = diag{exp ik ⋅ rj}j=c,b,d,a and

AT
�q�k ¼

c�q�k

b�q�k

d�q�k

a�q�k

0
BB@

1
CCA

T

, Ak ¼
ck
bk
dk
ak

0
BB@

1
CCA,

where, in order to have simpler notations, we denoted ck,A ≡ ak, ck,B
≡ bk, ck,C ≡ ck, ck,D ≡ dk. We used this particular order in forming the
vector of the Majorana fermions, because we would like to use the
auxiliary Pauli matrices for the spin products entering in Eq. (24).
Next we perform the Fourier transformation of the strain tensor into
the momentum space: ϵαβðrÞ ¼ 1ffiffiffi

N
p
P

q
i
2 qαuq;β þ qβuq;α
� �

. We can
now rewrite the Majorana-phonon coupling Hamiltonian as a sum of
the contributions from different symmetry channels:

Hc ¼
ffiffiffiffi
2
N

r X
k,q

(HAg

k,q þHB1g
k,q þHB2g

k,q þHB3g

k,q), (25)

with

HAg

q;k ¼ iλAg ð4qcuq;cAT
�q�kS

y
k

Ô �iσ̂3
iσ̂3 Ô

 !
SkAk

þ ðqcuq;c þ 2qbuq;b þ qauq;aÞAT
�q�kS

y
k Q̂k;1SkAkÞ;

HB1g
q;k ¼ iλB1g

2
ðqauq;b þ qbuq;aÞAT

�q�kS
y
k Q̂k;2SkAk;

HB2g
q;k ¼ iλB2g

2
ðqauq;c þ qcuq;aÞAT

�q�kS
y
k Q̂k;3SkAk;

HB3g
q;k ¼ iλB3g

2
ðqbuq;c þ qcuq;bÞAT

�q�kS
y
k Q̂k;4SkAk:

(26)
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Here, we denote Ô ¼ 00
00

� �
, σ̂i are the auxiliary Pauli matrices and Q̂k-matrices are defined as

Q̂k;1 ¼ [1þ cos(k � a3)]σ̂2 þ sin(k � a3)σ̂1 Ô

Ô �[cos(k � a1)þ cos(k � a2)]σ̂2 � [sin(k � a1)þ sin(k � a2)]σ̂1

 !
,

Q̂k,2 ¼ [1þ cos(k � a3)]σ̂2 þ sin(k � a3)σ̂1 Ô

Ô [cos(k � a1)þ cos(k � a2)]σ̂2 þ [sin(k � a1)þ sin(k � a2)]σ̂1

 !
,

Q̂k,3 ¼ [1� cos(k � a3)]σ̂2 � sin(k � a3)σ̂1 Ô

Ô [cos(k � a1)� cos(k � a2)]σ̂2 þ [sin(k � a1)� sin(k � a2)]σ̂1

 !
,

Q̂k,4 ¼ [1� cos(k � a3)]σ̂2 � sin(k � a3)σ̂1 Ô

Ô �[cos(k � a1)� cos(k � a2)]σ̂2 þ [sin(k � a2)� sin(k � a1)]σ̂1

 !
:

(27)

Note also that since we are using the long wavelength limit for the phonons, we only kept the leading in q terms in all the expressions.
To obtain the expressions for the MFPh coupling vertices, we express the phonon modes in terms of the transverse/longitudinal eigen-

modes (12) and get

Hjj
q;k ¼ ~ujjqA�q�kS

y
k λ̂

jj
q;kSkAk;

H1;?
q;k ¼ ~u1;?q A�q�kS

y
k λ̂

1;?
q;k SkAk;

H2;?
q;k ¼ ~u2;?q A�q�k S

y
k λ̂

2;?
q;k Sk Ak;

(28)

where the MFPh vertices are given by

λ̂jjq;k ¼ iλAg 4qcR31
Ô �iσ̂3
iσ̂3 Ô

 !
þ ðqcR31 þ 2qbR21 þ qaR11ÞQ̂k;1

 !

þ iλB1g

2
ðqaR21 þ qbR11ÞQ̂k;2 þ

iλB2g

2
ðqaR31 þ qcR11ÞQ̂k;3 þ

iλB3g
2

ðqbR31 þ qcR21ÞQ̂k;4;

λ̂1;?q;k ¼ iλAg 4qcR32
Ô �iσ̂3
iσ̂3 Ô

 !
þ ðqcR32 þ 2qbR22 þ qaR12ÞQ̂k;1

 !

þ iλB1g

2
ðqaR22 þ qbR12ÞQ̂k;2 þ

iλB2g

2
ðqaR32 þ qcR12ÞQ̂k;3 þ

iλB3g
2

ðqbR32 þ qcR22ÞQ̂k;4;

λ̂2;?q;k ¼ iλAg 4qcR33
Ô �iσ̂3
iσ̂3 Ô

 !
þ ðqcR33 þ 2qbR23 þ qaR13ÞQ̂k;1

 !

þ iλB1g

2
ðqaR23 þ qbR13ÞQ̂k;2 þ

iλB2g

2
ðqaR33 þ qcR13ÞQ̂k;3 þ

iλB3g
2

ðqbR33 þ qcR23ÞQ̂k;4: (29)

4. SUMMARY

In this work, we perform the first step in the study of the
phonon dynamics in the Kitaev model on the hyperhoneycomb
and derive the Majorana fermion-phonon coupling vertices using
the symmetry considerations. We will use these vertices to compute
phonon attenuation, phonon conductivity, phonon viscosity, and
phonon Hall effect, which indirectly will allow us to study the

fractionalized excitations in the Kitaev spin liquid. The latter two
observables are non-zero only in the presence of time-reversal sym-
metry breaking due to applying a magnetic field.

All these observables can be obtained from the phonon self-
energy (17), this diagrammatic computation procedure was formu-
lated by some of us in Refs. 20 and 21. In particular, the sound
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attenuation is determined by the decay of a phonon into a pair of
Majorana fermions and can be calculated from the imaginary part
of the phonon self-energy as

αs(q) � � 1
ν2s q

Im[Πph(q, Ω)]Ω¼νsjqj, (30)

where vs is the sound velocity, which, in our case, depends on the
direction of q. We expect that the attenuation rate due to this
process will be linear in temperature due to the vanishing density
of states at the vicinity of the nodal line and, thus, will be the domi-
nant one compared with the sound attenuation due to phonon-
phonon interactions that in the three-dimensional system scales as
∝ T4. Our preliminary results, which will be published elsewhere,
indicate that due to the presence of the nodal line in the low-energy
Majorana fermion spectrum, the scattering of the acoustic phonons
on the Majorana fermions is stronger for the hyperhoneycomb
lattice than for the honeycomb lattice. The sound attenuation also
shows a strong angular dependence at the leading order in phonon
momentum q since both the sound velocity on the hyperhoney-
comb lattice and the Fermi velocity of the low-energy Majorana fer-
mions strongly depends on the spatial direction. We also anticipate
that the Z2 fluxes will play an important role in the phonon
dynamics at temperatures above the flux gap. Finally, the same
Majorana fermion-phonon interaction also gives rise to the finite
lifetime of the Majorana fermions. This effect, however, is quite
weak, and the lifetime scales as τf∼ T2, which is much smaller than
the typical fermion energy �T.
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